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Chapter 1

Path Integral Quantization for a

Single Particle

1.1 Lagrangian mechanics

Suppose that we have a system of N particles, with masses m1, . . . ,mN , interacting in
such a way that if their positions are at x1, . . . , xN ↑ R3, then the potential energy of the
system is a smooth function V (x1, . . . , xN ). Newton’s equation of motion tells us that in
the absence of outside influences, the trajectory of the system ε(t) = (ε1(t), . . . , εN (t))

through time must satisfy the system of equations

miε̈i(t) = ↓ϑiV (ε(t)), i = 1, . . . , N, (1.1.1)

where ϑiV is shorthand for ωV

ωxi
and ε̈i is shorthand for d

2
εi

dt2
. (Note that ε̈i(t) and ϑiV (ε(t))

are both elements of R3.) Lagrange’s formulation of classical mechanics arrives at this system
of equations in the following way. Given an arbitrary smooth trajectory ε = (ε(t))→↑<t<↑

of the system (that is, ε is any smooth function from R into (R3
)
N ), the ‘action’ of the

trajectory is defined as the formal integral

S(ε) :=

∫
↑

→↑

(
1

2

N∑

i=1

mi↔ε̇i(t)↔
2
↓ V (ε(t))

)
dt. (1.1.2)

This integral is formal because it is typically not convergent for a given ε. However, we
can still define the notion of trajectories that are critical points of this action, as follows.
Suppose that ε and ϖ are two smooth trajectories that are equal outside a bounded time
interval. Then although S(ε) and S(ϖ) may not be well-defined, the di!erence S(ε)↓ S(ϖ)

is well-defined, because the integrand is smooth and vanishes outside a bounded time
interval. Thus, if ϱ is a trajectory that satisfies ϱ(t) = 0 outside a bounded time interval,
then it makes sense to talk about the directional derivative

lim
ϑ↓0

S(ε + ςϱ)↓ S(ε)

ς
.

1



CHAPTER 1. PATH INTEGRAL QUANTIZATION FOR A SINGLE PARTICLE

In fact, a simple calculation shows that this limit exists and equals

∫
↑

→↑

( N∑

i=1

(miε̇i(t) · ϱ̇i(t)↓ ϱi(t) · ϑiV (ε(t))

)
dt.

Applying integration by parts on the first term (together with the fact that ϱ vanishes
outside a bounded interval) shows that the above integral is equal to

↓

∫
↑

→↑

( N∑

i=1

ϱi(t) · (miε̈i(t) + ϑiV (ε(t))

)
dt.

A trajectory is a critical point of the action S if these directional derivatives vanish for all
ϱ. From the above expression, it is easy to show that a trajectory is a critical point if and
only if it satisfies Newton’s equations (1.1.1).

Instead of considering all possible paths, one can also consider the set of paths that
start from some point x0 ↑ (R3

)
N at time t0, or the set of paths that start from x0 at time

t0 and end at x1 at time t1. The equations of motion will be the same, together with these
additional constraints.

For a detailed introduction to the mathematical aspects of Lagrangian mechanics, we
refer to the classic text of Arnol’d [2, Part II].

1.2 The idea of quantization by path integrals

While the trajectory of a classical system is deterministic, quantum mechanics says that
it is actually random; the randomness ‘goes away’ in the classical limit, where we look at
systems that are so large that quantum e!ects are negligible. The process of ‘converting’ a
classical system into a quantum system is called quantization. There are several equivalent
approaches to quantization. Arguably the most useful approach is quantization by path
integrals. The rough idea is as follows.

Instead of the probability density functions that we have in classical probability theory,
the randomness in quantum systems is captured by probability amplitudes. For example, in
the N -particle system described in the previous section, the state of the system at some
given point in time would be described by a complex-valued function φ ↑ L2

((R3
)
N
).1

Strictly speaking, the state of the system is not the function φ itself, but the equivalence
class of all functions that are nonzero scalar multiples of φ. This is true for a general
quantum system: The states of the system are rays (i.e., one-dimensional subspaces sans
the origin) of a Hilbert space H. In practice we do not explicitly make this distinction, and
treat states as points in H instead of rays.

The value φ(x) is called the probability amplitude at x. For an N -particle system in
R3, the interpretation of the state φ is that the probability density function of the system is
proportional to the function |φ(x)|2. That is, the probability that the system is in some set

1
See Section A.2.3 in Appendix A for an introduction to Lp

spaces.
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A ↗ (R3
)
N is given by the integral of |φ(x)|2 over A, divided by its integral over the whole

of (R3
)
N . Note that if φ1 and φ2 are nonzero scalar multiples of each other, then they

give rise to the same probability density function. Thus, there is a well-defined probability
density function corresponding to any state.

The path integral formulation of quantum mechanics says the following. Suppose that
we are given an action S for the trajectories of an N -particle system, such as the one
displayed in equation (1.1.2). Suppose that the system is in a state φ0 at time 0, as above.
Then at any time t > 0, the state of the system is the function

φt(x) =
1

Z(t)

∫

ε:ε(t)=x

φ0(ε(t0))e
i
⊋S(ε)Dε, (1.2.1)

where
∫
ε:ε(t)=x

. . .Dε is some notion of ‘integration over the space of trajectories’ ε =

(ε(s))0↔s↔t that are at x at time t, ⊋ is Planck’s constant, i =
↘
↓1, and Z(t) is a time-

varying ‘normalization factor’. The value of Z(t) is not important, because any value will
give the same state at time t. Typically, Z(t) is chosen such that the L2 norm of φt remains
the same for all t.

The above definition usually su!ers from severe mathematical di"culties, because
integration on the space of trajectories is typically hard to define, and even if it can be
defined, integrating an oscillatory function like e

i
⊋S(ε) on this space is often outside the

reach of rigorous mathematics.
The heuristic justification of quantum systems approaching a classical limit is that when

we are working in units where Planck’s constant ⊋ is very small, rapid oscillations force the
integration to concentrate around trajectories that are critical points of the action. Again,
this is usually extremely hard to justify rigorously.

For an introduction to path integrals and the way they are used in physics, one can look
in the comprehensive treatise by Kleinert [14]. For rigorous mathematical treatments, some
basic references are the books by Glimm and Ja!e [10], Simon [28], and Albeverio et al. [1].

1.3 Path integral for a single free particle

As the simplest example, consider a single particle on the real line (instead of R3), with
mass 1, una!ected by any external force. By the formula (1.1.2), the action of a trajectory
ε from time 0 to time t > 0 is then

S(ε) =
1

2

∫
t

0
ε̇(t)2dt.

Thus, the heuristic formula (1.2.1) becomes

φt(x) =
1

Z(t)

∫

ε:ε(t)=x

φ0(ε(0)) exp

(
i

2⊋

∫
t

t0

ε̇(t)2dt

)
Dε, (1.3.1)

where we want to choose Z(t) such that the L2 norm of φ(t, ·) is invariant.

3
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We will now make sense of this in a rigorous way. The first step is to discretize time
as 0 = t0 < t1 < · · · < tn = t. A path ε with ε(t) = x is then just a sequence of points
xj = ε(tj), j = 0, . . . , n, with xn = x. The time derivative ε̇(tj) should be replaced by the
discrete time derivative

xj+1 ↓ xj
tj+1 ↓ tj

.

Lastly, the integral Dε should be replaced by integration over x0, x1, . . . , xn→1, leaving out
xn since it is fixed to be equal to x. With these substitutions, the discretized version of the
path integral displayed in equation (1.3.1) becomes

∫
↑

→↑

· · ·

∫
↑

→↑

φ0(x0) exp

(
i

2⊋

n→1∑

j=0

(
xj+1 ↓ xj
tj+1 ↓ tj

)2

(tj+1 ↓ tj)

)
dx0 · · · dxn→1,

with xn := x. But this is still not a well-defined integral, since the integrand does not decay
at infinity in the variables x1, . . . , xn→1. We can fix this, for example, by replacing the i in
the exponent by i↓ ς, where ς > 0 is a small regularizing parameter that we will eventually
send to zero. With this, we finally arrive at a well-defined regularized and discretized path
integral

In(ς) :=

∫
↑

→↑

· · ·

∫
↑

→↑

φ0(x0) exp

(
i↓ ς

2⊋

n→1∑

j=0

(xj+1 ↓ xj)2

sj

)
dx0 · · · dxn→1,

where sj := tj+1↓ tj , and the subscript in In denotes that we are working with the partition
t0, . . . , tn of [t0, t]. To evaluate this integral, let us assume that the Fourier transform φ̂0 of
φ0 is in L1

(R) ≃ L2
(R).2 Then by the Fourier inversion formula,

φ0(x) =
1

2↼

∫
↑

→↑

φ̂0(p)e
→ipxdp.

Let F denote the set of all φ0 as above. Let us substitute this expression for φ0(x) in the
previous display. Then by Fubini’s theorem3 (which applies since φ̂0 ↑ L1

(R)), we get

In(ς) :=
1

2↼

∫
↑

→↑

· · ·

∫
↑

→↑

φ̂0(p) exp

(
↓ipx0 +

i↓ ς

2⊋

n→1∑

j=0

(xj+1 ↓ xj)2

sj

)
dx0 · · · dxn→1dp.

Applying the change of variable yj := xj+1 ↓ xj for j = 0, 1, . . . , n↓ 1 in the above integral,
2
See Section A.3 in Appendix A for an introduction to Fourier transforms.

3
See Section A.1.16 in Appendix A.
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we get

In(ς) :=
1

2↼

∫
↑

→↑

· · ·

∫
↑

→↑

φ̂0(p) exp

(
↓ipx+ ip

n→1∑

j=0

yj +
i↓ ς

2⊋

n→1∑

j=0

y2
j

sj

)
dy0 · · · dyn→1dp

=
1

2↼

∫
↑

→↑

φ̂0(p)e
→ipx

n→1∏

j=0

(∫
↑

→↑

exp

(
ipy +

(i↓ ς)y2

2⊋sj

)
dy

)
dp. (1.3.2)

The inner integral above is a ‘Gaussian integral’ that can be evaluated by standard techniques.
For example, Lemma A.3.2 in Appendix A gives

∫
↑

→↑

exp

(
ipy +

(i↓ ς)y2

2⊋sj

)
dy = exp

(
↓
p2(ς+ i)

2(ς2 + 1)
⊋sj

)
.

Thus,

In(ς) =
1

2↼
C(ς, ⊋, s0, . . . , sn→1)

∫
↑

→↑

φ̂0(p)e
→ipx

exp

(
↓
p2(ς+ i)

2(ς2 + 1)
⊋
n→1∑

j=0

sj

)
dp,

where C(ς, ⊋, s0, . . . , sn→1) is a nonzero complex number that depends on ς, ⊋, s0, . . . , sn→1,
but not on p or x. Let us now take the discrete version of the normalization factor Z(t) to
be this number. Observing that

∑
n→1
j=0 sj = t, this shows that the discrete version of the

right side in equation (1.3.1) is equal to

1

2↼

∫
↑

→↑

φ̂0(p)e
→ipx

exp

(
↓
p2(ς+ i)

2(ς2 + 1)
⊋t
)
dp.

Thus, it is now easy to take ς to 0 (using the dominated convergence theorem4) and declare
that

φt(x) =
1

2↼

∫
↑

→↑

φ̂0(p)e
→ipx→ 1

2 ip
2⊋tdp.

Note that this expression was obtained only for φ0 ↑ F , that is, for φ0 such that φ̂0 ↑

L1
(R) ≃ L2

(R). Let U(t) denote the operator that takes φ0 to φt. That is, for any t ↑ R
and φ ↑ F , let

(U(t)φ)(x) :=
1

2↼

∫
↑

→↑

φ̂(p)e→ipx→ 1
2 ip

2⊋tdp.

By the above expression, it is clear that for each t, U(t) is a linear operator from F into F ,
because

⫅̸U(t)φ(p) = φ̂(p)e→ip2⊋t/2. (1.3.3)

We claim that U(t) preserves inner products on F under the usual L2 inner product. To
4
See Section A.1.13 in Appendix A
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see this, note that by the Plancherel identity5 (which holds on F),
∫

↑

→↑

U(t)f(x)U(t)g(x)dx =
1

2↼

∫
↑

→↑

⫅̸U(t)f(p)⫅̸U(t)g(p)dp

=
1

2↼

∫
↑

→↑

f̂(p)e→ip2⊋t/4ĝ(p)e→ip2⊋t/4dp

=
1

2↼

∫
↑

→↑

f̂(p)ĝ(p)dp =

∫
↑

→↑

f(x)g(x)dx.

This shows that U(t) preserves inner products on F , and therefore, is an isometry. It is
not hard to show that the function class F is dense in L2

(R). This implies that U(t) can
be extended to an isometry on the whole of L2

(R). Now recall that a linear map from a
Hilbert space into itself is called ‘unitary’ if it preserves inner products and is surjective.
From the formula (1.3.3), it is easy to see that U(t) is bijection from F on to F , with
inverse equal to U(↓t). This fact, together with the isometric nature of U(↓t) and the fact
that F is dense in L2

(R), shows that U(t) maps L2
(R) surjectively on to itself. Thus, U(t)

is a unitary operator.
One final remark is that (U(t))t↗R is a group of unitary operators, in the sense that

U(s+ t) = U(s)U(t) for all s, t ↑ R. This is clear from the formula (1.3.3).
The construction of the above quantum mechanical system of a single free particle is

standard fare, present in every introductory text on quantum mechanics. The presentations
are, however, not always rigorously formulated as above. A classic reference for rigorous
formulations of quantum mechanical systems in the spirit of the presentation in this section
is Reed and Simon [26, Chapter X].

1.4 The Hamiltonian for a free particle

Let us recapitulate what we learned about a single free particle on the real line:

• There is a Hilbert space H of states, in this case H = L2
(R). If the particle is in a

state φ ↑ H, then the probability density of its location is proportional to |φ(x)|2.

• There is a collection of unitary operators (U(t))t↗R on H, which form a group in the
sense that U(s+ t) = U(s)U(t) for all s, t ↑ R. In the case of the free particle, U(t)

is defined through the formula (1.3.3) on a dense subspace of L2
(R), and extended to

the whole of L2
(R) by isometry.

• This group of unitary operators interacts with the quantum system in the following
way: If the system is in state φ at time s, then it is in state U(t)φ at time s+ t.

The above framework is the setup for any quantum system, as formulated in the framework
of rigorous mathematical physics [26, Chapter X]. There is a space of states H, which is a
Hilbert space. There is a group of unitary operators (U(t))t↗R. If the system is in state φ

5
See Section A.3 in Appendix A.

6



CHAPTER 1. PATH INTEGRAL QUANTIZATION FOR A SINGLE PARTICLE

at time s, then it is in state U(t)φ at time s+ t. Usually, if the system can be represented
by a point in some set S at any point of time, H is some Hilbert space of complex-valued
functions on S. In the case of the free particle, S = R and H = L2

(R). There is also usually
some measure6 µ on S, and the interpretation of a state φ is that if the system is in a state
φ, then its probability density function with respect to µ is proportional to |φ(x)|2. In the
case of the free particle, µ is Lebesgue measure on R.

Given a group of unitary operators (U(t))t↗R as above on a Hilbert space H, it is called
strongly continuous if for every x ↑ H, the map t ⇐⇒ U(t)x is continuous. It is easy to
show that the unitary group for the free particle is strongly continuous. A very important
theorem that we will use repeatedly is the following, which we quote from Appendix D,
Section D.3.

Theorem D.3.1 (Stone’s theorem). Let (U(t))t↗R be a strongly continuous one parameter
group of unitary operators on a Hilbert space H. Let

D :=

{
x ↑ H : lim

t↓0

U(t)x↓ x

↓it
exists

}
.

Then D is a dense subspace on H. Furthermore, if we define an operator H : D ⇒ H as
the limit displayed above, then H is self-adjoint. Conversely, given any densely defined
self-adjoint operator H on H, there is a unique strongly continuous one parameter group of
unitary operators (U(t))t↗R such that H and D arise from this group in the above manner,
with D = D(H).

The operator H obtained in Stone’s theorem is called the Hamiltonian operator for the
group (U(t))t↗R. The set D is called the ‘domain’ of H . If x ↑ D, then it is easy to see that
for any t ↑ R, the point x(t) := U(t)x is also in D. Moreover, it satisfies the Schrödinger
equation

i
d

dt
x(t) = Hx(t), (1.4.1)

where the derivative on the left side is defined as

lim
s↓0

1

s
(x(t+ s)↓ x(t)).

Let us work out the Hamiltonian for a free particle. Recall the class of functions F defined
in the previous section. Take any φ ↑ F , so that φ̂ ↑ L1

(R) ≃ L2
(R). For each t ↑ R, let

φt := U(t)φ, where (U(t))t↗R is the group of unitary operators for a free particle. Recall
that φt is also in F , and by equation (1.3.3),

φt(x) =
1

2↼

∫
↑

→↑

φ̂(p)e→ipx→ip2⊋t/2dp.

Let F0 consist of all φ ↑ F which satisfy the further condition that φ̂ is compactly supported.
6
See Appendix A for an introduction to measure theory.
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For φ ↑ F0, it is easy to show using the dominated convergence theorem that

φt(x)↓ φ0(x)

↓it
L
2

↓⇒
⊋
4↼

∫
↑

→↑

p2φ̂(p)e→ipxdp

as t ⇒ 0. Moreover, again by the dominated convergence theorem, φ is a smooth function
and

d2φ

dx2
= ↓

1

2↼

∫
↑

→↑

p2φ̂(p)e→ipxdp.

Combining, we see that the Hamiltonian operator for a single free particle is given by

H = ↓
⊋
2

d2

dx2
(1.4.2)

on the space of functions F0. Writing φt(x) as φ(t, x), it is easy to show that (t, x) ⇐⇒ φt(x)

is smooth, and the Schrödinger equation (1.4.1) becomes

i
ϑφ

ϑt
= ↓

⊋
2

ϑ2φ

ϑx2
,

which is the familiar form of the Schrödinger equation for a particle with mass 1. Incidentally,
notice that when we are working in units where Planck’s constant ⊋ is close to 0, the above
equation implies that φ remains nearly unchanging over time. This reflects the fact that in
the classical world, the state of a system does not change in the absence of external forces.

One important thing to note is that the Hamiltonian for a free particle is not the operator
H displayed in equation (1.4.2). The operator displayed in equation (1.4.2) is the restriction
of the Hamiltonian to the subspace F0. The actual Hamiltonian is the operator H defined
on the subspace D consisting of all φ ↑ L2

(R) such that the limit of (U(t)φ ↓ φ)/(↓it)

exists in L2
(R) as t ⇒ 0, and this limit gives the value of Hφ. It just happens that F0 ↗ D,

and the restriction of H to F0 takes the form given in equation (1.4.2). The full domain D

is given by the following lemma.

Lemma 1.4.1. The domain D of the generator of the group (U(t))t↗R consists of all
φ ↑ L2

(R) such that the Fourier transform φ̂ satisfies
∫

↑

→↑

p4|φ̂(p)|2dp < ⇑. (1.4.3)

For φ ↑ D, H acts on φ as

Ĥφ(p) = ↓
1

2
p2⊋φ̂(p). (1.4.4)

Proof. Let D be the set described in the statement of the lemma. Take any φ ↑ D. It is
easy to see from equation (1.3.3) and isometry that U(t) acts on the whole of L2

(R) by the
formula displayed in equation (1.3.3). Thus, for any t ⇓= 0, if we let

vt :=
U(t)φ ↓ φ

↓it
,

8
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then

v̂t(p) = φ̂(p)
e→ip2⊋t/2

↓ 1

↓it
.

By the condition (1.4.3), there is a function v ↑ L2
(R) such that

v̂(p) = ↓
1

2
p2⊋φ̂(p).

Now note that

↔vt ↓ v↔2
L2 =

1

2↼
↔v̂t ↓ v̂↔2

L2

=
1

2↼

∫
↑

→↑

|φ̂(p)|2
∣∣∣∣
e→ip2⊋t/2

↓ 1

↓it
+

1

2
p2⊋

∣∣∣∣
2

dp.

The integrand in the last line goes to zero as t ⇒ 0 for each fixed p. Also, it is bounded by
C|φ̂(p)|2p4 for some constant C that does not depend on p. Thus, by the condition (1.4.3)
and the dominated convergence theorem, the integral goes to zero as t ⇒ 0. This shows
that φ is in the domain of H and Hφ is given by the formula (1.4.4). This proves one
direction of the theorem.

For the converse direction, take any φ in the domain of H . Define vt as above. Then vt

converges to a limit in L2 as t ⇒ 0. Consequently, v̂t must also be converging to a limit in
L2. But the formulas for v̂t and v̂ displayed above shows that the limit must necessarily be
v̂. In particular, v̂ ↑ L2, which shows that (1.4.3) holds. Thus, φ ↑ D and Hφ is given by
the formula (1.4.4).

1.5 The probabilistic approach to quantum mechanics

As mentioned earlier, a quantum mechanical system consists of a Hilbert space H and a
strongly continuous one parameter group of unitary operators (U(t))t↗R. The probabilistic
approach to constructing a quantum mechanical system consists of the following steps:

1. Define a strongly continuous semigroup of symmetric operators (P (t))t↘0 on H using
a stochastic process, such that its generator H is the Hamiltonian for the quantum
system that we want to construct.

2. Deduce by the Hille–Yosida theorem that H is self-adjoint. This is the content of
Theorem D.4.1 in Section D.4 of Appendix D. We reproduce it here for the reader’s
convenience:

Theorem D.4.1 (One direction of the Hille–Yosida theorem). Let (P (t))t↘0 be a
strongly continuous semigroup of symmetric operators defined everywhere on a Hilbert
space H. Then the set

D :=

{
x ↑ H : lim

t≃0

P (t)x↓ x

↓t
exists

}

9
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is a dense subspace of H. Moreover, if we denote the above limit by Hx for x ↑ D,
then H is a self-adjoint linear operator with domain D.

3. Invoke Stone’s theorem to construct the one parameter unitary group (U(t))t↗R with
Hamiltonian H.

The above process is a rigorous version of what is usually called ‘Wick rotation’ in physics.
This is because P (t) = e→tH , whereas U(t) = e→itH , and the combination of Theorem D.4.1
and Stone’s theorem therefore gives a way to ‘replace’ t by it to generate U(t) using P (t).
For more on the probabilistic approach, see Reed and Simon [26, Chapter X].

For the simplest application, consider the case of a free particle on the real line, for
which we already know the answer from previous discussion. For simplicity, let us assume
that we are working in units where ⊋ = 1. For each t → 0, define a linear operator P (t) on
L2

(R) as
P (t)φ(x) := E(φ(x+

↘

tZ)),

where Z is a standard normal (Gaussian) random variable.7 It is easy to see that P (t) is
well-defined, because

E|φ(x+
↘

tZ)| ⇔

√
E|φ(x+

↘

tZ)|2

=

(∫
↑

→↑

|φ(x+
↘

tz)|2
e→z

2
/2

↘
2↼

dz

)1/2

⇔ (2↼)→1/4
↔φ↔L2 < ⇑.

Moreover, P (t) maps L2 into L2, since applying Fubini’s theorem in the third line below,
we have

↔P (t)φ↔2
L2 =

∫
↑

→↑

|P (t)φ(x)|2dx =

∫
↑

→↑

|E(φ(x+
↘

tZ))|
2dx

⇔

∫
↑

→↑

E|φ(x+
↘

tZ)|
2dx

= E
(∫

↑

→↑

|φ(x+
↘

tZ)|
2dx

)

= ↔φ↔2
L2 . (1.5.1)

Next, let us show that for each t, P (t) is a symmetric operator. Take any φ,↽ ↑ L2
(R).

7
See Section B.2.1 in Appendix B for an introduction to Gaussian random variables.
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Then again by Fubini’s theorem,

↖P (t)φ,↽↙ =

∫
↑

→↑

P (t)φ(x)↽(x)dx

=

∫
↑

→↑

(∫
↑

→↑

φ(x+
↘

tz)
e→z

2
/2

↘
2↼

dz

)
↽(x)dx

=

∫
↑

→↑

(∫
↑

→↑

φ(x+
↘

tz)↽(x)dx

)
e→z

2
/2

↘
2↼

dz.

Now note that for any z,
∫

↑

→↑

φ(x+
↘

tz)↽(x)dx =

∫
↑

→↑

φ(y)↽(y ↓
↘

tz)dx.

Plugging this into the previous display and once again applying Fubini’s theorem, we get

↖P (t)φ,↽↙ =

∫
↑

→↑

(∫
↑

→↑

φ(y)↽(y ↓
↘

tz)dy

)
e→z

2
/2

↘
2↼

dz

=

∫
↑

→↑

(∫
↑

→↑

↽(y ↓
↘

tz)
e→z

2
/2

↘
2↼

dz

)
φ(y)dy.

But since the distribution of Z is symmetric around 0, we have

∫
↑

→↑

↽(y ↓
↘

tz)
e→z

2
/2

↘
2↼

dz = E(↽(y ↓
↘

tZ))

= E(φ(y +
↘

tZ)) = P (t)↽(y).

Plugging this into the previous display, we get

↖P (t)φ,↽↙ =

∫
↑

→↑

φ(y)P (t)↽(y)dy = ↖φ, P (t)↽↙.

Thus, P (t) is a symmetric operator.
Clearly, P (0) = I. Our next claim is that P (s+ t) = P (s)P (t) for any s, t → 0. To see

this, recall that from the basic properties of normal random variables8,
↘
s+ tZ has the

same distribution as
↘
sZ1 +

↘
tZ2, where Z1, Z2 are independent standard normal random

variables. Thus,

P (s)P (t)φ(x) = E(P (t)φ(x+
↘
sZ))

=

∫
↑

→↑

P (t)φ(x+
↘
sz)

e→z
2
/2

↘
2↼

dz

=

∫
↑

→↑

(∫
↑

→↑

φ(x+
↘
sz +

↘

tw)
e→w

2
/2

↘
2↼

dw

)
e→z

2
/2

↘
2↼

dz

= E(φ(x+
↘
sZ1 +

↘

tZ2)) = E(φ(x+
↘
s+ tZ)) = P (s+ t)φ(x).

8
See Section B.2.4 in Appendix B
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Finally, we claim that (P (t))t↘0 is a strongly continuous semigroup. To see this, recall the
subspace F of all φ ↑ L2

(R) such that φ̂ ↑ L1
(R) ≃ L2

(R). Then note that for any φ ↑ F ,
p ↑ R and t → 0,

P (t)φ(x) =

∫
↑

→↑

φ(x+
↘

tz)
e→z

2
/2

↘
2↼

dz

=
1

(2↼)3/2

∫
↑

→↑

∫
↑

→↑

φ̂(p)e→ip(x+
⇐
tz)→z

2
/2dpdz

=
1

2↼

∫
↑

→↑

φ̂(p)e→ipx→p
2
t/2dp.

Thus, P (t)φ ↑ F and

⫅̸P (t)φ(p) = φ̂(p)e→p
2
t/2. (1.5.2)

By the Plancherel identity and the dominated convergence theorem, this shows that
t ⇐⇒ P (t)φ is a continuous map for any φ ↑ F . To show that this holds for all φ ↑ L2

(R),
recall the inequality (1.5.1), which shows that ↔P (t)↔ ⇔ 1 for all t. Take any φ ↑ L2

(R)
and any ς > 0. Since F is dense in L2

(R), we can find ↽ ↑ F such that ↔φ ↓ ↽↔L2 < ς.
Then for any s, t → 0,

↔P (s)φ ↓ P (t)φ↔L2 ⇔ ↔P (s)φ ↓ P (s)↽↔L2 + ↔P (s)↽↓ P (t)↽↔L2 + ↔P (t)↽↓ P (t)φ↔L2

⇔ 2ς+ ↔P (s)↽↓ P (t)↽↔L2 .

Since ↽ ↑ F , this show that for any sequence of nonnegative real numbers tn ⇒ t,

lim sup
n↓↑

↔P (tn)φ ↓ P (t)φ↔L2 ⇔ 2ς.

Since ς is arbitrary, this proves the strong continuity of the semigroup (P (t))t↘0. Thus, we
can now conclude that the generator H of this semigroup is self-adjoint, by Theorem D.4.1.
By the identity (1.5.2), it is easy to show that for φ ↑ F ,

Hφ = ↓
1

2

d2φ

dx2
.

By Stone’s theorem, this Hamiltonian generates a one parameter group of unitary operators.
Note that on F , this H is the same as the H that we obtained in Section 1.4 as the
Hamiltonian for a single free particle on the real line (with ⊋ = 1). But are these two
operators really the same, that is, do they have the same domain and agree on that domain?
Indeed, this is true. The easiest way to show this is to mimic the proof of Lemma 1.4.1 and
identify the domain of the H defined above, and then observe that this is the same domain
as the one identified in Lemma 1.4.1.

The way we obtained H using a ‘probabilistic approach’ seems somewhat ad hoc. There
is in fact a more systematic way to get such constructions, using the approach of ‘Euclidean

12
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path integrals’. These are rigorously defined objects that we will discuss in the next chapter.

1.6 Heuristics for the Schrödinger equation with a potential

In this section, we will ‘derive’ the Hamiltonian for a quantum mechanical system of a
single particle in a potential V on the real line, from the path integral representation of
its evolution. The entire derivation will be heuristic. The purpose of this exercise is to
illustrate how the Hamiltonian arises from the path integral, and then, to formulate a plan
to rigorously obtain the Hamiltonian as the generator of a stochastic process, so that the
analogous quantum system can be rigorously constructed via Stone’s theorem.

Consider a particles on the real line with mass 1, moving under the influence of a
potential V : R ⇒ R. The action of a trajectory ε : [0, t] ⇒ R is

S(ε) =

∫
t

0

(
1

2
ε̇(s)2 ↓ V (ε(s))

)
ds. (1.6.1)

Suppose that we are working with units in which ⊋ = 1. If this is a quantum mechanical
system whose state is φ0 ↑ L2

(R) at time 0, then its state at time t, according to the
formula (1.2.1), is heuristically given by

φt(x) =
1

Z(t)

∫

ε:ε(t)=x

φ0(ε(0))e
iS(ε)

Dε,

where
∫
ε:ε(t)=x

. . .Dε is some notion of integration over the space of trajectories that are at
x at time t, and Z(t) is a time-varying ‘normalization factor’ whose value is unimportant
because two states that are nonzero scalar multiples of each other are equivalent.

Note that by reversing the direction of time when parametrizing the paths in the path
integral, we may equivalently write φt(x) as

φt(x) =
1

Z(t)

∫

ε:ε(0)=x

φ0(ε(t))e
iS(ε)

Dε, (1.6.2)

where the integral is over all paths ε : [0, t] ⇒ R such that ε(0) = x. We will henceforth
adopt this alternate expression as the definition of our path integrals.

To compute the Hamiltonian for this evolution, we first have to choose Z(t) such that
the evolution is generated by a one parameter group of unitary operators. We will now
show, heuristically, that this is achieved by choosing

Z(t) =

∫

ε:ε(0)=0
eiS0(ε)Dε,

where, for a trajectory ε : [0, t] ⇒ R, we define

S0(ε) :=
1

2

∫
t

0
ε̇(s)2ds. (1.6.3)

13
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Let U(t) be the map that sends φ0 to φt, with the above choice of Z(t). First, let us sketch
why it is reasonable to believe that U(s+ t) = U(s)U(t). For simplicity, let us consider only
the case s, t → 0. A path ε : [0, t+ s] ⇒ R that starts at 0 at time 0 can be decomposed
as a concatenation of two paths ⇀ : [0, t] ⇒ R and ⇁ : [t, t+ s] ⇒ R, where ⇀(0) = 0 and
⇁(t) = ⇀(t). Let

ϖ(u) := ⇁(t+ u)↓ ⇀(t)

for t ⇔ u ⇔ t + s, so that ϖ : [0, s] ⇒ R starts at 0 at time 0. It is easy to see that
ϖ̇(u) = ⇁̇(t+ u) for all u ↑ [0, s], and hence, S0(⇁) = S0(ϖ). Thus,

Z(t+ s) =

∫

ϖ:ϖ(0)=0

∫

ϱ:ϱ(t)=ϖ(t)
eiS0(ϖ)+iS0(ϱ)D⇀D⇁

=

∫

ϖ:ϖ(0)=0

∫

ς:ς(0)=0
eiS0(ϖ)+iS0(ς)D⇀Dϖ

=

(∫

ϖ:ϖ(0)=0
eiS0(ϖ)D⇀

)(∫

ς:ς(0)=0
eiS0(ς)Dϖ

)

= Z(t)Z(s).

Next, let Q(t) be the map that sends a function φ to

Q(t)φ(x) :=

∫

ε:ε(0)=x

φ(ε(t))eiS(ε)Dε,

where the integral is over all paths ε : [0, t] ⇒ R with ε(0) = x. Again, by a decomposition
of ε : [0, t+ s] ⇒ RN into ⇀ and ⇁ as above, we get

Q(t+ s)φ(x) =

∫

ϖ:ϖ(0)=x

∫

ϱ:ϱ(t)=ϖ(t)
φ(⇁(t+ s))eiS(ϖ)+iS(ϱ)

D⇀D⇁

=

∫

ϖ:ϖ(0)=x

eiS(ϖ)
(∫

ϱ:ϱ(t)=ϖ(t)
φ(⇁(t+ s))eiS(ϱ)D⇁

)
D⇀.

Now, for a given ⇀, let us make a ‘change of variable’ in the inner integral by replacing the
path ⇁ : [t, t+ s] ⇒ RN with the path δ : [0, s] ⇒ RN defined as δ(u) := ⇁(t+ u). Then
note that

∫

ϱ:ϱ(t)=ϖ(t)
φ(⇁(t+ s))eiS(ϱ)D⇁ =

∫

φ:φ(0)=ϖ(t)
φ(δ(s))eiS(φ)Dδ

= Q(s)φ(⇀(t)).

Plugging this into the previous display, we get

Q(t+ s)φ(x) =

∫

ϖ:ϖ(0)=x

Q(s)φ(⇀(t))eiS(ϖ)D⇀

= Q(t)Q(s)φ(x).

This shows that Q(t+s) = Q(t)Q(s). Now, recall that the evolution of the quantum system

14
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under consideration is given by φ ⇐⇒ U(t)φ, where

U(t)φ(x) =
1

Z(t)
Q(t)φ(x).

Thus,
U(t+ s)φ(x) =

1

Z(t+ s)
Q(t+ s)φ(x) =

1

Z(t)Z(s)
Q(t)Q(s)φ(x).

Since Q(t) is a linear operator, this shows that

U(t+ s)φ(x) =
1

Z(t)
Q(t)U(s)φ(x) = U(t)U(s)φ(x).

This completes the heuristic argument for the claim that (U(t))t↗R is a one parameter
group of linear operators. We have not yet ‘argued’ that U(t) is unitary. The easiest route
to do that is to calculate the infinitesimal generator of the group, which is our main goal
anyway. For that purpose, we have to understand the behavior of U(t)φ(x) for t close to
zero.

First, note that if t is small, we may expect that the major contributions to the path
integrals come from paths that have not ventured far from their starting points. For such a
path ε that starts from a point x, we have that

∫
t

0
V (ε(s))ds = V (x)t+ o(t),

assuming that V is a continuous function. Thus,

Q(t)φ(x) = e→iV (x)t+o(t)
∫

ε:ε(0)=x

φ(ε(t))eiS0(ε)Dε

Also, for a path ε that stays close to its starting point x, we may heuristically expand
φ(ε(t)) in Taylor series as

φ(ε(t) = φ(x) + (ε(t)↓ x)φ⇒
(x) +

1

2
(ε(t)↓ x)2φ⇒⇒

(x) + · · · .

Plugging this into the previous display, we get

Q(t)φ(x) = e→iV (x)t+o(t)

[
φ(x)

∫

ε:ε(0)=x

eiS0(ε)Dε + φ⇒
(x)

∫

ε:ε(0)=x

(ε(t)↓ x)eiS0(ε)Dε

+
1

2
φ⇒⇒

(x)

∫

ε:ε(0)=x

(ε(t)↓ x)2eiS0(ε)Dε + · · ·

]
. (1.6.4)

Now, if we translate a path ε by x, S0(ε) remains unchanged. Thus, we may heuristically
expect that for any k → 0,

∫

ε:ε(0)=x

(ε(t)↓ x)keiS0(ε)Dε =

∫

ε:ε(0)=0
ε(t)keiS0(ε)Dε.

15
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Since S0 is the action of a free particle, the above path integral can be evaluated using the
same techniques that we used in Section 1.3 to evaluate the path integral for a free particle.
In particular, it turns out that the value is 0 for k = 1, and for k = 2, it is equal to

it

∫

ε:ε(0)=0
eiS0(ε)Dε = itZ(t).

For k = 0, it is clear that the value is Z(t). Lastly, for k → 3, the value is o(t)Z(t). Using
these calculations in equation (1.6.4), we get that

Q(t)φ(x) = e→iV (x)t+o(t)

(
φ(x) +

i

2
φ⇒⇒

(x)t+ o(t) · · ·

)
Z(t)

= (1↓ iV (x)t+ o(t))

(
φ(x) +

i

2
φ⇒⇒

(x)t+ o(t) · · ·

)
Z(t)

=

(
φ(x)↓ iV (x)φ(x)t+

i

2
φ⇒⇒

(x)t+ o(t)

)
Z(t).

Consequently,

U(t)φ(x) =
1

Z(t)
Q(t)φ(x) = φ(x)↓ iV (x)φ(x)t+

i

2
φ⇒⇒

(x)t+ o(t).

Thus,

Hφ(x) = lim
t↓0

U(t)φ(x)↓ φ(x)

↓it
= ↓

1

2
φ⇒⇒

(x) + V (x)φ(x). (1.6.5)

This leads us to expect that the Hamiltonian for a single particle in a potential V on the
real line should be given by the above formula, at least for its action on twice di!erentiable
states.

Note that above Hamiltonian is heuristically a symmetric operator, because, using
integration by parts, we get

↖Hφ,↽↙ =

∫
↑

→↑

(
↓
1

2
φ⇒⇒

(x) + V (x)φ(x)

)
↽(x)dx

=

∫
↑

→↑

φ(x)

(
↓
1

2
↽⇒⇒(x) + V (x)↽(x)

)
dx

= ↖φ, H↽↙.

Since

d

dt
U(t)ξ = ↓iHU(t)ξ

for any ξ, we can now use the same technique as in the proof of Lemma D.3.8 that

d

dt
↖U(t)φ, U(t)↽↙ = 0.

16
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This shows that each U(t) is an isometry. It does not quite prove that U(t) is unitary, but
we will be content with this because we are not pursuing rigor in this section.

1.7 The Wick rotation heuristic for a single particle system

The Hamiltonian H in equation (1.6.5) that we derived heuristically for the evolution of a
single particle in a potential V governs the evolution via the relation U(t) = e→itH , where
(U(t))t↗R is the one parameter group of unitary operators that dictates the evolution of
the state of the system. The idea of Wick rotation is to study H as the generator of the
semigroup (P (t))t↘0 instead, where P (t) = e→tH , and P (t) is heuristically constructed using
‘Euclidean path integrals’. The general heuristic is that since we want to replace e→itH

by e→tH , ‘real time’ t should be replaced by ‘imaginary time’ ↓it. The prescription for
doing this is to replace t by ↓it wherever t appears in calculations, but not as arguments of
functions. Explicitly, the ds in the integral defining the action S in equation (1.6.1) should
be replaced by ↓ids, and the time derivative ε̇ should be replaced iε̇; the latter, because

ε̇(t) = lim
ϑ↓0

ε(t+ ς)↓ ε(t)

t
is to be replaced by lim

ϑ↓0

ε(t+ ς)↓ ε(t)

↓iς
= iε̇(t).

With these two replacements, the action changes to

i

∫
t

0

(
1

2
ε̇(s)2 + V (ε(s))

)
ds.

Using this in place of S in the formulas for Q(t)φ(x) and Z(t) gives the following tentative
expression for P (t)φ(x):

P (t)φ(x) =

∫
ε:ε(0)=x

φ(ε(t))e→SE(ε)Dε
∫
ε:ε(0)=0 e

→S0(ε)Dε
,

where S0 is as in equation (1.6.3), and SE is the ‘Euclidean action’

SE(ε) =

∫
t

0

(
1

2
ε̇(s)2 + V (ε(s))

)
ds. (1.7.1)

The path integrals defining P (t) are called ‘Euclidean path integrals’. Using the same
heuristics as before, we can argue that P (t) is a semigroup with generator H; that is, P (t)

is indeed e→tH . Of course, given the shaky foundation of the heuristic, we can be sure that
we are doing the right thing only if we can mathematically justify that indeed P (t) = e→tH .
We will now do this.

The advantage of Euclidean path integrals, from a mathematical point of view, is that
they can sometimes be given a rigorous meaning. As before, let us start by discretizing
time. Instead of continuous time, let us consider discrete time for jt/n, j = 0, 1, . . . , n. A
path ε is then discretized into a sequence of points x0, x1, . . . , xn where xj is the value of

17
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ε(jt/n). The time derivative of ε and time jt/n is then discretized to

ε((j + 1)t/n)↓ ε(jt/n)

t/n
=

n(xj+1 ↓ xj)

t
,

which causes the action S0(ε) to be replaced by

1

2

n→1∑

j=0

t

n

(
ε((j + 1)t/n)↓ ε(jt/n)

t/n

)2

=
n

2t

n→1∑

j=0

(xj+1 ↓ xj)
2.

Consequently, the discretized version of the Euclidean action is

n

2t

n→1∑

j=0

(xj+1 ↓ xj)
2
+

t

n

n∑

j=1

V (xj),

and the discrete approximation of P (t)φ(x) is given by

∫
↑

→↑
· · ·

∫
↑

→↑
φ(xn) exp(↓

n

2t

∑
n→1
j=0 (xj+1 ↓ xj)2 ↓

t

n

∑
n

j=1 V (xj))dx1 · · · dxn
∫
↑

→↑
· · ·

∫
↑

→↑
exp(↓

n

2t

∑
n→1
j=0 (xj+1 ↓ xj)2)dx1 · · · dxn

,

where x0 := x. Changing variables to yj = xj ↓xj→1 for j = 1, . . . , n, we see that the above
quantity is equal to
∫
· · ·

∫
φ(x+ y1 + · · ·+ yn) exp(↓

n

2t

∑
n

j=1 y
2
j
↓

t

n

∑
n

j=1 V (x+ y1 + · · ·+ yj))dy1 · · · dyn∫
· · ·

∫
exp(↓

n

2t

∑
n

j=1 y
2
j
)dy1 · · · dyn

.

Now, recall that the probability density function of the N(0,▷2
) distribution at a point

y ↑ R is proportional to e→y
2
/2↼2 . Thus, the above expression may be alternatively expressed

as

Pn(t)φ(x) := E(φ(x+ Sn)e
→

t
n

∑n
j=1 V (x+Sj)), (1.7.2)

where Sj := Y1 + · · · + Yj , and Y1, . . . , Yn are i.i.d. N(0, t/n) random variables. In the
next section, we will prove the following theorem, which shows that the Wick rotation
heuristic can indeed be applied to construct the quantum mechanical system of a particle
in a potential V , provided that V is continuous and bounded below, and grows at most
exponentially.

Theorem 1.7.1. Suppose that V : R ⇒ R is continuous and bounded below, and has at
most exponential growth at infinity. For each t > 0, let Pn(t) be the operator on L2

(R)
defined above, and let Pn(0) := I. Then (Pn(t))t↘0 is a well-defined collection of linear
operators on L2

(R), and for each φ ↑ L2
(R) and t → 0, Pn(t)φ converges to a limit in

L2
(R) as n ⇒ ⇑. If we denote this limit by P (t)φ, then (P (t))t↘0 is a strongly continuous

semigroup of symmetric operators on L2
(R), whose generator H acts on smooth compactly

supported elements of L2
(R) according to the formula displayed in equation (1.6.5).
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In short, the above theorem shows that there is indeed a densely defined self-adjoint
operator H on L2

(R) which is a legitimate candidate for the Hamiltonian of a single free
particle in the potential V . By Stone’s theorem, this allows us to construct a unique
solution of the Schrödinger equation

i
ϑφ

ϑt
= ↓

1

2

ϑ2φ

ϑx2
+ V (x)φ(t, x)

for any initial condition φ(0, ·) ↑ L2
(R), in the sense that φ(t, ·) = e→itHφ(0, ·). Note that

here t can be any real number.
The condition that V needs to be bounded below can be relaxed. For a variety of

conditions on the potential V that allow the constructions of solutions to the Schrödinger
equation, see Reed and Simon [26, Chapter X].

1.8 Validity of the Wick rotation heuristic

We will prove Theorem 1.7.1 in this section, thereby proving that the validity of the Wick
rotation heuristic for constructing the quantum mechanical system of a single particle in a
potential V that is continuous and bounded below.

Let B be standard Brownian motion on the time interval [0, t], starting from 0.9 It is
simple to verify that if [a, b] and [c, d] are disjoint sub-intervals of [0, t], then

Cov(B(b)↓B(a), B(d)↓B(c)) = 0.

Since jointly normal random variables are independent when they are uncorrelated, this
implies that B has independent increments, meaning that for any 0 ⇔ s1 ⇔ · · · ⇔ sn ⇔ t, the
random variables B(s1), B(s2)↓B(s1), . . . , B(sn)↓B(sn→1) are independent. Moreover,
for any 0 ⇔ a ⇔ b ⇔ t,

B(b)↓B(a) ∝ N(0, b↓ a).

Consequently, for any n, if we define Yn,i := B(ti/n)↓B(t(i↓ 1)/n), the random variables
Yn,1, . . . , Yn,n are i.i.d. N(0, t/n). Thus, if we let Sn,j := Yn,1 + · · ·+ Yn,j , then

Pn(t)φ(x) = E(φ(x+ Sn,n)e
→

t
n

∑n
j=1 V (x+Sn,j)).

We divide the proof into a sequence of lemmas, for easier readability.

Lemma 1.8.1. For each n → 1 and t → 0, Pn(t) is a well-defined linear map from L2
(R)

into L2
(R).

9
For an introduction to Brownian motion, see Section B.6 in Appendix B.
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Proof. Note that since V is bounded below by a number c ↑ R,
∫

↑

→↑

|Pn(t)φ(x)|
2dx =

∫
↑

→↑

|E(φ(x+ Sn,n)e
→

t
n

∑n
j=1 V (x+Sn,j))|

2dx

⇔ e→2ct
∫

↑

→↑

E|φ(x+ Sn,n)|
2dx

= e→2ctE
(∫

↑

→↑

|φ(x+ Sn,n)|
2dx

)
= e→2ct

↔φ↔2
L2 < ⇑,

where the second equality holds by Fubini’s theorem and the third equality holds by a
change of variable within the integral. This proves the claim.

Lemma 1.8.2. For each φ ↑ L2
(R) and t → 0, Pn(t)φ converges to a limit in L2 as

n ⇒ ⇑. The limit is given by

P (t)φ(x) := E(φ(x+B(t))e→
∫ t
0 V (x+B(s))ds

). (1.8.1)

Proof. By the same argument as in the proof of Lemma 1.8.1, it is easy to show that P (t)

is a linear map from L2
(R) into L2

(R). Since Sn,n = B(t) for each n, we see that

↔Pn(t)φ ↓ P (t)φ↔2
L2 =

∫
↑

→↑

|E(φ(x+B(t))(e→
t
n

∑n
j=1 V (x+Sn,j) ↓ e→

∫ t
0 V (x+B(s))ds

))|
2dx

⇔

∫
↑

→↑

E|φ(x+B(t))(e→
t
n

∑n
j=1 V (x+Sn,j) ↓ e→

∫ t
0 V (x+B(s))ds

)|
2dx.

Since V and B are both continuous functions, we have that

lim
n↓↑

t

n

n∑

j=1

V (x+ Sn,j) = lim
n↓↑

t

n

n∑

j=1

V (x+B(tj/n))

=

∫
t

0
V (B(s))ds.

Since V → c everywhere, an application of the dominated convergence theorem now shows
that Pn(t)φ ⇒ P (t)φ in L2 as n ⇒ ⇑.

Lemma 1.8.3. The operator P (t) : L2
(R) ⇒ L2

(R) defined in equation (1.8.1) is a
symmetric operator.

Proof. Take any φ,↽ ↑ L2
(R). It is easy to justify the applications of Fubini’s theorem
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below, to get

↖P (t)φ,↽↙ =

∫
↑

→↑

E(φ(x+B(t))e→
∫ t
0 V (x+B(s))ds

)↽(x)dx

= E
(∫

↑

→↑

φ(x+B(t))e→
∫ t
0 V (x+B(s))ds↽(x)dx

)

= E
(∫

↑

→↑

φ(y)e→
∫ t
0 V (y+B(s)→B(t))ds↽(y ↓B(t))dy

)

=

∫
↑

→↑

φ(y)E(e→
∫ t
0 V (y+B(s)→B(t))ds↽(y ↓B(t)))dy. (1.8.2)

Define W (s) := B(t↓ s)↓B(t) for 0 ⇔ s ⇔ t. Note that W is also a random continuous
function. It is easy to verify that W satisfies the conditions for being a standard Brownian
motion on the time interval [0, t]. If we define P (t) using W instead of B in equation (1.8.1),
it is clear that the definition does not change, because the same argument as above shows
that P (t)φ is the L2 limit of Pn(t)φ as n ⇒ ⇑.

Now, note that y ↓B(t) = y +W (t), and

∫
t

0
V (y +B(s)↓B(t)ds =

∫
t

0
V (y +W (t↓ s))ds =

∫
t

0
V (y +W (s))ds.

Thus, we get

E(e→
∫ t
0 V (y+B(s)→B(t))ds↽(y ↓B(t))) = E(e→

∫ t
0 V (y+W (s))ds↽(y +B(t))) = P (t)↽(y).

Using this in equation (1.8.2), we see that P (t) is a symmetric operator.

Lemma 1.8.4. The collection of operators (P (t))t↘0 is a semigroup. That is, for all
s, t → 0, P (s+ t) = P (s)P (t).

Proof. Take any s, t → 0 and any φ ↑ L2
(R). Let ↽ := P (t)φ. Let B be a Brownian

motion on the time interval [0, t] and W be a Brownian motion on the time interval [0, s],
independent of each other and defined on the same probability space. Then note that

P (s)↽(x) = E(↽(x+W (s))e→
∫ s
0 V (x+W (u))du

)

=

∫

C[0,s]
↽(x+ w(s))e→

∫ s
0 V (x+w(u))dudµ(w),

where µ is the law of W . That is, µ(A) := P(W ↑ A) for each A ↑ B(C[0, s]). Similarly,
for any y ↑ R,

↽(y) = P (t)φ(y) =

∫

C[0,t]
φ(y + b(t))e→

∫ t
0 V (y+b(u))dud◁(b),
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where ◁ is the law of B. Plugging this into the previous display, we get

P (s)↽(x) =

∫

C[0,s]

∫

C[0,t]
φ(x+ w(s) + b(t))e→

∫ s
0 V (x+w(u))du→

∫ t
0 V (x+w(s)+b(u))dud◁(b)dµ(w)

= E(φ(x+W (s) +B(t))e→
∫ s
0 V (x+W (u))du→

∫ t
0 V (x+W (s)+B(u))du

). (1.8.3)

Define

Z(u) :=





W (u) if 0 ⇔ u ⇔ s,

W (s) +B(u↓ s) if s ⇔ u ⇔ s+ t.

It is easy to verify that Z is a standard Brownian motion on the time interval [0, s + t].
Thus, by equation (1.8.3),

P (s)P (t)φ(x) = P (s)↽(x)

= E(φ(x+ Z(s+ t))e→
∫ s+t
0 V (x+Z(u))du

)

= P (s+ t)φ(x).

This proves that (P (t))t↘0 is a semigroup of operators.

Lemma 1.8.5. The semigroup (P (t))t↘0 is strongly continuous.

Proof. Take any φ ↑ L2
(R) such that φ is continuous and has compact support. By

Lemma D.4.5, it su"ces to prove that t ⇐⇒ P (t)φ is continuous for such φ. Let L be so
large that φ is zero outside the interval [↓L,L]. Let B be standard Brownian motion on
an interval [0, T ]. It is easy to see that the restriction of B to [0, t], for any t ↑ [0, T ], is
standard Brownian motion on [0, t]. Thus, for any s, t ↑ [0, T ],

↔P (s)φ ↓ P (t)φ↔2
L2

=

∫
↑

→↑

|E(φ(x+B(s))e→
∫ s
0 V (x+B(u))du

)↓ E(φ(x+B(t))e→
∫ t
0 V (x+B(u))du

)|
2dx

⇔

∫
↑

→↑

E|φ(x+B(s))e→
∫ s
0 V (x+B(u))du

↓ φ(x+B(t))e→
∫ t
0 V (x+B(u))du

|
2dx.

Since φ is continuous, the integrand converges to 0 as s ⇒ t. Thus, we only have to verify
the condition needed for applying the dominated convergence theorem to show that the
above expression tends to zero as s ⇒ t. Let M := max0↔u↔T |B(u)|. Let c and C be
constants such that V → c and |φ| ⇔ C everywhere. Without loss of generality, c ⇔ 0. Since
φ vanishes outside [↓L,L], we see that

|φ(x+B(s))e→
∫ s
0 V (x+B(u))du

↓ φ(x+B(t))e→
∫ t
0 V (x+B(u))du

|
2
⇔ 4C2e→2cT ξ(x),

where

ξ(x) :=





1 if |x+B(s)| ⇔ L or |x+B(t)| ⇔ L,

0 otherwise.
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Now, if |x+B(s)| ⇔ L, then

|x| ⇔ |x+B(s)↓B(s)| ⇔ |x+B(s)|+ |B(s)| ⇔ L+M.

Similarly, if |x+B(t)| ⇔ L, then also

|x| ⇔ L+M.

Thus, if ξ(x) = 1, then |x| ⇔ L+M . Consequently, ξ(x) ⇔ ϱ(x), where

ϱ(x) :=





1 if |x| ⇔ L+M,

0 otherwise.

Note that ϱ(x) does not depend on s or t, and by Fubini’s theorem and Lemma B.6.3,
∫

↑

→↑

E(ϱ(x))dx = E
(∫

↑

→↑

ϱ(x)dx

)
= E(2(L+M)) < ⇑.

This allows us to apply the dominated convergence theorem and complete the proof.

Lemma 1.8.6. For any φ ↑ L2
(R) that is smooth and compactly supported, we have

P (t)φ ↓ φ

↓t
⇒ Hφ

in L2 as t ⇒ 0, where H is the operator displayed in equation (1.6.5).

Proof. Let φt := P (t)φ and

↽t(x) := (1↓ tV (x))E[φ(x+B(t))].

Note that for any x,

φt(x)↓ ↽t(x) = E[φ(x+B(t))(e→
∫ t
0 V (x+B(s))ds

↓ 1 + tV (x))]

Thus, we get

↔φt ↓ ↽t↔
2
L2 ⇔

∫
↑

→↑

E[|φ(x+B(t))|2(e→
∫ t
0 V (x+B(s))ds

↓ 1 + tV (x))2]dx

= E
[∫

↑

→↑

|φ(x+B(t))|2(e→
∫ t
0 V (x+B(s))ds

↓ 1 + tV (x))2dx

]

= E
[∫

↑

→↑

|φ(y)|2(e→
∫ t
0 V (y+B(s)→B(t))ds

↓ 1 + tV (y ↓B(t)))2dy

]
. (1.8.4)

From the continuity of V and B, it follows that

ϑ

ϑt
e→

∫ t
0 V (y+B(s)→B(t))ds

∣∣∣∣
t=0

= ↓V (y ↓B(t)).
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Equivalently,

lim
t↓0

1

t

(
e→

∫ t
0 V (y+B(s)→B(t))ds

↓ 1 + tV (y ↓B(t))

)
= 0.

Thus, from the inequality (1.8.4), we would be able to show that (φt ↓ ↽t)/t ⇒ 0 in L2 as
t ⇒ 0, provided that we are able to verify the condition required for applying the dominated
convergence theorem. For this, fix some T > 0, and let M := max0↔s↔T |B(s)|. Take any
t ↑ [0, T ]. Since V has at most exponential growth, there are constants C1 and C2 such
that |V (x)| ⇔ C1eC2|x| for all x ↑ R. Now, recall that V is bounded below by some c ↑ R.
Without loss of generality, assume that c ⇔ 0. Then

|e→
∫ t
0 V (y+B(s)→B(t))ds

↓ 1| ⇔ e→ct

∣∣∣∣
∫

t

0
V (y +B(s)↓B(t))ds

∣∣∣∣

⇔ e→cT

∫
t

0
|V (y +B(s)↓B(t))|ds

⇔ C1e
→cT

∫
t

0
eC2|y+B(s)→B(t)|ds ⇔ C1e

→cT teC2(|y|+2M).

Similarly, |V (y ↓B(t))| ⇔ C1eC2(|y|+M). Combining, we get

1

t2
|φ(y)|2(e→

∫ t
0 V (y+B(s)→B(t))ds

↓ 1 + tV (y ↓B(t)))2 ⇔ |φ(y)|2C2
1e

→2cT e2C2(|y|+M).

Note that the right side does not depend on t, and if we integrate it over y and then take the
expected value of the result, it is finite (by Lemma B.6.3 and the fact that φ has compact
support). This allows us to apply the dominated convergence theorem and conclude that
(φt ↓ ↽t)/t ⇒ 0 in L2 as t ⇒ 0.

Next, let

ξt(x) := (1↓ tV (x))

(
φ(x) +

t

2
φ⇒⇒

(x)

)
.

Then note that

↽t(x)↓ ξt(x) = (1↓ tV (x))E
[
φ(x+B(t))↓ φ(x)↓B(t)φ⇒

(x)↓
1

2
B(t)2φ⇒⇒

(x)

]

= (1↓ tV (x))E
[∫ 1

0

∫
w

0

∫
y

0
B(t)3φ⇒⇒⇒

(x+ zB(t))dzdydw

]

Thus, we have

↔↽t ↓ ξt↔
2
L2 ⇔

1

6
E
[∫ 1

0

∫
w

0

∫
y

0

∫
↑

→↑

|1↓ tV (x)|2|B(t)3φ⇒⇒⇒
(x+ zB(t))|2dxdzdydw

]

=
1

6
E
[∫ 1

0

∫
w

0

∫
y

0

∫
↑

→↑

|1↓ tV (u↓ zB(t))|2|B(t)3φ⇒⇒⇒
(u)|2dudzdydw

]
(1.8.5)

Take any t ↑ [0, T ]. Then

|1↓ tV (u↓ zB(t))|2 ⇔ 2 + 2T 2
|V (u↓ zB(t))|2 ⇔ 2 + 2T 2C2

1e
2C2(|u|+|z|M).
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Also, note that by Lemma B.6.3,

E(e2C2(|u|+|z|M)
|B(t)|6) ⇔

√
E(e4C2(|u|+|z|M))E|B(t)|12 ⇔ C5e

2C2|u|t3,

where C5 does not depend on t or u. Plugging this bound into the right side of equation
(1.8.5), and invoking the assumption that φ is compactly supported, we see that ↔↽t↓ξt↔2L2 =

O(t3) as t ⇒ 0. Combining this with our earlier observation that (φt ↓ ↽t)/t ⇒ 0 in L2, we
get that (φt ↓ ξt)/t ⇒ 0 in L2 as t ⇒ 0. But this is equivalent to the statement that

P (t)φ ↓ φ

↓t
↓Hφ ⇒ 0

in L2, where H is the operator displayed in equation (1.6.5). This completes the proof of
the lemma.

Combining all of the above lemmas, we see that all the assertions of Theorem 1.7.1 have
been proved. This shows that the Wick rotation heuristic is mathematically valid for the
case of a single particle in a well-behaved potential on the real line.
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Chapter 2

Abstracting the Probabilistic

Approach

2.1 The Markov process heuristic

Suppose that we want to build a quantum system that takes value in some space X endowed
with a ▷-algebra, so that the time trajectories of the system are maps ε : R ⇒ X . Let S

be the action, and let SE be its Euclidean version obtained by Wick rotation, following
the method prescribed in Section 1.7. To construct the Hamiltonian for the quantum
system using the ‘probabilistic approach’ outlined in Section 1.5, we need to construct a
strongly continuous semigroup of symmetric operators (P (t))t↘0 on some Hilbert space H

of functions from X into C, such that the generator of this semigroup is the same as the
Hamiltonian for our quantum system. The path integral prescription says that we should
define

P (t)φ(x) :=
1

ZE(t)

∫

ε:ε(0)=x

φ(ε(t))e→SE(ε)Dε,

where the integration is over paths ε : [0, t] ⇒ X satisfying ε(0) = x, Dε is formally given
by

Dε =

∏

0<s↔t

d0(ε(s))

where 0 is some notion of Lebesgue measure on X , and ZE(t) is the Wick-rotated version
of the normalizing factor from the quantum mechanical path integral.

We have carried out the above construction by an ad hoc method for a single particle in
a potential. A generalized approach using Markov processes is helpful for the more complex
systems that arise in quantum field theory. The following is an outline of this approach.

Recall that the Hilbert space for the single particle system is L2
(R). Generalizing this,

we should take the Hilbert space for the X -valued system to be L2
(0), where 0 is the

analogue of Lebesgue measure on X . But this need not be the only choice. Let µ be any
measure on X , which has density f with respect to 0, meaning that µ(A) =

∫
A
f(x)d0(x)
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for any measurable set A ↗ X . The following map gives an embedding of L2
(0) into L2

(µ):

φ(x) ⇐⇒
φ(x)
f(x)

.

For φ ↑ L2
(R), let φ ↑ L2

(µ) denote the function on the right. Then we can consider φ to
be denoting the same state of the system as φ, provided that we take the Hilbert space to
be L2

(µ) instead of L2
(0). This needs a re-interpretation of probabilities, as follows. If the

system is in state ↽ ↑ L2
(µ), the probability density function of the particle is proportional

to |↽|2, but with respect to the measure µ instead of 0. With this re-interpretation, the state
φ ↑ L2

(0) gives the same probabilities as the state φ ↑ L2
(µ), because for any measurable

set A ↗ X ,

∫
A
|φ(x)|2d0(x)∫

X
|φ(x)|2d0(x)

=

∫
A
| φ(x)|2f(x)d0(x)

∫
X
| φ(x)|2f(x)d0(x)

=

∫
A
| φ(x)|2dµ(x)

∫
X
| φ(x)|2dµ(x)

.

What should be the time evolution semigroup (U(t))t↘0 in L2
(µ)? Clearly, if φt is the state

of the system at time t in L2
(0), then it is necessary to ensure that φt is the state at time

t in L2
(µ). Thus, if φ ↑ L2

(µ) is the state at time 0, then we should define

U(t) φ(x) = φt(x) =
φt(x)
f(x)

=
1

Z(t)

f(x)

∫

ε:ε(0)=x

φ(ε(t))eiS(ε)Dε

=
1

Z(t)

f(x)

∫

ε:ε(0)=x


f(ε(t)) φ(ε(t))eiS(ε)Dε. (2.1.1)

After Wick rotation, the corresponding semigroup of symmetric operators ( P (t))t↘0 should
therefore be defined as

P (t)↽(x) =
1

ZE(t)

f(x)

∫

ε:ε(0)=x


f(ε(t))↽(ε(t))e→SE(ε)Dε, (2.1.2)

where ↽ ↑ L2
(µ), and the integral is over all paths defined on [0, t] satisfying ε(0) = x. The

Markov process approach gives a generic prescription for this construction. The precondition
for this construction is that the Euclidean action SE should have the following additive
property: Suppose that ε1 is a path defined on a time interval [t0, t1] and ε2 is a path
defined on the time interval [t1, t2], such that ε1(t1) = ε2(t1). Let ε be the path defined on
the time interval [t0, t2] obtained by concatenating ε1 and ε2 in the obvious way. Then we
need to have

SE(ε) = SE(ε1) + SE(ε2). (2.1.3)

Most physical systems satisfy this condition. If this holds, then the next step is to construct
a probability measure ◁ on the space of all paths ε : R ⇒ X that heuristically has probability

28



CHAPTER 2. ABSTRACTING THE PROBABILISTIC APPROACH

density proportional to e→SE(ε) with respect to ‘Lebesgue measure’ on path space. Such a
measure is constructed typically by first constructing it over paths ε : [↓T, T ] ⇒ R, and
then sending T to infinity. The probability density on paths ε : [↓T, T ] ⇒ X is of the form

1

C(T )
e→SE(ε)

where C(T ) is the normalizing constant. Due to the additive nature of SE, we have for any
two intervals [T0, T1] and [T1, T2],

∫

ε:[T0,T2]↓X

e→SE(ε)Dε =

(∫

ε:[T0,T1]↓X

e→SE(ε)Dε

)(∫

ε:[T1,T2]↓X

e→SE(ε)Dε

)
.

Moreover, the integral on the left is clearly just a function of the di!erence T2 ↓ T0. This
implies that C(T + T ⇒

) = C(T )C(T ⇒
), which, in turn, implies that there is a constant K

such that C(T ) = eKT for all T → 0. Thus, if we define, for a path ε : [T0, T1] ⇒ X the
modified action

S⇒

E(ε) := SE(ε) +K(T1 ↓ T0),

then the probability density on paths ε : [↓T, T ] ⇒ X is exactly equal to (and not just
proportional to) e→S

→
E(ε). Thus, the same must be true for the probability density on paths

ε : R ⇒ X .
Suppose that such a probability measure ◁ on path space can be rigorously defined.

Let X = {Xt}t↗R be an X -valued stochastic process (i.e., a collection of X -valued random
variables defined on the same probability space) with law ◁. Suppose that X is stationary
and reversible, meaning that the processes {Xt+a}t↗R and {X→t}t↗R also have law ◁, for
any a. Due to stationarity, Xt has the same distribution for all t. Let µ denote this law.
Assume that µ has probability density f with respect to 0. We will now construct our
quantum system on the Hilbert space L2

(µ). Define1

Q(t)↽(x) := E(↽(Xt)|X0 = x). (2.1.4)

We claim that Q(t)↽(x) is exactly the right side of equation (2.1.2). The heuristic argument
goes as follows. First, note that for any x, we have the formal identity

f(x) =

∫

ε:ε(0)=x

e→S
→
E(ε)Dε, (2.1.5)

where the integral is over all paths ε : R ⇒ X satisfying ε(0) = x. This holds because for
any measurable set A ↗ X ,

∫

X

(∫

ε:ε(0)=x

e→S
→
E(ε)Dε

)
d0(x) =

∫

ε:ε(0)↗A
e→S

→
E(ε)Dε = P(X0 ↑ A).

For any path ε, let ε+ and ε→ be the restrictions of ε to the positive and negative time
1
See Section B.4.1 in Appendix B for the definition and properties of conditional expectation.
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intervals. By the additive property of SE (and hence, of S⇒

E), we have that S⇒

E(ε) =

S⇒

E(ε+) + S⇒

E(ε→). Thus,
∫

ε:ε(0)=x

e→S
→
E(ε)Dε =

∫

ε:ε(0)=x

e→S
→
E(ε+)e→S

→
E(ε↑)

Dε

=

∫

ε1:[0,↑)↓X , ε2:(→↑,0]↓X

ε1(0)=x, ε2(0)=x

e→S
→
E(ε1)e→S

→
E(ε2)Dε1Dε2

=

(∫

ε:[0,↑)↓X

ε(0)=x

e→S
→
E(ε)Dε

)(∫

ε:(→↑,0]↓X

ε(0)=x

e→S
→
E(ε)Dε

)
.

But by invariance under time inversion, the two integrals in the last line are equal. Combining
this with equation (2.1.5), we get

∫

ε:[0,↑)↓X

ε(0)=x

e→S
→
E(ε)Dε =

∫

ε:(→↑,0]↓X

ε(0)=x

e→S
→
E(ε)Dε

=


f(x).

By time translation, the same identity holds if we replace ε(0) by ε(t) everywhere, for any
t. Thus, we get

Q(t)↽(x) =

∫
ε:ε(0)=x

↽(ε(t))e→S
→
E(ε)D(ε)

∫
ε:ε(0)=x

e→S
→
E(ε)D(ε)

=

∫
ε:ε(0)=x

↽(ε(t))e→S
→
E(ε)D(ε)

∫
ε:ε(0)=x

e→S
→
E(ε)D(ε)

=

∫
X

∫
ε:ε(0)=x, ε(t)=y

↽(y)e→S
→
E(ε)D(ε)d0(y)

f(x)
.

Now, the integral in the numerator can be written as
∫

X

(∫

ε:(→↑,0]↓X

ε(0)=x

e→S
→
E(ε)Dε

∫

ε:[0,t]↓X

ε(0)=x, ε(t)=y

↽(y)e→S
→
E(ε)Dε

∫

ε:[t,↑)↓X

ε(t)=y

e→S
→
E(ε)Dε

)
d0(y)

=

∫

X


f(x)f(y)

(∫

ε:[0,t]↓X

ε(0)=x, ε(t)=y

↽(y)e→S
→
E(ε)Dε

)
d0(y).

Plugging this into the previous display, we get

Q(t)↽(x) =
1
f(x)

∫

ε:[0,t]↓X

ε(0)=x


f(ε(t))↽(ε(t))e→S

→
E(ε)Dε

=
1

eKt

f(x)

∫

ε:[0,t]↓X

ε(0)=x


f(ε(t))↽(ε(t))e→SE(ε)Dε

This gives a heuristic proof of the claim that the operator Q(t) defined in equation (2.1.4)
is indeed a legitimate candidate for the operator P (t) displayed in equation (2.1.2).
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To summarize the discussion, here are the steps to constructing a quantum system using
Markov processes:

1. Given the action S, perform Wick rotation to obtain the Euclidean action SE.

2. Construct a probability measure ◁ on the space of all infinite-time trajectories that
heuristically has probability density proportional to e→SE(ε) with respect to some
notion of ‘Lebesgue measure’ on path space.

3. Let X = {Xt}t↗R be a stochastic process with law ◁. Let µ be the law of X0. Let
H = L2

(µ) be the Hilbert space of the quantum system, and define Q(t) : H ⇒ H as
Q(t)↽(x) := E(↽(Xt)|X0 = x).

4. Show that the X is a stationary reversible Markov process, so that by Theorem B.5.5,
(Q(t))t↘0 is a semigroup of symmetric linear operators on H.

5. Verify that the semigroup (Q(t))t↘0 is strongly continuous. By the heuristics outlined
in this section, the generator of this semigroup is a valid candidate for the Hamiltonian
of the quantum system with action S.

The idea of looking at Euclidean quantum field theories as Markov processes originated
in the work of Symanzik [29]. The procedure for constructing the quantum field from
the Markov process representing the Euclidean theory was introduced by Nelson [21]. A
condition that is easier to verify than the Markov property, known as reflection positivity,
was introduced by Osterwalder and Schrader [22, 23]. We will discuss reflection positivity
later in this chapter.

2.2 The simple harmonic oscillator

The simple harmonic oscillator is a single particle with mass 1 on the real line moving
under the quadratic potential V (x) = 1

2x
2. We already know how to quantize this system

using Theorem 1.7.1. We will now work out a di!erent quantization via the Markov process
heuristic. By equation (1.6.1), we know that the action of a trajectory ε : R ⇒ R is given
by

S(ε) =
1

2

∫
↑

→↑

(ε̇(s)2 ↓ ε(s)2)ds,

and by equation (1.7.1), its Euclidean version is

SE(ε) =
1

2

∫
↑

→↑

(ε̇(s)2 + ε(s)2)ds

=
1

2

∫
↑

→↑

(↓ε(s)ε̈(s) + ε(s)2)ds

Thus, our first task is to construct a probability measure ◁ on the space of all trajectories
such that ◁ has density proportional to e→SE(ε) with respect to ‘Lebesgue measure’.
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Now, recall that the probability density function of the Gaussian distribution2 on Rn

with mean zero and covariance matrix ! is proportional to exp(↓
1
2x

T
!

→1x). Since SE

is a quadratic form on paths, this suggests that ◁ should be a Gaussian distribution on
the space of paths, such that if X = {Xt}t↗R is a stochastic process with law ◁, then for
any n and any t1, . . . , tn ↑ R, the random vector (Xt1 , . . . , Xtn) should have a Gaussian
distribution with mean zero and covariance given by

E(XtiXtj ) = K(ti, tj),

where K : R′ R ⇒ R is a kernel that acts as the inverse of the operator

↓
d2

dx2
+ x2.

Fortunately, such a kernel can be explicitly written down:

K(x, y) =

∫
↑

0

1
↘
4↼t

exp

(
↓
(x↓ y)2

4t
↓ t

)
dt. (2.2.1)

In Theorem 3.4.1 in Section 3.4, we will show that K is indeed the inverse of the operator
↓

d
2

dx2 + x2, in the following sense. Suppose that f : R ⇒ R is a Schwartz function meaning
that f is infinitely di!erentiable, and f and all its derivatives decay faster than the inverse
of any polynomial at infinity. If we define

Kf(x) :=

∫
↑

→↑

K(x, y)f(y)dy,

then Kf is also a Schwartz function, and

f = K

(
↓

d2

dx2
+ x2

)
f =

(
↓

d2

dx2
+ x2

)
Kf.

It turns out that K(x, y) has a simpler form than the one displayed in equation (2.2.1).

Lemma 2.2.1. We have K(x, y) = 1
2e

→|x→y|.

Proof. On the right side in equation (2.2.1), the change of variable s = 2t/|x↓ y| gives

K(x, y) =
1

2
↘
2↼


|x↓ y|

∫
↑

0

1
↘
s
exp

(
↓
1

2
|x↓ y|

(
s+

1

s

))
ds

=


|x↓ y|

2↼

∫
↑

0
exp

(
↓
1

2
|x↓ y|

(
u2 +

1

u2

))
du

= e→|x→y|


|x↓ y|

2↼

∫
↑

0
exp

(
↓
1

2
|x↓ y|

(
u↓

1

u

)2)
du,

where the second equality is obtained by the change of variable u =
↘
s. Let I denote the

2
See Sections B.2.1 and B.2.4 in Appendix B for definition and properties of Gaussian random variables.
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integral on the right. By the change of variable v = 1/u, we get

I =

∫
↑

0

1

v2
exp

(
↓
1

2
|x↓ y|

(
v ↓

1

v

)2)
dv.

Averaging this with the original expression for I, we get

I =
1

2

∫
↑

0

(
1 +

1

u2

)
exp

(
↓
1

2
|x↓ y|

(
u↓

1

u

)2)
du.

Making one final change of variable w = u↓
1
u
, we get

I =
1

2

∫
↑

→↑

e→
1
2 |x→y|w

2
dw =

↘
2↼

2

|x↓ y|

.

This completes the proof.

Let us now construct a Gaussian Markov process with covariance kernel K. Let Z be a
standard Gaussian random variable and B,B⇒ be two independent Brownian motions3 on
the time interval [0,⇑), which are also independent of Z. Define Xt as

Xt :=






1
⇐
2
e→tZ +

1
⇐
2
e→tB(e2t ↓ 1) if t → 0,

1
⇐
2
etZ +

1
⇐
2
etB⇒

(e→2t
↓ 1) if t < 0.

This is clearly a continuous Gaussian process with E(Xt) = 0 for each t. We claim that
E(XsXt) = K(s, t) for any s, t ↑ R. To see this, first take t → s → 0. Then

E(XsXt) =
1

2
e→(s+t)

(E(Z2
) + E(B(e2s ↓ 1)B(e2t ↓ 1)))

=
1

2
e→(s+t)

(1 + e2s ↓ 1) =
1

2
es→t

= K(s, t).

Similarly, this holds if t ⇔ s ⇔ 0. Finally, take s < 0 ⇔ t. Then

E(XsXt) =
1

2
es→tE(Z2

) =
1

2
es→t

= K(s, t).

This proves that X is a centered Gaussian process with covariance kernel K. It is known
as the ‘Ornstein–Uhlenbeck process’.

We claim that X is a Markov process. To see this, define for each s ⇔ t,

Xs,t := e→(t→s)Xs.

3
See Section B.6 in Appendix B for the definition and basic properties of Brownian motion.
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Then note that for each u ⇔ s ⇔ t,

Cov(Xu, Xt ↓Xs,t) = Cov(Xu, Xt)↓ e→(t→s)
Cov(Xu, Xs)

=
1

2
e→(t→u)

↓ e→(t→s)
·
1

2
e→(s→u)

= 0.

Since these covariances vanish for all u ⇔ s ⇔ t, we conclude that the Gaussian field
{Xu}u↔s is independent of the Gaussian field {Xt ↓ Xs,t}t↘s. But Xs,t is a function of
Xs. Thus, {Xt}t↘s can be expressed as a function of Xs and a field that is independent of
{Xu}u↔s. By Lemma B.4.11, this proves that the stochastic process X is Markovian. The
stationarity and reversibility of this Markov process are easy consequences of the translation
invariance and symmetry of K and the last assertion of Proposition B.1.1.

Lastly, let us verify that the generator of Markov process X is strongly continuous.
First, observe that by the form of K, the stationary distribution µ of X is the Gaussian
distribution on the real line with mean zero and variance 1

2 . Thus, the Hilbert space for the
quantum system should be L2

(µ). Explicitly, this is the set of all Borel measure f : R ⇒ C
such that ∫

↑

→↑

|f(x)|2e→x
2
dx < ⇑.

Again, from the formula for K, it is easy to see that for any t ↑ R and any sequence tn ⇒ t,

lim
n↓↑

E[(Xtn ↓Xt)
2
] = 0.

Let (Q(t))t↘0 be a semigroup for the Markov process X. Being a Markov semigroup, it is
automatically an L2

(µ)-contraction, by Jensen’s inequality for conditional expectation. It
is not hard to show that the set of all Lipschitz continuous maps from R into R is dense in
L2

(µ). For any such map f , the above identity implies that t ⇐⇒ Q(t)f is continuous, as
a map from R into L2

(µ). Thus, by Lemma D.4.5, the semigroup is strongly continuous.
By Stone’s theorem, this allows us to construct the corresponding quantum system with
Hilbert space L2

(µ) and unitary group U(t) = e→itH , where H is the generator of the above
semigroup.

2.3 Heuristic definition of vacuum expectation values

Let us now return to the abstract setting considered in Section 2.1. Assume that the
semigroup (Q(t))t↘0 has all the required properties. By Theorem B.5.5 from Appendix B,
the semigroup for any Markov process is a contracting semigroup; in particular, (Q(t))t↘0

is a contracting semigroup. By Theorem D.4.9 from Appendix D, the generator of any
contracting semigroup is a positive operator. Thus, the generator H of (Q(t))t↘0 is a
positive operator. This means, in particular, that its spectrum is contained in [0,⇑). But
note that 0 is actually in the spectrum, because the function ” ∞ 1 on X is an eigenfunction
of H with eigenvalue 0. Since µ (the law of X0) is a probability measure on this space,
” ↑ H = L2

(µ). The element ” of H is called the vacuum state of the system.
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The fact that ” ∞ 1 remains invariant under the action of U(t) has the following
important consequence. Recalling equation (2.1.1), we see that for any x ↑ X ,

1 = ”(x) = U(t)”(x)

=
1

Z(t)

f(x)

∫

ε:[0,t]↓X

ε(0)=x


f(ε(t))”(ε(t))eiS(ε)Dε

=
1

Z(t)

f(x)

∫

ε:[0,t]↓X

ε(0)=x


f(ε(t))eiS(ε)Dε.

Thus, for any x ↑ X and t → 0, we have the identity

Z(t) =
1
f(x)

∫

ε:[0,t]↓X

ε(0)=x


f(ε(t))eiS(ε)Dε.

Multiplying by f(x) and integrating over x on both sides, we get

Z(t) =

∫

ε:[0,t]↓X


f(ε(0))f(ε(t))eiS(ε)Dε. (2.3.1)

A consequence of the above identities is that for any s, t → 0,

Z(s+ t) =

∫

ε:[0,s+t]↓X


f(ε(0))f(ε(s+ t))eiS(ε)Dε

=

∫

ε1:[0,s]↓X

∫

ε2:[s,s+t]↓X

ε2(s)=ε1(s)


f(ε1(0)f(ε2(s+ t))eiS(ε1)+iS(ε2)Dε2Dε1

=

∫

ε1:[0,s]↓X


f(ε1(0)f(ε1(s))Z(t)eiS(ε1)Dε1

= Z(s)Z(t).

Now, choose some time points t1 < · · · < tk and some functions F1, . . . , Fk : X ⇒ C. Let ε

denote the trajectory of our quantum system evolving over time. Suppose we are given that
the system starts in a state φ0 at time ↓T < t1 and ends at a state φ1 at time T > tk, both
having L2

(0)-norm equal to 1 (where 0 is ‘Lebesgue measure’ on X ). Then the expected
value of the product F1(ε(t1))F2(ε(t2)) · · ·Fk(ε(tk)), in the path integral formulation of
quantum mechanics, is given by

↖φ0|F1(ε(t1)) · · ·Fk(ε(tk))|φ1↙

:=
1

Z(2T )

∫

ε:[→T,T ]↓X

φ0(ε(↓T ))φ1(ε(T ))F1(ε(t1)) · · ·Fk(ε(tk))e
iS(ε)

Dε.

Suppose that we now move to the Hilbert space L2
(µ), so that φi is replaced by φi = φi/

↘
f

for i = 0, 1, where f is the density of µ with respect to the ‘Lebesgue measure’ 0. Since the
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expected value should remain unchanged in the new setting, we must define

↖ φ0|F1(ε(t1)) · · ·Fk(ε(tk))| φ1↙

:=
1

Z(2T )

∫

ε:[→T,T ]↓X


f(ε(↓T ))f(ε(T )) φ0(ε(↓T )) φ1(ε(T ))

· F1(ε(t1)) · · ·Fk(ε(tk))e
iS(ε)

Dε.

Now suppose we take φ0 =
φ1 = ”, where ” is the vacuum state that is identically equal

to 1. Then we have

↖”|F1(ε(t1)) · · ·Fk(ε(tk))|”↙T

:=
1

Z(2T )

∫ 
f(ε(↓T ))f(ε(T ))F1(ε(t1)) · · ·Fk(ε(tk))e

iS(ε)
Dε. (2.3.2)

The vacuum expectation value of the product F1(ε(t1)) · · ·Fk(ε(tk)) is formally defined to
be the limit of the above quantity as T ⇒ ⇑. That is, it is the expected value when the
system is assumed to have started in the vacuum state in the distant past, and ending in the
vacuum state in the distant future. Appealing to the identity (2.3.1) and using translation
invariance, we see that the above quantity can be written as the ratio

∫ 
f(ε(↓T ))f(ε(T ))F1(ε(t1)) · · ·Fk(ε(tk))eiS(ε)Dε

∫ 
f(ε(↓T ))f(ε(T ))eiS(ε)Dε

.

The limit of this, as T ⇒ ⇑, is heuristically written as

↖”|F1(ε(t1)) · · ·Fk(ε(tk))|”↙ :=

∫
F1(ε(t1)) · · ·Fk(ε(tk))eiS(ε)Dε∫

eiS(ε)Dε
, (2.3.3)

with the understanding that the path integrals are over paths ε : R ⇒ X , and the endpoints
ε(↓⇑) and ε(⇑) are integrated with respect to the vacuum state

↘
f in the Hilbert space

L2
(0), or equivalently, the vacuum state ” in the Hilbert space L2

(µ). The above form of
the vacuum expectation value is the one that typically appears in heuristic calculations.

2.4 Rigorous definition of vacuum expectation values

Let us now try to give a rigorous meaning to vacuum expectation values. To compute the
quantity displayed in equation (2.3.1), let us decompose each path ε : [↓T, T ] ⇒ X as a
concatenation of paths ε0 : [↓T, ε1] ⇒ X , . . . , εk : [tk, T ] ⇒ X , with εi(ti) = εi→1(ti) for
each i. Since Z is a multiplicative function (as shown above), the integral displayed in
equation (2.3.2) becomes

1

Z(t1 ↓ (↓T ))Z(t2 ↓ t1) · · ·Z(T ↓ tk)

∫ 
f(ε0(↓T ))f(εk(T ))F1(ε0(t1)) · · ·

· · ·Fk(εk→1(tk))e
iS(ε0)+···+iS(εk)Dεk · · · Dε0.

36



CHAPTER 2. ABSTRACTING THE PROBABILISTIC APPROACH

Fixing ε0, . . . , εk→1, note that by equation (2.3.1),

1

Z(T ↓ tk)

∫ 
f(εk(T ))e

iS(εk)Dεk =


f(εk→1(tk).

Substituting this in the main integral, we see that it simplifies to

1

Z(t1 + T )Z(t2 ↓ t1) · · ·Z(tk ↓ tk→1)

∫ 
f(ε0(↓T ))f(εk→1(tk))

· F1(ε0(t1)) · · ·Fk(εk→1(tk))e
iS(ε0)+···+iS(εk↑1)Dεk→1 · · · Dε0.

Next, let us integrate out εk→1. By equation (2.1.1), we have

1

Z(tk ↓ tk→1)

∫ 
f(εk→1(tk))Fk(εk→1(tk))e

iS(εk↑1)Dεk→1

=


f(εk→2(tk→1))

U(tk ↓ tk→1)Fk(εk→2(tk→1)).

Thus, the main integral simplifies to

1

Z(t1 + T ) · · ·Z(tk→1 ↓ tk→2)

∫ 
f(ε0(↓T ))f(εk→2(tk→1))

· F1(ε0(t1)) · · ·Fk→2(εk→3(tk→2))Gk→1(εk→2(tk→1))

· eiS(ε0)+···+iS(εk↑2)Dεk→2 · · · Dε0,

where
Gk→1(x) := Fk→1(x)U(tk ↓ tk→1)Fk(x).

It should now be clear how to continue like this, by backward induction: Having defined
the functions Gk→1, Gk→2, . . . , Gj+1 for some j → 1, we define

Gj(x) := Fj(x)U(tj+1 ↓ tj)Gj+1(x).

Then by successively integrating out εk, εk→1, . . . , ε1, we arrive at the identity

↖”|F1(ε(t1)) · · ·Fk(ε(tk))|”↙T

=
1

Z(t1 + T )

∫ 
f(ε0(↓T ))f(ε0(t1))G1(ε0(t1))e

iS(ε0)Dε0.

But by the identity (2.1.1),

1

Z(t1 + T )

∫

ε0:ε0(→T )=x


f(ε0(t1))G1(ε0(t1))e

iS(ε0)Dε0 =

f(x)U(t1 + T )G1(x)

=


f(x)G0(x),
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where G0 :=
U(t1 + T )G1. Substituting this in the previous display, we get

↖”|F1(ε(t1)) · · ·Fk(ε(tk))|”↙T =

∫

X

G0(x)f(x)d0(x) =

∫

X

G0(x)dµ(x).

But note that
∫

X

G0(x)dµ(x) = ↖G0,”↙L2(µ) = ↖U(t1 + T )G1,”↙L2(µ)

= ↖G1, U(t1 + T )⇑”↙L2(µ) = ↖G1, U(↓t1 ↓ T )”↙L2(µ)

= ↖G1,”↙L2(µ) =

∫

X

G1(x)dµ(x).

Remarkably, the last quantity has no dependence on T , as long as ↓T < t1 and T > tk.
This is because the inductive definition of G1 has no involvement of T . Thus, the above
equation actually gives the limit as T ⇒ ⇑. To summarize, we have shown the following.
Let

G1 := F1
U(t2 ↓ t1)(F2

U(t3 ↓ t2)(· · · U(tk ↓ tk→1)Fk) · · · ),

assuming that this definition makes sense. Then the vacuum expectation value of the
product F1(ε1(t1)) · · ·Fk(εk(tk)) is given by

↖”|F1(ε(t1)) · · ·Fk(ε(tk))|”↙ :=

∫

X

G1(x)dµ(x).

In the next section, we will take this to be the definition of vacuum expectation value
in a generalized setting, and show how to compute vacuum expectation values by first
computing expected values of certain functions of random variables and then continuing
analytically.

For a further discussion of the rigorous approach to defining vacuum expectation values,
see [10, Chapter 6]. One thing we have not discussed here is the question of uniqueness
of the vacuum state (if one defines the vacuum state as the ground state eigenvector
of the Hamiltonian). Uniqueness requires an extra assumption, which is part of the
Osterwalder–Schrader axioms [22, 23].

2.5 Calculating vacuum expectation values

Let {Xt}t↗R be a stationary, reversible Markov process taking values in some measurable
space (X ,G). Let µ denote the law of X0, and let H denote the Hilbert space L2

(X ,G, µ,C).
For each t → 0, define P (t) : H ⇒ H as

P (t)F (x) := E(F (Xt)|X0 = x).

By the discussion preceding equation (B.4.2), this definition makes sense. By Theorem B.5.5,
(P (t))t↘0 is a semigroup of symmetric linear operators on H. Suppose that this semigroup is
strongly continuous. (In applications, strong continuity has to be proved on a case-by-case
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basis.) Then by Theorem D.4.1, the semigroup (P (t))t↘0 has a self-adjoint generator H

defined on a dense domain D. By Stone’s theorem, H generates a strongly continuous
one-parameter group of unitary operators (U(t))t↗R on H. This defines the time evolution
group for an X -valued quantum field ω, whose states take values in H. If the field is in a
state F ↑ H, then the probability interpretation is that for any A ↑ G,

P(ω ↑ A) =

∫
A
|F (x)|2dµ(x)∫

X
|F (x)|2dµ(x)

.

More generally, for any function G : X ⇒ C, the expected value of G(ω) is

E(G(ω)) =

∫
A
G(x)|F (x)|2dµ(x)∫
X
|F (x)|2dµ(x)

,

provided that the integral in the numerator on the right is well-defined. If the state of the
system is F at time 0, then it is U(t)F at time t. The state ” ∞ 1 is a ground state of this
system, by Theorem D.4.9 and the fact that H” = 0 (since P (t)” = ” for all t).

Now, take any k → 1, F1, . . . , Fk ↑ H, and ↓⇑ < t1 < t2 < · · · < tk < ⇑. Following
the heuristics from the previous section, the vacuum expectation value of the product
F1(ωt1) · · ·Fk(ωtk) (where ωt is the field at time t) is defined as

↖”|F1(ωt1) · · ·Fk(ωtk)|”↙ :=

∫

X

G1(x)dµ(x),

where G1 : X ⇒ C is the function

G1 := F1U(t2 ↓ t1)(F2U(t3 ↓ t2)(· · ·U(tk ↓ tk→1)Fk) · · · ), (2.5.1)

provided that the right side is well-defined; that is, the function Gk→1 := Fk→1U(tk↓tk→1)Gk

is in L2
(µ), and inductively for each 1 ⇔ j ⇔ k ↓ 2, the function Gj := FjU(tj+1 ↓ tj)Gj+1

is in L2
(µ). The following theorem gives a criterion under which this vacuum expectation

value is well-defined, and gives a way to calculate it.

Theorem 2.5.1. Take any k → 1, ↓⇑ < t1 ⇔ · · · ⇔ tk < ⇑, F2, . . . , Fk→1 ↑ L↑
(µ), and

F1, Fk ↑ L2
(µ). Then the vacuum expectation value ↖”|F1(ωt1) · · ·Fk(ωtk)|”↙ is well-defined,

and may be computed as follows. If k = 1, then

↖”|F1(ωt1)|”↙ =

∫

X

F (x)dµ(x).

Suppose that k → 2. Define f : [0,⇑)
k→1

⇒ C as

f(s1, . . . , sk→1) := E[F1(X0)F2(Xs1)F3(Xs1+s2) · · ·Fk(Xs1+···+sk↑1)].

Then f can be analytically continued to (iR)k→1 as follows. Fixing s2, . . . , sk→1, f has an
analytic continuation to the open right half-plane in the first argument, which extends by
continuity to the imaginary axis. This allows us to obtain f(is1, s2, . . . , sk→1). Next, fixing
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s1, s3, . . . , sk→1, f(is1, ·, s3, . . . , sk→1) has a similar analytic continuation that allows us to
obtain the value of f(is1, is2, s3, . . . , sk→1). Progressing inductively, we get the value of
f(is1, . . . , isk→1) for any nonnegative s1, . . . , sk→1. Then, for any ↓⇑ < t1 ⇔ · · · ⇔ tk < ⇑,

↖”|F1(ωt1) · · ·Fk(ωtk)|”↙ = f(i(t2 ↓ t1), . . . , i(tk ↓ tk→1)).

Proof. The case k = 1 follows from our definition of vacuum expectation value. So let us
assume that k → 2. The conditions that F2, . . . , Fk→1 ↑ L↑

(µ) and F1, Fk ↑ L2
(µ) ensure

that the function f is well-defined, and that the following functions are also well-defined and
in L2

(µ). Fix some s1, . . . , sk→1 ↑ [0,⇑). Let Hk→1 := Fk→1P (sk→1)Fk, and by backward
induction, define Hj := FjP (sj)Hj+1 for 1 ⇔ j ⇔ k ↓ 2. Then

f(s1, . . . , sk→1) = E(H1(X0)) = E(F1(X0)P (s1)H2(X0)) = ↖P (s1)H2, F1↙L2(µ).

Moreover, note that if F ↑ L2
(µ) and G ↑ L↑

(µ), then FG ↑ L2
(µ). Using this and the

conditions that F2, . . . , Fk→1 ↑ L↑
(µ) and F1, Fk ↑ L2

(µ), it is easy to see that the vacuum
expectation value is well-defined.

Now, if we fix s2, . . . , sk→1, then by Theorem D.4.6, f(·, s2, . . . , sk→1) admits an analytic
continuation to the open right half-plane in the first argument, which extends continuously
to the imaginary axis, giving

f(is1, s2, . . . , sk→1) = ↖U(s1)H2, F1↙L2(µ)

= ↖H2, U(↓s1)F1↙L2(µ)

= ↖H2, U(↓s1)F1↙L2(µ)

= ↖F2P (s2)H3, U(↓s1)F1↙L2(µ)

= ↖P (s2)H3, F2U(↓s1)F1↙L2(µ),

where the last step makes sense since F2U(↓s1)F1 ↑ L2
(µ) (since F1 ↑ L2

(µ) and F2 ↑

L↑
(µ)). Next, if we fix s1, s3, . . . , sk→1, then Theorem D.4.6 and the above expression

show that the function f(is1, ·, s3, . . . , sk→1) can be analytically continued in the second
argument to the open right half-plane, which can then be extended to the imaginary axis
by continuity, giving

f(is1, is2, s3, . . . , sk→1) = ↖U(s2)H3, F2U(↓s1)F1↙L2(µ)

= ↖P (s3)H4, F3U(↓s2)(F2U(↓s1)F1)↙L2(µ).

Continuing like this, we arrive at

f(is1, . . . , isk→1) = ↖U(sk→1)Fk, Fk→1(U(↓sk→2)(· · ·F2U(↓s1)F1) · · · )↙L2(µ).
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Now, we can successively bring each U(↓sj) to the left side as U(sj), giving

f(is1, . . . , isk→1) = ↖U(s1)(F2U(s2)(· · ·Fk→1U(sk→1)Fk) · · · ), F1↙L2(µ)

=

∫

X

G1(x)dµ(x),

where G1 is defined as in equation (2.5.1). This completes the proof.

Theorem 2.5.1, as presented here, is perhaps a new result. Calculating vacuum expecta-
tion values by analytic continuation of Euclidean expectation values in the Osterwalder–
Schrader framework has been explored in [10, Chapter 19]. Theorem 2.5.1 is the analogous
result for the Markov process approach, which seems not have appeared earlier in the
literature. The key ingredient in the proof of this theorem is Theorem D.4.6 from Ap-
pendix D, which also appears to be a new result. We will use Theorem 2.5.1 extensively in
our calculations henceforth.

2.6 The two-point function for the simple harmonic oscillator

Recall the quantum simple harmonic oscillator constructed in Section 2.2. The two-point
function for this system is the function

D(s↓ t) := i↖”|T {ω(s)ω(t)}|”↙,

where T is the time ordering operator, defined as

T {ω(s)ω(t)} =





ω(s)ω(t) if s ⇔ t,

ω(t)ω(s) if t ⇔ s.

Let us now compute this quantity using Theorem 2.5.1. Recall the Ornstein–Uhlenbeck
process {Xt}t↗R defined in Section 2.2. Recall that by Lemma 2.2.1,

f(s) := E(X0Xs) =
1

2
e→s

for s → 0. This function continues analytically to the entire complex plane, and in particular,

f(is) =
1

2
e→is.

Thus, by Theorem 2.5.1, we get that

D(s↓ t) =
i

2
e→i|s→t|.

The two-point function for the simple harmonic oscillator appears in any basic text on
quantum mechanics.
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2.7 The Osterwalder–Schrader approach

A problem with the Markov process approach is that in practice, verifying the Markov
property and the strong continuity property can be di"cult. The Osterwalder–Schrader
approach, introduced in the papers [22, 23], replaces these two conditions with a single
condition called ‘reflection positivity’, which is much easier to verify. We will not use this
approach in this book, but we discuss it here for completeness. The idea goes as follows.
Let X be a measurable space and X = {Xt}t↗R be an X -valued stochastic process with
law ◁, which is stationary and reversible, in the sense that {Xt+s}t↗R has law ◁ for any
s ↑ R, and {X→t}t↗R has law ◁.

Let X+
:= {Xt}t↘0 and X→

:= {X→t}t↘0. We say that X is reflection positive if for
any measurable function F : X

[0,↑)
⇒ C such that E[|F (X+

)|
2
] < ⇑, we have

E[F (X+
)F (X→)] → 0.

It is easy to show that if X is Markovian (in addition to stationary and reversible), then it
is reflection positive. The advantage of reflection positivity is that it is easier to establish
than Markovianity and strong continuity, and it allows the construction of the semigroup
without having to prove these properties. This is done as follows.

Let ◁+ denote the law of X+. Let E
+ be any dense subspace of L2

(X
[0,↑), ◁+). Define

a form ϖ on E
+ as

ϖ(F,G) := E[F (X+
)G(X→)],

which is linear in the first argument and conjugate linear in the second. By the Cauchy–
Schwarz inequality and the reversibility of X, ϖ is a well-defined. The reversibility of X also
implies that ϖ(F,G) = ϖ(G,F ). By reflection positivity, it is positive semidefinite, meaning
that ϖ(F, F ) → 0 for all F .

Lemma 2.7.1. The functional ϖ satisfies the Cauchy–Schwarz inequality. That is, for all
F,G ↑ E

+,
|ϖ(F,G)| ⇔


ϖ(F, F )ϖ(G,G).

Proof. Take any F,G. For all 0 ↑ C,

0 ⇔ ϖ(F ↓ 0G,F ↓ 0G)

= ϖ(F, F ) + |0|2ϖ(G,G)↓ 2Re(0ϖ(F,G)).

If ϖ(G,G) = 0, take 0 = aϖ(F,G) for some a > 0. The above inequality becomes

2|ϖ(F,G)|
2
⇔

ϖ(F, F )

a
.

Since a is arbitrary, this shows that ϖ(F,G) = 0, which implies that the Cauchy–Schwarz
inequality holds.
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If ϖ(G,G) ⇓= 0, taking

0 =
ϖ(F,G)

ϖ(G,G)

completes the proof.

Now, define
N := {F ↑ E

+
: ϖ(F, F ) = 0}.

The fact that ϖ satisfies the Cauchy–Schwarz inequality implies that N is a subspace of E+.
This allows us to define the quotient vector space E

+/N .

Lemma 2.7.2. If F,G ↑ E
+ and N ↑ N , then ϖ(F +N,G) = ϖ(F,G). Consequently, ϖ

defines a positive definite inner product on E
+/N .

Proof. The claimed identity is a straightforward consequence of the Cauchy–Schwarz
inequality, since

|ϖ(N,G)| ⇔


ϖ(N,N)ϖ(G,G) = 0.

Combined with the conjugate symmetry of ϖ, this shows that if F↓F ⇒
↑ N and G↓G⇒

↑ N ,
then ϖ(F,G) = ϖ(F ⇒, G⇒

). Thus, we can define ϖ on the quotient space. It retains all its
properties, and moreover, becomes positive definite, by the definition of N .

Since E
+/N is an inner product space under the positive definite inner product ϖ, it

can be completed to get a Hilbert space, which we call H. This is the Hilbert space for the
quantum system in the Osterwalder–Schrader approach. The following result justifies why
this makes sense in the context of our previous discussions.

Proposition 2.7.3. Suppose that X is Markovian, in addition to its other properties. Let
µ be the law of X0. Let ω : E

+/N ⇒ L2
(µ) be the map defined as ω([F ]) := H, where

H is the unique element of L2
(µ) such that H(X0) = E(F (X+

)|X0), and [F ] denotes the
image of F ↑ E

+ in the quotient space E
+/N . Then ω is an inner-product-preserving linear

isomorphism, and ω(E+/N ) is dense in L2
(µ). Consequently, ω extends to a Hilbert space

isomorphism between H and L2
(µ).

Proof. First, let us show that the mapping ω([F ]) := H , where H(X0) = E(F (X+
)|X0), is

well-defined. Suppose that [F ] = [G]. Then F ↓G = N ↑ N . Thus, ϖ(N,N) = 0. But by
the Markov property and reversibility of X,

ϖ(N,N) = E(N(X+
)N(X→))

= E[E(N(X+
)N(X→)|X0)]

= E[E(N(X+
)|X0)E(N(X→)|X0)]

= E[|E(N(X+
)|X0)|

2
]. (2.7.1)

Thus, we get

E(F (X+
)|X0)↓ E(G(X+

)|X0) = E(N(X+
)|X0) = 0 a.s.
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This proves that ω is well-defined. Next, we claim that ω is injective. To see this, suppose
that ω([F ]) = ω([G]). Then E(N(X+

)|X0) = 0 a.s., where N := F ↓ G. But by the
identity (2.7.1), we see that this forces ϖ(N,N) = 0. Thus, [F ] = [G].

Our next claim is that ω(E+/N ) is dense in L2
(µ). To see this, take any H ↑ L2

(µ).
Define F ↑ L2

(µ+
) as F (X+

) := H(X0). Since E
+ is dense in L2

(◁+), there is a sequence
{Fn}n↘1 converging to F in L2

(◁+). Let Hn := ω([Fn]), so that Hn(X0) = E(Fn(X+
)|X0)

and Hn ↑ ω(E+/N ) for each n. Clearly, Hn ⇒ H in L2
(µ). This proves the claim.

Since ω is obviously linear, it only remains to show that it preserves inner products.
But this, again, is a simple consequence of the Markov property and reversibility, akin to
the proof of the identity (2.7.1).

Having constructed the Hilbert space H, our next task is to define a semigroup (P (t))t↘0

using reflection positivity, which is equal to the Markov semigroup when X is a Markov
process. We define P (t) as follows. Take any t → 0 and [F ] ↑ E

+/N . For x ↑ X
[0,↑), let

y = 1tx ↑ X
[0,↑) be the vector ys := xs+t, s → 0. Define P (t)F ↑ E

+ as

P (t)F (x) := F (1tx). (2.7.2)

We make the following assumptions about the relation between E
+ and P (t):

1. For each t → 0, P (t) maps E
+ into itself.

2. For each F ↑ E
+, the map t ⇐⇒ P (t)F is continuous.

We claim that if F ↓G ↑ N , then P (t)F ↓ P (t)G ↑ N . By linearity, it su"ces to show
that P (t) maps N into N . Indeed, take any N ↑ N . Then by the stationarity of X,

ϖ(P (t)N,P (t)N) = E(N(1tX
+
)N(1tX→))

= E(N({Xs+t}s↘0)N({X→s→t}s↘0))

= E(N({Xs}s↘0)N({X→s→2t}s↘0))

= E(N(X+
)P (2t)N(X→)) = ϖ(N,P (2t)N). (2.7.3)

But by the Cauchy–Schwarz inequality for ϖ (Lemma 2.7.1),

ϖ(N,P (2t)N) ⇔


ϖ(N,N)ϖ(P (2t)N,P (2t)N) = 0.

Thus, we may define P (t) : E+/N ⇒ E
+/N as

P (t)[F ] := [P (t)F ].

Now, note that the identity (2.7.3) holds not just for N ↑ N , but for any F ↑ E
+. Thus,

we get

ϖ(P (t)F, P (t)F ) ⇔ ϖ(F, F )
1/2ϖ(P (2t)F, P (2t)F )

1/2.
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But we can now again apply this inequality to the second term on the right. Iterating n

times, we get

ϖ(P (t)F, P (t)F ) ⇔ ϖ(F, F )
1→2↑n

ϖ(P (2
nt)F, P (2

nt)F )
2↑n

. (2.7.4)

But again by the stationarity and reversibility of X, we have that for any u → 0,

ϖ(P (u)F, P (u)F ) = E(F (1uX
+
)F (1uX→))

⇔


E(|F (1uX+)|2)E(|F (1uX→)|2) = E(|F (X+

)|
2
).

Thus, taking n ⇒ ⇑ in equation (2.7.4), we obtain

ϖ(P (t)F, P (t)F ) ⇔ ϖ(F, F ). (2.7.5)

This shows that P (t) is a contraction on E
+/N . Therefore, it extends uniquely by continuity

to H. This defines P (t) on H. The following theorem shows that it has the required
properties; that is, (P (t))t↘0 is a strongly continuous semigroup of symmetric operators.

Theorem 2.7.4. The collection (P (t))t↘0 satisfies the following properties:

1. For all s, t → 0, P (s+ t) = P (s)P (t).

2. For each x ↑ H, t ⇐⇒ P (t)x is a continuous map.

3. For each t → 0, P (t) is a symmetric operator on H.

4. For each t → 0, P (t) is a contraction.

Proof. It is clear from the definition (2.7.2) of P (t) that P (s+ t) = P (s)P (t) on E
+. From

this it follows that the semigroup property also holds on H.
To prove strong continuity, recall that P (t) is a contraction for each t. Thus, by

Lemma D.4.5, it su"ces to prove strong continuity on E
+/N . Since

|ϖ(F, F )| = E[F (X+
)F (X→)]

⇔


E(|F (X+)|2)E(|F (X→)|2)

=


E(|F (X+)|2)E(|F (X+)|2) = ↔F↔L2(↽+)

for each F ↑ E
+, this follows from the continuity of t ⇐⇒ P (t)F for F ↑ E

+.
To see that P (t) is symmetric, take any F,G ↑ E

+. Then by the stationarity of X,

ϖ(P (t)F,G) = E[F (1tX
+
)G(X→)]

= E[F ({Xs+t}s↘0)G({X→s}s↘0)]

= E[F ({Xs}s↘0)G({X→s→t}s↘0)]

= E[F (X+
)G(1t(X→))] = ϖ(F, P (t)G).
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From our previous observations, it is easy to see that this identity carries over to H.
Lastly, the contraction property of P (t) follows from equation (2.7.5). This completes

the proof of the theorem.

The following result justifies why the semigroup (P (t))t↘0 is the same as the semigroup
obtained in the Markov process approach.

Proposition 2.7.5. Suppose that X is Markovian, in addition to its other properties. Let
µ be the law of X0. Let P (t) be the operator on H defined above, and define Q(t) : L2

(µ) ⇒

L2
(µ) as Q(t) := ω ∈ P (t) ∈ ω→1, where ω is the isomorphism between H and L2

(µ) defined
in Proposition 2.7.3. Then Q(t)H(X0) = E(H(Xt)|X0) for H ↑ L2

(µ).

Proof. Take any H ↑ L2
(µ). Define F ↑ L2

(◁+) as F (X+
) := H(X0). First, suppose that

F ↑ E
+. Then

ω([F ])(X0) = E(F (X+
)|X0) = H(X0),

which implies that [F ] = ω→1
(H). Now note that

P (t)F (X+
) = F (1tX

+
) = F ({Xs+t}s↘0) = H(Xt).

By assumption, P (t)F ↑ E
+. Thus, by the definition of ω on E

+/N and the above identity,

ω(P (t)[F ]) = ω([P (t)F ]) = E(H(Xt)|X0).

This proves the claim when F ↑ E
+.

For the general case, let G be the subspace of all H ↑ L2
(µ) such that the corresponding

F is in E
+. We claim that G is dense in L2

(µ). To see this, take any H ↑ L2
(µ) and

let F (X+
) := H(X0). Since E

+ is dense in L2
(◁+), there is a sequence {Fn}n↘1 in E

+

converging to F . Let Hn(X0) := E(Fn(X+
)|X0), so that Hn = ω([Fn]). But note that

Hn(X0) = E(Fn(X
+
)|X0) ⇒ E(F (X+

)|X0) = H(X0)

in L2
(µ). This proves that G is dense in L2

(µ). Now, the map R(t) : L2
(µ) ⇒ L2

(µ) defined
as R(t)H(X0) := E(H(Xt)|X0) is continuous. Since ω is an isomorphism and P (t) is a
contraction, Q(t) is continuous. Since Q(t) and R(t) agree on the dense subspace G, this
shows that they agree everywhere.
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Chapter 3

The Free Quantum Field

3.1 Classical Klein–Gordon fields

In Chapter 1, we developed the quantum system of a single particle in a potential on the real
line, using Brownian motion as a tool for justifying the Wick rotation heuristic. The same
method can be used to develop many particle quantum systems, using multidimensional
Brownian motion. A field, on the other hand, is like a system of infinitely many one-
dimensional particles, indexed by points in space. That is, a field ↽ is a function from
R4 into R, where ↽(t, x) ↑ R denotes the location of the particle indexed by x ↑ R3 at
time t ↑ R. One of the simplest classical fields is the one that evolves according to the
Klein–Gordon equation

ϑ2↽

ϑt2
= #↽↓m2↽,

where # denotes the spatial Laplacian and m is a nonnegative constant. (When m = 0,
this is just the wave equation.) It is not hard to verify that solutions of the Klein–Gordon
equation are critical points of the action

S(↽) =
1

2

∫

R4
((ϑt↽(t, x))

2
↓ ↔∋↽(t, x)↔2 ↓m2↽(t, x)2)dtdx, (3.1.1)

where ∋ denotes the gradient with respect to the spatial coordinates. Indeed, if φ is any
compactly supported smooth map from R4 into R, then the variational derivative of S in
the direction φ is given by

d

dς
S(↽+ ςφ)

∣∣∣∣
ϑ=0

=
1

2

∫

R4

ϑ

ϑς
((ϑt↽(t, x) + ςϑtφ(t, x))

2

↓ ↔∋↽(t, x) + ς∋φ(t, x)↔2 ↓m2
(↽(t, x) + ςφ(t, x))2)

∣∣∣∣
ϑ=0

dtdx

=

∫

R4
(ϑt↽(t, x)ϑtφ(t, x)↓∋↽(t, x) ·∋φ(t, x)↓m2↽(t, x)φ(t, x))dtdx

=

∫

R4
φ(t, x)(↓ϑ2

t ↽(t, x) +#φ(t, x)↓m2↽(t, x))dtdx,
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where the last step follows by integration by parts. This vanishes for all φ if and only if ↽
satisfies the Klein–Gordon equation.

3.2 Heuristic definition of the free quantum field

The massive free quantum field with mass m is heuristically the path integral quantization
of the classical Klein–Gordon field with mass m. To quantize, first note that instead of the
location ε(t) of a single particle at time t, we now have an entire field ↽(t, ·) at time t, where
↽(t, x) denotes the location on the real line of the particle indexed by x ↑ R3. When we
quantized the single particle, the exact location ε(t) was replaced by a wave function φt(·),
with the understanding that |φt(x)|2 is proportional to the probability density function
of the particle at a point x ↑ R. Analogously, we now need a wave function φt(·), whose
modulus squared gives the probability density function of ↽. That is, we first need to settle
on a space S of possible values of ↽(t, ·), and then some definition of Lebesgue measure
on this space, and finally declare that the probability density of ↽(t, ·) at a point ξ ↑ S,
with respect to this Lebesgue measure, is proportional to |φt(ξ)|2. Then according to the
prescription given by equation (1.6.2), φt should evolve as

φt(ξ) =
1

Z(t)

∫

⇀:⇀(0,·)=⇁(·)
φ0(↽(t, ·))e

iS(⇀)
D↽,

where S is the action displayed in equation (3.1.1) but with the integral over time going
from 0 to t, D↽ denotes Lebesgue integration over the space of trajectories

{↽ : ↽(s, ·) ↑ S for all 0 ⇔ s ⇔ t},

and Z(t) is some suitably chosen normalizing constant that makes the evolution U(t)φ0 := φt

unitary.
Incidentally, the above is just one description of the free quantum field. There is a

di!erent description of the free quantum field where we define the Hilbert space and the
time evolution group directly, via the process of second quantization. This produces the Fock
space definition of the free quantum field. We will discuss it in Chapter 4. More detailed
discussions of the Fock space construction are in Folland [6, Chapter 5] and Talagrand [30,
Chapter 5].

3.3 Wick rotation for the free quantum field

First, we need to construct the Euclidean action by Wick rotating the action for the free
quantum field. However, we need to be careful with this. Recall that for the one-particle
system in Chapter 2, there was a given candidate for the Hamiltonian H, namely, the
Schrödinger operator. For the free quantum field, the Hamiltonian is not given to us, so we
cannot verify if the answer we get is ‘correct’. In this situation, the best option is to rely
on the correctness of the construction that we have already established as valid, namely,
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the construction of the time evolution group for a particle in a potential. The construction
generalizes easily to a multi-particle system in the following way. Suppose we have N

particles on the real line, each with mass 1, whose positions at time t are given by a vector
ε(t) = (ε1(t), . . . , εN (t)) ↑ RN . The particle system is moving under the influence of a
potential V : RN

⇒ R. The action of the trajectory ε is

S(ε) =

∫
↑

→↑

(
1

2
↔ε̇(t)↔2 ↓ V (ε(t))

)
dt, (3.3.1)

and the Euclidean action is

SE(ε) =

∫
↑

→↑

(
1

2
↔ε̇(t)↔2 + V (ε(t))

)
dt. (3.3.2)

It is easy to generalize Theorem 1.7.1 to the above setting, thereby giving us confidence
that the above Wick rotation is the correct approach.

Now, how can we connect the evolution of a particle with the evolution of a field? There
is an obvious way to do it: Treat the field as a collection of particles moving on the real
line, each indexed by a point in R3. That is, ↽(t, x) ↑ R denotes the location of the particle
indexed by x ↑ R3 at time t ↑ R. With this interpretation, we can view ↽ as the trajectory
of this infinite particle system, with ↽(t, ·) being its location at time t. The action S(↽)

displayed in equation (3.1.1), therefore, has the same form as the action S(ε) displayed in
equation (3.3.1), with

V (↽(t, ·)) =
1

2

∫

R3
(↔∋↽(t, x)↔2 + ↽(t, x)2)dx.

Thus, the form of the Euclidean action displayed in equation (3.3.2) suggests that we should
define the Euclidean action for the free field theory as

SE(↽) =
1

2

∫

R4
((ϑt↽(t, x))

2
+ ↔∋↽(t, x)↔2 +m2↽(t, x)2)dtdx.

Note that the above action could also be obtained simply by replacing t by ↓it everywhere,
as we did for the single particle system. But the above reasoning gives more insight into
the nature of the system.

It is clear that this action satisfies the additive property described in Section 2.1. So
the next step is to construct a probability measure on the set of all ↽ : R4

⇒ R that has
probability density function proportional to e→SE(⇀) with respect to ‘Lebesgue measure’ on
the space of all ↽.

We will go beyond R4 and define the above object, known as the Euclidean free field
with mass m, on Rd for arbitrary d → 1. Heuristically, the Euclidean free field on Rd with
mass m is a Gaussian field ↽ on Rd with probability density function (with respect to a
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hypothetical ‘Lebesgue measure’ on the space of fields) proportional to

exp

(
↓
1

2

∫

Rd
↔∋↽(x)↔2dx↓

m2

2

∫

Rd
↽(x)2dx

)
. (3.3.3)

The construction of this object requires a series of steps, which we carry out in the subsequent
sections.

3.4 Rigorous construction of the Euclidean free field

In this section, we will rigorously construct the Euclidean free field. This is a standard
object of study in modern probability theory. For the probabilistic perspective and many
more details, we refer to the surveys of She"eld [27] and Berestycki and Powell [3].

Notice that the heuristically defined probability density function for the Euclidean free
field displayed in equation (3.3.3) is of the form exp(↓

1
2Q(↽,↽)), where Q is the positive

definite inner product

Q(↽,φ) :=

∫

Rd
∋↽(x) ·∋φ(x)dx+m2

∫

Rd
↽(x)φ(x)dx. (3.4.1)

Integration by parts shows that

Q(↽,φ) =

∫

Rd
↽(x)(↓#+m2I)φ(x)dx.

Comparing this with the form of Gaussian densities1, it seems that a rigorously defined
Euclidean free field on Rd should be a centered Gaussian field with covariance structure

Cov(↽(x),↽(y)) = Gm(x, y),

where Gm is an integral kernel that is the inverse of ↓# +m2I, provided that such an
object exists. Thus, we have two tasks to accomplish: (a) Prove that Gm exists, and (b)
construct a centered Gaussian field with covariance kernel Gm.

Recall that a function f : Rd
⇒ R is said to be rapidly decaying if for any ⇀ > 0, there

is some C such that |f(x)| ⇔ C(1 + ↔x↔)→ϖ for all x ↑ Rd. Let S(Rd,R) denote the space
of real-valued Schwartz functions on Rd, that is, infinitely di!erentiable functions f such
that f and all its derivatives of all orders are rapidly decaying functions.

Given positive integer d and nonnegative real number m such that either d → 3 and
m → 0, or d = 1, 2 and m > 0, define the function Gm : Rd

\ {0} ⇒ R as

Gm(x) :=

∫
↑

0

1

(4↼t)d/2
exp

(
↓
↔x↔2

4t
↓m2t

)
dt. (3.4.2)

It is easy to check that the integral is well-defined and finite. We extend Gm to the whole
of Rd by defining Gm(0) := limx↓0Gm(x). Note that Gm(0) = ⇑ if d → 2, but finite if

1
See Sections B.2.1 and B.2.4 in Appendix B.
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d = 1 and m > 0. We will view Gm as an integral operator acting on Schwartz functions as

Gmf(x) :=

∫

Rd
Gm(x↓ y)f(y)dy.

The following theorem encapsulates the essential properties of Gm.

Theorem 3.4.1. Take any d,m such that either d → 3 and m → 0, or d = 1, 2 and m > 0.
The operator Gm is well-defined on S(Rd,R), and maps into C↑

(Rd
). It is the inverse of

↓#+m2I on S(Rd,R), in the sense that for any f ↑ S(Rd,R),

Gm(↓#+m2I)f = (↓#+m2I)Gmf = f.

Lastly, when d → 3 and m = 0, Gm has the explicit form

Gm(x) =
$(d/2↓ 1)

4↼d/2↔x↔d→2
.

To prove Theorem 3.4.1, we begin with a preliminary upper bound on Gm(x).

Lemma 3.4.2. If d → 3 and m → 0, or d = 1, 2 and m > 0, the function Gm satisfies the
bound

Gm(x) ⇔






C(d)e→⇓x⇓m/
⇐
2
↔x↔→(d→2) if d → 3,

C(d)e→⇓x⇓m/4
(1 +m→2

) if d = 2 and ↔x↔ → 2m,

C(d)e→⇓x⇓m/4
(m→2

+ log(2m/↔x↔)) if d = 2 and ↔x↔ < 2m,

C(d)e→|x|m/4
(1 +m→2

) if d = 1,

for all x ↑ Rd
\ {0}, where C(d) is a constant that depends only on d.

Proof. First, let d → 3. Making the change of variable s = ↔x↔2/4t in the integral defining
Gm(x) in equation (3.4.2) shows that

Gm(x) =
1

↔x↔d→2

∫
↑

0

s(d→4)/2

4↼d/2
exp

(
↓s↓

m2
↔x↔2

4s

)
ds. (3.4.3)

Now note that by the AM-GM inequality,

s

2
+

m2
↔x↔2

4s
→

(
sm2

↔x↔2

2s

)1/2

=
↔x↔m
↘
2

.

By (3.4.3), this shows that

Gm(x) ⇔
e→⇓x⇓m/

⇐
2

↔x↔d→2

∫
↑

0

s(d→4)/2

4↼d/2
e→s/2ds.

It is easy to see that the above integral is finite, since d → 3. This completes the proof
when d → 3. Next, let d = 2. First, note that by an application of the AM-GM inequality
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similar to the above, we get

Gm(x) ⇔ e→⇓x⇓m/4
∫

↑

0

1

4↼t
exp

(
↓
↔x↔2

8t
↓

m2t

2

)
dt.

We break up the above integral into two parts, from 0 to ↔x↔/2m, and from ↔x↔/2m to
infinity. For the second part, note that

∫
↑

⇓x⇓/2m

1

4↼t
exp

(
↓
↔x↔2

8t
↓

m2t

2

)
dt ⇔

∫
↑

⇓x⇓/2m

1

4↼t
e→m

2
t/2dt.

If ↔x↔ → 2m, then the right side is bounded above by C/m2 for a universal constant C.
If ↔x↔ < 2m, we further break up the integral into an integral from ↔x↔/2m to 1, and an
integral from 1 to ⇑. The second integral is bounded above by C/m2, and the first integral
is bounded above C log(2m/↔x↔). Next, note that by the change of variable s = ↔x↔2/4t,
we get

∫
⇓x⇓/2m

0

1

4↼t
exp

(
↓
↔x↔2

8t
↓

m2t

2

)
dt =

∫
↑

⇓x⇓/2m

1

4↼s
exp

(
↓
s

2
↓

0↔x↔2

8s

)
ds

⇔

∫
↑

⇓x⇓/2m

1

4↼s
e→s/2ds.

By a similar argument as above, this is bounded by a universal constant C if ↔x↔ → 2m

and by C log(2m/↔x↔) if ↔x↔ < 2m. This completes the proof in the case d = 2.
Finally, let d = 1. Following exactly the same steps as for d = 2, we arrive at the

inequality

Gm(x) ⇔ e→|x|m/4
∫

↑

0

1
↘
4↼t

exp

(
↓
|x|2

8t
↓

m2t

2

)
dt ⇔ e→|x|m/4

∫
↑

0

e→m
2
t/2

↘
4↼t

dt.

It is easy to see that the integral on the right is bounded by C(1 +m→2
).

The next lemma proves some of the properties asserted by Theorem 3.4.1.

Lemma 3.4.3. If d → 3 and m → 0, or d = 1, 2 and m > 0, the operator Gm sends
Schwartz functions to C↑ functions, and commutes with the derivative operators ϑi := ϑ/ϑxi,
i = 1, . . . , d.

Proof. First, consider d → 3 and m → 0. Take any f ↑ S(Rd,R). Note that Gmf can be
alternatively expressed as

Gmf(x) =

∫

Rd
Gm(y)f(x↓ y)dy.

For any x, y, the bound from Lemma 3.4.2 and the fact that f is a Schwartz function show
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that for any ⇀ > 1,
∣∣∣∣
ϑ

ϑxi
(Gm(y)f(x↓ y))

∣∣∣∣ = Gm(y)|ϑif(x↓ y)|

⇔
C

↔y↔d→2(1 + ↔x↓ y↔)ϖ

for some constant C that does not depend on x and y. It is easy to see from this bound
(with a large enough ⇀) and the dominated convergence theorem that Gmf is a di!erentiable
function, and for each i,

ϑiGmf = Gmϑif.

This proves, in particular, that Gm commutes with the derivative operators. By iteration,
this also proves that Gmf is infinitely di!erentiable for any f ↑ S(Rd,R).

For d = 1, 2 and m > 0, the same argument works, observing that Gm(x) is exponentially
decaying in ↔x↔ as ↔x↔ ⇒ ⇑ by Lemma 3.4.2.

We are now ready to finish the proof of Theorem 3.4.1.

Proof of Theorem 3.4.1. Take any f ↑ S(Rd,R) and let g := Gmf . By Lemma 3.4.3, g is
an infinitely di!erentiable function, and #g = Gm#f . Thus, by Fubini’s theorem,

#g(x) =

∫

Rd
Gm(x↓ y)#f(y)dy

=

∫

Rd

∫
↑

0

1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t
↓m2t

)
#f(y)dtdy

=

∫
↑

0

∫

Rd

1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t
↓m2t

)
#f(y)dydt.

Note that for any t > 0,
∣∣∣∣
∫

Rd

1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t
↓m2t

)
#f(y)dy

∣∣∣∣

⇔ ↔#f↔↑

∫

Rd

1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t

)
dy = ↔#f↔↑,

where ↔#f↔↑ denotes the supremum norm of #f . This uniform bound shows that

#g(x) = lim
ϑ≃0

∫
↑

ϑ

∫

Rd

1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t
↓m2t

)
#f(y)dydt.

Take any t > 0. Applying integration by parts (which is valid since the integrand is
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su"ciently well-behaved and #f is rapidly decaying), we get

∫

Rd
exp

(
↓
↔x↓ y↔2

4t

)
#f(y)dy

=

∫

Rd
f(y)

d∑

i=1

ϑ2

ϑy2
i

exp

(
↓
↔x↓ y↔2

4t

)
dy

=

∫

Rd
f(y)

(
↓

d

2t
+

↔x↓ y↔2

4t2

)
exp

(
↓
↔x↓ y↔2

4t

)
dy.

Plugging this into the previous display, and again applying Fubini’s theorem, we get

#g(x) = lim
ϑ≃0

∫

Rd

∫
↑

ϑ

1

(4↼t)d/2
f(y)

(
↓

d

2t
+

↔x↓ y↔2

4t2

)
exp

(
↓
↔x↓ y↔2

4t
↓m2t

)
dtdy.

Now note that for any distinct x and y,

ϑ

ϑt

(
1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t

))

=
1

(4↼t)d/2

(
↓

d

2t
+

↔x↓ y↔2

4t2

)
exp

(
↓
↔x↓ y↔2

4t

)
.

Using this in the previous display, we get

#g(x) = lim
ϑ≃0

∫

Rd

∫
↑

ϑ

f(y)e→m
2
t
ϑ

ϑt

(
1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t

))
dtdy.

Take any ς > 0. Using integration by parts, we get
∫

↑

ϑ

e→m
2
t
ϑ

ϑt

(
1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t

))
dt

= ↓e→m
2
ϑ

1

(4↼ς)d/2
exp

(
↓
↔x↓ y↔2

4ς

)
+

∫
↑

ϑ

m2e→m
2
t

1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t

)
dt.

Combining this with the previous step gives us

#g(x) = ↓ lim
ϑ≃0

∫

Rd
f(y)e→m

2
ϑ

1

(4↼ς)d/2
exp

(
↓
↔x↓ y↔2

4ς

)
dy

+ lim
ϑ≃0

∫

Rd

∫
↑

ϑ

m2f(y)e→m
2
t

1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t

)
dtdy. (3.4.4)

By the change of variable z = ς→1/2
(x↓ y), we have

∫

Rd
f(y)

1

(4↼ς)d/2
exp

(
↓
↔x↓ y↔2

4ς

)
dy =

∫

Rd
f(x↓ ς1/2z)

1

(4↼)d/2
e→⇓z⇓

2
/4dz.

By the dominated convergence theorem, this shows that the first limit in (3.4.4) is equal to
f(x). Again, by the dominated convergence theorem and Fubini’s theorem, the second limit
equals m2g(x). Thus, #g(x) = ↓f(x)+m2g(x). This proves that (↓#+m2

)Gm = I. Since

54



CHAPTER 3. THE FREE QUANTUM FIELD

Gm commutes with di!erential operators, this also proves that Gm(↓#+m2
) = I.

Having completed the proof of Theorem 3.4.1, we are now ready to construct the
Euclidean free field on Rd with mass m, where either d → 3 and m → 0, or d = 2 and m > 0.
We leave out the case d = 1 since it has already been analyzed in Section 2.2. Recall that
our goal is to construct a centered Gaussian field ↽ on Rd satisfying

Cov(↽(x),↽(y)) = Gm(x↓ y).

This means, if we consider ↽ as a linear functional acting on S(Rd,R) as

↽(f) :=

∫

Rd
↽(x)f(x)dx, (3.4.5)

then {↽(f) : f ↑ S(Rd,R)} should be a centered Gaussian field indexed by S(Rd,R),
satisfying

Cov(↽(f),↽(g)) =

∫

Rd

∫

Rd
f(x)g(y)Gm(x↓ y)dydx =: R(f, g). (3.4.6)

We will now rigorously construct the field {↽(f) : f ↑ S(Rd,R)} as a well-defined collection
of centered Gaussian random variables with the above covariance structure.

Lemma 3.4.4. The bilinear form R defined above is a positive definite inner product on
S(Rd,R). Moreover, the topology induced by this inner product is separable.

Proof. Throughout this proof, C1, C2, . . . will denote constants that only depend on d.
First, if d → 3, then note that by Lemma 3.4.2, for any f, g ↑ S(Rd,R),

∫

Rd

∫

Rd
|Gm(x↓ y)f(x)g(y)|dydx ⇔ C1

∫

Rd

∫

Rd

|f(x)g(y)|

↔x↓ y↔d→2
dydx

⇔ C1

∫

Rd
|f(x)|

(∫

y:⇓y→x⇓↔1

↔g↔L↓

↔x↓ y↔d→2
dy

)
dx

+ C1

∫

Rd
|f(x)|

(∫

y:⇓y→x⇓>1
|g(y)|dy

)
dx

⇔ C1↔f↔L1↔g↔L↓ + C2↔f↔L1↔g↔L1 < ⇑. (3.4.7)

It is easy to check using Lemma 3.4.2 that this also holds if d = 2 and m > 0. This shows
that R is a well-defined bilinear form. The finiteness of the above quantity, together with
the formula (3.4.2) for Gm, shows that for any f ↑ S(Rd,R),

R(f, f) =

∫
↑

0

e→m
2
t

(4↼t)d/2

(∫

Rd

∫

Rd
f(x)f(y) exp

(
↓
↔x↓ y↔2

4t

)
dxdy

)
dt.

Now, note that if Z is a d-dimensional standard normal random vector, then

exp

(
↓
↔x↓ y↔2

4t

)
= E(ei(x→y)·Z/

⇐
2t
).
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Thus, by Fubini’s theorem,
∫

Rd

∫

Rd
f(x)f(y) exp

(
↓
↔x↓ y↔2

4t

)
dxdy = E

(∫

Rd

∫

Rd
f(x)f(y)ei(x→y)·Z/

⇐
2tdxdy

)

= E
∣∣∣∣
∫

Rd
f(x)eix·Z/

⇐
2tdx

∣∣∣∣
2

= E|f̂(Z/
↘

2t)|2,

where f̂ is the Fourier transform of f . This proves that R(f, f) → 0. Moreover, if R(f, f) = 0,
then the above identity implies that for almost every t → 0, f̂(Z/

↘
2t) = 0 with probability

one. But this can happen only if f̂ = 0 almost everywhere on the real line. Since f is a
Schwartz function, it is easy to deduce from this that f ∞ 0. Thus, R is a positive definite
inner product on S(Rd,R).

Now, it is a simple fact that L1
(Rd

) is a separable metric space. Since any subset of a
separable metric space is separable, it follows that for any positive integer N , the set

{f ↑ S(Rd,R) : ↔f↔L↓ ⇔ N}

is separable in the L1 topology. The inequality (3.4.7), therefore, shows that this set is
separable in the topology induced by R. Since this holds for every N , we conclude that
S(Rd,R) is separable in the R-topology.

A consequence of separability is that the space S(Rd,R) equipped with the R inner
product has a countable orthonormal basis {fn}n↘1, meaning that the sequence {fn}n↘1 is
orthonormal for R, and any f ↑ S(Rd,R) can be written uniquely as a linear combination

f =

↑∑

n=1

anfn, (3.4.8)

where an = R(f, fn), and the right side is the limit of finite partial sums where the order
of summation is irrelevant. To see this, just take a countable dense subset and obtain an
orthonormal basis by Gram–Schmidt orthogonalization, and then show that this works.

Given an orthonormal basis {fn}n↘1 as above, define a collection of random variables
↽ := {↽(f) : f ↑ S(Rd,R)} as

↽(f) :=
↑∑

n=1

anXn,

where {Xn}n↘1 is a sequence of i.i.d. N(0, 1) random variables defined on some probability
space (”,F ,P), and {an}n↘1 are the coe"cients in the orthonormal series expansion of f
as in equation (3.4.8). Note that ↽(f) is a well-defined random variable since

∑
↑

n=1 a
2
n =

R(f, f) < ⇑, which implies that the partial sums
∑

N

n=1 anXn converge in L2
(”) as N ⇒ ⇑.

The collection ↽ is a random linear functional on S(Rd,R), which we will call Euclidean
free field on Rd with mass m. To see that this nomenclature is justified, note that if

f =

↑∑

n=1

anfn, g =

↑∑

n=1

bnfn,
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then

Cov(↽(f),↽(g)) =
↑∑

n=1

anbn = R(f, g), (3.4.9)

thereby satisfying equation (3.4.6).
Note that by the logic that we used to arrive at equation (3.4.5), ↽(f) can be heuristically

viewed as the L2 inner product of ↽ and f , and ↽ itself can be viewed as a centered Gaussian
field on Rd with Cov(↽(x),↽(y)) = Gm(x ↓ y). But for d → 2, since Gm(0) = ⇑, it is
impossible to rigorously define this field pointwise.

3.5 Time slices of the Euclidean free field

Take any d,m such that either d → 3 and m → 0 or d = 2 and m > 0. In this section,
we will consider Rd as spacetime, with the first coordinate denoting time. We will denote
points in Rd as (t, x), where t ↑ R and x = (x1, . . . , xd→1) ↑ Rd→1. In the previous section,
we constructed the Euclidean free field ↽ on Rd as a random linear functional on S(Rd,R).
To construct the free quantum field following the prescription outlined in Chapter 2, it is
necessary to view ↽ as a stochastic process {↽(t, ·)}t↗R of fields evolving over time.

Fortunately, this is doable. Recall how we defined ↽(f) for f ↑ S(Rd,R): We first defined
a positive definite inner product on S(Rd,R) in equation (3.4.6). Then we showed that
S(Rd,R) is separable under the topology induced by this inner product. This allowed us to
extract a countable orthonormal basis {fn}n↘1. Finally, for f =

∑
↑

n=1 anfn ↑ S(Rd,R), we
define ↽(f) :=

∑
↑

n=1 anXn, where {Xn}n↘1 is a sequence of i.i.d. N(0, 1) random variables
defined on some probability space.

Now, note that the above construction need not be limited to f ↑ S(Rd,R). In fact, we
can take the completion of S(Rd,R) under the inner product R. The elements of this Hilbert
spaces are the formal sums

∑
↑

n=1 anfn, where {an}n↘1 is any sequence of real numbers such
that

∑
↑

n=1 a
2
n < ⇑. For such f , we define ↽(f) as before, that is, ↽(f) :=

∑
↑

n=1 anXn.
It turns out that that for any f ↑ S(Rd→1,R) and t ↑ R, the function f : Rd

⇒ R
formally defined as f(s, x) := δt(s)f(x), where δt is the Dirac delta at t, is an element of
the above completion. This allows us to define inner products like

↽t(f) =

∫

Rd↑1
↽(t, x)f(x)dx,

which define the time slice ↽t(·) = ↽(t, ·) of the Euclidean free field ↽. The main reason
why this is possible is that if we formally define ↽t(f) as above, then

Cov(↽s(f),↽t(g)) =

∫

Rd↑1

∫

Rd↑1
f(x)g(y)Gm(s↓ t, x↓ y)dydx,

which is finite, since Gm(0, x↓ y) blows up su"ciently slowly as x↓ y ⇒ 0. The following
theorem gives a rigorous construction of ↽t.

57



CHAPTER 3. THE FREE QUANTUM FIELD

Theorem 3.5.1. Take any w ↑ S(R,R) which is nonnegative everywhere and integrates to
1. Take any f ↑ S(Rd→1,R) and t ↑ R. For each n → 1, define fn : Rd

⇒ R as

fn(s, x) := nw(n(s↓ t))f(x).

Then fn ↑ S(Rd,R). Let ↽ be the Euclidean free field with mass m on Rd, as defined
in the previous section. Then {↽(fn)}n↘1 is a Cauchy sequence of random variables
in the L2 metric, which therefore has a limit in L2, which we will call ↽t(f). Then
{↽t(f) : f ↑ S(Rd→1,R), t ↑ R} is a Gaussian field indexed by S(Rd→1,R)′ R, with

Cov(↽s(f),↽t(g)) =

∫

Rd↑1

∫

Rd↑1
f(x)g(y)Gm(s↓ t, x↓ y)dydx. (3.5.1)

Proof. It is easy to verify that fn ↑ S(Rd,R) for each n. To show that {↽(fn)}n↘1 is
Cauchy in L2, it su"ces to prove that {fn}n↘1 is a Cauchy sequence in the R-topology, by
the identity (3.4.9). Without loss of generality, let t = 0. Then note that for any k, n → 1,

R(fk ↓ fn, fk ↓ fn)

=

∫

Rd↑1

∫

Rd↑1

∫

R

∫

R
(fk(t, x)↓ fn(t, x))(fk(s, y)↓ fn(s, y))Gm(t↓ s, x↓ y)dsdtdydx

=

∫

Rd↑1

∫

Rd↑1

∫

R

∫

R
(kw(kt)↓ nw(nt))(kw(ks)↓ nw(ns))

· f(x)f(y)Gm(t↓ s, x↓ y)dsdtdydx

Let us now expand the product of the two terms in parentheses into a sum of four terms.
Consider the first term:

∫

Rd↑1

∫

Rd↑1

∫

R

∫

R
kw(kt)kw(ks)f(x)f(y)Gm(t↓ s, x↓ y)dsdtdydx.

Changing variables to t⇒ = kt and s⇒ = ks, this becomes
∫

Rd↑1

∫

Rd↑1

∫

R

∫

R
w(t⇒)w(s⇒)f(x)f(y)Gm(k→1t⇒ ↓ k→1s⇒, x↓ y)ds⇒dt⇒dydx.

Using the bound on Gm from Lemma 3.4.2 and the dominated convergence theorem, it is
now easy to deduce that the above expression tends, as k ⇒ ⇑, to

∫

Rd↑1

∫

Rd↑1

∫

R

∫

R
w(t⇒)w(s⇒)f(x)f(y)Gm(0, x↓ y)ds⇒dt⇒dydx.

Since w integrates to 1, this is equal to
∫

Rd↑1

∫

Rd↑1
f(x)f(y)Gm(0, x↓ y)dydx.

By the same procedure, we see that the other three terms also tend to the same limit (with
alternating signs) as k and n simultaneously tend to infinity. This proves that {fn}n↘1 is a
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Cauchy sequence in the R-topology, thereby proving the first claim. Similar calculations
prove the second claim.

3.6 Markov property of the Euclidean free field

As before, take d,m such that either d → 3 and m → 0 or d = 2 and m > 0. Let
A = RS(Rd↑1

,R) be the space of all functions from S(Rd→1,R) into R. Let C denote the
cylinder ▷-algebra on A. Let {↽t(f) : f ↑ S(Rd→1,R)} denote the time t slice of the
Euclidean free field on Rd with mass m. By Proposition B.1.1, ↽t can be viewed as an
A-valued random variable. In this section, we prove the following result. (See Section B.5.3
in Appendix B for an introduction to Markov processes.)

Theorem 3.6.1. The A-valued stochastic process {↽t}t↗R defined above is a Markov process,
according to the definition of Markov process in Section B.5.3. Moreover, this Markov
process is stationary and reversible.

We need some preparation. For t > 0 and x ↑ Rd→1, define

Km(t, x) :=

∫
↑

0

t
↘

4↼s3(4↼s)(d→1)/2
exp

(
↓
t2 + ↔x↔2

4s
↓m2s

)
ds.

Lemma 3.6.2. For any t > 0 and x ↑ Rd→1,

Gm(t, x) =

∫

Rd↑1
Gm(0, y)Km(t, x↓ y)dy.

Proof. Note that
∫

Rd↑1
Gm(0, y)Km(t, x↓ y)dy

=

∫

Rd↑1

∫
↑

0

∫
↑

0

t

(4↼u)d/2
↘

4↼s3(4↼s)(d→1)/2

· exp

(
↓
↔y↔2

4u
↓

t2 + ↔x↓ y↔2

4s
↓m2

(s+ u)

)
dsdudy.

Now, by the convolution properties of Gaussian densities, we have
∫

Rd↑1

1

(4↼s)(d→1)/2(4↼u)(d→1)/2
exp

(
↓
↔y↔2

4u
↓

↔x↓ y↔2

4s

)
dy

=
1

(4↼(s+ u))(d→1)/2
exp

(
↓

↔x↔2

4(s+ u)

)
.
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Combining, we get
∫

Rd↑1
Gm(0, y)Km(t, x↓ y)dy

=

∫
↑

0

∫
↑

0

t
↘

4↼s3(4↼u)1/2(4↼(s+ u))(d→1)/2
exp

(
↓
t2

4s
↓

↔x↔2

4(s+ u)
↓m2

(s+ u)

)
dsdu

=

∫
↑

0

∫
r

0

t
↘

4↼s3(4↼(r ↓ s))1/2(4↼r)(d→1)/2
exp

(
↓
t2

4s
↓

↔x↔2

4r
↓m2r

)
dsdr.

Take any r > 0 and let

I :=

∫
r

0

t
↘

4↼s3(4↼(r ↓ s))1/2
e→t

2
/4sds.

Let us make the substitution u = r/s ↓ 1. Then s = r/(u+ 1), r ↓ s = ru/(u+ 1), and
ds = ↓rdu/(u+ 1)

2, which gives

I =

∫
↑

0

t

4↼

r3/(u+ 1)3


ru/(u+ 1)

e→
t2

4r (u+1) r

(u+ 1)2
du

=
te→t

2
/4r

4↼r

∫
↑

0
u→1/2e→

t2

4rudu.

But the last integral is a Gamma integral, which evaluates to

$(1/2)
t2/4r

=

↘
4↼r

t
.

Thus, we get

I =
e→t

2
/4r

↘
4↼r

.

Using this in our previous computation completes the proof.

Lemma 3.6.3. For any s, t > 0,

Km(s+ t, x) =

∫

Rd↑1
Km(s, y)Km(t, x↓ y)dy.

Proof. Proceeding as in the proof of Lemma 3.6.2, we get
∫

Rd↑1
Km(s, y)Km(t, x↓ y)dy

=

∫
↑

0

∫
↑

0

ste→s
2
/4u→t

2
/4v

4↼u3/2v3/2(4↼(u+ v))(d→1)/2
e→⇓x⇓

2
/4(u+v)→m

2(u+v)dudv

=

∫
↑

0

(∫
r

0

ste→s
2
/4u→t

2
/4(r→u)

4↼u3/2(r ↓ u)3/2
du

)
e→⇓x⇓

2
/4r→m

2
r

(4↼r)(d→1)/2
dr.
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Now, the function
pt(x) :=

t
↘

4↼x3
e→t

2
/4x

is the probability density function pt defined in Section B.3.3. From Section B.3.3, we have
that ps+t is the convolution of ps and pt. The claim follows from these observations.

As a corollary of the above lemmas, we obtain the following.

Corollary 3.6.4. For any s, t > 0,

Gm(s+ t, x) =

∫

Rd↑1
Gm(s, y)Km(t, x↓ y)dy.

Proof. Using Lemma 3.6.2 to write Gm(s, y) as an integral, we get
∫

Rd↑1
Gm(s, y)Km(t, x↓ y)dy =

∫

Rd↑1

∫

Rd↑1
Gm(0, z)Km(s, y ↓ z)Km(t, x↓ y)dzdy.

But by Lemma 3.6.3,
∫

Rd↑1
Km(s, y ↓ z)Km(t, x↓ y)dy = Km(s+ t, x↓ z).

Substituting this in the previous display and again applying Lemma 3.6.2, we get the
desired result.

Take any ↓⇑ < s < t < ⇑. For f ↑ S(Rd→1,R), define

Kt→s

m f(x) :=

∫

Rd↑1
Km(t↓ s, x↓ y)f(y)dy,

and then define

φs,t(f) := ↽s(K
t→s

m f).

It is not immediately clear that this makes sense, because Kt→s
m f may not be a Schwartz

function on Rd→1. The following lemma shows that it does.

Lemma 3.6.5. The mapping (u, x) ⇐⇒ Kt→s
m f(x)δs(u) belongs to the closure S(Rd,R) under

the R inner product defined earlier, where δs denotes the Dirac delta at s. Thus, ↽s(Kt→s
m f)

is well-defined.

Proof. By the same argument as the one used to derive the inequality (3.4.7), one can show
that for any f, g ↑ S(Rd→1,R),

∫

Rd↑1

∫

Rd↑1
|Gm(0, x↓ y)f(x)g(y)|dydx ⇔ C1↔f↔L1↔g↔Lp + C2↔f↔L1↔g↔L1

for some p ↑ (1,⇑) depending on d. Now, by the same argument as in the proof of
Theorem A.2.11, one can show that Schwartz functions are dense in L1

(Rd→1
) ≃ Lp

(Rd→1
)
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under the norm ↔f↔ := ↔f↔L1 + ↔f↔Lp . Combining these two observations, one can now
show that for any f ↑ L1

(Rd→1
)≃Lp

(Rd→1
) that there is a sequence {fn}n↘1 in S(Rd→1,R)

such that

lim
n↓↑

∫

Rd↑1

∫

Rd↑1
Gm(0, x↓ y)(f(x)↓ fn(x))(f(y)↓ fn(y))dydx = 0.

It is not hard to check that the function Kt→s
m f , as defined above, is in L1

(Rd→1
) ≃

Lp
(Rd→1

) when f ↑ S(Rd→1,R). Combining these observations and mimicking the proof of
Theorem 3.5.1, one can now complete the proof of this lemma.

One can formally write

φs,t(f) =

∫

Rd↑1

∫

Rd↑1
Km(t↓ s, x↓ y)f(y)↽s(x)dydx.

From this, we get the following identity. For any f, g ↑ S(Rd→1,R), and any u ⇔ s,

Cov(↽u(g),↽t(f)↓ φs,t(f))

= Cov

(∫

Rd↑1
↽u(x)g(x)dx,

∫

Rd↑1

(
↽t(x)↓

∫

Rd↑1
Km(t↓ s, x↓ y)↽s(y)dy

)
f(x)dx

)

=

∫

Rd↑1

∫

Rd↑1
Gm(t↓ u, x↓ y)g(x)f(y)dxdy

↓

∫

Rd↑1

∫

Rd↑1

∫

Rd↑1
Km(t↓ s, y ↓ z)Gm(s↓ u, z ↓ x)g(x)f(y)dxdydz.

But by Corollary 3.6.4,
∫

Rd↑1

∫

Rd↑1
Km(t↓ s, y ↓ z)Gm(s↓ u, z ↓ x)dz = Gm(t↓ u, y ↓ x) = Gm(t↓ u, x↓ y).

Plugging this into the previous display, we see that

Cov(↽u(g),↽t(f)↓ φs,t(f)) = 0.

Since these covariances vanish for all f, g ↑ S(Rd→1,R) and all u ⇔ s, we conclude that
the Gaussian field {↽u(f) : u ⇔ s, f ↑ S(Rd→1,R)} is independent of the Gaussian field
{↽t(f)↓φs,t(f) : f ↑ S(Rd→1,R)}. But φs,t(f) is a function of the field ↽s. Thus, ↽t can be
expressed as a function of ↽s and a field that is independent of {↽u}u↔s. By Lemma B.4.11,
this proves that the A-valued stochastic process {↽t}t↗R is Markovian. The stationarity
and reversibility of this Markov process are easy consequences of the properties of Gm and
the last assertion of Proposition B.1.1.

3.7 Rigorous construction of the free quantum field

Take d,m such that either d → 3 and m → 0 or d = 2 and m > 0. As in the previous section,
let A = RS(Rd↑1

,R) be the space of all functions from S(Rd→1,R) into R, let C denote the
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cylinder ▷-algebra on A, and let {↽t(f) : f ↑ S(Rd→1,R)} denote the time t slice of the
Euclidean free field on Rd with mass m. Since ↽0 : ” ⇒ A is a measurable, it follows that
the law of ↽0 is a probability measure on (A, C). Explicitly, if µ denotes the law of ↽0, then
for any C ↑ C,

µ(C) = P(↽→1
0 (C)).

By the prescription from Chapter 2, the appropriate choice for the Hilbert space H for the
free quantum field with mass m is the L2 space of the probability space (A, C, µ). That is,

H = L2
(A, C, µ)

=

{
F : F is a measurable map from A into C, satisfying

∫

A

|F (φ)|2dµ(φ) < ⇑

}
,

where µ is the law of ↽0.
Following the prescription from Chapter 2, we define P (t) : H ⇒ H as

P (t)F (↽) := E(F (↽t)|↽0 = ↽),

for t → 0. For the rigorous meaning of the above definition, see the discussion preceding
equation (B.4.2). By Theorem 3.6.1 and Theorem B.5.5, we already know that (P (t))t↘0 is a
semigroup of symmetric operators on H. It is obvious that P (0) = I. So, to fulfill the criteria
outlined in Chapter 2, it only remains to show that it is strongly continuous. By Theorem
B.5.5, ↔P (t)↔ ⇔ 1 for each t. Thus, by Lemma D.4.5, it su"ces to show that t ⇐⇒ P (t)F is
strongly continuous for a dense set of F ’s. By Corollary A.2.10, square-integrable functions
of the form F (↽(f1), . . . ,↽(fn)), ranging over all n → 1 and f1, . . . , fn ↑ S(Rd→1,R), form
a dense subspace of H. But by Theorem B.2.4, this subspace is contained in the closure of
the span of all functions of the form eit1⇀(f1)+···+itn⇀(fn). By linearity of ↽, we have

t1↽(f1) + · · ·+ tn↽(fn) = ↽(t1f1 + · · · tnfn).

Thus, it su"ces to prove that for any f ↑ S(Rd→1,R), the map t ⇐⇒ P (t)Ff is continuous,
where Ff (↽) := ei⇀(f). To show this, first observe that for any s, t → 0,

E|P (s)Ff (↽0)↓ P (t)Ff (↽0)|
2
= E|E(Ff (↽s)|↽0)↓ E(Ff (↽t)|↽0)|

2

⇔ E|Ff (↽s)↓ Ff (↽t)|
2

= E|ei(⇀s(f)→⇀t(f)) ↓ 1|
2

= 2↓ E(ei(⇀s(f)→⇀t(f)))↓ E(e→i(⇀s(f)→⇀t(f)))

= 2↓ 2e→
1
2 Var(⇀s(f)→⇀t(f)),

where the last identity holds because ↽s(f)↓ ↽t(f) is a centered Gaussian random variable.
From the definition of the time slices of the Euclidean free field, it is easy to deduce that

Var(↽s(f)↓ ↽t(f)) =

∫

Rd↑1

∫

Rd↑1
f(x)f(y)(2Gm(0, x↓ y)↓ 2Gm(t↓ s, x↓ y))dxdy.
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Again, a simple argument using the dominated convergence theorem and the properties of
Schwartz functions and Gm, that the above integral converges to zero as t↓ s ⇒ 0. This
proves that (P (t))t↘0 is a strongly continuous semigroup. By the Hille–Yosida theorem,
this semigroup has a self-adjoint generator H . By Stone’s theorem, H generates a strongly
continuous one-parameter group of unitary operators on H. By the argument outlined
in Chapter 2, this group can be considered to be the time evolution group for the free
quantum field.

The construction of the free quantum field given above is slightly di!erent than the
construction in Glimm and Ja!e [10, Chapter 6], which uses the Osterwalder–Schrader
axioms. It is also di!erent than the construction via second quantization, as carried out
rigorously in Folland [6, Chapter 5] and Talagrand [30, Chapter 5]. The constructed Hilbert
spaces and time evolution groups are the same in all cases, nonetheless.

3.8 The Feynman propagator

Recall the definition of vacuum expectation values in a quantum system from Section 2.5.
In this section, we will calculate the two-point correlation function of the free quantum
field, which is the vacuum expectation value

#F(x↓ y) := i↖”|T {ω(x)ω(y)}|”↙, (3.8.1)

where ω denotes a free quantum field in R4 with mass m, x and y are points in R4,
and T denotes the time-ordering operator, defined as follows. If x = (x0, x1, x2, x3) and
y = (y0, y1, y2, y3), with x0 and y0 being the time coordinates, then

T {ω(x)ω(y)} =





ω(x)ω(y) if x0 ⇔ y0,

ω(y)ω(x) if y0 ⇔ x0.

The function (or really, the distribution) #F is known as the Feynman propagator. Reverting
back to our convention of denoting points in R4 by (t, x) where t ↑ R and x ↑ R3, the
Feynman propagator is formally given by

#F(t, x) =
i

(2↼)3

∫

R3

e→i|t|
↘

⇓p⇓2+m2+ip·x

2


↔p↔2 +m2
dp.

Rigorously, this means that for each t ↑ R, #F(t, ·, ·) is a bilinear form acting on S(R3,R)′
S(R3,R) as

#F(t, f, g) =
i

(2↼)3

∫

R3

∫

R3

∫

R3

e→i|t|
↘

⇓p⇓2+m2+ip·(x→y)f(x)g(y)

2

↔p↔2 +m2

dxdydp

:=
i

(2↼)3

∫

R3

e→i|t|
↘

⇓p⇓2+m2
f̂(p)ĝ(p)

2

↔p↔2 +m2

dp.

64



CHAPTER 3. THE FREE QUANTUM FIELD

Note that the last expression is mathematically well-defined, and is taken as the definition
of #F(t, f, g). The above is not the standard form of the Feynman propagator that is
displayed in physics textbooks (e.g., in [25, Chapter 4]), but it is equivalent. We will
encounter the standard form in the next section.

The following is a rigorous statement of the claim made in equation (3.8.1).

Theorem 3.8.1. Let ω denote the free quantum field on R4 with mass m → 0, as defined
in the previous section. Let ωt denote the value of the field at time t. Then for any
f, g ↑ S(R3,R) and ↓⇑ < s ⇔ t < ⇑,

↖”|ωs(g)ωt(f)|”↙ = ↓i#F(t↓ s, f, g),

where #F is the Feynman propagator defined above. The same result holds for the free
quantum field in any dimension d → 3, with the definition of #F modified by changing the
integration domain to Rd→1, and replaced (2↼)3 to (2↼)d→1. For d = 2, the results hold if
m > 0.

We need several lemmas for the proof of this theorem. Since the result holds in any
dimension d → 3, that is what we will prove.

Lemma 3.8.2. Take any d,m such that either d → 3 and m → 0, or d = 2 and m > 0. For
any f, g ↑ S(Rd,R), we have

∫

Rd

∫

Rd
f(x)g(y)Gm(x↓ y)dydx =

1

(2↼)d

∫

Rd

f̂(p)ĝ(p)

↔p↔2 +m2
dp.

Proof. In the following, all integrals are over Rd, except the integral over t, which is from 0

to ⇑. Take any ς > 0. Since f̂ and ĝ are also Schwartz functions (by Theorem A.3.1),

∫∫∫∫∫
|f̂(p)ĝ(q)|e→ϑ⇓x⇓

2 1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t
↓ (m+ ς)2t

)
dtdqdpdydx

=

∫∫∫∫
|f̂(p)ĝ(q)|e→ϑ⇓x⇓

2
→(m+ϑ)2tdtdqdpdx < ⇑.
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Thus, by the formula for Gm from equation (3.4.2) and Fubini’s theorem,
∫∫

f(x)g(y)e→ϑ⇓x⇓
2
Gm+ϑ(x↓ y)dydx

=
1

(2↼)2d

∫∫∫∫∫
f̂(p)ĝ(q)e→ip·x+iq·y→ϑ⇓x⇓

2

·
1

(4↼t)d/2
exp

(
↓
↔x↓ y↔2

4t
↓ (m+ ς)2t

)
dtdqdpdydx

=
1

(2↼)2d

∫∫∫∫
f̂(p)ĝ(q)e→i(p→q)·x→ϑ⇓x⇓

2
→((m+ϑ)2+⇓q⇓

2)tdtdqdpdx

=
1

(2↼)2d

∫∫∫
f̂(p)ĝ(q)

↔q↔2 + (m+ ς)2
e→i(p→q)·x→ϑ⇓x⇓

2
dqdpdx

=
(↼/ς)d/2

(2↼)2d

∫∫
f̂(p)ĝ(q)

↔q↔2 + (m+ ς)2
e→

1
4ω⇓p→q⇓

2
dqdp.

Applying the change of variable r =
1

⇐
2ϑ
(q ↓ p), we get

∫∫
f(x)g(y)e→ϑ⇓x⇓

2
Gm+ϑ(x↓ y)dydx =

1

(2↼)3d/2

∫∫
f̂(q ↓

↘
2ςr)ĝ(q)

↔q↔2 + (m+ ς)2
e→

1
2⇓r⇓

2
dqdr.

Taking ς ⇒ 0 on both sides and applying the dominated convergence theorem (using the
bound on Gm from Lemma 3.4.2), we get the desired result.

Lemma 3.8.3. Take any d,m such that either d → 3 and m → 0, or d = 2 and m > 0. Take
any t → 0. Let Gm denote the inverse of ↓#+m2I on Rd, as defined in equation (3.4.2).
For any f, g ↑ S(Rd→1,R), we have

∫

Rd↑1

∫

Rd↑1
f(x)g(y)Gm(t, x↓ y)dydx =

1

(2↼)d→1

∫

Rd↑1

e→t

↘
⇓p⇓2+m2

f̂(p)ĝ(p)

2

↔p↔2 +m2

dp.

Proof. In the following, integrals over s, r and q are over R, and the rest are over Rd→1.
Take any ς > 0. Define fϑ, gϑ ↑ S(Rd,R) as

fϑ(s, x) := f(x)
e→

1
2ω (s→t)2

↘
2↼ς

, gϑ(s, x) := g(x)
e→

1
2ω s

2

↘
2↼ς

.

Then for q ↑ R and p ↑ Rd→1,

f̂ϑ(q, p) = eitq→
1
2 ϑq

2
f̂(p), ĝϑ(q, p) = e→

1
2 ϑq

2
ĝ(p).

Thus, applying Lemma 3.8.2 to the functions fϑ and gϑ, we get

∫∫∫∫
fϑ(s, x)gϑ(r, y)Gm(s↓ r, x↓ y)dydxdsdr =

1

(2↼)d

∫∫
eitq→ϑq

2
f̂(p)ĝ(p)

q2 + ↔p↔2 +m2
dpdq.
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Now, by change of variable,
∫∫∫∫

fϑ(s, x)gϑ(r, y)Gm(s↓ r, x↓ y)dydxdsdr

=

∫∫∫∫
f(x)g(y)

e→
1
2 (s

2+r
2)

2↼
Gm(t+ ς(s↓ r), x↓ y)dydxdsdr.

Using the bound from Lemma 3.4.2, it is now easy to apply the dominated convergence
theorem to get that

lim
ϑ↓0

∫∫∫∫
fϑ(s, x)gϑ(r, y)Gm(s↓ r, x↓ y)dydxdsdr =

∫∫
f(x)g(y)Gm(t, x↓ y)dydx.

On the other hand, again by the dominated convergence theorem

lim
ϑ↓0

1

(2↼)d

∫∫
eitq→ϑq

2
f̂(p)ĝ(p)

q2 + ↔p↔2 +m2
dpdq =

1

(2↼)d

∫∫
eitqf̂(p)ĝ(p)

q2 + ↔p↔2 +m2
dpdq

=
1

(2↼)d→1

∫
e→t

↘
⇓p⇓2+m2

f̂(p)ĝ(p)

2

↔p↔2 +m2

dp,

where the last step follows from the well-known identity

∫
↑

→↑

eisx

x2 + a2
dx =

↼

|a|
e→|sa|,

which holds for s ↑ R and a ↑ R \ {0}. (This follows from the computation of the
characteristic function of the standard Cauchy distribution in Section B.3.2.) This completes
the proof.

Lemma 3.8.4. Take any f, g ↑ S(Rd→1,R). Let ” := {z ↑ C : Re(z) > 0} denote the open
right half-plane and let ” denote its closure. Define a function h : ” ⇒ C as

h(z) :=
1

(2↼)d→1

∫

Rd↑1

e→z

↘
⇓p⇓2+m2

f̂(p)ĝ(p)

2

↔p↔2 +m2

dp.

Then h is continuous on ” and analytic in ”.

Proof. By Theorem A.3.1, f̂ and ĝ are Schwartz functions. The proof follows easily from
this observation and the dominated convergence theorem, and the fact that Re(z) > 0 for
all z ↑ ”.

We are now ready to prove Theorem 3.8.1.

Proof of Theorem 3.8.1. By translation invariance, it su"ces to consider s = 0 and t → 0.
Let ↽ denote the Euclidean free field on Rd with mass m, and let (P (t))t↘0 be the semigroup
associated with it. Let (U(t))t↗R be the time evolution group for the free quantum field.
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Let µ denote the law of ↽0, as before. Then by Theorem D.4.6, the function

h(t) := ↖g, P (t)f↙L2(µ)

has an analytic continuation to the open right half-plane, which extends continuously to the
imaginary axis. Let h denote this continuation. Then by Theorem D.4.6 and the definition
of vacuum expectation value from Section 2.5,

h(it) = ↖”|ω0(g)ωt(f)|”↙.

Thus, we only need to compute h on the closed right half-plane. By Theorem 3.5.1 and
Lemma 3.8.3,

h(t) =

∫

Rd↑1

∫

Rd↑1
f(x)g(y)Gm(t, x↓ y)dxdy

=
1

(2↼)d→1

∫

Rd↑1

e→t

↘
⇓p⇓2+m2

f̂(p)ĝ(p)

2

↔p↔2 +m2

dp.

Lemma 3.8.4 shows that h(it) can be obtained simply by replacing t by it in the above
expression. This completes the proof.

3.9 An alternate form of the Feynman propagator

An alternative way to view the Feynman propagator is to see it as a linear functional on
(S(R4,R))2, given by

#F(f, g) =
i

(2↼)3

∫∫∫∫∫
e→i|t→s|

↘
⇓p⇓2+m2+ip·(x→y)f(t, x)g(s, y)

2

↔p↔2 +m2

dxdydpdtds

:=
i

(2↼)3

∫∫∫
e→i|t→s|

↘
⇓q⇓2+m2

f̂t(q)ĝs(q)

2


↔q↔2 +m2
dqdtds,

where ft := f(t, ·) and gs := g(s, ·), and the expression in the second line is the rigorous
definition. Under this viewpoint, the Feynman propagator can be expressed in a di!erent
way, that is usually more convenient for calculations. First, for f ↑ S(R4,R), recall that its
Fourier transform in Minkowski signature2 is defined as

f(p) :=
∫

R4
ei(x,p)f(x)dx,

where p ↑ R4, and for x, p ↑ R4, the Minkowski inner product of x and p is given by

(x, p) := p0x0 ↓ p1x1 ↓ p2x2 ↓ p3x3.

2
See Section A.3.3 in Appendix A for the basics of Fourier transforms in Minkowski signature.
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R

↓R

iR

0

2q,ϑ

↓2q,ϑ

2q

↓2q

Figure 3.1: The contour used in the proof of Theorem 3.9.1 when t↓ s → 0.

By Theorem A.3.6, if f is a Schwartz function, then f is also a Schwartz function.
The following theorem gives the promised alternate form of the Feynman propagator in

terms of the Fourier transform in Minkowski spacetime. This is actually the standard form
of the Feynman propagator as it appears in physics textbooks [25, Chapter 4]. We adopt
the relativistic notation that for a vector p = (p0, p1, p2, p3) ↑ R4,

p2 := p20 ↓ p21 ↓ p22 ↓ p23.

Note this is the ‘squared norm’ induced by for the Minskowski inner product defined above.

Theorem 3.9.1. The Feynman propagator can be alternately expressed as

#F(x) = lim
ϑ≃0

↓1

(2↼)4

∫

R4

e→i(x,p)

p2 ↓m2 + iς
dp,

in the sense that for any f, g ↑ S(R4,R),

#F(f, g) = lim
ϑ≃0

↓1

(2↼)4

∫

R4

f(p)g(p)
p2 ↓m2 + iς

dp.

Proof. Take any f ↑ S(R4,R). Note that for any p = (p0, q) ↑ R4, where q = (p1, p2, p3),
we have

f(↓p) =

∫

R4
e→i(x,p)f(x)dx

=

∫
↑

→↑

∫

R3
e→itp0eiy·qft(y)dydt

=

∫
↑

→↑

e→itp0 f̂t(q)dt, (3.9.1)
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and a similar identity holds for g(p). Now, it easy to show using properties of Schwartz
functions that |f̂t(q)| and ĝt(q)| decay fast enough as ↔q↔, |t| ⇒ ⇑ to ensure that for any
given ς > 0,

∫∫∫
|f̂t(q)ĝt(q)|

|p20 ↓ ↔q↔2 ↓m2 + iς|
dtdp0dq < ⇑.

Thus, we can apply Fubini’s theorem and equation (3.9.1) to get

∫

R4

f(↓p)g(↓p)

p2 ↓m2 + iς
dp =

∫∫∫∫
e→i(t→s)p0 f̂t(q)ĝs(q)

p20 ↓ ↔q↔2 ↓m2 + iς
dp0dtdsdq. (3.9.2)

First, let us integrate over p0. Let 2q :=

↔q↔2 +m2. It is easy to see that the equation

p20 ↓ ↔q↔2 ↓m2
+ iς = 0

in p0 has exactly two roots ±2q,ϑ, with ↓2q,ϑ slightly above ↓2q in the upper half-plane, and
2q,ϑ slightly below 2q in the lower half-plane. These points are the poles of the meromorphic
function

h(p0) :=
e→i(t→s)p0

p20 ↓ ↔q↔2 ↓m2 + iς
.

A simple computation shows that the residues of h at these two poles are

Res(h,±2q,ϑ) = ±
e⇔i(t→s)ωq,ω

22q,ϑ

.

If t↓ s → 0, then using a clockwise semicircular contour in the lower half-plane with vertices
at ↓R and R (see Figure 3.1), applying the residue theorem, and taking R ⇒ ⇑, we get

1

2↼

∫

R

e→i(t→s)p0

p20 ↓ ↔q↔2 ↓m2 + iς
dp0 =

↓ie→i(t→s)ωq,ω

22q,ϑ

.

Similarly, when t ↓ s < 0, using a counterclockwise semicircular contour in the upper
half-plane with vertices at ↓R and R, applying the residue theorem, and taking R ⇒ ⇑,
we get

1

2↼

∫

R

e→i(t→s)p0

p20 ↓ ↔q↔2 ↓m2 + iς
dp0 =

↓iei(t→s)ωq,ω

22q,ϑ

.

Plugging these into equation (3.9.2), we get

1

(2↼)4

∫

R4

f(↓p)g(↓p)

p2 ↓m2 + iς
dp =

↓i

(2↼)3

∫∫∫
e→i|t→s|ωq,ω f̂t(q)ĝs(q)

22q,ϑ

dtdsdq.

Since 2q,ϑ ⇒ 2q as ς ⇒ 0, and making the change of variable p ⇒ ↓p on the left, it is now
easy to complete the proof using the dominated convergence theorem.
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3.10 The Feynman propagator in momentum coordinates

In this section, we will heuristically derive the value of the Feynman propagator in momentum
coordinates. This will help us define the Minkowski space Fourier transform of the free
quantum field as a well-defined probabilistic object in a later section. Imagining the free
quantum field as a function on R4, we can heuristically define the vacuum expectation
value of any function F (ω) of ω as

↖F (ω)↙ :=

∫
F (↽)eiS(⇀)D↽∫

eiS(⇀)D↽
.

With this interpretation, the Feynman propagator is given by

#F(x↓ y) = i↖ω(x)ω(y)↙.

It is not clear at this point how this makes sense from a rigorous point of view. We will see
later that it does. Continuing with this line of thinking for the time being, we can define
Minkowski space Fourier transform of ω as

ω(p) :=
∫

R4
ei(x,p)ω(x)dx

for p ↑ R4. The Feynman propagator in momentum coordinates is heuristically defined as

#F(p, q) :=
i

(2↼)4
↖ω(p)ω(q)↙

=
1

(2↼)4

∫∫
ei(x,p)+i(y,q)

i↖ω(x)ω(y)↙dxdy

=
1

(2↼)4

∫∫
ei(x,p)+i(y,q)

#F(x↓ y)dxdy

=
1

(2↼)4

∫∫
ei(x,p)+i(x→z,q)

#F(z)dxdz.

Using the formal identity ∫

R4
ei(x,p+q)dx = δ(4)(p+ q),

where δ(4) is the Dirac delta at the origin in R4, we get

#F(p, q) = δ(4)(p+ q)

∫

R4
e→i(z,q)

#F(z)dz.

Plugging in the value of #F(z) from Theorem 3.9.1, we arrive at

#F(p, q) = δ(4)(p+ q) lim
ϑ≃0

↓1

(2↼)4

∫∫
ei(z,r→q)

r2 ↓m2 + iς
dzdr

= δ(4)(p+ q) lim
ϑ≃0

↓1

q2 ↓m2 + iς
. (3.10.1)
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Although the above derivation was based in heuristics, we can actually make sense of #F

as a linear functional on (S(R4,R))2 as follows.

Lemma 3.10.1. The map

#F(f, g) := ↓ lim
ϑ≃0

∫

R4

f(p)g(↓p)

p2 ↓m2 + iς
dp

is a well-defined linear functional on (S(R4,R))2.

Proof. Let f and g be the Minkowski space Fourier transforms of f and g. By Theorem A.3.6,
f and g are the Minkowski space Fourier transforms of the functions (2↼)4 f(↓p) and
(2↼)4g(↓p). It is now easy to see that the claim follows from Theorem 3.9.1.

3.11 Wightman functions of the free quantum field

The n-point Wightman function of the free quantum field is defined as

W (x1, . . . , xn) := ↖”|T {ω(x1) · · ·ω(xn)}|”↙, (3.11.1)

for x1, . . . , xn. Rigorously, this is a linear functional on (S(R4,C))n defined as

W (f1, . . . , fn) :=

∫

R
· · ·

∫

R
↖”|T {ωt1(f1(t1, ·)) · · ·ωtn(fn(tn, ·))}|”↙dt1 · · · dtn. (3.11.2)

To see that this correspondence makes sense, first note that
∫

· · ·

∫
W (x1, . . . , xn)f1(x1) · · · fn(xn)dx1 · · · dxn

=

∫
· · ·

∫
W ((t1, y1), . . . , (tn, yn))f1(t1, y1) · · · fn(tn, yn)dy1 · · · dyndt1 · · · dtn,

where t1, . . . , tn ↑ R and y1, . . . , yn ↑ R3. Fixing t1 ⇔ · · · ⇔ tn, note that by the heuristic
expression (3.11.1),

∫
· · ·

∫
W ((t1, y1), . . . , (tn, yn))f1(t1, y1) · · · fn(tn, yn)dy1 · · · dyn

=


”

∣∣∣∣
∫

· · ·

∫
ω(t1, y1)f1(y1) · · ·ω(tn, yn)fn(yn)

∣∣∣∣”


=


”

∣∣∣∣

(∫
ω(t1, y1)f1(y1)dy1

)
· · ·

(∫
ω(tn, yn)fn(yn)dyn

)∣∣∣∣”


= ↖”|ωt1(f1(t1, ·)) · · ·ωtn(fn(tn, ·))|”↙.

More generally, for any t1, . . . , tn ↑ R, the same argument shows that
∫

· · ·

∫
W ((t1, y1), . . . , (tn, yn))f1(t1, y1) · · · fn(tn, yn)dy1 · · · dyn

= ↖”|T {ωt1(f1(t1, ·)) · · ·ωtn(fn(tn, ·))}|”↙.
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This shows why it makes sense to write the rigorous definition (3.11.2) heuristically as in
equation (3.11.1).

Recall that a perfect matching of a vertex set V is a set of undirected edges E on V

such that every vertex has degree exactly equal to 1. Let Pn be the set of perfect matchings
of 1, . . . , n. The following theorem gives the formula for the Wightman functions.

Theorem 3.11.1. The Wightman function W is zero if n is odd, and given by

W (x1, . . . , xn) =
∑

E↗Pn

∏

{i,j}↗E

(↓i#F(xi ↓ xj))

when n is even, in the sense that for any f1, . . . , fn ↑ S(R4,C),

W (f1, . . . , fn) =
∑

E↗Pn

∏

{i,j}↗E

(↓i#F(fi, fj)).

Proof. Take any ↓⇑ < t1 ⇔ · · · ⇔ tn < ⇑ and g1, . . . , gn ↑ S(R3,R). For each j, let
Fj(φ) := φ(gj) for a function φ : S(R3,R) ⇒ R. Let ↽ be the Euclidean free field with
mass m on R4, and let ↽t be its time slice at time t. Let sj := tj+1 ↓ tj for j = 1, . . . , n↓ 1,
and let

f(s1, . . . , sn→1) := E(F1(↽0)F2(↽s1)F3(↽s1+s2) · · ·Fn(↽s1+···sn↑1))

= E(F1(↽0)F2(↽t2→t1)F3(↽t3→t1) · · ·Fn(↽tn→t1))

= E(F1(↽t1)F2(↽t2)F3(↽t3) · · ·Fn(↽tn)),

where the last step follows by the translation invariance of the Euclidean free field. Since ↽

is a Gaussian field and F1, . . . , Fn are linear functions, the above expected value is zero if n
is odd. From this, it is easy to see by Theorem 2.5.1 that the Wightman functions are zero
for odd n. For even n, the Wick product formula (Theorem B.2.7) implies that

f(s1, . . . , sn→1) =
∑

E↗Pn

∏

{i,j}↗E

E(Fi(↽ti)Fj(↽tj ))

=

∑

E↗Pn

∏

{i,j}↗E

E(↽ti(gi)↽tj (gj)).

But by Lemma 3.8.3,

E(↽ti(gi)↽tj (gj)) =
1

(2↼)3

∫

R3

e→|ti→tj |
↘

⇓p⇓2+m2
ĝi(p)ĝj(p)

2

↔p↔2 +m2

dp.

Thus, we have

f(s1, . . . , sn→1) =
∑

E↗Pn

∏

{i,j}↗E,

i<j

1

(2↼)3

∫

R3

e→(si+···+sj↑1)
↘

⇓p⇓2+m2
ĝi(p)ĝj(p)

2

↔p↔2 +m2

dp.
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If we now apply the method described in Theorem 2.5.1 to calculate f(is1, . . . , isn→1), it is
easy to check that we get

↖”|F1(ωt1) · · ·Fn(ωtn)|”↙ = f(is1, . . . , isn→1)

=

∑

E↗Pn

∏

{i,j}↗E,

i<j

1

(2↼)3

∫

R3

e→i(si+···+sj↑1)
↘

⇓p⇓2+m2
ĝi(p)ĝj(p)

2

↔p↔2 +m2

dp

=

∑

E↗Pn

∏

{i,j}↗E,

i<j

1

(2↼)3

∫

R3

e→i(tj→ti)
↘

⇓p⇓2+m2
ĝi(p)ĝj(p)

2

↔p↔2 +m2

dp

=

∑

E↗Pn

∏

{i,j}↗E,

i<j

(↓i#F(tj ↓ ti, gi, gj)).

Since #F(t, g, h) = #F(t, h, g) for any t, g, h (which is easy to derive from the definition),
this shows that for any t1, . . . , tn ↑ R,

↖”|T {F1(ωt1) · · ·Fn(ωtn)}|”↙ =

∑

E↗Pn

∏

{i,j}↗E

(↓i#F(|ti ↓ tj |, gi, gj)).

Thus, by equation (3.11.2), for any f1, . . . , fn ↑ S(R4,R),

W (f1, . . . , fn) =
∑

E↗Pn

∫
· · ·

∫ ∏

{i,j}↗E

(↓i#F(|ti ↓ tj |, fi(ti, ·), fj(tj , ·)))dt1 · · · dtn.

It is now easy to see how the claim follows.

We also have the momentum space Wightman functions, heuristically defined as

W (p1, . . . , pn) := i
n/2

(2↼)→2n
↖ω(p1) · · · ω(pn)↙,

where ω is the Minkowski space Fourier transform of ω. The value of this function can
be calculated by taking fj(x) := ei(x,pj), j = 1, . . . , n, in Theorem 3.11.1. Then, by
Theorem 3.11.1 and the derivation in Section 3.10, it follows that

W (p1, . . . , pn) :=
∑

E↗Pn

∏

{i,j}↗E

δ(4)(pi + pj) lim
ϑ≃0

↓1

p2
i
↓m2 + iς

, (3.11.3)

where both sides have to be interpreted in a distributional sense.
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From Fields to Particles

4.1 Lorentz transforms

The Minkowski inner product on R4 is defined as

(x, y) := x0y0 ↓ x1y1 ↓ x2y2 ↓ x3y3.

Following usual convention, we will denote the ‘squared norm’ induced by this inner product
by x2. That is,

x2 := x20 ↓ x21 ↓ x22 ↓ x23.

A Lorentz transformation L on R4 is a linear map such that (Lx,Ly) = (x, y) for all
x, y ↑ R4. In the language of matrices, this means that:

LT ϱL = ϱ,

where ϱ is the matrix 



1 0 0 0

0 ↓1 0 0

0 0 ↓1 0

0 0 0 ↓1




.

This is very similar to the orthogonality condition under the usual inner product. Like
orthogonal matrices, Lorentz transformations form a Lie group. This group is denoted by
O(1, 3).

In analogy with the regular orthogonal groups, we can consider the map L ⇐⇒ det(L)

where the determinant serves as a homomorphism det : O(1, 3) ⇒ Z2 = {↓1, 1}. In the case
of the orthogonal groups, quotienting out by the action of this homomorphism is su"cient
to reduce O(4) to SO(4). However, the group O(1, 3) has another homomorphism:

Lemma 4.1.1. The map L ⇐⇒ sign(L00), where L00 is the top left entry of the matrix, is a
homomorphism of O(1, 3) into Z2.
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Proof. First of all, note that the condition LT ϱL = ϱ implies that for any L ↑ O(1, 3),

L2
00 ↓ L2

01 ↓ L2
02 ↓ L2

03 = 1. (4.1.1)

This means that L00 cannot be zero. Thus, sign(L00) ↑ Z2. Next, let L and M be two
elements of O(1, 3), and let N := LM . Then

N00 =

3∑

j=0

L0jMj0

Suppose that L00 and M00 are both positive. The identity (4.1.1) implies that they are
both → 1. Thus, by the above identity and the Cauchy–Schwarz inequality,

N00 → L00M00 ↓

√
(L2

01 + L2
02 + L2

03)(M
2
01 +M2

02 +M2
03)

= L00M00 ↓

√
(L2

00 ↓ 1)(M2
00 ↓ 1) → 0.

The same series of inequalities hold if L00 and M00 are both negative. Finally, suppose that
one of L00,M00 is negative and the other is positive. Then again by the Cauchy–Schwarz
inequality,

N00 ⇔ L00M00 +

√
(L2

01 + L2
02 + L2

03)(M
2
01 +M2

02 +M2
03)

= L00M00 +

√
(L2

00 ↓ 1)(M2
00 ↓ 1)

⇔ L00M00 + |L00M00| = 0.

This completes the proof.

The restricted Lorentz group SO
+
(1, 3) (also known as the orthochronous Lorentz group)

is the set of all L ↑ O(1, 3) such that det(L) = 1 and sign(L00) = 1. This is a subgroup of
O(1, 3). For a detailed mathematical treatment of the Lorentz group and associated topics,
we refer to the textbook by Naber [20].

4.2 Special relativity

Classical physics is invariant under isometries of R3, that is, translations and rotations.
What does that mean? Suppose you have a computer program simulating physics. You
input the state of the system at time 0, then the program gives you the state at time t.
Suppose a trickster enters the state of the system at time 0 but in a di!erent coordinate
system. If your program is properly built, the result it returns for the trickster will (after
changing back coordinates) be the exact same as the result you saw earlier. This a property
of classical physics.

Special relativity claims that the laws of physics remain invariant under restricted
Lorentz transformations (under the assumption that we are working in units where the
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speed of light is 1) and spacetime translations of R4, in the same sense as above. Now
space and time become mixed into a single entity called spacetime, coordinates of which
are changed by Lorentz transformations and spacetime translations. The same analogy as
before holds, except now the trickster can change the time coordinates under a Lorentz
transformation with no e!ect on the final results.

The parametrization of a curve in Euclidean space by arc length has the property that
it is invariant under Euclidean symmetries. That is, if we apply a rotation or translation to
the coordinate system, the parametrization remains unchanged. In a similar way, a curve
in R4 can sometimes be parametrized in a way that is invariant under any change of the
coordinate system by an action of SO+

(1, 3) or a spacetime translation. The parametrization
x(1) of a curve by arc length requires that ↔ẋ(1)↔ ∞ 1, where ↔ · ↔ is Euclidean norm
and ẋ denote the derivative of x with respect to 1 . In a similar vein, a Lorentz-invariant
parametrization requires that the squared Minkowski norm ẋ(1)2 is always equal to 1. This
is known as parametrization by ‘proper time’. The following result shows that a curve can
be parametrized by proper time if in some coordinate system, the curve represents the
trajectory of a particle whose speed is always strictly less than 1 (which is the speed of
light in our units).

Proposition 4.2.1. A su!cient condition for a curve in R4 to be parametrizable by proper
time is that in some coordinate system, the curve has a time parametrization x(t) = (t, y(t))

that satisfies ↔ẏ(t)↔ < 1 for all t. Moreover, the parametrization by proper time is unique
up to time translations.

Proof. Define

1(t) :=

∫
t

0


1↓ ↔ẏ(s)↔2ds,

where the right side is interpreted as the negative of the integral from ↓|t| to 0 if t < 0. By
the given condition, 1 is a strictly increasing, and hence invertible, function of t. The range
of 1 is a subinterval of R (which may be bounded or unbounded). Reparametrize the curve
x as

ε(s) := x(1→1
(s))

for s in the range of 1 . Denoting the coordinates of ε by εj , 0 ⇔ j ⇔ 3, we see that

ε̇0(s) =
d

ds
1→1

(s) =
1

1 ⇒(1→1(s))
=

1
1↓ ↔ẏ(1→1(s))↔2

,

and for 1 ⇔ j ⇔ 3,

ε̇j(s) =
d

ds
yj(1

→1
(s)) =

ẏj(1→1
(s))

1↓ ↔ẏ(1→1(s))↔2
.

This shows that ε̇(s)2 = 1. This proves the existence of a parametrization by proper time.
To prove uniqueness, suppose that ⇁(s) = x(ϖ(s)) is another parametrization by proper
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time, with ϖ(0) = 1→1
(0). Then note that

1 = ⇁̇(s)2 = ϖ⇒(s)2ẋ(ϖ(s))2,

which implies that
ϖ⇒(s) =

1
ẋ(ϖ(s))2

=
1

1↓ ↔ẏ(ϖ(s))↔2
.

Thus,

d

ds
1(ϖ(s)) = 1 ⇒(ϖ(s))ϖ⇒(s) = 1.

Since 1 and ϖ are both strictly increasing functions which coincide at s = 0, this shows that
ϖ(s) = 1→1

(s) for all s.

Suppose that we are given the trajectory of a particle of mass m that always moves at a
speed less than 1. Then by the above result, its trajectory can be uniquely parametrized by
proper time. In analogy with Newtonian momentum, the ‘four-momentum’ of the particle
at proper time 1 is defined to be the 4-vector mε̇(1). The following result shows why the
four-momentum is a natural notion of momentum in a relativistic setting.

Proposition 4.2.2. If the coordinate system is changed by the action of L ↑ SO
+
(1, 3),

then the four-momentum of a particle also changes by a multiplication by L.

Proof. Let x(1) be the parametrization of the trajectory by proper time in the original
coordinate system. Define y(1) := Lx(1), so that y is the trajectory in the new coordinate
system. Then note that

y(1)2 = y(1)T ϱy(1) = x(1)TLT ϱLx(1) = x(1)T ϱx(1) = x(1)2 = 1.

Thus, y is a parametrization by proper time of the trajectory in the new coordinate system.
By the uniqueness of parametrization by proper time, this shows that the four-momentum
in the new coordinate system is mẏ(1) = L(mẋ(1)).

Let x(t) = (t, y(t)) be the trajectory of a particle of mass m in some coordinate
system, so that the velocity at time t is v(t) := ẏ(t). From the calculations in the proof of
Proposition 4.2.1, we see that its four-momentum at time t is given by the formula

p =

(
m

1↓ ↔v(t)↔2
,

mv(t)
1↓ ↔v(t)↔2

)
.

Let us denote this four-momentum as

p = (p0, p1, p2, p3) = (p0, q).

The four-momentum is also called the ‘energy-momentum’, as we can identify the first
component of p0 as the relativistic energy E. The remaining part, q, is called the relativistic

78



CHAPTER 4. FROM FIELDS TO PARTICLES

three-momentum. When the particle is at rest, q = 0, and we get E = m, the famous
Einstein relation (with c = 1). Further, note that in the non-relativistic limit ↔v(t)↔ △ 1,
we can expand the energy p0 as:

p0 =
m

1↓ ↔v(t)↔2
▽ m+

1

2
m↔v(t)↔2,

which is the sum of the rest energy and the classical kinetic energy. One thing we can
observe from the definition of p is that

p2 := p20 ↓ ↔q↔2 = m2,

which in turn implies that

p0 = E =


m2 + ↔q↔2 = 2q,

where the latter will become our conventional notation, with the subscript denoting the
dependence on the relativistic three-momentum.

The topics discussed in this section are standard fare in any introductory textbook
on special relativity. Again, Naber’s book [20] gives a careful mathematical introduction.
For the physical perspective, a classic reference is the popular science book by Einstein
himself [5].

4.3 The mass shell

Notice that the four-momentum p of a particle of mass m → 0 is always an element of the
manifold

Xm := {p ↑ R4
: p2 = m2, p0 → 0},

where p2 is the squared Minkowski norm. This manifold is called the ‘mass shell’ of mass
m. The mass shells are Minkowski analogues of spheres in Euclidean space. For example,
just as a rotation gives a bijection of a sphere onto itself, a restricted Lorentz transform
bijectively maps a mass shell onto itself, as shown by the following lemma.

Lemma 4.3.1. Any restricted Lorentz transform bijectively maps any mass shell onto itself.

Proof. Take p ↑ Xm and L ↑ SO
+
(1, 3). Let q := Lp. Then viewing p and q as column

vectors, we have

q2 = qT ϱq = pTLT ϱLp = pT ϱp = p2 = m2.

Now, note that
ϱLT ϱL = ϱ2 = I.
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Thus, ϱL is an invertible matrix and (ϱL)→1
= ϱLT . Consequently,

ϱLϱLT
= I,

which gives
ϱ = ϱ2LϱLT

= LϱLT .

Comparing the top-leftmost elements on both sides, we get

L2
00 ↓ L2

01 ↓ L2
02 ↓ L2

03 = 1.

In particular,
L2
01 + L2

02 + L2
03 = L2

00 ↓ 1 < L2
00.

Also, the equation p2 = m2 gives

p21 + p22 + p23 = p20 ↓m2
⇔ p20.

From these two inequalities and the facts that L00 and p0 are nonnegative, we deduce that

q0 = L00p0 + L01p1 + L02p2 + L03p3

→ L00p0 ↓
√
(L2

01 + L2
02 + L2

03)(p
2
1 + p22 + p23)

→ L00p0 ↓
√

L2
00p

2
0 = 0.

Thus, q ↑ Xm. This proves that L maps Xm into itself. This map is injective since, as
we have argued above, ϱL is invertible and hence L is invertible. Finally, to show that
L is surjective, simply recall that since SO

+
(1, 3) is a group, L→1 is also in it. Therefore,

L→1 maps Xm into Xm, by what we have already shown. This proves that L maps Xm

onto Xm.

4.4 Integration on mass shells

A mass shell Xm inherits a topology from R4, and hence, a Borel ▷-algebra. Just like the
volume measure on a sphere in Euclidean space is the unique (up to constant multiples)
measure that is invariant under rotations, there is a unique (up to constant multiples)
measure 0m on Xm that is invariant under restricted Lorentz transformations. It is defined
as follows. Let ↼ : Xm ⇒ R3 be the projection map

↼(p0, p1, p2, p3) = (p1, p2, p3). (4.4.1)

Since p0 is the nonnegative square-root of p21+p22+p23+m2 on Xm, the map ↼ is a measurable
bijection between Xm and R3 whose inverse is also measurable. For a Borel set A ↗ Xm,
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we define

0m(A) :=
1

(2↼)3

∫

π(A)

dq

22q

, (4.4.2)

where we use the notation that for a point q ↑ R3,

2q :=


↔q↔2 +m2.

It is easy to see that 0m is a measure on Xm. Moreover, for any measurable function
f : Xm ⇒ R, ∫

Xm

f(p)d0m(p) =
1

(2↼)3

∫

R3

f(2q, q)

22q

dq,

provided that the integrals are well-defined. This can be seen by starting with indicator
functions (for which, it is simply the identity (4.4.2)), and then approximating general
measurable functions by linear combinations of indicator functions via Theorem A.1.23.

It turns out that 0m is the unique measure on Xm (up to constant multiples) that is
invariant under restricted Lorentz transforms.

Theorem 4.4.1. For any Borel set A ↗ Xm and any L ↑ SO
+
(1, 3), 0m(L→1

(A)) = 0m(A).
Moreover, if a measure µ on Xm has this property, and 0 < µ(A) < ⇑ for some Borel set
A, then µ must be a nonnegative constant multiple of 0m.

Proof. For each ς > 0, define

Xm,ϑ :=



m→↗[m,
⇐
m2+ϑ]

Xm→ = {p ↑ R4
: p2 ↑ [m2,m2

+ ς]}.

Let 0m,ϑ be the restriction of Lebesgue measure to Xm,ϑ, divided by (2↼)3ς. Since restricted
Lorentz transformations are linear maps with determinant 1, and they map Xm,ϑ bijectively
onto itself (by Lemma 4.3.1, it follows that the measure 0m,ϑ is invariant under restricted
Lorentz transformations.

Take any Schwartz function f : R4
⇒ R. We claim that

lim
ϑ≃0

∫

Xm,ω

f(p)d0m,ϑ(p) =

∫

Xm

f(p)d0m(p). (4.4.3)

To see this, let
2q,ϑ :=

√
22
q + ς,

and note that by Fubini’s theorem,
∫

Xm,ω

f(p)d0m,ϑ(p) =
1

(2↼)3ς

∫

R3

∫

p0:(p0,q)↗Xm,ω

f(p0, q)dp0dq

=
1

(2↼)3ς

∫

R3

∫
ωq,ω

ωq

f(p0, q)dp0dq
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Now, for any q ↑ R3,

1

ς

∫
ωq,ω

ωq

f(p0, q)dp0 =
1

ς

∫
ωq,ω

ωq

(f(2q, q) +O(ς))dp0

=
1

ς
(2q,ϑ ↓ 2q)(f(2q, q) +O(ς))dp0.

Since

2q,ϑ =

√
22
q + ς =





2q +

ϑ

2ωq
+O(ς2) if 2q ⇓= 0,

↘
ς if 2q = 0,

this shows that for almost all q ↑ R3,

lim
ϑ↓0

1

ς

∫
ωq,ω

ωq

f(p0, q)dp0 =
f(2q, q)

22q

.

By an application of the dominated convergence theorem, this proves the claim (4.4.3). Next,
take any restricted Lorentz transformation L and any f ↑ S(R4,R). The identity (4.4.3)
and the Lorentz invariance of 0m,ϑ implies that

∫

Xm

f(L(p))d0m(p) = lim
ϑ≃0

∫

Xm,ω

f(L(p))d0m,ϑ(p)

= lim
ϑ≃0

∫

Xm,ω

f(p)d0m,ϑ(p) =

∫

Xm

f(p)d0m(p). (4.4.4)

Now, take any g ↑ S(R3,R). Define h : Xm ⇒ R as h := g↼ and f : R4
⇒ R as

f(p0, q) := g(q)e→(p20→ω
2
q )

2
.

Then f ↑ S(R4,R) and f = h on Xm. Thus, by the identity (4.4.4),
∫

Xm

h(L(p))d0m(p) =

∫

Xm

f(L(p))d0m(p)

=

∫

Xm

f(p)d0m(p) =

∫

Xm

h(p)d0m(p).

Finally, following similar steps as in the proof of Theorem A.2.11, we can replace the
function h in the above identity by the indicator of any Borel set A ↗ Xm. This proves
that 0m is invariant under any restricted Lorentz transformation.

It remains to show that 0m is the unique measure, up to nonnegative constant multiples,
that remains invariant under restricted Lorentz transformations. Take any L ↑ SO

+
(1, 3)

and f ↑ L1
(0m). Then, on the one hand, we know that

∫

Xm

f(L(p))d0m(p) =

∫

Xm

f(p)d0m(p).
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On the other hand, we also know that
∫

Xm

f(p)d0m(p) =
1

(2↼)3

∫

R3
f(↼→1q)

dq

22q

,

∫

Xm

f(L(p))d0m(p) =
1

(2↼)3

∫

R3
f(L↼→1q)

dq

22q

.

Let φ := ↼L↼→1. Then by the change of variable formula for integration on R3, we have
∫

R3
f(L↼→1q)

dq

22q

=

∫

R3
f(↼→1φ(q))

dq

22q

=

∫

R3
f(↼→1r)| det J▷↑1(r)|

dr

22▷↑1(r)
,

where J▷↑1(r) is the Jacobian matrix of φ→1 at r. Combining this with the previous
identities, we get

∫

R3
f(↼→1q)

dq

22q

=

∫

R3
f(↼→1q)| det J▷↑1(q)|

dq

22▷↑1(q)
.

Since this holds for any f , it is now easy to show that

| det J▷↑1(q)| =
2▷↑1(q)

2q

. (4.4.5)

Now suppose that µ is a measure on Xm that is invariant under restricted Lorentz transforms.
Let ◁ be its pushforward to R3 via ↼. That is, ◁(A) = µ(↼→1

(A)). Suppose that ◁ has a
density 3 with respect to Lebesgue measure on R3. Then exactly the same argument as
above shows that for any f ↑ L1

(µ),
∫

R3
f(↼→1q)3(q)dq =

∫

R3
f(↼→1q)| det J▷↑1(q)|3(φ→1

(q))dq.

This lets us conclude that

3(q) = | det J▷↑1(q)|3(φ→1
(q)).

Matching this with the value of | det J▷↑1(q)|3(φ→1
(q)) obtained in equation (4.4.5) above,

we see that 3(q) must be a constant multiple of (22q)
→1.

The absolute continuity of ◁ with respect to Lebesgue measure is a consequence of the
fact that the restricted Lorentz group acts transitively on Xm and the regularity of Borel
measures. A small ball around a point in R3 can be sent a small region around any other
given point by a map of the form ↼L↼→1 for some L ↑ SO

+
(1, 3). This allows us to show

that the measure of a small ball must be small, because many disjoint sets with the same
measure can fit into a bounded region. We leave the details to the reader.
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4.5 Fourier transform of the Euclidean free field

Take any d → 3. Let ↽ be the Euclidean free field on Rd with mass m, and let ↽0 be its
restriction to time 0, as defined in Chapter 3. Then, formally, the Fourier transform of ↽0

is given by

↽̂0(q) =

∫

Rd↑1
↽0(x)e

iq·xdx. (4.5.1)

Unlike ↽0, which is ‘real-valued’, ↽̂0 is ‘complex-valued’, in the sense that when integrated
again Schwartz functions, we expect to get complex numbers. Accordingly, we can view ↽̂0

as a pair of random distributions Re ↽̂0 and Im ↽̂0. These fields are defined as follows. For
f ↑ S(Rd→1,R), we define

Re ↽̂0(f) := ↽0(Re f̂), Im ↽̂0(f) := ↓↽0(Im f̂). (4.5.2)

To see that this definition makes sense, let g(x) := f̂(↓x). Then note that by the Fourier
inversion formula,

f(q) =
1

(2↼)d→1

∫

Rd↑1
e→ix·qf̂(x)dx

=
1

(2↼)d→1

∫

Rd↑1
eix·qf̂(↓x)dx

=
1

(2↼)d→1

∫

Rd↑1
eix·qg(x)dx.

Thus, f = (2↼)→(d→1)ĝ. Since f is real-valued, we can now heuristically apply the Plancherel
identity to conclude that

↽̂0(f) =

∫

Rd↑1
↽̂0(q)f(q)dq

=

∫

Rd↑1
↽̂0(q)f(q)dq

=
1

(2↼)d→1

∫

Rd↑1
↽̂0(q)ĝ(q)dq

=

∫

Rd↑1
↽0(x)g(x)dx = ↽0(Re g) + i↽0(Im g). (4.5.3)

But again since f is real-valued,

g(x) = f̂(↓x) =

∫

Rd↑1
e→ix·qf(q)dq = f̂(x) = Re f̂(x)↓ i Im f̂(x), (4.5.4)

which means that Re g = Re f̂ and Im g = ↓ Im f̂ . Equations (4.5.3) and (4.5.4) justify the
definition of ↽̂0 in equation (4.5.2).

Having define the centered Gaussian field ↽̂0 (or rather, the pair of fields (Re ↽̂0, Im ↽̂0)),
let us now calculate its covariance structure.
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Lemma 4.5.1. Let 2q :=

↔q↔2 +m2. For any f, g ↑ S(Rd→1,R),

Cov(Re ↽̂0(f), Im ↽̂0(g)) = 0,

Cov(Re ↽̂0(f),Re ↽̂0(g)) =
(2↼)d→1

4

∫

Rd↑1

1

22q

(f(q) + f(↓q))(g(q) + g(↓q))dq,

Cov(Im ↽̂0(f), Im ↽̂0(g)) =
(2↼)d→1

4

∫

Rd↑1

1

22q

(f(q)↓ f(↓q))(g(q)↓ g(↓q))dq.

Proof. Note that by equation (4.5.2) and Lemma 3.8.3,

Cov(Re ↽̂0(f), Im ↽̂0(g)) = ↓Cov(↽0(Re f̂),↽0(Im ĝ))

= ↓
1

(2↼)d→1

∫

Rd↑1

u(q)v(q)

22q

dq,

where u is the Fourier transform of Re f̂ , and v is the Fourier transform of Im ĝ. Note that
by the inversion formula,

u(q) =
1

2

∫

Rd↑1
eiq·x(f̂(x) + f̂(x))dx

=
1

2

∫

Rd↑1
eiq·xf̂(x)dx+

1

2

∫

Rd↑1
e→iq·xf̂(x)dx

=
(2↼)d→1

2
(f(↓q) + f(q)) =

(2↼)d→1

2
(f(↓q) + f(q)).

Similarly,

v(q) =
1

2i

∫

Rd↑1
eiq·x(ĝ(x)↓ ĝ(x))dx

=
1

2i

∫

Rd↑1
eiq·xĝ(x)dx↓

1

2i

∫

Rd↑1
e→iq·xĝ(x)dx

=
(2↼)d→1

2i
(g(↓q)↓ g(q)) =

(2↼)d→1

2i
(g(↓q)↓ g(q)).

Combining the last three displays, we get

Cov(Re ↽̂0(f), Im ↽̂0(g)) =
(2↼)d→1

4i

∫

Rd↑1

1

22q

(f(↓q) + f(q))(g(↓q)↓ g(q))dq.

Since 2q = 2→q, it is easy to see that the right side is equal to zero. The other two claims
follows by similar calculations.

Let us now see what the formulas from the above lemma mean intuitively. Taking

85



CHAPTER 4. FROM FIELDS TO PARTICLES

f = δq and g = δq→ for some nonzero q, q⇒ ↑ Rd→1, we get the formal expressions

Cov(Re ↽̂0(q), Im ↽̂0(q
⇒
)) = 0,

Cov(Re ↽̂0(q),Re ↽̂0(q
⇒
)) =






(2π)d↑1

2ωq
δq(q) if q = ±q⇒,

0 otherwise,

Cov(Im ↽̂0(q), Im ↽̂0(q
⇒
)) =






(2π)d↑1

2ωq
δq(q) if q = q⇒,

↓
(2π)d↑1

2ωq
δq(q) if q = ↓q⇒,

0 otherwise,

The first identity shows that the real and imaginary parts of ↽̂0 are independent Gaussian
fields. The other identities indicate that they are sort of like white noise fields, except for
the weighting factor (22q)

→1. Indeed, specializing to d = 4, one gets a homogeneous white
noise field if one ‘lifts’ ↽̂0 to a field φ = φ1 + iφ2 on the mass shell Xm as follows.

Let ↼ : Xm ⇒ R3 be the projection map defined in equation (4.4.1). We will say that a
function f : Xm ⇒ R is a real-valued Schwartz function if f is of the form (2↼)→3g↼ for
some g ↑ S(R3,R). For such f , define

φ(f) := ↽̂0(g) = Re ↽̂0(g) + i Im ↽̂0(g), (4.5.5)

and let φ1 and φ2 be the real and imaginary parts of φ. Then the collection {φ1(f),φ2(f) :

f ↑ S(Xm,R)} is jointly centered Gaussian. Then the identities from Lemma 4.5.1 can be
re-expressed in terms of the field φ as follows.

Corollary 4.5.2. For p = (2q, q) ↑ Xm, let p denote the point (2q,↓q). For any f, g ↑

S(Xm,R),

Cov(φ1(f),φ2(g)) = 0,

Cov(φ1(f),φ1(g)) =
1

4

∫

Xm

(f(p) + f(p))(g(p) + g(p))d0m(p),

Cov(φ2(f),φ2(g)) =
1

4

∫

Xm

(f(p)↓ f(p))(g(p)↓ g(p))d0m(p).

Consequently, for any f, g ↑ S(Xm,C),

E(φ(f)φ(g)) = ↖f, g↙L2(◁m), E(φ(f)φ(g)) =
∫

Xm

f(p)g(p)d0m(p).

Proof. The first three identities are just restatements of the identities from Lemma 4.5.1.
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Next, note that if f, g ↑ S(Xm,R), then the three identities show that

E(φ(f)φ(g)) = E[(φ1(f) + iφ2(f))(φ1(g)↓ iφ2(g))]

= E(φ1(f)φ1(g) + φ2(f)φ2(g)) + iE(φ2(f)φ1(g)↓ φ1(f)φ2(g))

= E(φ1(f)φ1(g) + φ2(f)φ2(g))

=
1

4

∫

Xm

(f(p) + f(p))(g(p) + g(p))d0m(p)

+
1

4

∫

Xm

(f(p)↓ f(p))(g(p)↓ g(p))d0m(p).

Expanding, we see that the f(p)g(p) and f(p)g(p) terms cancel out. Moreover, the change
of variable p ⇒ p shows that the f(p)g(p) term is equal to the f(p)g(p) term. Thus, we get

E(φ(f)φ(g)) =
∫

Xm

f(p)g(p)d0m(p) = ↖f, g↙L2(◁m).

Finally, take f = f1+if2 ↑ S(Xm,C) and g = g1+ig2 ↑ S(Xm,C). Then the above formula
shows that

E(φ(f)φ(g)) = E[(φ(f1) + iφ(f2))(φ(g1)↓ iφ(g2))]

= ↖f1, g1↙L2(◁m) + i↖f2, g1↙L2(◁m) ↓ i↖f1, g2↙L2(◁m) + ↖f2, g2↙L2(◁m)

=

∫

Xm

(f1(p) + if2(p))(g1(p)↓ ig2(p))d0m(p)

= ↖f, g↙L2(◁m).

The claimed identity for E(φ(f)φ(g)) follows similarly. This completes the proof.

4.6 Bosonic Fock space

The space L2
(Xm,0m) is the Hilbert space of momentum states for a single scalar boson of

mass m. That is, if the boson is in state f , then its four-momentum has probability density
proportional to |f(p)|2 with respect to the measure 0m on Xm. Similarly, for a system of n
scalar bosons of mass m, the states are elements of L2

(X
n
m,0n

m), where 0n
m is the n-fold

product of 0m. However, there is a very important constraint, coming from physics. It says
that the state f of a system of n bosons must necessarily be symmetric in the arguments,
that we must have that

f(p1, . . . , pn) = f(p↼(1), . . . , p↼(n))

for any permutation ▷ of 1, . . . , n and for almost every p1, . . . , pn (with respect to 0m).
Note that we can at most demand that this holds for almost every p1, . . . , pn because f is
an element of an L2 space, and therefore not really a function but an equivalence class of
functions. Let

Bn := L2
sym(X

n

m,0n

m)
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denote the set of all f ↑ L2
(X

n
m,0n

m) that satisfy this constraint. This is the Hilbert space
of momentum states for a system of n scalar bosons of mass m. For n = 0, we define this
to be equal to C.

Now suppose that the number of bosons is also indeterminate, along with their momenta.
Then the state of the system is an element of the the Hilbert space

B :=

̂
n↘0

Bn,

where ̸̂ is the notation for completed direct sum. Without the completion, we get the
algebraic direct sum of the Hilbert spaces on the right. A typical element of this space is a
formal sum like

↑∑

n=0

fn

where fn ↑ Bn, and all but finitely many of the fn’s are zero. The inner product between
two such formal sums is defined as

 ↑∑

n=0

fn,
↑∑

n=0

gn


:=

↑∑

n=0

↖fn, gn↙L2(◁n
m).

It is easy to see that this is a positive definite inner product. The completion of the direct
sum under this inner product is the Hilbert space B. Formally, an element of B is again a
sum like

∑
↑

n=0 fn where
↑∑

n=0

↔fn↔
2
L2(◁n

m) < ⇑.

The probability interpretation is as follows. If the system is in the state
∑

↑

n=0 fn, then the
probability that the number of particles is equal to n is

↔fn↔2L2(◁n
m)∑

↑

j=0 ↔fj↔
2
L2(◁j

m)

,

and given that the number of particles is n, the probability density of the n four-momenta
is proportional to |fn(p1, . . . , pn)|2.

4.7 From free field to Fock space

The discussion in Section 4.5 shows that the field ↽0 can be alternatively viewed as the field
φ on Xm defined in equation (4.5.5). Recall that the field φ is simply the the collection

{φ1(f) : f ↑ S(Xm,R)} ∪ {φ2(f) : f ↑ S(Xm,R)},

where φ1 and φ2 are the real and imaginary parts of φ. By the identities (4.5.5) and (4.5.2),
we see that this is exactly the collection {↽0(f) : f ↑ S(R3,R)}. This is because, on the
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one hand we have for any f = (2↼)→3g↼ ↑ S(Xm,R),

φ1(f) = Re ↽̂0(g) = ↽0(Re ĝ), φ2(f) = Im ↽̂0(g) = ↽0(↓ Im ĝ),

and on the other hand, for any g ↑ S(R3,R), the Fourier inversion formula implies that
g = ĥ where h(q) := (2↼)→3ĝ(↓q), and hence,

↽0(g) = ↽0(Re g) = ↽0(Re ĥ) = Re ↽̂0(h) = φ1((2↼)
→3h↼).

Now recall the Hilbert space H = L2
(A, C, µ) for the free quantum field with mass m that

was defined in Section 3.7. The above observation shows that H can be alternately expressed
as L2

(A
⇒, C⇒, µ⇒

), where A
⇒
:= (R2

)
S(Xm,R), C⇒ is the cylinder ▷-algebra on A

⇒, and µ⇒ is the
law of {(φ1(f),φ2(f)) : f ↑ S(Xm,R)}. Now, by Corollary A.2.10 and Corollary B.2.5,
the set of polynomials (with complex coe"cients) in these random variables form a dense
subspace of H. The following lemma gives an equivalent representation.

Lemma 4.7.1. Any polynomial with complex coe!cients in the real-valued random variables
φ1(f) and φ2(f), as f ranges over S(Xm,R), is the same as some polynomial with complex
coe!cients in the complex-valued random variables {φ(f) : f ↑ S(Xm,C)}, and vice versa.

Proof. Take any f ↑ S(Xm,C). Let g(p) := f(p), where p is obtained by changing the signs
of the last three coordinates of p, as before. Then by Corollary 4.5.2,

E|φ(f)↓ φ(g)|2 = E|φ(f)|2 + E|φ(g)|2 ↓ E(φ(f)φ(g))↓ E(φ(g)φ(f))

= ↖f, f↙L2(◁m) + ↖g, g↙L2(◁m) ↓

∫

Xm

(f(p)g(p) + f(p)g(p))d0m(p)

= 2↔f↔2
L2(◁m) ↓

∫

Xm

2|f(p)|2d0m(p) = 0.

Thus, φ(f) = φ(g) almost surely, which means they are equal in the L2 sense. Therefore,
we can express

φ1(f) =
1

2
(φ(f) + φ(f)) =

1

2
(φ(f) + φ(g)),

φ2(f) =
1

2i
(φ(f)↓ φ(f)) =

1

2i
(φ(f)↓ φ(g)).

On the other hand, for f = f1 + if2 ↑ S(Xm,C), where f1, f2 ↑ S(Xm,R), we have

φ(f) = φ1(f) + iφ2(f)

= φ1(f1) + iφ1(f2) + iφ2(f1)↓ φ2(f2).

Clearly, the above identities su"ce to prove the claim.

By Lemma 4.7.1 and the preceding discussion, the set of polynomials in {φ(f) :

f ↑ S(Xm,C)} is dense in H. We will now use this set to obtain a certain orthogonal
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decomposition of H. Let H0 the set of constant random variables, and for each n → 1, let Hn

be the closure of the span of Wick ordered monomials1 of degree n in {φ(f) : f ↑ S(Xm,C)}.

Lemma 4.7.2. The subspaces {Hn}n↘0 defined above are mutually orthogonal, and the
closure of their direct sum is equal to H.

Proof. The mutual orthogonality follows from the orthogonality of Wick ordered polynomials
of di!erent degrees, as proved in Theorem B.2.9. A simple argument by induction shows
that any degree n polynomial is in the span of Wick ordered monomials of degree ⇔ n. As
observed above, the set of polynomials is dense in H. This completes the proof.

Now recall the space B defined in Section 4.6. Define a map 1 : ̸
↑

n=1Hn ⇒ B as

1(:φ(f1) · · ·φ(fn):)(p1, . . . , pn) :=
1

↘
n!

∑

↼↗Sn

f1(p↼(1)) · · · fn(p↼(n)), (4.7.1)

and extended by linearity. It is not obvious that this map is well-defined. The following
lemma shows that it is.

Lemma 4.7.3. The map 1 defined above is well-defined, and preserves inner products.

Proof. Take and k, n → 0, and f1, . . . , fn, g1, . . . , gk ↑ S(Xm,C). Let X := :φ(f1) · · ·φ(fn):

and Y := :φ(g1) · · ·φ(gk):, and define

f(p1, . . . , pn) :=
1

↘
n!

∑

↼↗Sn

f1(p↼(1)) · · · fn(p↼(n)),

g(p1, . . . , pk) :=
1

↘
k!

∑

↼↗Sk

g1(p↼(1)) · · · gk(p↼(k)).

Let hj(p) := gj(p) for j = 1, . . . , k. From the proof of Lemma 4.7.1, we know that
φ(gj) = φ(hj). From this, and Theorem B.2.9, we see that if n ⇓= k, then

E(XY ) = 0 = ↖f, g↙B.

So, let us assume that n = k. Then again by Theorem B.2.9,

E(XY ) = E(:φ(f1) · · ·φ(fn)::φ(h1) · · ·φ(hn):)

=

∑

↼↗Sn

n∏

j=1

E(φ(fj)φ(h↼(j)))

=

∑

↼↗Sn

n∏

j=1

E(φ(fj)φ(g↼(j)))

1
See Section B.2.6 in Appendix B for the definition and properties of Wick ordered monomials.
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By Corollary 4.5.2, this implies that

E(XY ) =

∑

↼↗Sn

n∏

j=1

↖fj , g↼(j)↙L2(◁m)

=
1

n!

∑

0,↼↗Sn

n∏

j=1

↖f0(j), g↼(j)↙L2(◁m)

= ↖f, g↙L2(◁n
m) = ↖f, g↙B.

This proves that 1 is an isometry. As a consequence, we also see that 1 is well-defined,
because if X = Y almost surely, then

↔f ↓ g↔2B = ↖f, f↙B + ↖g, g↙B ↓ 2Re↖f, g↙B

= E|X|
2
+ E|Y |

2
↓ 2ReE(XY ) = E|X ↓ Y |

2
= 0.

This completes the proof.

The isometric nature of 1 allows us to extend the definition of 1 to the whole of H. Our
final lemma in this section, stated below, shows that 1 is surjective from H on to B. In
other words, 1 gives an isomorphism of the Hilbert spaces H and B.

Lemma 4.7.4. The image of ̸↑

n=0Hn under 1 is dense in B. Consequently, 1 is a Hilbert
space isomorphism between H and B.

Proof. By the isometric nature of 1 , it is easy to see that we only need to show that for
any n, functions of the form

∑

↼↗Sn

f1(p↼(1)) · · · fn(p↼(n)),

where f1, . . . , fn ↑ S(Xm,C), span a dense subspace of L2
sym(0

n
m). To show this, we claim

that it su"ces to prove that functions of the form f1(p1) · · · fn(pn) span a dense subspace
of L2

(0n
m). Indeed, suppose that the latter is true. Take any f ↑ L2

sym(0
n
m) and ς > 0.

Find f1, . . . , fn such that the function h(p1, . . . , pn) := f1(p1) · · · fn(pn) is within distance
ς from f . Then for any ▷ ↑ Sn,

∫

Xn
m

|f(p1, . . . , pn)↓ h(p↼(1), . . . , p↼(n))|
2d0n

m(p1, . . . , pn)

=

∫

Xn
m

|f(p↼(1), . . . , p↼(n))↓ h(p↼(1), . . . , p↼(n))|
2d0n

m(p1, . . . , pn)

=

∫

Xn
m

|f(p1, . . . , pn)↓ h(p1, . . . , pn)|
2d0n

m(p1, . . . , pn) ⇔ ς2.

Averaging over ▷ and applying the triangle inequality for the L2 norm, we see that the
function

g(p1, . . . , pn) :=
1

n!

∑

↼↗Sn

h(p↼(1), . . . , p↼(n))
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is within distance ς from f . This proves the above claim.
It only remains to prove that functions of the form f1(p1) · · · fn(pn), where f1, . . . , fn ↑

S(Xm,C), span a dense subspace of L2
(0n

m). Take any f ↑ L2
(0n

m), and let h := f↼→1,
where ↼ is the projection map from Xm to R3. Then by the definition of 0m, we have

∫

(R3)n

|h(q1, . . . , qn)|2

2q1 · · ·2qn

dq1 · · · dqn < ⇑,

where 2q =

↔q↔2 +m2, as before. In other words, the function h is in L2

(µn
m), where µm

is the measure on R3 that has density (22q)
→1 with respect to Lebesgue measure. By the

dominated convergence theorem, L2
(µn

m) functions on (R3
)
n that vanish outside a bounded

region are dense in L2
(µn

m). By Theorem A.2.9, linear combinations of indicator functions of
(R3

)
n-rectangles are L2

(µn
m)-dense in the space of such functions. But indicator functions of

(R3
)
n-rectangles are of the form u1(q1) · · ·un(qn), where u1, . . . , un are indicator functions

of R3-rectangles. It is not hard to show that indicator functions of R3-rectangles can
be arbitrarily well-approximated in L2

(µm) by Schwartz functions. This completes the
proof.

The isomoprhism 1 between H and B constructed above gives us a way to identify any
state of the free quantum field of mass m in R4 with a unique state in the bosonic Fock
space B, and vice versa. In this way, the free quantum field can be seen as representing an
indeterminate system of scalar bosons of mass m, and conversely.

4.8 Time evolution on Fock space

The gist of what we have accomplished in this chapter until now is that the states of the
free quantum field are in a one-to-one correspondence with the states of a system of bosons,
where the number of bosons is indeterminate. The correspondence is given by the map 1

defined in equation (4.7.1). Therefore, the evolution of a state of the free quantum field over
time should correspond to the time evolution of the corresponding state for the system of
bosons. The following theorem shows that on the boson side, this evolution is particularly
simple: the bosons just evolve as free non-interacting particles, and the number of bosons
remains constant.

Theorem 4.8.1. Take any n → 1 and f1, . . . , fn ↑ S(Xm,C). In the Fock space representa-
tion of the free quantum field, the state

φ(p1, . . . , pn) =
1

↘
n!

∑

↼↗Sn

f1(p↼(1)) · · · fn(p↼(n)) ↑ Bn
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evolves as

U(t)φ(p1, . . . , pn) =
1

↘
n!

∑

↼↗Sn

(e→itpε(1),0f1(p↼(1))) · · · (e
→itpε(n),0fn(p↼(n)))

= e→it
∑n

j=1 pj,0φ(p1, . . . , pn),

where pj,0 denotes the first coordinate of pj. The time evolution operator U(t) extends to
the full Hilbert space B by linearity and continuity.

Proof. Let H = L2
(A, C, µ) be the Hilbert space for the free quantum field, defined in

Section 3.7, where A = RS(R3
,R) and µ is the law of the time slice ↽0 of the Euclidean free

field ↽. Define the random field φ using ↽0 as in Section 4.7, and instead of φ, let us call
this field φ0. Take any n → 1 and f1, . . . , fn, g1, . . . , gn ↑ S(Xm,C). Let F,G ↑ H be the
states

F (↽0) := :φ0(f1) · · ·φ0(fn):, G(↽0) := :φ0(g1) · · ·φ0(gn): .

Take any t → 0. Let φt be defined using ↽t using the same prescription as was used for
defining φ0 using ↽0. Let (P (t))t↘0 be the semigroup for the Euclidean free field. Then by
Theorem B.2.9,

E(G(↽0)P (t)F (↽0)) = E(G(↽0)F (↽t))

= E(:φ0(g1) · · ·φ0(gn)::φt(f1) · · ·φt(fn):)

=

∑

↼↗Sn

n∏

j=1

E(φ0(gj)φt(f↼(j))). (4.8.1)

Take any f, g ↑ S(R3,R). Proceeding exactly as in the proof of Lemma 4.5.1, one can get
the identities

Cov(Re ↽̂0(f), Im ↽̂t(g)) = 0,

Cov(Re ↽̂0(f),Re ↽̂t(g)) =
(2↼)3

4

∫

R3

e→tωq

22q

(f(q) + f(↓q))(g(q) + g(↓q))dq,

Cov(Im ↽̂0(f), Im ↽̂t(g)) =
(2↼)3

4

∫

R3

e→tωq

22q

(f(q)↓ f(↓q))(g(q)↓ g(↓q))dq,

where 2q =

↔q↔2 +m2, as usual. Now recall that for q ↑ R3, the point p = ↼→1q ↑ Xm is

given by p = (2q, q). Thus, using the above identities and proceeding as in the proof of
Corollary 4.5.2, we obtain, for any f, g ↑ S(Xm,C),

E(φ0(f)φt(g)) =

∫

Xm

e→tp0f(p)g(p)d0m(p),

where p0 is the first coordinate of p and p is obtained by flipping the signs of the last three
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coordinates of p. Combining this with equation (4.8.1), we get

E(G(↽0)P (t)F (↽0)) =
∑

↼↗Sn

n∏

j=1

∫

Xm

e→tp0gj(p)f↼(j)(p)d0m(p).

Let (U(t))t↗R be the time evolution group for the free quantum field. Then by the above
formula and Theorem 2.5.1, it follows that

E(G(↽0)U(t)F (↽0)) =
∑

↼↗Sn

n∏

j=1

∫

Xm

e→itp0gj(p)f↼(j)(p)d0m(p). (4.8.2)

Now, given f1, . . . , fn, let us choose g1, . . . , gn as

gj(p) := e→itp0fj(p) = eitp0fj(p).

We claim that U(t)F = G. To see this, note that since U(t) is a unitary operator,

↔U(t)F ↓G↔
2
H = ↔U(t)F↔

2
H + ↔G↔

2
H ↓ 2Re(↖U(t)F,G↙)

= ↔F↔
2
H + ↔G↔

2
H ↓ 2Re(↖U(t)F,G↙)

= E(|F (↽0)|
2
) + E(|G(↽0)|

2
)↓ 2Re(E(G(↽0)U(t)F (↽0))).

Applying the identity (4.8.2), we get

E(|F (↽0)|
2
) = E(F (↽0)U(0)F (↽0)) =

∑

↼↗Sn

n∏

j=1

∫

Xm

fj(p)f↼(j)(p)d0m(p),

E(|G(↽0)|
2
) = E(G(↽0)U(0)G(↽0)) =

∑

↼↗Sn

n∏

j=1

∫

Xm

gj(p)g↼(j)(p)d0m(p)

=

∑

↼↗Sn

n∏

j=1

∫

Xm

fj(p)f↼(j)(p)d0m(p),

E(G(↽0)U(t)F (↽0)) =
∑

↼↗Sn

n∏

j=1

∫

Xm

e→itp0gj(p)f↼(j)(p)d0m(p)

=

∑

↼↗Sn

n∏

j=1

∫

Xm

fj(p)f↼(j)(p)d0m(p).

Thus, the quantities E(|F (↽0)|
2
), E(|G(↽0)|

2
), and E(G(↽0)U(t)F (↽0)) are equal. This

shows, in particular, that E(G(↽0)U(t)F (↽0)) is real. This completes the proof of the claim
that U(t)F = G. It is easy to see that this proves the theorem.
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Chapter 5

Perturbative Renormalization

5.1 The heuristic algorithm

The idea of perturbative renormalization can be mathematically formulated as follows.
Suppose we have a family of real-valued functions {f!}!>0 on Rk. For ϖ ↑ Rk, f!(ϖ)

represents the expected value of a measurement in an experiment, with ϖ denoting the
vector of parameter values in a model and % denoting a ‘cuto!’ parameter. The idealized
model that we use has % = ⇑, but the model that reflects reality has an unknown (but
large) value of %. Our theory lets us compute f!(ϖ) as a formal power series in ϖ:

f!(ϖ) =
∑

m↗Zk
↔0

a!,mϖm, (5.1.1)

where Z↘0 is the set of nonnegative integers and for m = (m1, . . . ,mk) ↑ Zk

↘0 and
ϖ = (ϖ1, . . . , ϖk) ↑ Rk, ϖm denotes the product ϖm1

1 · · · ϖmk
k

.
The problem is that if we substitute % = ⇑ as in the idealized model, then some or

most of the coe"cients in the above power series turn out to be infinity. On the other hand,
the true value of %, while large, is unknown. We cannot hope to estimate ϖ from the value
of f!(ϖ) without knowing %. But we can still hope to meet the following kind of objective.
Suppose we want to predict the expected outcome h!(ϖ) of some other experiment involving
the same system, again known as a power series

h!(ϖ) =
∑

m↗Zk
↔0

b!,mϖm.

It turns out that in some situations, it may be possible to approximately calculate h!(ϖ)

using only the observed value of f!(ϖ), solely under the assumption that % is large, without
knowing the value of %. The procedure for doing this, described below, is called perturbative
renormalization.

There are various approaches to perturbative renormalization. We will focus on the
most popular approach, known as the counterterm method. In the counterterm method, we
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replace each ϖj by a perturbation series in a single parameter g:

ϖj =
↑∑

r=1

c!,j,rg
r.

A very important fact is that the above sum starts from m = 1 instead of m = 0. This
allows the following. Substituting the above value of ϖj in equation (5.1.1), we get

f!(ϖ) =
∑

m↗Zk
↔0

a!,m

[ k∏

j=1

( ↑∑

r=1

c!,j,rg
r

)
mj

]
=

↑∑

n=1

d!,ng
n,

where d!,0 = a!,0, and for n → 1, d!,n is the sum of products of the form

a!,m

k∏

j=1

mj∏

q=1

c!,j,rj,q ,

over all m ↑ Zk

↘0 and positive integers rj,q such that
∑

k

j=1

∑mj

q=1 rj,q = n. The goal is to
choose the c’s in such a way that d!,n does not depend on the cuto! parameter %. Suppose
we fix a collection of coe"cients d1, d2, . . . and try to find c’s so that

d!,n = dn for each n → 1. (5.1.2)

Now, any m that appears in the expression for d!,n above must satisfy
∑

k

j=1mj ⇔ n,
because rj,q → 1 for each j, q, and

∑
k

j=1

∑mj

q=1 rj,q = n. This shows that each equation in
the system of equations (5.1.2) is a linear equation involving a finite number of variables,
which we can hope to solve inductively. Once that is done, we end up with the expression

f!(ϖ) = f!(0) +
↑∑

n=1

dng
n. (5.1.3)

Suppose that, following the same steps, and with the same set of c’s, we have a similar
expression for h!(ϖ):

h!(ϖ) = h!(0) +
∑

n=1

e!,ng
n. (5.1.4)

Suppose that f!(0) and h!(0) approach known finite limits as % ⇒ ⇑, and for each n, e!,n
converges to a finite limit en. Then, given the experimental value of f!(ϖ), our prediction
procedure for h!(ϖ) will go as follows. First, estimate g from the observed value of f!(ϖ)
and equation (5.1.3). This may be possible to do without knowing % because we know the
dn’s and the limiting value of f!(0) as % ⇒ ⇑. Once we have recovered the value of g,
we can substitute that in equation (5.1.4) to estimate h!(ϖ) (again, because we know the
limiting values of h!(ϖ) and e!,n as % ⇒ ⇑).
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5.2 A toy example

Before proceeding further, let us work out the perturbative renormalization heuristic in a
toy example, just to see it in action. Take k = 1. Suppose that for % > 0 and ϖ → ↓

1
4! ,

f!(ϖ) =

↘
1 + 4%ϖ ↓ 1

2%
,

where the square root denotes the positive square root. It is simple to check that the Taylor
series expansion of f! at 0 is given by

f!(ϖ) =
↑∑

m=1

( 1
2

m

)
2
2m→1

%
m→1ϖm, (5.2.1)

with radius of convergence ↓
1
4! . Note that all but the first coe"cient blow up as % ⇒ ⇑.

Also, let

h!(ϖ) :=
ϖ

%
.

Suppose we have an experiment where the theory predicts that the outcome has expected
value f!(ϖ), and another experiment where the outcome is h!(ϖ). Here % and ϖ are both
unknown, and % is large. The goal is to estimate the value of h!(ϖ), having observed the
value of f!(ϖ).

The perturbative renormalization approach via counterterms would go as follows. First,
let us replace ϖ by a power series in a new parameter g:

ϖ =

↑∑

r=1

c!,rg
r.

Substituting this in equation (5.2.1), we get

f!(ϖ) =
↑∑

m=1

( 1
2

m

)
2
2m→1

%
m→1

( ↑∑

r=1

c!,rg
r

)
m

=

↑∑

m=1

d!,mgm,

where

d!,m =

m∑

n=1

(1
2

n

)
2
2n→1

%
n→1

( ∑

1↔r1,...,rn↔m,

r1+···+rn=m

n∏

l=1

c!,rl

)
.

We want to choose the c’s such that the d’s do not depend on %. To make a guess, let us
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compute the first few d’s. By the above formula,

d!,1 = c!,1,

d!,2 = c!,2 ↓ %c2!,1,

d!,3 = c!,3 ↓ 2%c!,1c!,2 + 2%
2c3!,1,

d!,4 = c!,4 ↓ %(2c!,1c!,3 + c2!,2) + 6%
2c2!,1c!,2 ↓ 5%

3c4!,1.

Suppose we choose c!,1 = 1, so that d!,1 = 1. To make d!,2 free of %, let us try to make
it equal to zero. Since c!,1 = 1, this forces c!,2 = %. Next, to make d!,3 = 0, we see that
it su"ces to set c!,3 = 0. Finally, with c!,1 = 1, c!,2 = %, and c!,3 = c!,4 = 0, we get
d!,4 = 0. The emerging pattern suggests that if we choose c!,1 = 1, c!,2 = %, and c!,r = 0

for all r → 3, we will get d!,m = 0 for all m → 3. Indeed, this is true. To see this, take any
m → 3. By our choice of the c’s, the product


n

l=1 c!,rl is zero if at least one rj → 3. Now,
for the existence of r1, . . . , rn ↑ {1, 2} such that r1 + · · ·+ rn = m, we need n → ∀

1
2m∃. For

any such n and r1, . . . , rn, exactly m↓ n of the rj ’s are 2 and the rest are 1. Thus,

∑

1↔r1,...,rn↔m,

r1+···+rn=m

n∏

l=1

c!,rl =

(
n

m↓ n

)
%
m→n.

This gives

d!,m =

m∑

n=↖
1
2m↙

(1
2

n

)
2
2n→1

%
m→1

(
n

m↓ n

)
.

To see that this is zero, note that for |x| < 1
4 ,

↘
1 + 4x =

↑∑

n=0

(1
2

n

)
(4x)n, (5.2.2)

where the left side denotes the positive square root of 1 + 4x. Now, if |x| < 1
5 , then

|x+ x2| < 1
4 . Thus, for |x| < 1

5 , substituting x+ x2 in place of x on both sides above, we
get


1 + 4(x+ x2) =

↑∑

n=0

(1
2

n

)
4
nxn(1 + x)n

=

↑∑

n=0

n∑

j=0

(1
2

n

)
4
nxn

(
n

j

)
xj

=

↑∑

m=0

xm




m∑

n=↖
1
2m↙

(1
2

n

)(
n

m↓ n

)
4
n



 .
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Combining, we get

1 + 2x =


1 + 4(x+ x2) = 1 +

↑∑

m=1

2d!,mxm.

Equating coe"cients, we see that d!,m = 0 for all m → 3.
To summarize, we have shown the following. Reparametrizing ϖ = g + %g2, we get

↑∑

m=1

( 1
2

m

)
2
2m→1

%
m→1ϖm = g. (5.2.3)

Thus, the above renormalization has resulted in the ‘cancellation of infinities’ of the original
power series (5.2.1) for f!, because there are no coe"cients that blow up as % ⇒ ⇑. Now,
if we apply the same renormalization to h!, we get

h!(ϖ) =
g + %g2

%
=

g

%
+ g2. (5.2.4)

Physicists would say that by equations (5.2.3) and (5.2.4), if % is large, then we can estimate
h!(ϖ) as approximately equal to the square of the observed value of f!(ϖ) (as long as this
observed value is not huge), without knowing the values of % and ϖ.

5.3 The paradoxical nature of perturbative renormalization

There is a well-known reason to be suspicious of the validity of perturbative renormalization.
Consider the toy example from the previous section. As noted earlier, the radius of
convergence of the power series (5.2.1) for f! is of order 1/%. Now recall that the new
parameter g is related to ϖ as ϖ = g + %g2. Also, a simple calculation (given below) shows
that f!(ϖ) = g. So if the observed value of f!(ϖ) is not tiny, the value of ϖ is huge — of
order % instead of 1/%. Thus, there is no way that the power series expansion (5.2.1) equals
the actual value of f!(ϖ) for this value of ϖ; in fact, the power series diverges. This is a
paradox at the heart of perturbative renormalization: Taylor expansion is used to justify
calculations at parameter values that are far away from the point around which the Taylor
expansion is taken. Often, the original series is vigorously divergent at the location where
it is evaluated. So, does it give any meaningful result at all?

We will now see why the result that h!(ϖ) ▽ f!(ϖ)2 that we obtained in the previous
section is actually sensible for the toy example. The key observation is that for g → ↓

1
2! ,

the reparametrization ϖ = g + %g2 gives

f!(ϖ) =


1 + 4%(g + %g2)↓ 1

2%

=


(1 + 2%g)2 ↓ 1

2%
= g.
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Since
h!(ϖ) =

g

%
+ g2,

this shows that indeed, h!(ϖ) ▽ f!(ϖ)2 when f!(ϖ) is nonnegative and neither tiny nor
huge.

Therefore, for this toy example, the heuristic algorithm for perturbative renormalization
led us to the correct conclusion, in spite of our cavalier application of the Taylor series
expansion of f! far away from the region where it is valid. Is this an accident? In the next
section, we will show that it is not. There is a general principle that may lend validity to
the perturbative renormalization heuristic in various situations.

5.4 A rigorous criterion

To summarize the preceding discussion, the paradox at the center of perturbative renormal-
ization consists of the following:

• There is a function f : Rk
⇒ R whose power series expansion at the origin has a very

small radius of convergence.

• We find a renormalization map R : R ⇒ Rk, usually with R(0) = 0, such that the
power series expansion of f ∈R at the origin has a large radius of convergence. This
is done by inductively determining the coe"cients in the power series expansion of R
at the origin, such that the coe"cients of f ∈R are ‘not large’. This is an abstraction
of the notion of ‘canceling infinities’ from the physics literature.

• Then, we compute f(R(x)) using the power series expansion of f ∈R at the origin,
for arbitrary x within the radius of convergence of this series. Since R(x) may not
necessarily be within the radius of convergence of the power series of f at the origin,
this casts doubt on the validity of this approach.

We have already seen an example where this works. We will now present a theorem which
gives a general criterion for the validity of this approach. We will then see a counterexample
where the criterion does not hold, and the approach does not give the correct result.

Theorem 5.4.1. Let f : ” ⇒ C and R : $ ⇒ Rk be analytic functions, where ” ↗ Rk and
$ ↗ R are open connected sets that contains the origin and R(0) = 0. Define u := f ∈R on
R→1

(”). Let u be the function defined by the power series of u at the origin on its domain
of convergence D. Let U be the connected component of D≃R→1

(”) that contains the origin.
Then u = u on U .

Proof. First, note that R→1
(”) is an open set, since R continuous. Moreover, it contains

the origin, since R(0) = 0 ↑ ”. Since f and R are both analytic on their respective domains,
and compositions of analytic functions are analytic [15, Proposition 2.2.8], we conclude
that u does indeed have a power series expansion at the origin with a strictly positive
radius of convergence. Since R→1

(”) and D are open sets containing the origin, there is a
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small enough open ball W centered at the origin that is contained in both R→1
(”) and D.

Clearly, u = u on W . Now, U is an open connected set, u and u are analytic on U , and
u = u on W , which is a nonempty open subset of U . By the identity theorem for analytic
functions [15, Corollary 1.2.7], we conclude that u = u everywhere on U .

5.5 An example and a counterexample

Recall that in our toy example from Sections 5.2 and 5.3,

f!(ϖ) =

↘
1 + 4%ϖ ↓ 1

2%

for % > 0 and ϖ → ↓
1
4! . We claim that f! is analytic on (↓

1
4! ,⇑). To see this, consider

the analytic branch of square root on C \ (↓⇑, 0], given by

↘

reiς :=
↘
re

1
2 iς, r > 0, ↓↼ < ϖ < ↼.

If we define
f!(z) :=

↘
1 + 4%z ↓ 1

2%

with this choice of square root, then f! is analytic on C \ (↓⇑,↓ 1
4! ]. In particular, its

restriction to ”! := (↓
1
4! ,⇑) is analytic.

Recall that the renormalization map R! : R ⇒ R was chosen to be R!(g) := g + %g2

for g ↑ R. We claim that R→1
! (”!) = R \ {↓

1
2!}. To see this, simply note that R!(x) /↑ ”!

if and only if x+ %x2 ⇔ ↓
1
4! , which is equivalent to (2%x+ 1)

2
⇔ 0. This happens if and

only if x = ↓
1
2! .

Finally, recall that the power series expansion of u! := f! ∈R! at the origin is simply
the function u!(x) = x, as shown by the calculations in Section 5.2. Thus, the domain D in
Theorem 5.4.1 is the entire real line in this example. Therefore, the connected component of
R→1

! (”!) ≃D that contains the origin is the open interval (↓ 1
2! ,⇑). Thus, Theorem 5.4.1

tells us that if g > ↓
1
2! , then f!(R!(g)) = g. Note that this could also be determined by

direct calculation in this example.
What about g’s that do not satisfy the above criterion, but for which f!(R!(g)) is

well-defined since R!(g) is in the domain of f!? Note that this consists precisely of all g
strictly less than ↓

1
2! . Take any such g. Then 1 + 2%g < 0, which means that


(1 + 2%g)2 = ↓1↓ 2%g.

Thus, if g < ↓
1
2! , we get

f!(R!(g)) =


(1 + 2%g)2 ↓ 1

2%
= ↓

1

%
↓ g,

which is not equal to g, even asymptotically as % ⇒ ⇑.
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Chapter 6

Heuristics for ω44 Theory

6.1 Perturbative expansion of ω4
4

theory

We saw in Section 4.8 that the free quantum field corresponds to noninteracting bosons.
This is an ‘uninteresting’ quantum field theory, because particles do not interact, nor does
it admit creation and annihilation of particles. The simplest toy model for an interacting
quantum field theory is ω4

4 theory. The action for ω4
4 is obtained by adding a quartic term

to the action for the free theory, as follows:

S(↽) =

∫

R4

(
1

2
(ϑt↽(t, x))

2
↓

1

2
↔∋↽(t, x)↔2 ↓

m2

2
↽(t, x)2 ↓

0

4!
↽(t, x)4

)
dtdx.

(The subscript 4 in ω4
4 stands for the dimension, which in this case is 4. The superscript

denotes the quartic term in the action.) In this chapter, we will carry out the (heuristic)
perturbative renormalization of ω4

4 theory. Recall that by equation (2.3.3), the vacuum
expectation value of a function L(ω) of this quantum field is given by

↖”|L(ω)|”↙ =

∫
L(↽)eiS(⇀)D↽∫

eiS(⇀)D↽
.

For notational simplicity, we will denote the above quantity by ↖L↙. Our goal is to apply
the perturbative renormalization heuristic to calculate ↖L↙ for various kinds of L.

First of all, note that by rescaling ↽ in the path integrals, we can add a parameter in
front of the squared gradient terms in the action. To put things in the framework introduced
in the previous chapter, let us write the resulting action as

S(↽) =

∫

R4

(
1

2
(1 + ϖ1)[(ϑt↽(t, x))

2
↓ ↔∋↽(t, x)↔2]

↓
1

2
(m2

+ ϖ2)↽(t, x)
2
↓

ϖ3
4!
↽(t, x)4

)
dtdx,

where ϖ1, ϖ2, ϖ3 are parameters of the model, to be determined from data, and m is a known
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constant. Next, let us decompose S as

S(↽) = S0(↽) + ϖ1S1(↽) + ϖ2S2(↽) + ϖ3S3(↽),

where

S0(↽) :=

∫

R4

(
1

2
[(ϑt↽(t, x))

2
↓ ↔∋↽(t, x)↔2]↓

1

2
m2↽(t, x)2

)
dtdx,

S1(↽) :=
1

2

∫

R4
[(ϑt↽(t, x))

2
↓ ↔∋↽(t, x)↔2]dtdx,

S2(↽) := ↓
1

2

∫

R4
↽(t, x)2dtdx,

S3(↽) := ↓
1

4!

∫

R4
↽(t, x)4dtdx.

Let ↖·↙0 denote the vacuum expectation value with respect to the action S0 (i.e., the free
field). Note that for any L, we can heuristically express ↖L↙ as

↖L↙ =
↖L(ω)eiς1S1(1)+iς2S2(1)+iς3S3(1)↙0

↖eiς1S1(1)+iς2S2(1)+iς3S3(1)↙0
.

The first step towards renormalization is to expand the above as a power series in ϖ1, ϖ2, ϖ3.
Formally, we have

↖L↙ =
∑

m↗Z3
↔0

amϖm, (6.1.1)

where ϖm := ϖm1
1 ϖm2

2 ϖm3
3 , and

am =
1

m1!m2!m3!

ϑm1+m2+m3↖L↙

ϑϖm1
1 ϑϖm2

2 ϑϖm3
3

∣∣∣∣
ς1=ς2=ς3=0

. (6.1.2)

It is not hard to see that the above coe"cients can be expressed as expectations with
respect to the free field. To illustrate, let us express the coe"cients up to order two. First,
note that

a0,0,0 = ↖L↙|ς1=ς2=ς3=0 = ↖L↙0.

Next, note that

a1,0,0 =
ϑ↖L↙

ϑϖ1

∣∣∣∣
ς1=ς2=ς3=0

= i(↖LS1↙0 ↓ ↖L↙0↖S1↙0).

Similarly,

a0,1,0 = i(↖LS2↙0 ↓ ↖L↙0↖S2↙0),

a0,0,1 = i(↖LS3↙0 ↓ ↖L↙0↖S3↙0).
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Next, we have

a2,0,0 =
1

2

ϑ2
↖L↙

ϑϖ21

∣∣∣∣
ς1=ς2=ς3=0

= ↓
1

2
(↖LS2

1↙0 ↓ ↖L↙0↖S
2
1↙0) + ↖LS1↙0↖S1↙0 ↓ ↖L↙0↖S1↙

2
0.

Similarly,

a0,2,0 = ↓
1

2
(↖LS2

2↙0 ↓ ↖L↙0↖S
2
2↙0) + ↖LS2↙0↖S2↙0 ↓ ↖L↙0↖S2↙

2
0,

a0,0,2 = ↓
1

2
(↖LS2

3↙0 ↓ ↖L↙0↖S
2
3↙0) + ↖LS3↙0↖S3↙0 ↓ ↖L↙0↖S3↙

2
0.

Finally, note that

a1,1,0 =
1

2

ϑ2
↖L↙

ϑϖ1ϑϖ2

∣∣∣∣
ς1=ς2=ς3=0

= ↓
1

2
(↖LS1S2↙0 ↓ ↖L↙0↖S1S2↙0) +

1

2
(↖LS1↙0 ↓ ↖L↙0↖S1↙0)↖S2↙0

+
1

2
(↖LS2↙0 ↓ ↖L↙0↖S2↙0)↖S1↙0.

The expressions for a1,0,1 and a0,1,1 are similar, obtained by replacing S1, S2 with S1, S3

and S2, S3, respectively.

6.2 First order of perturbation theory

Let us now choose L to be the two-point correlation function in momentum coordinates.
That is,

L(↽) :=
i

(2↼)4
↽(p)↽(q)

for some given p, q ↑ R4, where ↽ denotes the Minkowski space Fourier transform of ↽.
Now, by Corollary A.3.8,

S1(
↽) = 1

2(2↼)4

∫

R4
k2|↽(k)|2dk,

assuming that ↽ ↑ S(R4,R). Since ↽ is real-valued, we have ↽(k) = ↽(↓k). Thus,

S1(
↽) = 1

2(2↼)4

∫

R4
k2↽(k)↽(↓k)dk. (6.2.1)

Similarly, by Theorem A.3.7,

S2(
↽) = ↓

1

2(2↼)4

∫

R4

↽(k)↽(↓k)dk. (6.2.2)
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Lastly, by Theorem A.3.6,

S3(
↽) = ↓

1

4!(2↼)16

∫

R4

(∫

R4
e→i(x,k)↽(k)dk

)4

dx

= ↓
1

4!(2↼)16

∫∫∫∫∫
e→i(x,k+l+m+n)↽(k)↽(l)↽(m)↽(n)dxdkdldmdn.

Applying the heuristic identity

1

(2↼)4

∫

R4
e→i(x,k+l+m+n)dx = δ(4)(k + l +m+ n)

to the above integral (which is easy to justify rigorously when ↽ is a Schwartz function),
we get

S3(
↽) = ↓

1

4!(2↼)12

∫∫∫
↽(k)↽(l)↽(n)↽(↓k ↓ l ↓ n)dkdldn. (6.2.3)

Let us now recall the identity (3.10.1):

↖ω(p)ω(q)↙0 = ↓i(2↼)4δ(4)(p+ q) lim
ϑ≃0

↓1

q2 ↓m2 + iς
. (6.2.4)

First, this implies that

a0,0,0 = ↖L↙0 = ↓δ(4)(p+ q) lim
ϑ≃0

1

p2 ↓m2 + iς
.

Next, applying equation (6.2.1) and Corollary B.2.8, we get

a1,0,0 = i(↖LS1↙0 ↓ ↖L↙0↖S1↙0)

= ↓
1

2(2↼)8

∫
k2(↖ω(p)ω(q)ω(k)ω(↓k)↙0 ↓ ↖ω(p)ω(q)↙0↖ω(k)ω(↓k)↙0)dk

= ↓
1

2(2↼)8

∫
k2(↖ω(p)ω(k)↙0↖ω(q)ω(↓k)↙0 + ↖ω(p)ω(↓k)↙0↖ω(q)ω(k)↙0)dk.

Applying equation (6.2.4), this gives

a1,0,0 = p2δ(4)(p+ q) lim
ϑ≃0

1

(p2 ↓m2 + iς)2
.

A similar calculation using equation (6.2.2) gives

a0,1,0 = ↓δ(4)(p+ q) lim
ϑ≃0

1

(p2 ↓m2 + iς)2
.
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Finally, using equation (6.2.3) and Corollary B.2.8, we get

a0,0,1 =
1

4!(2↼)16

∫∫∫
(↖ω(p)ω(q)ω(k)ω(l)ω(n)ω(↓k ↓ l ↓ n)↙0

↓ ↖ω(p)ω(q)↙0↖ω(k)ω(l)ω(n)ω(↓k ↓ l ↓ n)↙0)dkdldn

=
1

4!(2↼)16

∫∫∫
(↖ω(p)ω(k)↙0↖ω(q)ω(l)↙0↖ω(n)ω(↓k ↓ l ↓ n)↙0

+ 11 similar pairings)dkdldn,

where the ‘similar pairings’ refer to p, q being paired to two of k, l, n,↓k ↓ l ↓ n (and the
other two being paired to each other). By symmetry, the six integrals are equal. Thus,

a0,0,1 = ↓
i

2(2↼)4
lim
ϑ≃0

∫∫∫
δ(4)(p+ k)δ(4)(q ↓ k)δ(4)(↓k ↓ l)

(p2 ↓m2 + iς)(q2 ↓m2 + iς)(n2 ↓m2 + iς)
dkdldn

= ↓ lim
ϑ≃0

iδ(4)(p+ q)

2(2↼)4(p2 ↓m2 + iς)2

∫
1

n2 ↓m2 + iς
dn. (6.2.5)

But note that the integral in the last line is divergent. This is an instance of an ‘infinity’
appearing in the perturbative expansion of ω4

4 theory, which makes it necessary to apply
renormalization. We will now work towards ‘canceling’ this infinity.

6.3 Wick rotation

The following simple Wick rotation argument is very useful for converting integrands from
Minkowski to Euclidean signature.

Lemma 6.3.1. Suppose that f : C ⇒ C is a holomorphic function which has no poles in
the region {x+ iy : xy → 0}. Furthermore, suppose that |f(z)| ⇔ C|z|→1→ϑ in this region for
some C < ⇑ and ς > 0. Then

∫
↑

→↑

dxf(x) = i

∫
↑

→↑

dxf(ix).

Proof. To see this, take some R > 0 and let ε denote the closed contour that goes from ↓R

to R in a straight line, then anticlockwise to iR in a circular arc, then to ↓iR in a straight
line, and finally to ↓R clockwise in a circular arc (see Figure 6.1).

Note that f has no poles enclosed by this contour. The decay condition implies that
the integral contribution on the circular arcs tends to 0 as R ⇒ ⇑. Thus, the result follows
by Cauchy’s theorem and taking R ⇒ ⇑.

As a corollary, we obtain the following.

Corollary 6.3.2. Take any ⇀ > 0, E ↑ R, and ς > 0. Let p be a polynomial of degree
d → 0 with complex coe!cients. Let l be a positive integer such that d↓ 2l < ↓1. Then

∫
↑

→↑

p(x)

(⇀x2 ↓ E + iς)l
dx = i(↓1)

l

∫
↑

→↑

p(ix)

(⇀x2 + E ↓ iς)l
dx.
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R

↓R

iR

0

↓iR

Figure 6.1: The contour ε in the proof of Lemma 6.3.1.

Consequently, if E > 0, then

lim
ϑ≃0

∫
↑

→↑

p(x)

(⇀x2 ↓ E + iς)l
dx = i(↓1)

l

∫
↑

→↑

p(ix)

(⇀x2 + E)l
dx.

Proof. Since ς > 0, it is easy to see that the integrals are both well-defined and finite. Let

f(z) :=
p(z)

(⇀z2 ↓ E + iς)l
.

Then there is some constant C (depending on p, E, ⇀ and ς) such that |f(z)| ⇔ C|z|d→2l

for all |z|. Moreover, observe that for z = x+ iy,

⇀z2 = ⇀(x2 ↓ y2 + 2ixy) = ⇀(x2 ↓ y2) + 2i⇀xy.

So if xy → 0, then Im(⇀z2) → 0, and therefore ⇀z2 ↓ E + iς ⇓= 0. Thus we can apply Wick
rotation (Lemma 6.3.1) and obtain the desired result. The second assertion follows by a
straightforward application of the dominated convergence theorem.

6.4 Regularization by hard cuto!

Recall from Section 6.2 that we ran into trouble while evaluating the coe"cient a0,0,1, which
had the divergent integral ∫

R4

1

k2 ↓m2 + iς
dk

appearing in the formula (6.2.5). Before trying the give a meaning to this integral, let us
convert it into something more manageable via Wick rotation. Fixing k1, k2, k3 ↑ R, note
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that by Corollary 6.3.2,

lim
ϑ≃0

∫

R

1

k2 ↓m2 + iς
dk0 = ↓i

∫

R

1

↔k↔2 +m2
dk0,

where k denotes the vector (k0, k1, k2, k3). Substituting this in equation (6.2.5), we get the
formal identity

a0,0,1 = ↓
1

2(2↼)4

(∫

R4

1

↔k↔2 +m2
dk

)
lim
ϑ≃0

δ(4)(p+ q)

(p2 ↓m2 + iς)2
.

The limit on the right is to be interpreted as a distribution. However, the integral is still
divergent. To ‘tame’ this infinity, we choose a cuto! parameter %, and define

a!,0,0,1 := ↓
1

2(2↼)4

(∫

⇓k⇓↔!

1

↔k↔2 +m2
dk

)
lim
ϑ≃0

δ(4)(p+ q)

(p2 ↓m2 + iς)2
.

Since a0,0,0, a1,0,0, and a0,1,0 do not have the problem of infinities, we define

a!,0,0,0 := a0,0,0, a!,1,0,0 := a1,0,0, a!,0,1,0 := a0,1,0.

Now, the integral in a!,0,0,1 is finite, and evaluates to

2↼2
∫ !

0

r3

r2 +m2
dr = 2↼2

∫ !

0
rdr ↓ 2↼2m2

∫ !

0

r

r2 +m2
dr

= ↼2
%
2
↓ ↼2m2

log

(
1 +

%
2

m2

)
.

Thus,

a!,0,0,1 = ↓
1

32↼2

(
%
2
↓m2

log

(
1 +

%
2

m2

))
lim
ϑ≃0

δ(4)(p+ q)

(p2 ↓m2 + iς)2
. (6.4.1)

6.5 Renormalizing to first order

Following the method described in the previous chapter, we reparametrize

ϖj =
↑∑

r=1

c!,j,rg
r, j = 1, 2, 3.

Our goal is to choose the c’s such that after this substitution, the coe"cients in the
perturbation series of ↖L↙ (which is now a series in g of the form

∑
↑

n=0 dng
n) do not depend

on the cuto! parameter %. We will now ensure that this true for the constant term and the
coe"cient of g. We already know that d0 = a!,0,0,0 has no dependence on %. Next, note
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that

d1 = a!,1,0,0c!,1,1 + a!,0,1,0c!,2,1 + a!,0,0,1c!,3,1

=

[
p2c!,1,1 ↓ c!,2,1 ↓

1

32↼2

(
%
2
↓m2

log

(
1 +

%
2

m2

))
c!,3,1

]
lim
ϑ≃0

δ(4)(p+ q)

(p2 ↓m2 + iς)2
.

Choosing c!,1,1 = 0, c!,3,1 = 1, and

c!,2,1 = ↓
1

32↼2

(
%
2
↓m2

log

(
1 +

%
2

m2

))
,

we get d1 = 0.
To summarize, we have heuristically shown the following. Suppose we restrict attention

to all fields ↽ such that ↽̂(p) = 0 whenever ↔p↔ > %. One can argue that this is the
‘meaning’ of the cuto! % that we imposed in our calculation of a!,0,0,1. Having done that,
suppose we consider the model with action

S(↽) =

∫

R4

(
1

2
[(ϑt↽(t, x))

2
↓ ↔∋↽(t, x)↔2]

↓
1

2
(m2

+ c!g +O(g2))↽(t, x)2 ↓
g +O(g2)

4!
↽(t, x)4

)
dtdx, (6.5.1)

where g is a small parameter and

c! = ↓
1

32↼2

(
%
2
↓m2

log

(
1 +

%
2

m2

))
.

Then the two-point correlation function for this theory, to first order of perturbation theory,
is given by

↖ω(p)ω(q)↙ = ↓i(2↼)4δ(4)(p+ q) lim
ϑ≃0

1

q2 ↓m2 + iς
+O(g2).

6.6 Renormalized Wightman functions

In the previous section, we saw that with a specific choice of coe"cients, the first order
term in the perturbative expansion of the two-point function is no longer dependent on
the cuto! parameter. But this is just the two-point function; we cannot claim to have
successfully carried out renormalization to first order unless this holds for a very large
class of observables. Ideally, we would like for it to hold for n-point functions for all n.
Fortunately, this works out. We will now carry out this computation.

Take any positive integer n. If n is odd, then by the fact that S(↽) = S(↓↽), it follows
that any n-point correlation is zero. So, let us assume that n is even. Since we already
know the answer for n = 2, let us take n → 4. Take any p1, . . . , pn ↑ R4, and let

L(↽) := i
n/2

(2↼)→n↽(p1) · · · ↽(pn).
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Let am, m ↑ Z3
↘0 denote the coe"cients in the Taylor series expansion of ↖L↙, as before.

Then by equation (3.11.3),

a0,0,0 =
∑

E↗Pn

∏

{i,j}↗E

δ(4)(pi + pj) lim
ϑ≃0

↓1

p2
i
↓m2 + iς

,

where Pn is the set of perfect matchings of 1, . . . , n.
By a similar calculation as for the two-point function,

a0,1,0 = i(↖LS2↙0 ↓ ↖L↙0↖S2↙0)

= ↓
i
n/2+1

2(2↼)2n+4

∫
(↖ω(p1) · · · ω(pn)ω(k)ω(↓k)↙0 ↓ ↖ω(p1) · · · ω(pn)↙0↖ω(k)ω(↓k)↙0)dk.

To evaluate the integrand, we use Corollary B.2.8 as before. We have to consider all perfect
matchings of p1, . . . , pn, k,↓k such that k and ↓k are not paired to each other. For each
distinct i, j ↑ {1, . . . , n}, let Pn,i,j be the set of all perfect matchings of {1, . . . , n} \ {i, j}.
Then

i
n/2+1

(2↼)2n+4
↖ω(p1) · · · ω(pn)ω(k)ω(↓k)↙0 ↓ ↖ω(p1) · · · ω(pn)↙0↖ω(k)ω(↓k)↙0

=
i
n/2+1

(2↼)2n+4

∑

1↔i ∝=j↔n

∑

E↗Pn,i,j

↖ω(pi)ω(k)↙0↖ω(pj)ω(↓k)↙0
∏

{a,b}↗E

↖ω(pa)ω(pb)↙0

=

∑

1↔i ∝=j↔n

∑

E↗Pn,i,j

(
δ(4)(pi + k) lim

ϑ≃0

↓1

p2
i
↓m2 + iς

)(
δ(4)(pj ↓ k) lim

ϑ≃0

↓1

p2
j
↓m2 + iς

)

·

∏

{a,b}↗E

(
δ(4)(pa + pb) lim

ϑ≃0

↓1

p2a ↓m2 + iς

)
.

Integrating this expression over k gives

a0,1,0 =
1

2

∑

1↔i ∝=j↔n

∑

E↗Pn,i,j

(
δ(4)(pi + pj) lim

ϑ≃0

1

(p2
i
↓m2 + iς)2

)

·

∏

{a,b}↗E

(
δ(4)(pa + pb) lim

ϑ≃0

↓1

p2a ↓m2 + iς

)
.

Similarly, we have

a0,0,1 = i(↖LS3↙0 ↓ ↖L↙0↖S3↙0)

= ↓
i
n/2+1

4!(2↼)2n+12

∫∫∫
(↖ω(p1) · · · ω(pn)ω(k)ω(l)ω(r)ω(↓k ↓ l ↓ r)↙0

↓ ↖ω(p1) · · · ω(pn)↙0↖ω(k)ω(l)ω(r)ω(↓k ↓ l ↓ r)↙0)dkdldr.

When considering pairings for evaluating the integrand, we have to consider two types of
pairings. First, when two of k, l, r,↓k ↓ l ↓ r are paired to two of p’s, and the two others

111



CHAPTER 6. HEURISTICS FOR ω4
4 THEORY

are matched to each other. Second, when all four of k, l, r,↓k ↓ l ↓ r are paired to four
di!erent p’s.

The total contribution from the first set of pairings comes to

∑

1↔i ∝=j↔n

∑

E↗Pn,i,j

↖ω(pi)ω(k)↙0↖ω(pj)ω(l)↙0↖ω(r)ω(↓k ↓ l ↓ r)↙0
∏

{a,b}↗E

↖ω(pa)ω(pb)↙0

+ 11 similar terms.

Multiplying this by i
n/2+2

(2↼)→2n→8 and integrating over k, l, r, equation (3.11.3) gives

12 lim
ϑ≃0

∑

1↔i ∝=j↔n

∑

E↗Pn,i,j

( ∏

{a,b}↗E

↓δ(4)(pa + pb)

p2a ↓m2 + iς

)
δ(4)(pi + pj)

(p2
i
↓m2 + iς)2

∫
1

r2 ↓m2 + iς
dr.

To tame the infinity arising from the integral on the right, we first Wick rotate and then
introduce a hard cuto! as before, by replacing the above integral with

i

∫

⇓r⇓↔!

1

↔r↔2 +m2 ↓ iς
dr.

For distinct i, j, i⇒, j⇒ ↑ {1, . . . , n}, let Pn,i,j,i→,j→ denote the set of all perfect matchings of
{1, . . . , n} \ {i, j, i⇒, j⇒}. Then, the total contribution from of the second set of pairings
amounts to

∑

1↔i,j,i
→
,j

→
↔n,

i,j,i
→
,j

→ distinct

∑

E↗Pn,i,j,i→,j→

↖ω(pi)ω(k)↙0↖ω(pj)ω(l)↙0

· ↖ω(pi→)ω(pr)↙0↖ω(pj→)ω(↓k ↓ l ↓ r)↙0
∏

{a,b}↗E

↖ω(pa)ω(pb)↙0

When this is multiplied by i
n/2+2

(2↼)→2n→8 and integrated over k, l, r, equation (3.11.3)
gives

lim
ϑ≃0

∑

1↔i,j,i
→
,j

→
↔n,

i,j,i
→
,j

→ distinct

∑

E↗Pn,i,j,i→,j→

(
δ(4)(pi + pj + pi→ + pj→)

(p2
i
↓m2 + iς)(p2

j
↓m2 + iς)(p2

i→ ↓m2 + iς)(p2
j→ ↓m2 + iς)

)

·

∏

{a,b}↗E

↓δ(4)(pa + pb)

p2a ↓m2 + iς
.

If a!,0,0,1 denotes the coe"cient obtained from the above calculations (after the hard cuto!),
then the coe"cient of g in the expansion of ↖L↙ is equal to a0,1,0c! + a!,0,0,1, since we are
working with the same c’s as before. An easy verification shows that by our choice of c!,
the contribution from the first set of pairings in the calculation of a!,0,0,1 exactly cancels
our a0,1,0c!. Thus, we are left with the contributions from the second set of pairings, which
have no infinities.

To summarize, we get the following result. With the renormalized action displayed in
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equation (6.5.1), the momentum space Wightman function has the first order expansion

W (p1, . . . , pn) =
i
n/2

(2↼)2n
↖ω(p1) · · · ω(pn)↙

=

∑

E↗Pn

∏

{i,j}↗E

δ(4)(pi + pj) lim
ϑ≃0

↓1

p2
i
↓m2 + iς

+
ig

(2↼)4
lim
ϑ≃0

∑

1↔i<j<i→<j→↔n

∑

E↗Pn,i,j,i→,j→

( ∏

{a,b}↗E

↓δ(4)(pa + pb)

p2a ↓m2 + iς

)

·

(
δ(4)(pi + pj + pi→ + pj→)

(p2
i
↓m2 + iς)(p2

j
↓m2 + iς)(p2

i→ ↓m2 + iς)(p2
j→ ↓m2 + iς)

)

+O(g2).

Thus, our renormalization scheme successfully renormalizes (to first order) the n-point
correlation functions for all n.
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Chapter 7

Heuristics for ω43 Theory

7.1 Perturbative expansion of ω4
3

theory

We will now investigate the analogue of ω4
4 when the dimension of space is two, instead of

three. This is known as ω4
3 theory. It is an example of a ‘super-renormalizable’ theory — a

term that will be explained later in the chapter. The action is now

S(↽) =

∫

R3

(
1

2
(ϑt↽(t, x))

2
↓

1

2
↔∋↽(t, x)↔2 ↓

m2

2
↽(t, x)2 ↓

0

4!
↽(t, x)4

)
dtdx,

where now x is integrated over R2 and ∋ denotes the spatial gradient in R2. As in Chapter 6,
we work formally with vacuum expectation values

↖L↙ =

∫
L(↽)eiS(⇀) d↽∫

eiS(⇀) d↽
,

and we denote by ↖·↙0 the corresponding expectation for the free action. Exactly as before,
by rescaling ↽ in the path integrals we may insert parameters in front of the kinetic, mass,
and quartic terms. Write

S(↽) =

∫

R3

(
1

2
(1 + ϖ1)

[
(ϑt↽(t, x))

2
↓ ↔∋↽(t, x)↔2

]

↓
1

2
(m2

+ ϖ2)↽(t, x)
2
↓

ϖ3
4!
↽(t, x)4

)
dtdx.

Decompose
S(↽) = S0(↽) + ϖ1S1(↽) + ϖ2S2(↽) + ϖ3S3(↽),
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where

S0(↽) :=

∫

R3

(
1

2

[
(ϑt↽(t, x))

2
↓ ↔∋↽(t, x)↔2

]
↓

m2

2
↽(t, x)2

)
dtdx,

S1(↽) :=
1

2

∫

R3

[
(ϑt↽(t, x))

2
↓ ↔∋↽(t, x)↔2

]
dtdx,

S2(↽) := ↓
1

2

∫

R3
↽(t, x)2 dtdx,

S3(↽) := ↓
1

4!

∫

R3
↽(t, x)4 dtdx.

Then, for any observable L,

↖L↙ =

〈
L(ω) eiς1S1(1)+iς2S2(1)+iς3S3(1)

〉
0〈

eiς1S1(1)+iς2S2(1)+iς3S3(1)
〉
0

. (7.1.1)

Expanding formally in powers of ϖ1, ϖ2, ϖ3 gives

↖L↙ =
∑

m↗Z3
↔0

am ϖm, ϖm := ϖm1
1 ϖm2

2 ϖm3
3 ,

with
am =

1

m1!m2!m3!

ϑm1+m2+m3↖L↙

ϑϖm1
1 ϑϖm2

2 ϑϖm3
3

∣∣∣∣
ς1=ς2=ς3=0

.

As in the ω4
4 case, these coe"cients can be expressed in terms of free-field correlators. For

example,

a0,0,0 = ↖L↙0,

a1,0,0 = i(↖LS1↙0 ↓ ↖L↙0↖S1↙0),

a0,1,0 = i(↖LS2↙0 ↓ ↖L↙0↖S2↙0),

a0,0,1 = i(↖LS3↙0 ↓ ↖L↙0↖S3↙0),

and similarly for the second order coe"cients.

7.2 First order of perturbation theory

We now take L to be the two-point function in momentum coordinates. Let

L(↽) :=
i

(2↼)3
↽(p)↽(q), p, q ↑ R3,

where ↽ denotes the Minkowski Fourier transform on R3. As in Chapter 6, we express
S1, S2, S3 in momentum variables. For a real field ↽ we have ↽(k) = ↽(↓k). Thus,

S1(
↽) = 1

2(2↼)3

∫

R3
k2 ↽(k)↽(↓k)dk, (7.2.1)
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where k2 now denotes the Minkowski norm in R1,2:

k2 := k20 ↓ k21 ↓ k22.

Similarly

S2(
↽) = ↓

1

2(2↼)3

∫

R3

↽(k)↽(↓k)dk. (7.2.2)

For the quartic term, we write

S3(↽) = ↓
1

4!(2↼)12

∫

R3

(∫

R3
e→i(x,k)↽(k) dk

)4

dx

= ↓
1

4!(2↼)12

∫∫∫∫
e→i(x,k+l+m+n)↽(k)↽(l)↽(m)↽(n)dxdkdldmdn.

Using
1

(2↼)3

∫

R3
e→i(x,k+l+m+n) dx = δ(3)(k + l +m+ n),

we obtain

S3(↽) = ↓
1

4!(2↼)9

∫∫∫
↽(k)↽(l)↽(n)↽(↓k ↓ l ↓ n)dkdldn. (7.2.3)

It is not hard to show that the free two-point function in momentum space is the 3D
analogue of the 4D free two-point function:

↖ω(p)ω(q)↙0 = ↓i(2↼)3δ(3)(p+ q) lim
ϑ≃0

↓1

q2 ↓m2 + iς
. (7.2.4)

Hence
a0,0,0 = ↖L↙0 = ↓δ(3)(p+ q) lim

ϑ≃0

1

p2 ↓m2 + iς
.

Next, using (7.2.1) and Wick’s rule exactly as in Chapter 6,

a1,0,0 = i(↖LS1↙0 ↓ ↖L↙0↖S1↙0)

= ↓
1

2(2↼)6

∫

R3
k2
(
↖ω(p)ω(k)↙0↖ω(q)ω(↓k)↙0 + ↖ω(p)ω(↓k)↙0↖ω(q)ω(k)↙0

)
dk,

which, upon using (7.2.4), yields

a1,0,0 = p2 δ(3)(p+ q) lim
ϑ≃0

1

(p2 ↓m2 + iς)2
.

Similarly, from (7.2.2),

a0,1,0 = ↓δ(3)(p+ q) lim
ϑ≃0

1

(p2 ↓m2 + iς)2
.
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Finally, using (7.2.3) and Wick’s rule, one finds (with the same combinatorics as before: 12

pairings contribute equally) that

a0,0,1 = ↓ lim
ϑ≃0

i δ(3)(p+ q)

2(2↼)3(p2 ↓m2 + iς)2

∫

R3

1

n2 ↓m2 + iς
dn. (7.2.5)

The integral diverges. Thus, even in ω4
3 theory, perturbation theory produces an infinity at

first order in the two-point function (a “tadpole” divergence). We now tame this divergence
by Wick rotation and a hard ultraviolet cuto!.

7.3 Regularization by hard cuto!

In (7.2.5) the problematic factor is
∫

R3

1

n2 ↓m2 + iς
dn.

We Wick rotate in the time component. Write n = (n0, n1, n2) ↑ R3 and fix n1, n2.
Applying Corollary 6.3.2 with p ∞ 1, l = 1, and E = n2

1 + n2
2 +m2 gives

lim
ϑ≃0

∫

R

1

n2 ↓m2 + iς
dn0 = ↓i

∫

R

1

↔n↔2 +m2
dn0,

where now ↔n↔2 := n2
0 + n2

1 + n2
2 is the Euclidean square. Substituting into (7.2.5), we

obtain the formal identity

a0,0,1 = ↓
1

2(2↼)3

(∫

R3

1

↔n↔2 +m2
dn

)
lim
ϑ≃0

δ(3)(p+ q)

(p2 ↓m2 + iς)2
.

The Euclidean integral still diverges, so we introduce a hard cuto! % and define

a!,0,0,1 := ↓
1

2(2↼)3

(∫

⇓n⇓↔!

1

↔n↔2 +m2
dn

)
lim
ϑ≃0

δ(3)(p+ q)

(p2 ↓m2 + iς)2
,

and we set a!,0,0,0 := a0,0,0, a!,1,0,0 := a1,0,0, a!,0,1,0 := a0,1,0. The cuto! integral is now
finite and can be evaluated explicitly:

∫

⇓n⇓↔!

1

↔n↔2 +m2
dn = 4↼

∫ !

0

r2

r2 +m2
dr

= 4↼

∫ !

0

(
1↓

m2

r2 +m2

)
dr

= 4↼(%↓m arctan(%/m)).

Therefore

a!,0,0,1 = ↓
1

4↼2
(%↓m arctan(%/m)) lim

ϑ≃0

δ(3)(p+ q)

(p2 ↓m2 + iς)2
. (7.3.1)
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This is the first time we see something di!erent than in dimension four: notice that the
above formula is quite di!erent than the formula (6.4.1).

7.4 Renormalizing the two-point function to all terms

As before, we reparametrize

ϖj =
↑∑

r=1

c!,j,rg
r, j = 1, 2, 3,

and we choose the coe"cients so that the resulting g-expansion ↖L↙ =
∑

↑

n=0 dng
n has

coe"cients independent of %. The constant term d0 = a!,0,0,0 has no cuto! dependence.
The coe"cient of g is

d1 = a!,1,0,0c!,1,1 + a!,0,1,0c!,2,1 + a!,0,0,1c!,3,1

=

[
p2c!,1,1 ↓ c!,2,1 ↓

1

4↼2
(%↓m arctan(%/m))c!,3,1

]
lim
ϑ≃0

δ(3)(p+ q)

(p2 ↓m2 + iς)2
,

where we used (7.3.1). Choosing

c!,1,1 = 0, c!,3,1 = 1, c!,2,1 = ↓
1

4↼2
(%↓m arctan(%/m)),

we obtain d1 = 0. In other words, if we impose an ultraviolet cuto! by restricting to fields
↽ with ↽(p) = 0 when ↔p↔ > %, and consider the action

S(↽) =

∫

R3

(
1

2

[
(ϑt↽(t, x))

2
↓ ↔∋↽(t, x)↔2

]

↓
1

2

(
m2

+ c!g +O(g2)
)
↽(t, x)2 ↓

g +O(g2)

4!
↽(t, x)4

)
dtdx,

with
c! = ↓

1

4↼2
(%↓m arctan(%/m)),

then the first-order correction to the two-point function is cuto!-independent:

↖ω(p)ω(q)↙ = ↓i(2↼)3δ(3)(p+ q) lim
ϑ≃0

1

q2 ↓m2 + iς
+O(g2).

This completes renormalization to first order in ω4
3 theory. However, unlike in Chapter 6,

we will not stop at this. We will now continue defining the c’s such that dn = 0 for every
n → 1. Right away, we declare that c!,1,r = 0 for all r → 1, c!,3,1 = 1, and c!,3,r = 0 for all
r → 2. In other words, ϖ1 = 0 and ϖ3 = g. We have also determined c!,2,1 above. Thus,
it only remains to determine c!,2,r for r → 2. We will do this by induction, ensuring that
dn = 0 for all n → 2. First, we have to understand what a!,m looks like.
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Lemma 7.4.1. For any multi-index m ⇓= (0, 0, 0),

a!,m = ⇀!,m lim
ϑ≃0

δ(3)(p+ q)

(p2 ↓m2 + iς)2

for some complex coe!cient ⇀!,m.

Proof. First, we claim that for any m, the mixed partial derivative

ϑm1+m2+m3↖L↙

ϑϖm1
1 ϑϖm2

2 ϑϖm3
3

is a linear combination of terms like

↖LSa0
1 Sb0

2 Sc0
3 ↙

l∏

j=1

↖S
aj

1 S
bj

2 S
cj

3 ↙ (7.4.1)

where l is arbitrary, the a, b, c’s are nonnegative integers, and a0+· · ·+al = m1, b0+· · ·+bl =

m2, and c0 + · · ·+ cl = m3. This is easily seen by induction on m1 +m2 +m3; for example,
the derivative of any term as above with respect to ϖ1 is

(i↖LSa0+1
1 Sb0

2 Sc0
3 ↙ ↓ i↖LSa0

1 Sb0
2 Sc0

3 ↙↖S1↙)

l∏

j=1

↖S
aj

1 S
bj

2 S
cj

3 ↙

+

l∑

q=1

↖LSa0
1 Sb0

2 Sc0
3 ↙

( ∏

1↔j↔l

j ∝=q

↖S
aj

1 S
bj

2 S
cj

3 ↙

)
(i↖S

aj+1
1 S

bj

2 S
cj

3 ↙ ↓ i↖S
aj

1 S
bj

2 S
cj

3 ↙↖S1↙).

Expanding the above gives a linear combination of terms of the form (7.4.1), but with the
a’s adding up to m1 + 1. This proves the first claim.

Lemma 7.4.2. After setting ϖ1 = 0 and ϖ3 = g, it is possible to choose c!,2,r, r → 1, such
that dn = 0 for all n → 1.

Proof. For each multi-index m = (m1,m2,m3), the coe"cient a!,m is a finite linear
combination of expressions of the form

↖ω(p)ω(q) · (a product of m1 factors from S1)

· (a product of m2 factors from S2) · (a product of m3 factors from S3)↙0,

and similar subtraction terms coming from the denominator. Each factor of S2 contributes
two fields ω integrated over x (equivalently, a momentum-conserving delta that forces
equality of two momenta); each factor of S3 contributes four fields integrated over x

(equivalently, a delta enforcing that the sum of the four momenta is 0). After applying
Wick’s theorem to the resulting Gaussian expectation, every term becomes a product of
free propagators

↖ω(k)ω(↓k)↙0 = (2↼)3C!(k),
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together with delta functions enforcing momentum conservation at each integrated vertex.
Because ϖ1 = 0, ϖ2 =

∑
↑

r=1 c!,2,rg
r, and ϖ3 = g, we have

↖L↙ =
∑

m2,m3↘0

a!,0,m2,m3ϖ
m2
2 ϖm3

3

=

∑

m2,m3↘0

a!,0,m2,m3

( ↑∑

r=1

c!,2,rg
r

)
m2

gm3

=

∑

m2,m3↘0

∑

r1,...,rm2↘1

(m2∏

j=1

c!,2,rj

)
a!,0,m2,m3g

r1+···+rm2+m3 .

Equating this with the expansion ↖L↙ =
∑

↑

n=0 dng
n, we get

dn =

∑

m2,m3↘0

∑

r1,...,rm2↘1
r1+···+rm2+m3=n

(m2∏

j=1

c!,2,rj

)
a!,0,m2,m3 .

For each n → 1, we will ensure that dn = 0 by suitably choosing c!,2,r, r = 1, . . . , n. We
have already done this previously for n = 1. Suppose this has been done up to n↓ 1. Note
that on the right side of the above expression, we must have m2,m3 ⇔ n (since the r’s
are all → 1), and each rj ⇔ n. Moreover, if some rj = n, then we must have m3 = 0 and
m2 = 1. This shows that

dn = A+ c!,2,na!,0,1,0,

where A depends only on c!,2,1, . . . , c!,2,n→1. Since these c’s have already been chosen, we
can now ensure that dn = 0 by choosing

c!,2,n =
dn ↓A

a!,0,1,0
.

dn =

∑

m2,m3↘0
m3+

∑
r↔1 rkr=n

m2=
∑

r↔1 kr

a!,0,m2,m3 ·

∏

r↘1

ckr!,2,r
kr!

, (7.4.2)

where the sum ranges over all ways of writing total g-order n as

n = m3 +
∑

r↘1

rkr,

with m3 counting how many ↽4 insertions (S3 factors) appear and kr counting how many
times we pick c!,2,rgr from ϖ2. (The factorials are the usual Taylor series factorials.)
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7.5 Renormalization to all orders

Fix an even integer n → 2 and consider the n-point observable

L(↽) = i
n/2

(2↼)→3n/2 ↽(p1) · · · ↽(pn), pi ↑ R3,

with
∑

n

i=1 pi = 0 (overall momentum conservation). We make the same simplifying choices
as in the first-order computation:

c!,1,r = 0 for all r, c!,3,1 = 1, and c!,3,r = 0 for all r → 2. (7.5.1)

Thus ϖ1 ∞ 0 and ϖ3 = g. The only freedom left is

ϖ2 =
↑∑

r=1

c!,2,rg
r,

which is a (cuto!-dependent) mass counterterm series. As before, we will now try to
determine the above coe"cients so that ↖L↙ is formally equal to

∑
↑

n=0 dng
n, where the dn’s

do not depend on %.
Because ϖ3 = g and ϖ2 =

∑
↑

r=1 c!,2,rg
r, expanding ↖L↙! in ϖ and then substituting

produces:

dn =

∑

m2,m3↘0
m3+

∑
r↔1 rkr=n

m2=
∑

r↔1 kr

a!,0,m2,m3 ·

∏

r↘1

ckr!,2,r
kr!

, (7.5.2)

where the sum ranges over all ways of writing total g-order n as

n = m3 +
∑

r↘1

rkr,

with m3 counting how many ↽4 insertions (S3 factors) appear and kr counting how many
times we pick c!,2,rgr from ϖ2. (The factorials are the usual Taylor series factorials.) Thus,
to control dn we must control the large-% behavior of the coe"cients a!,0,m2,m3 .

Now, for each multi-index m = (m1,m2,m3), the coe"cient a!,m is a finite linear
combination of expressions of the form

↖ω(p1) · · · ω(pn) · (a product of m1 factors from S1)

· (a product of m2 factors from S2) · (a product of m3 factors from S3)↙0,

and similar subtraction terms coming from the denominator (exactly as in Chapter 6).
Each factor of S2 contributes two fields ω integrated over x (equivalently, a momentum-
conserving delta that forces equality of two momenta); each factor of S3 contributes four
fields integrated over x (equivalently, a delta enforcing that the sum of the four momenta
is 0). After applying Wick’s theorem to the resulting Gaussian expectation, every term
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becomes a product of free propagators

↖ω(k)ω(↓k)↙0 = (2↼)3C!(k),

together with delta functions enforcing momentum conservation at each integrated vertex.
After integrating out the delta functions, each term reduces to a multiple integral over
some number of independent “internal” momenta, with integrand a product of factors C!(·).
Therefore, every coe"cient a!,m is a finite sum of integrals of the form

∫

⇓q1⇓↔!
· · ·

∫

⇓qL⇓↔!

I∏

r=1

1

↔4r(q1, . . . , qL; p)↔2 +m2
dq1 · · · dqL, (7.5.3)

where:

• L is the number of independent internal momenta after using all delta constraints;

• I is the number of propagator factors;

• each 4r is an a!ne-linear function of (q1, . . . , qL) with coe"cients in {↓1, 0, 1} and
with a linear dependence on the external momenta p.

We need the following ‘power counting’ lemma to handle the above integrals.

Lemma 7.5.1. Consider an integral of the form (7.5.3), and write Q = (q1, . . . , qL) ↑ R3L.
Assume that ↔4r(Q; p)↔ → c↔Q↔ ↓ C for all Q, for some constants c, C > 0. Then, if
3L↓ 2I < 0, the integral converges to a finite limit as % ⇒ ⇑.

Proof. By the given hypotheses, we have that when ↔Q↔ is large enough, then

I∏

r=1

1

↔4r(Q; p)↔2 +m2
⇔

C0

↔Q↔2I
,

where C0 is a constant that does not depend on Q. Integrating in polar coordinates on R3L,
we see that the integral is bounded by

C1 + C2

∫
↑

1
r3L→1

· r→2Idr,

for some finite constants C1 and C2. This is finite if 3L↓ 2I < 0.

7.6 Renormalized Wightman functions

We now check that the same first-order renormalization works for all n-point functions.
Let n be a positive integer. If n is odd, then by the symmetry S(↽) = S(↓↽) we have

↖ω(p1) · · · ω(pn)↙ = 0. Hence assume n is even and n → 4.
Fix p1, . . . , pn ↑ R3 and define

L(↽) := i
n/2

(2↼)→n↽(p1) · · · ↽(pn).
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Let am be the Taylor coe"cients of ↖L↙ in (ϖ1, ϖ2, ϖ3). Then the free term is the usual sum
over perfect matchings:

a0,0,0 =
∑

E↗Pn

∏

{i,j}↗E

δ(3)(pi + pj) lim
ϑ≃0

↓1

p2
i
↓m2 + iς

,

where Pn is the set of perfect matchings of {1, . . . , n}.
Next,

a0,1,0 = i(↖LS2↙0↓↖L↙0↖S2↙0) = ↓
i
n/2+1

2(2↼)2n+3

∫

R3

(
↖ω(p1) · · · ω(pn)ω(k)ω(↓k)↙0↓↖ω(p1) · · · ω(pn)↙0↖ω(k)ω(↓k)↙0

)
dk.

Evaluating by Wick’s rule, we must pair k and ↓k to two of the external momenta and
forbid pairing k with ↓k. For distinct i, j ↑ {1, . . . , n} let Pn,i,j denote perfect matchings
of {1, . . . , n} \ {i, j}. Then integrating over k yields

a0,1,0 =
1

2

∑

1↔i ∝=j↔n

∑

E↗Pn,i,j

(
δ(3)(pi + pj) lim

ϑ≃0

1

(p2
i
↓m2 + iς)2

) ∏

{a,b}↗E

(
δ(3)(pa + pb) lim

ϑ≃0

↓1

p2a ↓m2 + iς

)
.

Similarly,
a0,0,1 = i(↖LS3↙0 ↓ ↖L↙0↖S3↙0)

is obtained by considering Wick pairings among the n external momenta and the four
internal legs (k, l, r,↓k ↓ l ↓ r) from S3. As in the ω4

4 chapter there are two types of
contributions:

(I) Two of the four internal legs are paired to two of the external momenta, and the
remaining two internal legs are paired to each other. This produces a tadpole integral∫
(r2 ↓m2

+ iς)→1 dr, hence an ultraviolet divergence.

(II) All four internal legs are paired to four distinct external momenta. This produces
a finite contribution (in ω4

3, this first-order “contact” correction has no ultraviolet
divergence).

After Wick rotation and the same hard cuto! % on the tadpole integral, the total contribution
of type (I) is exactly proportional to

(∫

⇓r⇓↔!

1

↔r↔2 +m2
dr
)

times the same external-momentum structure that appears in a0,1,0. Therefore, when we
work with the renormalized action (??), the term a0,1,0 c! cancels exactly the type-(I) part
of a!,0,0,1, just as in the ω4

4 chapter.
Hence, to first order in g, the renormalized n-point function receives only the type-(II)

contributions, which are finite and do not depend on %. Concretely, one obtains the

124



CHAPTER 7. HEURISTICS FOR ω4
3 THEORY

first-order expansion

W (p1, . . . , pn) :=
i
n/2

(2↼)2n
↖ω(p1) · · · ω(pn)↙ =

∑

E↗Pn

∏

{i,j}↗E

δ(3)(pi + pj) lim
ϑ≃0

↓1

p2
i
↓m2 + iς

+
ig

(2↼)3
lim
ϑ≃0

∑

1↔i<j<i→<j→↔n

∑

E↗Pn,i,j,i→,j→

( ∏

{a,b}↗E

↓δ(3)(pa + pb)

p2a ↓m2 + iς

)

·

(
δ(3)(pi + pj + pi→ + pj→)

(p2
i
↓m2 + iς)(p2

j
↓m2 + iς)(p2

i→ ↓m2 + iς)(p2
j→ ↓m2 + iς)

)
+O(g2),

where Pn,i,j,i→,j→ denotes perfect matchings of {1, . . . , n} \ {i, j, i⇒, j⇒}.
Thus, the same renormalization scheme (a mass counterterm fixed by the tadpole)

renormalizes the first-order perturbation theory for all n-point functions in ω4
3. In contrast

to ω4
4, the divergence is only linear in the hard cuto!:

c! = ↓
1

4↼2

(
%↓m arctan(%/m)

)
,

reflecting the fact that ω4
3 is super-renormalizable.
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Chapter 8

The Yang–Mills Action

8.1 Yang–Mills action of a connection

In this chapter, we are going to heavily use notations, terminologies and results from
di!erential geometry. It may be helpful to review the materials from Appendix C if the
reader is not thoroughly familiar with those.

Throughout this chapter, let P = M ′G be a trivial principal bundle, where M is a
Riemannian or pseudo-Riemannian manifold with metric g and G is a matrix Lie group. Let
g be the Lie algebra of G. Let n be the dimension of M . Let A be a principal G-connection
on P , viewed as a g-valued 1-form on M . Let F be its curvature form. Recall that F ¬ ∅F

is a g-valued n-form. Then in local coordinates on a chart (U,ω),

F ¬ ∅F = Hdx1 ¬ · · · ¬ dxn

for some smooth map H : U ⇒ g. We denote by Tr(F ¬ ∅F ) the real-valued n-form

Tr(H)dx1 ¬ · · · ¬ dxn,

where Tr(M) denotes the trace of a linear operator M on a finite-dimensional vector space
(which makes sense because g is a matrix Lie algebra). It is not hard to verify that this is
indeed a well-defined n-form, that is, it does not depend on the choice of coordinates. The
Yang–Mills action of A with bare coupling constant g0 is defined as

S(A) := ↓
1

2g20

∫

M

Tr(F ¬ ∅F ),

provided that the integral on the right converges. In this chapter, we will take g0 = 1

throughout, but in general g0 may not be equal to 1.
Let us now explicitly work out the formula for S(A) in local coordinates. Note that by

Lemma C.6.3 (which easily generalizes to Lie algebra-valued di!erential forms), we get

F ¬ ∅F = ↖F, F ↙2,
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where 2 is the volume form of M , and

↖F, F ↙ =

∑

1↔i<j↔n

FijF
ij ,

where F =
∑

1↔i<j↔n
Fijdxi ¬ dxj , Fji = ↓Fij , Fii = 0, and

F ij
=

∑

1↔k,l↔n

gikgjlFkl.

Thus, on a chart (U,ω), we have
∫

U

Tr(F ¬ ∅F )

=
1

2

∫

1(U)
Tr

( ∑

1↔i,j,k,l↔n

gikgjlFij(ω
→1

(x))Fkl(ω
→1

(x))

)
| det(g(ω→1(x)))|dx. (8.1.1)

In particular, if M = Rn with the standard metric, then

S(A) = ↓
1

4g20

∫

Rn

( ∑

1↔i,j↔n

Tr(Fij(x)
2
)

)
dx.

Let us now further assume that G is a subgroup of U(m). Then g is a subspace of u(m).
In particular, the elements of g are skew-Hermitian matrices. The formula (C.5.1) and the
fact that g is closed under the Lie product show that for each x and i, j, Fij(x) ↑ g. In
particular, Fij(x) is skew-Hermitian. Since the eigenvalues of a skew-Hermitian matrix
are purely imaginary, it follows that Tr(Fij(x)2) is a nonpositive real number. Thus, we
conclude that when G is a subgroup of U(m) and M = Rn, S(A) → 0 for every principal
G-connection A. One can similarly show that S(A) → 0 when G is a subgroup of U(m) and
M is any Riemannian manifold.

8.2 Covariant derivative associated with a connection

Henceforth, we will often refer to a principal G-connection as a ‘gauge field’ on M . Let A

be a gauge field on M . The covariant derivative dA associated with A is an operator acting
on g-valued di!erential forms as follows:

dA2 := d2 + [A ¬ 2],

where dA is the exterior derivative of A and [A ¬ 2] is the wedge product (or commutator)
A and 2, both defined in Section C.4.3. The following identity holds universally.

Lemma 8.2.1 (Bianchi identity). For any gauge field A with curvature form F , we have
dAF = 0.

Proof. Recall from Section C.4.3 that the exterior derivative of Lie algebra-valued di!erential
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forms satisfies the Leibniz rule and the Poincaré lemma. Thus,

d[A ¬A] = [dA ¬A]↓ [A ¬ dA],

by the Leibniz rule for the exterior derivative. Consequently, by an application of the
Poincaré lemma and the identity (C.4.3),

dF = ddA+
1

2
d[A ¬A] =

1

2
([dA ¬A]↓ [A ¬ dA]) = ↓[A ¬ dA].

Next, note that by Lemma C.4.4,

[A ¬ F ] =

[
A ¬

(
dA+

1

2
[A ¬A]

)]

= [A ¬ dA] +
1

2
[A ¬ [A ¬A]]

= [A ¬ dA].

Combining, we get dAF = dF + [A ¬ F ] = 0.

Note the inner product on di!erential forms defined in equation (C.6.3). The following
result identifies the adjoint of dA with respect to this inner product integrated over the
manifold.

Lemma 8.2.2. Let ∅ denote the Hodge star operator defined in Section C.6.2. Given a
gauge field A, define the operator d⇑

A
acting on g-valued k-forms (for 1 ⇔ k ⇔ n) as

d⇑Aϱ := (↓1)
n(k→1)+1

∅dA∅ϱ.

Let ↖·, ·↙ denote the inner product defined in equation (C.6.3), and let 2 denote the volume
form on M . Then for any g-valued k-form ϱ and g-valued (k + 1)-form and ε (for
0 ⇔ k ⇔ n↓ 1) such that the (n↓ 1)-form ϱ ¬ ∅ε satisfies the criteria for Stokes’ theorem
(Theorem C.4.5), we have

∫

M

Tr(↖dAϱ, ε↙)2 =

∫

M

Tr(↖ϱ, d⇑Aε↙)2.

Proof. Note that
∫

M

Tr(↖dAϱ, ε↙)2 =

∫

M

Tr(dAϱ ¬ ∅ε)

=

∫

M

Tr((dϱ + [A ¬ ϱ]) ¬ ∅ε)

=

∫

M

Tr(dϱ ¬ ∅ε) +

∫

M

Tr([A ¬ ϱ] ¬ ∅ε). (8.2.1)
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By the Leibniz rule for the exterior derivative,

d(ϱ ¬ ∅ε) = dϱ ¬ ∅ε + (↓1)
kϱ ¬ d∅ε.

But by Stokes’ theorem (Theorem C.4.5), using the fact that B is compactly supported
(which ensures that dAB ¬ ∅FA satisfies the criteria of Stokes’ theorem),

∫

M

Tr(d(ϱ ¬ ∅ε)) = 0.

Thus,
∫

M

Tr(dϱ ¬ ∅ε) = ↓(↓1)
k

∫

M

Tr(ϱ ¬ d∅ε). (8.2.2)

Next, by Lemma C.4.3,

[A ¬ ϱ] = A ¬ ϱ ↓ (↓1)
kϱ ¬A.

Since Tr(MN) = Tr(NM) for any two square matrices M and N of the same order, and
ϱ ¬ ∅ε is an (n↓ 1)-form, the identity (C.1.5) implies that

Tr(A ¬ ϱ ¬ ∅ε) = (↓1)
n→1

Tr(ϱ ¬ ∅ε ¬A).

Combining the last two displays gives

Tr([A ¬ ϱ] ¬ ∅ε) = Tr(ϱ ¬ ((↓1)
n→1

∅ε ¬A↓ (↓1)
kA ¬ ∅ε))

= ↓(↓1)
k
Tr(ϱ ¬ (A ¬ ∅ε ↓ (↓1)

n→k→1
∅ε ¬A))

= ↓(↓1)
k
Tr(ϱ ¬ [A ¬ ∅ε]), (8.2.3)

where the last line follows by Lemma C.4.3. Using equations (8.2.3) and (8.2.2) in equa-
tion (8.2.1), we get

∫

M

Tr(↖dAϱ, ε↙)2 = ↓(↓1)
k

∫

M

Tr(ϱ ¬ d∅ε)↓ (↓1)
k

∫

M

Tr(ϱ ¬ [A ¬ ∅ε])

= ↓(↓1)
k

∫

M

Tr(ϱ ¬ dA∅ε).

But by Lemma C.6.2, we get

dA∅ε = (↓1)
k(n→k)

∅∅dA∅ε.

Plugging this into the previous display, we get
∫

M

Tr(↖dAϱ, ε↙)2 = ↓(↓1)
k+k(n→k)

∫

M

Tr(ϱ ¬ ∅∅dA∅ε).
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The proof is completed by noting that k(n ↓ k) + k ∞ nk (mod 2), and that ε is a
(k + 1)-form.

8.3 The Yang–Mills equation

Throughout this section, we will follow the convention that FA denotes the curvature
form of a g-valued 1-form A. The Yang–Mills equation identifies the critical points of the
Yang–Mills action, defined below. The connections that satisfy the Yang–Mills equation
are called Yang–Mills connections.

The notion of critical points is defined as follows. Let A be any gauge field on M and B

be a compactly supported gauge field on M (meaning that B = 0 outside a compact set).
Note that although S(A) may not be finite, the di!erence S(A+B)↓ S(A), interpreted as
the integral

↓

∫

M

(Tr(FA+B ¬ ∅FA+B)↓ Tr(FA ¬ ∅FA))

is well-defined, because the above integrand is smooth and vanishes outside a compact set.
The di!erence being interpreted this way, the directional derivative of A in the direction B

is defined as

lim
t↓0

S(A+ tB)↓ S(A)

t
. (8.3.1)

(We will show below that the limit always exists.) A gauge field A is said to be a critical
point of the Yang–Mills action S if the directional derivative in the direction B is zero for
any compactly supported B.

Theorem 8.3.1. The directional derivative displayed in equation (8.3.1) evaluates to

↓

∫

M

Tr(B ¬ ∅d⇑AFA).

Consequently, a connection A is a Yang–Mills connection if and only if d⇑
A
FA ∞ 0. (This is

known as the Yang–Mills equation.)

Proof. Take any gauge field A such that S(A) is finite, and a compactly supported gauge
field B. Note that for any t,

FA+tB = d(A+ tB) +
1

2
[(A+ tB) ¬ (A+ tB)]

= dA+ tdB +
1

2
[A ¬A] +

t

2
[A ¬B] +

t

2
[B ¬A] +

t2

2
[B ¬B].

Now, by the identity (C.4.3), [A ¬B] = [B ¬A]. Thus, we get

FA+tB = FA + tdB + t[A ¬B] +
t2

2
[B ¬B]

= FA + tdAB +
t2

2
[B ¬B].
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Consequently,

↖FA+tB, FA+tB↙ = ↖FA, FA↙+ t↖FA, dAB↙+ t↖dAB,FA↙+O(t2),

where O(t2) denotes a collection of terms with t2, t3 or t4 as coe"cients. It is not hard to
see that

Tr(↖FA, dAB↙) = Tr(↖dAB,FA↙).

Thus,

S(A+ tB)↓ S(A) =

∫

M

(↓tTr(↖dAB,FA↙) +O(t2)),

where we are using the convention that the integral of a smooth real-valued function on
a Riemannian manifold is defined as the integral of that function times the volume form.
From this equation, using the finiteness of S(A) and the fact that B is compactly supported,
it is not hard to see that the dominated convergence theorem can be applied, letting us
conclude that

lim
t↓0

S(A+ tB)↓ S(A)

t
= ↓

∫

M

Tr(↖dAB,FA↙).

But by Lemma 8.2.2,
∫

M

Tr(↖dAB,FA↙) =

∫

M

Tr(↖B, d⇑AFA↙).

Thus, we arrive at the conclusion that A is a critical point of S if and only if
∫

M

Tr(↖B, d⇑AFA↙) = 0 (8.3.2)

for every compactly supported connection B. Using the smoothness of A, and taking a
sequence of B’s approaching d⇑

A
FA(x)δx for a given x (where δx is the Dirac delta at x), it

is easy to show that this holds if and only if d⇑
A
FA ∞ 0.

Note that A ∞ 0 is always a solution to the Yang–Mills equation. Next, suppose that G
is Abelian, so that the Lie bracket vanishes identically on g. Therefore, if we take A = df

for some smooth g-valued 1-form f , then FA = dA = ddf = 0, which means that A is a
Yang–Mills connection. We will see later that such connections are also trivial in a certain
sense. A connection is said to be a nontrivial solution of the Yang–Mills equation if its
curvature form is not constant.

It is instructive to work out the details of the following nontrivial solution. Let M = R4

with the usual Euclidean metric, and G = U(1). Since G is Abelian, the Yang–Mills
equation is simply d∅F = 0, where F is the curvature form of A. The formula (C.6.2) for
the Hodge star operator gives, for any 1 ⇔ i < j ⇔ 4,

∅F ij =
1

2

∑

1↔k,l↔4

ςk,l,i,jFkl.
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Consequently, ∅F ij = sign(↼)Fkl, where k < l are the two indices such that k, l, i, j is a
permutation ↼ of 1, 2, 3, 4. Explicitly,

∅F 12 = F34, ∅F 13 = ↓F24, ∅F 14 = F23

∅F 23 = F14, ∅F 24 = ↓F13, ∅F 34 = F12.

(Note that we have the above relations only because n = 4.) Thus,

d∅F = H1dx2 ¬ dx3 ¬ dx4 +H2dx1 ¬ dx3 ¬ dx4 +H3dx1 ¬ dx2 ¬ dx4 +H4dx1 ¬ dx2 ¬ dx3,

where

H1 =
ϑ∅F 34

ϑx2
↓

ϑ∅F 24

ϑx3
+

ϑ∅F 23

ϑx4
=

ϑF12

ϑx2
+

ϑF13

ϑx3
+

ϑF14

ϑx4
,

H2 =
ϑ∅F 34

ϑx1
↓

ϑ∅F 14

ϑx3
+

ϑ∅F 13

ϑx4
=

ϑF12

ϑx2
↓

ϑF23

ϑx3
↓

ϑF24

ϑx4
,

H3 =
ϑ∅F 24

ϑx1
↓

ϑ∅F 14

ϑx2
+

ϑ∅F 12

ϑx4
= ↓

ϑF13

ϑx1
↓

ϑF23

ϑx2
+

ϑF34

ϑx4
,

H4 =
ϑ∅F 23

ϑx1
↓

ϑ∅F 13

ϑx2
+

ϑ∅F 12

ϑx3
=

ϑF14

ϑx1
+

ϑF24

ϑx2
+

ϑF34

ϑx3
.

Thus, A satisfying the Yang–Mills equations if and only if Hi = 0 for each i. Using the
conventions Fji = ↓Fij and Fii = 0, these equations can be written more succinctly as

4∑

j=1

ϑFij

ϑxj
= 0, i = 1, 2, 3, 4, (8.3.3)

where, from equation (C.5.1), we have

Fij =
ϑAj

ϑxi
↓

ϑAi

ϑxj
.

Take any A such that A2 = A3 = A4 = 0. Then Fij = 0 for 2 ⇔ i < j ⇔ 4, and

F1j = ↓
ϑA1

ϑxj
, j = 2, 3, 4.

Thus, the Yang–Mills equation (8.3.3) reduces to

4∑

j=2

ϑ2A1

ϑx2
j

= 0.

To summarize, if we take A2 = A3 = A4 = 0 and A1 to be harmonic and nonlinear in
(x2, x3, x4), then A is a nontrivial Yang–Mills connection.
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8.4 Pseudo-Riemannian manifolds

Let M be a smooth n-dimensional manifold. Let p and q be two nonnegative integers
such that p + q = n. Let S be the set of all triple (x, u, v) such that x ↑ M and
u, v ↑ TxM . Let us endow S with a manifold structure in the usual way. A smooth
map g : S ⇒ R is called a pseudo-Riemannian metric on M with signature (p, q) if
for each x, g(x, ·, ·) : TxM ′ TxM ⇒ R is a symmetric bilinear form with p positive
eigenvalues and q negative eigenvalues. (Meaning that the matrix of g(x, ·, ·) with respect
to any local coordinate system has p positive eigenvalues and q negative eigenvalues.)
Pseudo-Riemannian manifolds occur in relativistic physics. The most basic example is the
metric

g ∞





1 0 0 0

0 ↓1 0 0

0 0 ↓1 0

0 0 0 ↓1




(8.4.1)

on R4. This is known as the Lorentz metric on R4. When R4 is equipped with this
metric, it is usually denoted by R1,3. The signature (1, 3) is called the Lorentzian signature.
Everything that we have discussed until now about Riemannian manifolds remain valid for
pseudo-Riemannian manifolds with signature (p, q), with the following di!erences:

• In the definitions of the volume form and the Hodge star operator, det(g) is replaced
by | det(g)|, since det(g) may not be positive.

• A consequence of the above replacement is that the Hodge star operator now satisfies

∅∅ϱ = (↓1)
k(n→k)+qϱ.

• Due to the above, the formula for d⇑
A

becomes

d⇑Aϱ := (↓1)
n(k→1)+1+q

∅dA∅ϱ.

• Theorem 8.3.1 remains valid. To see this, note that by following exactly the same
steps, we arrive at equation (8.3.2). Now, note that since all the eigenvalues of g(x)
are nonzero, g(x) is a nonsingular matrix at every x ↑ M . This implies that if

u =

∑

1↔i1<···<ik↔n

ui1,...,ikdxi1 ¬ · · · ¬ dxik ↑ %
kT ⇑

xM

is a vector such that for any v ↑ %
kT ⇑

xM we have

∑

1↔i1,...,ik↔n

gi1j1 · · · gikjkui1,...,ikvj1,...,jk = 0,
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then u = 0. From this, it is easy to show that d⇑
A
F = 0 if (8.3.2) holds for any B.

• The Yang–Mills action is not guaranteed to be nonnegative on pseudo-Riemannian
manifolds.

8.5 Maxwell’s equations from U(1) Yang–Mills theory

Recall that R1,3 denotes R4 endowed with the Minkowski metric g defined in equation (8.4.1).
Let B be a magnetic field and E be an electric field, meaning that at each point (t, x) in
spacetime R1,3, we have a vector B(t, x) ↑ R3 and vector E(t, x) ↑ R3. In the absence of
anything else, and in units where the speed of light is 1, Maxwell’s equations for a free
electromagnetic field govern the behavior of (E,B):

∋ ·E = 0 (Gauss’s law for electricity),

∋ ·B = 0 (Gauss’s law for magnetism),

∋′E = ↓
ϑB

ϑt
(Faraday’s law of induction),

∋′B =
ϑE

ϑt
(Ampère’s law in vacuum).

Here ∋· denotes the divergence operator and ∋′ denotes the curl operator, both with
respect to the spatial coordinates. That is, for a function f = (f1, f2, f3) : R1,3

⇒ R3, ∋ · f

is a function from R1,3 into R, defined as

∋ · f =
ϑf1
ϑx1

+
ϑf2
ϑx2

+
ϑf3
ϑx3

,

and ∋′ f is a function from R′ R3 into R3, defined as

∋′ f =

(
ϑf3
ϑx2

↓
ϑf2
ϑx3

,
ϑf1
ϑx3

↓
ϑf3
ϑx1

,
ϑf2
ϑx1

↓
ϑf1
ϑx2

)
.

It turns out that Maxwell’s equations can be obtained from Bianchi’s identity and the
Yang–Mills equation for Yang–Mills theory corresponding to the Lie group U(1) on the
manifold R4. Let M = R′R3 and G = U(1). Recall that the Lie algebra of G is the space
of all 1′ 1 skew-Hermitian matrices, which is simply the imaginary axis iR ↗ C. Thus, a
gauge field A = A0dt+

∑3
j=1Ajdxj is a simply a map A : M ⇒ (iR)4. Given a gauge field

(also called gauge potential or the electromagnetic four-potential) A, it is the convention to
denote A0 by ↓i↽ and call ↽ the ‘scalar potential’, and the triple (A1, A2, A3) by iA and
call A the ‘vector potential’. Note that ↽ and the components of A are real-valued.

Given a gauge potential A = (↓i↽, iA), it gives rise to an electromagnetic field (E,B)

as:

E = ↓∋↽↓
ϑA

ϑt
, B = ∋′A. (8.5.1)

135



CHAPTER 8. THE YANG–MILLS ACTION

As an application of the techniques developed so far, we now prove the following theorem,
which shows how Maxwell’s equations are the same as the combination of the Bianchi
identity and the Yang–Mills equations for U(1) Yang–Mills theory on R1,3.

Theorem 8.5.1. Let A be a U(1) Yang–Mills connection on R1,3 and let (E,B) be defined
through equation (8.5.1). Then (E,B) satisfies Maxwell’s equations. Conversely, if (E,B)

is a smooth electromagnetic field that satisfies Maxwell’s equations, then there exists at least
one Yang–Mills connection A such that (E,B) arises from A via equation (8.5.1).

For the proof of the converse direction, we need the following lemma about di!erential
forms on Rn, known as Poincaré’s lemma.

Lemma 8.5.2 (Poincaré’s lemma for Rn). Let 2 be a smooth k-form on Rn, for some
1 ⇔ k ⇔ n, such that d2 = 0. Then there is a (k ↓ 1)-form ϱ such that dϱ = 2.

Proof. Let us write in coordinates

2(x) =
∑

1↔i1<···<ik↔n

2i1,...,ik(x)dxi1 ¬ · · · ¬ dxik .

As usual, extend the definition of 2i1,...,ik for aribtrary 1 ⇔ i1, . . . , ik ⇔ n by defining
2iϑ(1),...,iϑ(k)

= sign(↼)2i1,...,ik for any ↼ ↑ Sk and letting 2i1,...,ik = 0 if i1, . . . , ik are not
distinct. Define a (k ↓ 1)-form ϱ as

ϱ(x) =
∑

1↔j1<···<jk↑1↔n

n∑

i=1

(∫ 1

0
tk→1xi2i,j1,...,jk↑1(tx)dt

)
dxj1 ¬ · · · ¬ dxjk↑1 .

Now, moving the derivative inside the integral is allowed because we are dealing with
smooth functions on Rn. Thus,

ϑ

ϑxi→

(∫ 1

0
tk→1xi2i,j1,...,jk↑1(tx)dt

)
=

∫ 1

0
tk→1

(δii→2i,j1,...,jk↑1(tx) + txiϑi→2i,j1,...,jk↑1(tx))dt,

where ϑi→ is shorthand for ω

ωxi→
on the right side, and δii→ = 1 if i = i⇒ and 0 if not. Thus,

dϱ =

∑

1↔j1<···<jk↑1↔n

n∑

i,i→=1

ϑ

ϑxi→

(∫ 1

0
tk→1xi2i,j1,...,jk↑1(tx)dt

)
dxi→ ¬ dxj1 ¬ · · · ¬ dxjk↑1

=

∑

1↔j1<···<jk↑1↔n

n∑

i,i→=1

(∫ 1

0
tk→1

(δii→2i,j1,...,jk↑1(tx) + txiϑi→2i,j1,...,jk↑1(tx))dt

)

· dxi→ ¬ dxj1 ¬ · · · ¬ dxjk↑1 .

Rearranging i⇒, j1, . . . , jk→1 as an increasing sequence i1 < · · · < ik, it is easy to see that
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this can be rewritten as

dϱ =

∑

1↔i1<···<ik↔n

n∑

i=1

k∑

j=1

(↓1)
j→1

(∫ 1

0
tk→1

(δiij2i,i1,...,ij↑1,ij+1,...ik(tx)

+ txiϑij2i,i1,...,ij↑1,ij+1,...,ik(tx))dt

)
dxi1 ¬ · · · ¬ dxik .

(8.5.2)

Now take any 1 ⇔ i1 < · · · < ik ⇔ n and 1 ⇔ i ⇔ n. If i = il for some l, then

k∑

j=1

(↓1)
j→1ϑij2i,i1,...,ij↑1,ij+1,...,ik = (↓1)

l→1ϑil2il,i1,...,il↑1,il+1,...,ik

= ϑi2i1,...,ik . (8.5.3)

If il→1 < i < il for some j (which includes i < i0 if l = 0 and ik < i if l = k), then rename
the sequence i1 < · · · < il→1 < i < il+1 < · · · < ik and j1 < · · · < jk+1. Since d2 = 0, we
have

0 =

k+1∑

m=1

(↓1)
m→1ϑjm2j1,...,jm↑1,jm+1,...,jk+1

=

l→1∑

j=1

(↓1)
j→1

(↓1)
l→2ϑij2i,i1,...,ij↑1,ij+1,...,ik + (↓1)

l→1ϑi2i1,...,ik

+

k∑

j=l

(↓1)
j
(↓1)

l→1ϑij2i,i1,...,ij↑1,ij+1,...,ik .

This shows that

k∑

j=1

(↓1)
j→1ϑij2i,i1,...,ij↑1,ij+1,...,ik = ϑi2i1,...,ik . (8.5.4)

Lastly, note that

n∑

i=1

k∑

j=1

(↓1)
j→1δiij2i,i1,...,ij↑1,ij+1,...ik =

k∑

j=1

(↓1)
j→12ij ,i1,...,ij↑1,ij+1,...ik

= k2i1,...,ik . (8.5.5)

Using equations (8.5.3), (8.5.4) and (8.5.5) in equation (8.5.2), we get

dϱ =

∑

1↔i1<···<ik↔n

(∫ 1

0

(
ktk→12i1,...ik(tx) + tk

n∑

i=1

xiϑi2i1,...,ik(tx)

)
dt

)
dxi1 ¬ · · · ¬ dxik .
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But note that
∫ 1

0

(
ktk→12i1,...ik(tx) + tk

n∑

i=1

xiϑi2i1,...,ik(tx)

)
dt =

∫ 1

0

ϑ

ϑt
(tk2i1,...,ik(tx))dt

= 2i1,...,ik(x).

This proves that dϱ = 2.

We are now ready to prove Theorem 8.5.1.

Proof of Theorem 8.5.1. First, let A be a Yang–Mills connection and (E,B) be defined via
equation (8.5.1). Let F denote the curvature form of A. Then we know that F satisfies the
Bianchi identity dAF = 0, and since it is a Yang–Mills connection, Theorem 8.3.1 implies
that it satisfies the Yang–Mills equation d⇑

A
F = 0. We claim that the Bianchi identity is

equivalent to the combination of Gauss’s law for magnetism and Faraday’s law of induction
(collectively called the homogeneous Maxwell equations), and the Yang–Mills equation is
equivalent to the combination of Gauss’s law for electricity and Ampère’s law in the vacuum
(collectively called the inhomogeneous Maxwell equations).

To prove these claims, first recall that

F =

3∑

i=1

F0idt ¬ dxi +
∑

1↔i<j↔3

Fijdxi ¬ dxj ,

where

F0i =
ϑAi

ϑt
↓

ϑA0

ϑxi
= ↓iEi, (8.5.6)

for i = 1, 2, 3, and for 1 ⇔ i < j ⇔ 3,

Fij =
ϑAj

ϑxi
↓

ϑAi

ϑxj
. (8.5.7)

In particular,

B = ∋′A = (↓iF23, iF13,↓iF12). (8.5.8)

Since U(1) is an Abelian group, the Lie product vanishes on its algebra. Thus,

dAF = dF =

∑

1↔i<j↔3

(
ϑFij

ϑt
↓

ϑF0j

ϑxi
+

ϑF0i

ϑxj

)
dt ¬ dxi ¬ dxj

+

(
ϑF23

ϑx1
↓

ϑF13

ϑx2
+

ϑF12

ϑx3

)
dx1 ¬ dx2 ¬ dx3.

Now, by equation (8.5.8), the coe"cient of dx1 ¬ dx2 ¬ dx3 in the above display vanishes if
and only if ∋ ·B = 0 (i.e., Gauss’s law for magnetism). The vanishing of the other three
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coordinates, together with the identity (8.5.6), gives rise to the following three equations:

↓
ϑB1

ϑt
= i

ϑF23

ϑt
= i

ϑF03

ϑx2
↓ i

ϑF02

ϑx3
=

ϑE3

ϑx2
↓

ϑE2

ϑx3
,

↓
ϑB2

ϑt
= ↓i

ϑF13

ϑt
= ↓i

ϑF03

ϑx1
+ i

ϑF01

ϑx3
=

ϑE1

ϑx3
↓

ϑE3

ϑx1
,

↓
ϑB3

ϑt
= i

ϑF12

ϑt
= i

ϑF02

ϑx1
↓ i

ϑF01

ϑx2
=

ϑE2

ϑx1
↓

ϑE1

ϑx2
.

Collectively, the above equations are the same as

↓
ϑB

ϑt
= ∋′E.

Note that this is Faraday’s law of induction. This proves the claim that the Bianchi
identity is equivalent to the combination of Gauss’s law for magnetism and Faraday’s law
of induction.

Next, note that by Lemma 8.2.2, the Yang–Mills equation d⇑
A
F = 0 in this problem

reduces to the simpler equation d∅F = 0. Note that

∅F =

3∑

i=1

∅F 0idt ¬ dxi +
∑

1↔i<j↔3

∅F ijdxi ¬ dxj ,

where, by the formula (C.6.2),

∅F ij =
1

2

∑

0↔k,l↔3

∑

0↔k→,l→↔3

ςk,l,i,jg
kk

→
gll

→
Fkl (8.5.9)

for all 0 ⇔ i < j ⇔ 3 (where Flk = Fkl and Fkk = 0, by our usual convention). By
equation (8.5.8) and the definition of g, this gives

∅F 01 = F23 = iB1, ∅F 02 = ↓F13 = iB2, ∅F 03 = F12 = iB3. (8.5.10)

On the other hand, by equations (8.5.6) and (8.5.9) and the definition of g, we get

∅F 12 = ↓F03 = iE3, ∅F 13 = F02 = ↓iE2, ∅F 23 = ↓F01 = iE1. (8.5.11)

A simple inspection shows that equations (8.5.10) and (8.5.11) are the same as equa-
tions (8.5.6) and (8.5.8), after replacing F with ∅F , E with ↓B, and B with E. Thus,
following the same steps as before, we get the equations ∋ ·E = 0 and

ϑE

ϑt
= ∋′B,

which are Gauss’s law for electricity and Ampère’s law in the vacuum. This completes the
proof of one direction of the theorem.

For the converse direction, let (E,B) be an electromagnetic field that satisfies Maxwell’s
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equations. Let us define a real-valued 2-form 2 =
∑

0↔i<j↔3 2ijdxi ¬ dxj on R4 as

20i := ↓Ei, i = 1, 2, 3,

223 := ↓B1, 213 := B2, 212 := ↓B3.

In other words, 2 mimics the role of iF in equations (8.5.6) and (8.5.8). Thus, following
the same calculation as the one that follows those equations (using that (E,B) satisfies
the homogeneous Maxwell equations), we conclude that d2 = 0. Therefore by Poincaré’s
lemma for Rn (Lemma 8.5.2), there exists a real-valued 1-form ϱ =

∑3
j=0 ϱjdxj such that

dϱ = 2. Let Aj := iϱj for 0 ⇔ j ⇔ 3. Then A :=
∑3

j=0Ajdxj is a u(1)-valued 1-form,
and a simple verification shows that (E,B) arise from A via equation (8.5.1). The fact
that (E,B) satisfies the inhomogeneous Maxwell equations implies that A is a Yang–Mills
connection, by the same argument as before.

Going from Euclidean signature to Lorentzian signature changes the nature of the
nontrivial solutions to the Yang–Mills equations. An example of a nontrivial solution to
Maxwell’s equations is given by the gauge potential

A0 = A1 = A2 = 0, A3(t, x) = i sin(x2 ↓ t).

To see that this is a solution, note that by equation (8.5.1),

E = ↓
ϑA

ϑt
= (0, 0,↓ cos(x2 ↓ t)),

B = ∋′A =

(
↓i

ϑA3

ϑx2
, i
ϑA3

ϑx1
, 0

)
= (cos(x2 ↓ t), 0, 0).

Then clearly, ∋ ·E = 0, and

∋′B =

(
0,

ϑB1

ϑx3
,↓

ϑB1

ϑx2

)
= (0, 0, sin(x2 ↓ t)),

which proves that Ampère’s law holds. Since the homogeneous Maxwell equations are
always valid when (E,B) is defined via equation (8.5.1), this proves that the above example
works. In this example, the electric and magnetic fields are waves traveling in mutually
perpendicular directions at the speed of light.

8.6 Gauge transformations

We have seen in the previous section how an electromagnetic field can arise from a U(1)

gauge field. Is this mapping one-to-one? It turns out that it is not. In fact, while an
electromagnetic field is a physical object that can be measured in experiments, a gauge
field is not. It is only when we take the quotient of the space of gauge fields with respect
to the action of a certain group known as the group of ‘gauge transformations’ that we
obtain physically measurable objects (which are points of the quotient space). In the case
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of U(1) Yang–Mills theory, the electromagnetic field is the image of the gauge field under
this quotient map.

Let us return to the setting introduced at the beginning of this chapter, where we have
a trivial principal bundle M ′G, where M is an n-dimensional smooth manifold and G is
a matrix Lie group with Lie algebra g. Henceforth, we will work under the assumption that
M is endowed with a pseudo-Riemannian (instead of Riemannian) metric.

Definition 8.6.1. In the above setting, a gauge transformation is a smooth map from M

into G.

Let G denote the set of all gauge transformations C↑
(M,G) and A denote the space of

gauge fields ”
1
(M, g). One can define a group structure on G by pointwise multiplication:

(U1U2)(x) := U1(x)U2(x).

The identity element of this group is the map I(x) ∞ I.
In the following, we will frequently use the convention that if ϱ and ε are two matrix-

valued di!erential forms such that at least one is a 0-form, then ϱε denotes ϱ ¬ ε. We will
also use the observation that if ϱ, ε, ϖ are three matrix-valued di!erential forms, and ε is a
0-form, then

ϱ ¬ εϖ = ϱε ¬ ϖ. (8.6.1)

Now, since G is a matrix Lie group, we can view gauge transformations as matrix-valued
0-forms. With that interpretation, for any U ↑ G, dU is a matrix-valued 1-form. In local
coordinates within a chart (W,ω),

dU =

n∑

i=1

ϑU

ϑxi
dxi,

where, by equation (C.2.2),

ϑU

ϑxi
=

d

dt
U(ω→1

(ω(x) + tei))

∣∣∣∣
t=0

,

where e1, . . . , en are the standard basis vectors of Rn.
We claim that the matrix-valued 1-form (dU)U→1 is actually a g-valued 1-form (where,

as mentioned above, (dU)U→1 is shorthand for dU ¬ U→1). To see this, take any i and x,
and let ε be the curve ε(t) := U(ω→1

(ω(x) + tei))U(x)→1. This is a smooth curve in G,
and ε(0) = I. Thus, ε⇒(0) is an element of g. But

ε⇒(0) =
ϑU

ϑxi
U(x)→1.

This shows that (dU)U→1 is a g-valued 1-form. By a similar argument, the matrix-valued
1-form UAU→1 is actually g-valued.
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Definition 8.6.2. The action of a gauge transformation U on a gauge field A is defined as

AU
:= UAU→1

↓ (dU)U→1.

Usually, we refer to both U and the action of U as gauge transformations.

Lemma 8.6.3. The action defined above is a group action, in the sense that (AU
)
V
= AV U .

Proof. First note that

(AU
)
V
= V AUV →1

↓ (dV )V →1

= V (UAU→1
↓ (dU)U→1

)V →1
↓ (dV )V →1

= (V U)A(V U)
→1

↓ V (dU)(V U)
→1

↓ (dV )V →1.

On the other hand, by the Leibniz rule for the exterior derivative,

(d(V U))(V U)
→1

= ((dV )U + V dU)(V U)
→1

= (dV )V →1
+ V (dU)(V U)

→1.

This proves that (AU
)
V
= AV U . Thus, A ⇐⇒ AU is a group action of G on A.

Two gauge fields A and B are said to be gauge equivalent if B = AU for some gauge
transformation U . It is easy to see that this is an equivalence relation. The set of equivalence
classes is denoted by A/G.

A function f on A is said to be gauge invariant if f(AU
) = f(A) for any A ↑ A and

U ↑ G. A key property of the Yang–Mills action is that it is gauge invariant.

Theorem 8.6.4. Take any A ↑ A and U ↑ G, and let B := AU . Then FB = UFAU→1. As
a consequence, if S(A) is well-defined and finite, then so is S(B), and S(A) = S(B).

Proof. Take any A ↑ A and U ↑ G. Let B := AU . Then note that

FB = dB +B ¬B

= d(UAU→1
↓ (dU)U→1

) + (UAU→1
↓ (dU)U→1

) ¬ (UAU→1
↓ (dU)U→1

).

By the Leibniz rule for the exterior derivative,

d(UAU→1
) = dU ¬AU→1

+ Ud(AU→1
)

= dU ¬AU→1
+ U((dA)U→1

↓A(dU→1
))

= dU ¬AU→1
+ U(dA)U→1

↓ UA(dU→1
).

Since UU→1
∞ I, we have (again by the Leibniz rule)

0 = d(UU→1
) = (dU)U→1

+ Ud(U→1
).
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Thus, d(U→1
) = ↓U→1

(dU)U→1. Substituting this in the previous display, we get

d(UAU→1
) = dU ¬AU→1

+ U(dA)U→1
+ UAU→1

¬ (dU)U→1.

Similarly,

↓d((dU)U→1
) = ↓ddU ¬ U→1

+ dU ¬ dU→1

= ↓dU ¬ U→1
(dU)U→1.

Lastly, by generous applications of equation (8.6.1),

(UAU→1
↓ (dU)U→1

) ¬ (UAU→1
↓ (dU)U→1

)

= UAU→1
¬ UAU→1

↓ (dU)U→1
¬ UAU→1

↓ UAU→1
¬ (dU)U→1

+ (dU)U→1
¬ (dU)U→1

= UA ¬AU→1
↓ dU ¬AU→1

↓ UAU→1
¬ (dU)U→1

+ (dU)U→1
¬ (dU)U→1.

Adding up the right sides of the last three displays and plugging into the expression for FB

obtained above, we get that

FB = U(dA)U→1
+ UA ¬AU→1

= UFAU
→1.

Now, for notational convenience, let F := FA and F ⇒
:= FB. Then note that in local

coordinates,

Tr(↖F ⇒, F ⇒
↙) =

∑

1↔i,j,k,l↔n

gikgjl Tr(F ⇒

ijF
⇒

kl
)

=

∑

1↔i,j,k,l↔n

gikgjl Tr(U→1FijUU→1FklU)

=

∑

1↔i,j,k,l↔n

gikgjl Tr(U→1FijFklU)

=

∑

1↔i,j,k,l↔n

gikgjl Tr(FijFkl)

= Tr(↖F, F ↙).

This proves that S(A) = S(B) if S(A) is well-defined and finite.

The physics of gauge theories says that the image of a connection A under the quotient
map from A into A/G is the physically measurable object, and not A itself. Another way
to say this is that only gauge invariant functions of a gauge field are physically observable.
For example, the following result shows that this is indeed the case for electromagnetism
(in vacuum). The gauge field is only a mathematical construct. The physically measurable
quantities are only those that depend on the gauge field through the electromagnetic field
generated by it.
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Theorem 8.6.5. Consider U(1) connections on R1,3. Two connections A and B yield
the same electromagnetic field (E,B) via equation (8.5.1) if and only if they are gauge
equivalent.

Proof. For U(1) theory on R1,3, a gauge transformation is a smooth map U : R1.3
⇒ U(1).

It is not hard to show that U can be written as U(x) = ei▷(x) for some smooth map
φ : R1,3

⇒ R (for example, by taking φ(x) to be the line integral of U ⇒
(x)/U(x) along any

piecewise smooth curve joining 0 and x, and showing that value does not depend on the
choice of the curve). Thus,

(dU)U→1
= i

3∑

i=0

ϑφ

ϑxi
dxi = idφ,

where x0 is the same as t. Also, due to the Abelian nature of U(1), U→1AU = A. Thus, a
gauge transformation in this setting is simply a transformation like

A▷
:= A↓ idφ,

where φ ↑ C↑
(R1,3

). In particular,

A▷

0 = A0 ↓ i
ϑφ

ϑt
,

A▷

j
= Aj ↓ i

ϑφ

ϑxj
, j = 1, 2, 3.

Thus, if (E,B) is obtained from A and (E▷,B▷
) is obtained from A▷ via equation (8.5.1),

then for j = 1, 2, 3,

E▷

j
= ↓i

ϑA▷

0

ϑxj
+ i

ϑA▷

j

ϑt

= ↓i
ϑA0

ϑxj
+

ϑ2φ

ϑxjϑt
+ i

ϑAj

ϑt
↓

ϑ2φ

ϑtϑxj

= ↓i
ϑA0

ϑxj
+ i

ϑAj

ϑt
= Ej .

Similarly, it is easy to check that B▷
= B. This completes the proof of one direction of the

claim. For the opposite direction, let A and B be two gauge field that generate the same
electromagnetic field (E,B) via equation (8.5.1). By equations (8.5.6) and (8.5.8), this
implies that FA = FB . But for U(1) connections, the explicit form given in equation (8.5.7)
implies that FA ↓ FB = FA→B. Thus, FC = 0, where C := A↓ B. But FC = dC and C

is an iR-valued 1-form. Thus, if we let C ⇒
:= ↓iC, then C ⇒ is a real-valued 1-form with

dC ⇒
= 0. Thus, by the Poincaré lemma for Rn (Lemma 8.5.2), there is a real-valued 0-form

φ such that C ⇒
= dφ. Thus, for each j,

Bj(x) = Aj(x)↓ Cj(x) = Aj(x)↓ iC ⇒

j(x) = Aj(x)↓ i
ϑφ

ϑxj
.
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This shows that B = A▷.
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Chapter 9

The Free Electromagnetic Field

9.1 The Lorenz gauge condition

Recall from Section 8.1 and Section 8.5 that a gauge field in the theory of electromagnetism
is a smooth map A : R4

⇒ (iR)4, with coordinates denoted by A0, A1, A2, A3, and the
action of such a field is formally given by

S(A) =
1

2

∫

R

∫

R3

( 3∑

j=1

(
ϑAj

ϑt
↓

ϑA0

ϑxj

)2

↓

∑

1↔j<k↔3

(
ϑAk

ϑxj
↓

ϑAj

ϑxk

)2)
dxdt. (9.1.1)

(As in the previous chapter, we are denoting points in R4 as (t, x1, x2, x3), and taking the
bare coupling constant g0 to be 1.) Recall that a gauge field A is an abstract object that
gives rise to a physically observable electromagnetic field (E,B) as

Ej = i
ϑAj

ϑt
↓ i

ϑA0

ϑxj
(9.1.2)

for j = 1, 2, 3, and

B1 = i
ϑA3

ϑx2
↓ i

ϑA2

ϑA3
, B2 = i

ϑA1

ϑx3
↓ i

ϑA3

ϑA1
, B3 = i

ϑA2

ϑx1
↓ i

ϑA1

ϑA2
. (9.1.3)

Moreover, two gauge fields A and A⇒ gives rise to the same electromagnetic field if and only
if A⇒ is gauge equivalent to A, meaning that there is some φ : R4

⇒ R such that

A⇒

0 = A0 ↓ i
ϑφ

ϑt
, and

A⇒

j = Aj ↓ i
ϑφ

ϑxj
, for j = 1, 2, 3.

Let As denote the set of all Schwartzian U(1) connections on R4, that is, all U(1) connections
A such that Aj ↑ S(R4,C) for j = 0, 1, 2, 3. Similarly, let Gs be the set of all Schwartzian
gauge transforms. It is easy to see that Gs is a group that acts on As in the above manner.
It turns out that there are simple ways to choose a unique element from each equivalence

147



CHAPTER 9. THE FREE ELECTROMAGNETIC FIELD

class in As/Gs. One such method is Lorenz gauge fixing. A connection A ↑ As is said to
satisfy the Lorenz gauge condition if

↓
ϑA0

ϑt
+

3∑

j=1

ϑAj

ϑxj
= 0. (9.1.4)

Let A
L
s be the set of all A ↑ As that satisfy the Lorenz gauge condition. The following

result shows that each element of As can be uniquely represented as A▷ for some A ↑ A
L
s

and φ ↑ Gs.

Proposition 9.1.1. The mapping &(A,φ) := A▷ is an isomorphism of the vector spaces
A

L
s ′ Gs and As.

Proof. It is clear that & is linear. To see that & is injective, take any (A,φ) in the kernel
of &. Then

i
ϑφ

ϑt
= A0, and

i
ϑφ

ϑxj
= Aj , for j = 1, 2, 3.

Since A ↑ A
L
s , this shows that

↭φ :=
ϑ2φ

ϑt2
↓

3∑

j=1

ϑ2φ

ϑx2
j

= ↓i
ϑA0

ϑt
+ i

3∑

j=1

ϑAj

ϑxj
= 0.

Since φ ↑ S(R4,C), an easy calculation shows that

↭̂φ(p) = (p20 ↓ p21 ↓ p22 ↓ p23)φ̂(p)

for p = (p0, p1, p2, p3) ↑ R4. But since ↭φ = 0, its Fourier transform is also zero. Thus,
the above equation shows that φ̂ = 0 almost everywhere on R4. We conclude that φ ∞ 0.
Since we started with the assumption that A▷

= 0, this proves that A is also zero. Thus, &
is injective.

Next, take any A ↑ As. Define

↽ := ↓
ϑA0

ϑt
+

3∑

j=1

ϑAj

ϑxj
.

First, suppose that the map

g(p) :=
i↽̂(p)

p20 ↓ p21 ↓ p22 ↓ p23

defined on the domain {p ↑ R4
: p20 ↓ p21 ↓ p22 ↓ p23 ⇓= 0} extends continuously to a Schwartz
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function on R4. Then define

φ(t, x) :=
1

(2↼)4

∫

R3

∫

R
g(p)e→i(p0t+q·x)dp0dq, (9.1.5)

so that φ ↑ Gs and g = φ̂. Let B := A→▷. Then note that

↓
ϑB0

ϑt
+

3∑

j=1

ϑBj

ϑxj
= ↽↓ i↭φ

But, we have

↭̂φ(p) = (p20 ↓ p21 ↓ p22 ↓ p23)φ̂(p) = (p20 ↓ p21 ↓ p22 ↓ p23)g(p) = i↽̂(p). (9.1.6)

This shows that B ↑ A
L
s . Thus, any A satisfying the above condition is in the image of &.

If g does not extend continuously to a Schwartz function, we have to work harder. We
still want to define φ via equation (9.1.5), but since the integral is not absolutely convergent,
we have to define it as a principal value:

φ(t, x) := lim
ϑ↓0

1

(2↼)4

∫

R3

∫

p0:|p0→⇓q⇓|>ϑ

g(p0, q)e
→i(p0t+q·x)dp0dq.

We will not bother to show that the above limit exists. Instead, we will just write down
φ(t, x) as the explicit form of the limit and verify that it works (that is, satisfies equation
(9.1.6)). To do this, we define

φ(t, x) =

∫

R3

(∫
⇓q⇓

0
(g(↔q↔+ r, q)e→i((⇓q⇓+r)t+q·x)

+ g(↔q↔ ↓ r, q)e→i((⇓q⇓→r)t+q·x)
)dr

∫
⇓q⇓

0
(g(↓↔q↔+ r, q)e→i((→⇓q⇓+r)t+q·x)

+ g(↓↔q↔ ↓ r, q)e→i((→⇓q⇓→r)t+q·x)
)dr

+

∫
↑

2⇓q⇓
g(r, q)e→i(rt+q·x)dr +

∫
→2⇓q⇓

→↑

g(r, q)e→i(rt+q·x)dr

)
dq.

We first claim that the above integrals over r are absolutely convergent. The third and
fourth integrals converge because g has rapid decay at infinity. For the first integral, note
that

g(↔q↔+ r, q)e→i((⇓q⇓+r)t+q·x)
+ g(↔q↔ ↓ r, q)e→i((⇓q⇓→r)t+q·x)

=
i↽̂(↔q↔+ r, q)e→i((⇓q⇓+r)t+q·x)

2↔q↔r + r2
↓

i↽̂(↔q↔ ↓ r, q)e→i((⇓q⇓→r)t+q·x)

2↔q↔r ↓ r2

Now, there is a constant C, not depending on q or r, such that

|↽̂(↔q↔+ r, q)↓ ↽̂(↔q↔ ↓ r, q)| ⇔ Cr,

|e→i((⇓q⇓+r)t+q·x)
↓ e→i((⇓q⇓→r)t+q·x)

| ⇔ C|t|r,
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and since 0 ⇔ r ⇔ ↔q↔,
∣∣∣∣

1

2↔q↔r + r2
↓

1

2↔q↔r ↓ r2

∣∣∣∣ ⇔ C↔q↔→1r.

Moreover, |↽̂| is uniformly bounded, and

1

|2↔q↔r ± r2|
⇔ C↔q↔→1r.

Using these bounds, it is now easy to deduce that

|g(↔q↔+ r, q)e→i((⇓q⇓+r)t+q·x)
+ g(↔q↔ ↓ r, q)e→i((⇓q⇓→r)t+q·x)

| ⇔ C(1 + |t|+ ↔q↔→1
).

This allows us to prove that φ is well-defined and satisfies equation (9.1.6).

9.2 Rigorous construction of the free electromagnetic field

By Proposition 9.1.1, we write each Schwartzian connection A uniquely as B▷ where B is a
Schwartzian connection that satisfies the Lorenz gauge condition and φ is a Schwartzian
gauge transform. We claim that the vacuum expectation value of any gauge invariant
observable does note change if we replace the action S by the modified action

S(A) := S(B) + F (φ)

for any function F . The heuristic justification goes as follows. Recall from equation (2.3.3)
that given a function L(A) of the field, the vacuum expectation value of L(A) is heuristically
given by

↖”|L(A)|”↙ =

∫
L(A)eiS(A)

DA∫
eiS(A)DA

.

Writing A = B▷ as above, and noting that the map (B,φ) ⇐⇒ B▷ is linear, we get

↖”|L(A)|”↙ =

∫∫
L(B▷

)eiS(B
ϖ)
DBDφ∫∫

eiS(Bϖ)DBDφ
.

Now, S(B▷
) = S(B), and if L is gauge invariant, then L(B▷

) = L(B). Thus,

↖”|L(A)|”↙ =

∫∫
L(B)eiS(B)

DBDφ∫∫
eiS(B)DBDφ

=

∫
L(B)eiS(B)

DB
∫
Dφ∫

eiS(B)DB
∫
Dφ

=

∫
L(B)eiS(B)

DB∫
eiS(B)DB

.
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But on the other hand,

∫
L(A)eS̃(A)

DA
∫
eS̃(A)DA

=

∫∫
L(B▷

)eiS(B)+iF (▷)
DBDφ∫∫

eiS(B)+iF (▷)DBDφ

=

∫∫
L(B)eiS(B)+iF (▷)

DBDφ∫∫
eiS(B)+iF (▷)DBDφ

=

∫
L(B)eiS(B)

DB
∫
eiF (▷)

Dφ∫
eiS(B)DB

∫
eiF (▷)Dφ

=

∫
L(B)eiS(B)

DB∫
eiS(B)DB

.

This completes the heuristic justification of the claim that replacing S by S leaves expectation
values of gauge invariant observables unchanged. Let us now make the specific choice

F (φ) :=
1

2

∫

R

∫

R3
(↭φ(t, x))2dxdt. (9.2.1)

This is known as the Feynman gauge fixing term. Then note that since B satisfies the
Lorenz gauge condition and S(A) = S(B), we have

S(A) = S(B) +
1

2

∫

R

∫

R3
(↭φ(t, x))2dxt

= S(A)↓
1

2

∫

R

∫

R3

(
ϑB0

ϑt
↓

3∑

j=1

ϑBj

ϑxj
+ i↭φ(t, x)

)2

dxdt

= S(A)↓
1

2

∫

R

∫

R3

(
ϑA0

ϑt
↓

3∑

j=1

ϑAj

ϑxj

)2

dxdt. (9.2.2)

Integration by parts gives
∫

R4

ϑAk

ϑxj

ϑAj

ϑxk
dx =

∫

R4

ϑAk

ϑxk

ϑAj

ϑxj
dx

for any 0 ⇔ j, k ⇔ 3, where x0 stands for t. Applying this in the expression (9.1.1) for S(A),
and letting ϱ0 = 1, ϱ1 = ϱ2 = ϱ3 = ↓1, we get

S(A) = ↓
1

2

∫

R4

∑

0↔j<k↔3

ϱjϱk

(
ϑAk

ϑxj
↓

ϑAj

ϑxk

)2

dx

= ↓
1

4

∫

R4

3∑

j,k=0

ϱjϱk

(
ϑAk

ϑxj
↓

ϑAj

ϑxk

)2

dx

= ↓
1

2

∫

R4

[ 3∑

j,k=0

ϱjϱk

(
ϑAk

ϑxj

)2

↓

( 3∑

j=0

ϱj
ϑAj

ϑxj

)2]
dx. (9.2.3)
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Combining equations (9.2.2) and (9.2.3) and again applying integration by parts, we get

S(A) = ↓
1

2

∫

R4

3∑

j,k=0

ϱjϱk

(
ϑAk

ϑxj

)2

dx

= ↓
1

2

∫

R

∫

R3
((ϑtA0(t, x))

2
↓ ↔∋A0(t, x)↔

2
)dxdt

+
1

2

3∑

j=1

∫

R

∫

R3
((ϑtAj(t, x))

2
↓ ↔∋Aj(t, x)↔

2
)dxdt,

where ∋ denotes the gradient in the spatial coordinates. To construct a quantum field
theory with this action, let us attempt to follow the Markov process heuristic from Chapter 2.
Doing Wick rotation by replacing t by ↓it everywhere and then multiplying the resulting
action by i (as we did for the one particle systems of Chapter 1), we get the Euclidean
action

SE(A) = ↓
1

2

∫

R

∫

R3
((ϑtA0(t, x))

2
+ ↔∋A0(t, x)↔

2
)dxdt

+
1

2

3∑

j=1

∫

R

∫

R3
((ϑtAj(t, x))

2
+ ↔∋Aj(t, x)↔

2
)dxdt.

Thus, an Euclidean free electromagnetic field AE
= (AE

0 , A
E
1 , A

E
2 , A

E
3 ) should be a random

field on R4 with probability density proportional to e→S̃E(A). This is achieved by taking
four independent massless Euclidean free fields ↽0,↽1,↽2,↽3 on R4, and defining

AE
0 := i↽0, AE

1 := ↽1, AE
2 := ↽2, AE

3 := ↽3. (9.2.4)

Note that the i is included in the definition of AE
0 to account for the fact that the term

involving A0 in SE(A) has the ‘wrong sign’. With this definition, it is easy to see from the
properties of the Euclidean free field that {AE

(t, ·)}t↗R is a stationary, reversible Markov
process on the state space

U := (iR)S(R3
,R)

′ RS(R3
,R)

′ RS(R3
,R)

′ RS(R3
,R),

where U is equipped with its cylinder ▷-algebra. The law µ of AE
(0, ·) is the product of

the laws of i↽0(0, ·), ↽1(0, ·), ↽2(0, ·) and ↽3(0, ·), and the coordinates evolve independently
according to the transition probabilities of the Euclidean free field (and multiplied by i for
the first coordinate). Thus, the Hilbert space for the (quantum) free electromagnetic field
in the Feynman gauge should be L2

(µ), and its Hamiltonian H should be the generator of
the semigroup (P (t))t↘0 on L2

(µ) given by

P (t)F (X) := E(F (AE
(t, ·))|AE

(0, ·) = X).

152



CHAPTER 9. THE FREE ELECTROMAGNETIC FIELD

It is easy to verify that this is a strongly continuous semigroup of symmetric operators,
and that the function ” ∞ 1 in L2

(µ) satisfies H” = 0. This allows us to complete the
construction and define vacuum expectation values as before.

9.3 The photon propagator in the Feynman gauge

Let A be a free electromagnetic field in the Feynman gauge, as defined in the previous
section. The photon propagator ’ = (’jk)0↔j,k↔3 for this field is defined as

’jk(x↓ y) := i↖”|T {Aj(x)Ak(y)}|”↙.

Since we constructed the free electromagnetic field in the Feynman gauge using four
independent Euclidean free fields, and we already know the form of the Feynman propagator,
it is relatively easy to compute the photon propagator rigorously.

Reverting back to our convention of denoting points in R4 by (t, x) where t ↑ R and
x ↑ R3, the photon propagator is formally given by

’jk(t, x) = ↓
iϱjk
(2↼)3

∫

R3

e→i|t|⇓p⇓+ip·x

2↔p↔
dp, (9.3.1)

where ϱ is the Minkowski metric, given by

ϱjk :=






1 if j = k = 0,

↓1 if j = k ↑ {1, 2, 3},

0 if j ⇓= k.

Rigorously, this means that for each t ↑ R, ’jk(t, ·, ·) is a bilinear form acting on S(R3,R)′
S(R3,R) as

’jk(t, f, g) := ↓
iϱjk
(2↼)3

∫

R3

e→i|t|⇓p⇓f̂(p)ĝ(p)

2↔p↔
dp.

Note that the expression on the right is mathematically well-defined, and is taken as the
definition of ’jk(t, f, g). The following is a rigorous statement of the claim made above in
equation (9.3.1).

Theorem 9.3.1. Let A denote the free electromagnetic field in the Feynman gauge, as
defined in the previous section. Let A(t, ·) denote the value of the field at time t. Then for
any f, g ↑ S(R3,R) and ↓⇑ < s ⇔ t < ⇑,

↖”|Aj(s, g)Ak(t, f)|”↙ = ↓i’jk(t↓ s, f, g),

where ’jk is the photon propagator defined above.

Proof. Take any t > 0, f, g ↑ S(R3,R), and 0 ⇔ j, k ⇔ 3. Let AE be the Euclidean free
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electromagnetic field defined in equation (9.2.4) in the previous section. Let ϖ0 := i and
ϖj := 1 for j = 1, 2, 3. Let δjk = 1 if j = k and 0 otherwise. Then note that by Lemma 3.8.3
and the independence of the fields ↽0,↽1,↽2,↽3, we have

E[g(AE
j (0, ·))f(A

E
k
(t, ·))] = ϖjϖkE[g(↽j(0, ·))f(↽k(t, ·))]

= ϖjϖkδjk
1

(2↼)3

∫

R3

e→t⇓p⇓f̂(p)ĝ(p)

2↔p↔
dp.

But ϖjϖkδjk = ↓ϱjk. By Lemma 3.8.4, the right side can be analytically continued to the
imaginary axis (as a function of t) simply by replacing t by it in the integral. This completes
the proof.

9.4 Expected value of a gauge invariant observable

Let us now work out the two-point correlation function for the electric field in a free
electromagnetic field. Since the electric field is a gauge-invariant object, the answer should
not depend on our specific choice of the Feynman gauge. That is, if we chose the gauge
fixing term F (φ) in equation (9.2.1) to be something di!erent, then although the photon
propagator would change, the object that we will calculate below would remain the same.

By equation (9.1.2), a formal computation gives, for any 1 ⇔ j, k ⇔ 3, ↓⇑ < s ⇔ t < ⇑

and x, y ↑ R3,

↖”|Ej(s, x)Ek(t, y)|”↙

=


”

∣∣∣∣

(
i
ϑAj

ϑs
(s, x)↓ i

ϑA0

ϑxj
(s, x)

)(
i
ϑAk

ϑt
(t, y)↓ i

ϑA0

ϑyk
(t, y)

)∣∣∣∣”


= ↓
ϑ2

ϑsϑt
↖”|Aj(s, x)Ak(t, y)|”↙+

ϑ2

ϑsϑyk
↖”|Aj(s, x)A0(t, y)|”↙

+
ϑ2

ϑxjϑt
↖”|A0(s, x)Ak(t, y)|”↙ ↓

ϑ2

ϑxjϑyk
↖”|A0(s, x)A0(t, y)|”↙.

By Theorem 9.3.1, the second and third terms on the right are zero,

ϑ2

ϑsϑt
↖”|Aj(s, x)Ak(t, y)|”↙ = ↓

ϑ2

ϑsϑt

ϱjk
(2↼)3

∫

R3

e→i(t→s)⇓p⇓+ip·(x→y)

2↔p↔
dp

= ↓
ϱjk
(2↼)3

∫

R3

e→i(t→s)⇓p⇓+ip·(x→y)

2
↔p↔dp,

and

ϑ2

ϑxjϑyk
↖”|A0(s, x)A0(t, y)|”↙ =

ϑ2

ϑxjϑyk

↓1

(2↼)3

∫

R3

e→i(t→s)⇓p⇓+ip·(x→y)

2↔p↔
dp

=
↓1

(2↼)3

∫

R3

pjpke→i(t→s)⇓p⇓+ip·(x→y)

2↔p↔
dp.
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Combining, we get the formal expression

↖”|Ej(s, x)Ek(t, y)|”↙ =
1

(2↼)3

∫

R3

1

2

(
pjpk
↔p↔

↓ ϱjk↔p↔

)
e→i(t→s)⇓p⇓+ip·(x→y)dp.

One can make this formal computation precise by treating the photon propagator and the
above two-point correlation function as distributions rather than functions.

9.5 The photon propagator in momentum coordinates

By Theorem 3.9.1, the photon propagator defined in equation (9.3.1) can be alternatively
expressed as

’jk(x) = lim
ϑ≃0

ϱjk
(2↼)4

∫

R4

e→i(x,p)

p2 + iς
dp

for 0 ⇔ j, k ⇔ 3 and x ↑ R4, where (x, p) denotes the inner product in Minkowski signature.
Now, suppose we view the free electromagnetic field as an actual field define on R4, and
consider the Minkowski space Fourier transforms of its four components:

Aj(p) :=

∫

R4
ei(x,p)Aj(x)dx, j = 0, 1, 2, 3.

Then, just as we did for the free quantum field in Section 3.10, we can define the photon
propagator in momentum coordinates as

’jk(p, q) :=
i

(2↼)4
↖ Aj(p) Ak(q)↙.

Then, from the calculation in Section 3.10, it is clear that

’jk(p, q) = ϱjkδ
(4)

(p+ q) lim
ϑ≃0

1

q2 + iς
. (9.5.1)

We will use this formula later, in our calculations for non-Abelian Yang–Mills theories.
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Chapter 10

Grassmann Fields

10.1 Grassmann variables

Let ( be any set. Let V be the vector space over C with basis (. That is, each element of
V is either zero, or uniquely represented as

c1ϖ1 + · · ·+ cnϖn

for some n → 1, c1, . . . , cn ↑ C, and distinct ϖ1, . . . , ϖn ↑ (. Recall the exterior algebra
%(V ) of V , defined in Section C.1.3 of Appendix C. We will henceforth refer to this algebra
as the ‘Grassmann algebra’ generated by the set of ‘Grassman variables’ (. For ease of
notation, we will omit the wedge product symbol and simply write fg instead of f ¬ g for
f, g ↑ %(V ).

In a nutshell, the Grassmann algebra can also be defined as follows. Let F be the free
algebra generated by (, that is, all formal (finite) noncommutative products of elements
of (, together with linear combinations of these products with complex coe"cients. Let
I be the two-sided ideal1 of F generated by elements of the form ϖ1ϖ2 + ϖ2ϖ1. Then the
Grassmann algebra generated by ( is the quotient algebra R/I.

An element of the Grassman algebra is can be seen as a function of the Grassmann
variables. So, for example, the element 1 + ϖ1 + ϖ2 + ϖ1ϖ2 is seen as a function f(ϖ1, ϖ2) of
the two Grassmann variables ϖ1, ϖ2 ↑ (, just as we would see it as a function if ϖ1 and ϖ2

were real variables. In general, any Grassmann function is a polynomial in finitely many of
the Grassmann variables with complex coe"cients, where no term has an element raised
to a power greater than one (because raising to a higher power yields zero). To multiply
two such functions, we simply have to follow the usual rule of multiplication (without
commutativity) and then simplify using the rules that ϖ2 = 0 for any ϖ and ϖ1ϖ2 = ↓ϖ1ϖ2

for any ϖ1, ϖ2. For example,

(ϖ1 + ϖ2)(ϖ1 + ϖ3) = ϖ21 + ϖ2ϖ1 + ϖ1ϖ3 + ϖ2ϖ3 = ↓ϖ1ϖ2 + ϖ1ϖ3 + ϖ2ϖ3.

1
That is, all elements of the form a1b1c1 + · · ·+ anbncn where b1, . . . , bn are elements of F of the form

ω1ω2 + ω2ω1, n is an arbitrary nonnegative integer, and a1, . . . , an, c1, . . . , cn are arbitrary elements of F .
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We will refer to these functions as ‘Grassmann functions’. Once we start seeing these
elements as functions, the advantage is that we can start talking about di!erentiating and
integrating these functions. We do this in the subsequent sections. Throughout, we will
work with the Grassmann algebra defined above.

10.2 Di!erentiating Grassmann functions

Di!erentiation of a function of Grassmann variables yields another function of Grassmann
variables, as follows. For distinct ϖ1, . . . , ϖn ↑ (, we define

ϑ

ϑϖ1
ϖ1 · · · ϖn = ϖ2 · · · ϖn.

As usual, when n = 1, the empty product on the right is taken to be 1. The derivative of a
constant is defined to be zero, and we also define

ϑ

ϑϖ
ϖ1 · · · ϖn = 0

for any ϖ /↑ {ϖ1, . . . , ϖn}. To be consistent with the above definition and be linear, we must
have for any 1 ⇔ m ⇔ n,

ϑ

ϑϖm
ϖ1 · · · ϖm =

ϑ

ϑϖm
((↓1)

m→1ϖmϖ1 · · · ϖm→1ϖm+1 · · · ϖn)

= (↓1)
mϖ1 · · · ϖm→1ϖm+1 · · · ϖn.

Once we have the above definition, it is now clear how to extend it by linearity to define
ωf

ως
for any Grassmann function f and any ϖ. For example,

ϑ

ϑϖ2
(1 + ϖ1 + ϖ2 + ϖ1ϖ2) = 1↓ ϖ1.

We can also di!erentiate repeatedly in the obvious way. Note, however, that the order of
di!erentiation matters, because the definition implies that

ϑ

ϑϖ

ϑ

ϑϖ⇒
= ↓

ϑ

ϑϖ⇒
ϑ

ϑϖ
(10.2.1)

for any ϖ, ϖ⇒ ↑ ( (not necessarily distinct). This proves, in particular, that repeated
di!erentiation in any single variable yields zero.

10.3 Berezin integrals

Given a function of these Grassmann variables, if we integrate out one of the variables (as
a definite integral), we should get a function of the remaining variables. In particular, the
integral of a single variable should be constant. We define, for each ϖ ↑ (, the definite
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integrals ∫
ϖdϖ := 1,

∫
dϖ = 0.

With these definitions, and treating the Grassmann variables as independent variables, note
that for any distinct ϖ1, . . . , ϖn ↑ (, we must have

∫
ϖ1 · · · ϖndϖ1 = ϖ2 · · · ϖn.

But then note that the right side is in fact equal to

ϑ

ϑϖ1
ϖ1 · · · ϖn.

Extending by linearity, we see that for any function Grassman function f and any ϖ, we
must have ∫

fdϖ :=
ϑf

ϑϖ
.

Note that this also holds for constant functions. These are known as ‘Berezin integrals’. The
above definition allows us to integrate over several Grassmann variables, by di!erentiating
repeatedly. As before, the order of integration matters.

An important observation that we will use later is that for distinct Grassmann variables
ϖ1, . . . , ϖn and a permutation ▷ ↑ Sn,

∫
· · ·

∫
ϖ↼(1) · · · ϖ↼(n)dϖ1 · · · dϖn =

∫
· · ·

∫
sign(▷)ϖ1 · · · ϖndϖ1 · · · dϖn = sign(▷).

10.4 Exponentials of Grassmann functions

Let f be a Grassmann function that has no constant term. Let n be the number of
Grassmann variables that appear in f . Then fk

= 0 for any k > n, because each monomial
in the expansion of fk has at least one Grassmann variable appearing more than once.
Thus, it makes sense of define the exponential of f as

ef :=

↑∑

k=0

fk

k!
.

If f has a constant term c, then f ↓ c has no constant term, and we define

ef := ecef→c.
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For example,

eς1ς2+ς3ς4 = 1 + (ϖ1ϖ2 + ϖ3ϖ4) +
1

2
(ϖ1ϖ2 + ϖ3ϖ4)

2

= 1 + (ϖ1ϖ2 + ϖ3ϖ4) +
1

2
((ϖ1ϖ2)

2
+ (ϖ3ϖ4)

2
+ (ϖ1ϖ2ϖ3ϖ4 + ϖ3ϖ4ϖ1ϖ2))

= 1 + ϖ1ϖ2 + ϖ3ϖ4 + ϖ1ϖ2ϖ3ϖ4.

Now suppose that the Grassmann functions f and g are homogeneous polynomials of
degrees k and l, respectively. In the vector space notation, this means f ↑ %

k
(V ) and

g ↑ %
l
(V ). Then it is easy to see, and already noted in equation (C.1.5) in Appendix C

that
fg = (↓1)

klgf.

In particular, if at least one of k and l is even, then f and g commute. This implies that if
f1, . . . , fn are homogeneous polynomials of even degrees, then

ef1+···+fn = ef1 · · · efn .

(Note that being homogeneous of even degree automatically ensures that there is no constant
term.)

10.5 Gaussian integration with Grassmann variables

The following formula is known as the Gaussian integral with Grassmann variables.

Theorem 10.5.1. Take any n → 1 and let ϖ1, . . . , ϖn, ϖ1, . . . , ϖn ↑ ( be distinct Grassmann
variables. Let

dϖdϖ := dϖ1dϖ1 · · · dϖndϖn.

Then for any n′ n complex matrix M = (mij)1↔i,j↔n,

∫
exp

(
↓

n∑

i,j=1

mijϖiϖj

)
dϖdϖ = detM.

Proof. From the discussion in the previous section, we know that

exp

(
↓

n∑

i,j=1

mijϖiϖj

)
=

n∏

i,j=1

exp(↓mijϖiϖj),

where the terms on the right commute with each other, so the order in which the product
is taken does not matter. But again, from the same discussion,

exp(↓mijϖiϖj) = 1 + (↓mijϖiϖj) +
1

2
(↓mijϖiϖj)

2

= 1↓mijϖiϖj .
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Thus, we get

∫
exp

(
↓

n∑

i,j=1

mijϖiϖj

)
dϖdϖ =

∫ n∏

i,j=1

(1↓mijϖiϖj)dϖdϖ.

Expanding the product, we see that the integral on the right is the sum of the integrals
∫
(↓1)

k
(mi1j1ϖi1ϖj1) · · · (mikjkϖikϖjk)dϖdϖ

over all 0 ⇔ k ⇔ n2 and all distinct (i1, j1), . . . , (ik, jk) that are lexicographically increasing
in {1, . . . , n}2. It is easy to see that the above integral is zero unless k = n, i1, . . . , ik is a
permutation of 1, . . . , n, and j1, . . . , jk is a permutation of 1, . . . , n. But then, the condition
that (i1, j1), . . . , (ik, jk) are lexicographically increasing implies that il = l for l = 1, . . . , n.
Thus,

∫
exp

(
↓

n∑

i,j=1

mijϖiϖj

)
dϖdϖ = (↓1)

n
∑

↼↗Sn

m1↼(1) · · ·mn↼(n)

∫
ϖ1ϖ↼(1) · · · ϖnϖ↼(n)dϖdϖ.

Take any ▷ ↑ Sn. Since moving from ϖ1ϖ↼(1) · · · ϖnϖ↼(n) to ϖ1ϖ1 · · · ϖnϖn requires the same
number of transpositions as needed to move ▷ to the identity permutation, we see that

∫
ϖ1ϖ↼(1) · · · ϖnϖ↼(n)dϖdϖ =

∫
sign(▷)ϖ1ϖ1 · · · ϖnϖndϖdϖ

= (↓1)
n
sign(▷)

∫
ϖ1ϖ1 · · · ϖnϖndϖdϖ

= (↓1)
n
sign(▷).

Combining the above observations, we get

∫
exp

(
↓

n∑

i,j=1

mijϖiϖj

)
dϖdϖ =

∑

↼↗Sn

sign(▷)m1↼(1) · · ·mn↼(n) = detM.

This completes the proof.

10.6 Grassmann-valued Gaussian random variables

Let n be a positive integer and M = (mij)1↔i,j↔n be an n′n invertible complex matrix. We
define Grassmann-valued Gaussian random variables (X,X) = (X1, . . . , Xn, X1, . . . , Xn)

with mean zero and inverse covariance matrix M as follows. For any function F that can
be expressed as a polynomial with complex coe"cients, the expected value of F (X,X) is
defined as

E(F (X,X)) :=

∫
F (ϖ, ϖ) exp

(
↓
∑

n

i,j=1mijϖiϖj
)
dϖdϖ

∫
exp

(
↓
∑

n

i,j=1mijϖiϖj
)
dϖdϖ

,
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whenever the right side makes sense in the framework of Berezin integrals. The following
theorem shows why it makes sense to call M the inverse covariance matrix.

Theorem 10.6.1. Let (X,X) be as above. Let ! = (▷ij)1↔i,j↔n := M→1. Then for any
1 ⇔ i, j ⇔ n, E(XiXj) = ▷ij and E(XiXj) = E(XiXj) = 0.

Proof. Proceeding as in the proof of Theorem 10.5.1, we see that the integral in the
numerator of E(XiXj) can be expressed as the sum of the integrals

∫
(↓1)

kϖiϖj(mi1j1ϖi1ϖj1) · · · (mikjkϖikϖjk)dϖdϖ (10.6.1)

over all 0 ⇔ k ⇔ n2 and all distinct (i1, j1), . . . , (ik, jk) that are lexicographically increasing
in {1, . . . , n}2. The above integral is zero unless k = n↓ 1, i1, . . . , ik is a permutation of
{1, . . . , n} \ {j}, and j1, . . . , jk is a permutation of {1, . . . , n} \ {i}. But then, the condition
that (i1, j1), . . . , (ik, jk) are lexicographically increasing implies that

(i1, . . . , ik) = (1, 2, . . . , j ↓ 1, j + 1, . . . , n).

Thus, the above sum can be written as

(↓1)
n→1

∑

↼↗S→

m1↼(1) · · ·m(j→1)↼(j→1)m(j+1)↼(j+1) · · ·mn↼(n)

·

∫
ϖiϖjϖ1ϖ↼(1) · · · ϖj→1ϖ↼(j→1) · · · ϖj+1ϖ↼(j+1)ϖnϖ↼(n)dϖdϖ,

where S⇒ is the set of all bijections from {1, . . . , n} \ {j} into {1, . . . , n} \ {i}. For ▷ ↑ S⇒,
let sign(▷) denote the sign of ▷, viewing ▷ as a permutation of {1, . . . , n}\{i}. Then, again
proceeding as in the proof of Theorem 10.5.1, we see that the above sum can be written as

∑

↼↗S→

sign(▷)m1↼(1) · · ·m(j→1)↼(j→1)m(j+1)↼(j+1) · · ·mn↼(n)

∫
(↓1)

i+jϖ1ϖ1 · · · ϖnϖndϖdϖ

= (↓1)
i+j

(detMji)

∫
ϖ1ϖ1 · · · ϖnϖndϖdϖ,

where Mji is the matrix obtained by omitting row j and column i from M . But recall that

(↓1)
i+j

detMij

detM

is the (i, j)th element of M→1. This completes the proof of the first identity. The other two
follow easily from the observation that the integral in equation (10.6.1) is zero if ϖiϖj is
replaced by either ϖiϖj or ϖiϖj .

Theorem 10.6.1 generalizes to arbitrary functions of (X,X), as follows. It su"ces to
compute the expected values of monomials. Looking at the expression in equation (10.6.1),
it should be clear that the expected value is zero unless the monomial is of the form
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Xa1Xb1 · · ·XamXbm for some distinct a1, . . . , am and distinct b1, . . . , bm, or some permuted
version of it. The following theorem gives the expected value of such a monomial.

Theorem 10.6.2. Let (X,X) and ! be as in Theorem 10.6.1. Then for distinct a1, . . . , am
and distinct b1, . . . , bm in {1, . . . , n}, we have

E(Xa1Xb1 · · ·XamXbm) = detK,

where K is the m′m matrix (▷aibj )1↔i,j↔m.

Proof. Let ↼1 be the permutation of 1, . . . , n that moves a1, . . . , am to 1, . . . ,m, respectively,
and keeps the relative ordering of the remaining indices intact. Let ↼2 be the permutation
of 1, . . . , n that moves b1, . . . , bm to 1, . . . ,m, respectively, and keeps the relative ordering
of the remaining indices intact. Let N be the matrix obtained by removing rows a1, . . . , am
and columns b1, . . . , bm of M . Then proceeding exactly as in the proof of Theorem 10.6.1,
one can show that

E(Xa1Xb1 · · ·XamXbm) =
sign(↼1) sign(↼2) detN

detM
. (10.6.2)

Next, let M be the matrix obtained by applying the permutation ↼1 to the rows of M and
the permutation ↼2 to the columns of M . Note that M can be written as the block matrix

M =

(
L A

B N

)
,

where N is the matrix from the previous step. Now, on the one hand,

det M = sign(↼1) sign(↼2) detM, (10.6.3)

and on the other hand, by the well-known formula for the determinant of a block matrix,

det M = detN det(L↓AN→1B). (10.6.4)

Combining equations (10.6.2), (10.6.3) and (10.6.4), we get

E(Xa1Xb1 · · ·XamXbm) =
1

det(L↓AN→1B)
= det((L↓AN→1B)

→1
).

But by the formula for the inverse of a block matrix, the top-left m′m block of M→1 is
(L↓AN→1B)

→1. This completes the proof.
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10.7 Heuristic description of the Grassmann-valued free field

Heuristically, the Grassmann-valued free field on R4 with mass m is a pair (ε, ε) of
Grassmann-valued fields on R4 with joint ‘probability density’ proportional to

exp

(
i

∫

R4

3∑

j=0

ϱjϑjε(x)ϑjε(x)dx↓ im2
∫

R4
ε(x)ε(x)dx

)
,

where ϑj denotes partial derivative in coordinate j, and ϱ0 = ↓1, ϱ1 = ϱ2 = ϱ3 = 1. This
is the Grasmannian analogue of the free quantum field that we constructed in Chapter 3.
Recall that by equation (2.3.3), the free quantum field ω can be heuristically described as a
real-valued field on R4 with probability density proportional to

exp

(
i

2

∫

R4

3∑

j=0

ϱj(ϑjω(x))
2dx↓

im2

2

∫

R4
ω(x)2dx

)
.

Now, we know from the discussion in Section 3.8 that the covariance structure of ω is given
by

↖ω(x)ω(y)↙ = ↓i#F(x↓ y),

where #F is the Feynman propagator. Thus, Theorem 10.6.1 suggests that it is reasonable
to define

↖ε(x)ε(y)↙ := ↓i#F(x↓ y)

and ↖ε(x)ε(y)↙ = ↖ε(x)ε(y)↙ = 0 for all x, y ↑ R4. Theorem 10.6.2 then shows how the
expected value of any polynomial in (ε, ε) can be computed. Note that this process is
purely a computational prescription. We will see how it connect it to actual quantum
systems later.

Let ε and ε denote the Minkowski space Fourier transforms of the Grassmann fields ε

and ε. That is, heuristically,

ε(p) =
∫

R4
ei(x,p)ε(x)dx, ε(p) =

∫

R4
ei(x,p)ε(x)dx.

Then repeating the heuristic calculation from Section 3.10, we see that

↖ε(p)ε(q)↙ = ↓(2↼)4i#F(p, q) = ↓(2↼)4iδ(4)(p+ q) lim
ϑ≃0

↓1

q2 ↓m2 + iς
, (10.7.1)

and ↖ε(p)ε(q)↙ = ↖ε(p)ε(q)↙ = 0. While this looks exactly the same as for the free quantum
field, the higher correlations are di!erent, because of the di!erence between Theorem 10.6.2
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and Theorem B.2.7. For example, Theorem 10.6.2 suggests that

↖ε(p)ε(q)ε(p⇒)ε(q⇒)↙ = ↓(2↼)8 det

(
#F(p, q) #F(p, q⇒)
#F(p⇒, q) #F(p⇒, q⇒)

)

= ↓(2↼)8(#F(p, q)#F(p
⇒, q⇒)↓ #F(p

⇒, q)#F(p, q
⇒
))

= lim
ϑ≃0

(2↼)8(δ(4)(p+ q)δ(4)(p⇒ + q⇒)↓ δ(4)(p⇒ + q)δ(4)(p+ q⇒))

(p2 ↓m2 + iς)(p⇒2 ↓m2 + iς)
. (10.7.2)

10.8 Fermionic Fock space

10.9 Rigorous construction of the Grassmann-valued free field
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Chapter 11

Faddeev–Popov Ghosts

11.1 The heuristic

The presence of gauge symmetry is one of the main obstacles in properly defining path
integrals in gauge theory. The Faddeev–Popov procedure is a method of breaking gauge
symmetry by introducing Grassmann-valued ‘ghost fields’. Heuristically, the idea goes as
follows.

Suppose we want to compute the integral of a function f : S ⇒ C, where S is some
abstract space endowed with some measure µ, possibly neither of which are rigorously
defined. We are given that f is invariant under the action of some group G on S, and that
µ is invariant under the action of any g ↑ G. That is, f(xg) = f(x) for any x ↑ S and
g ↑ G, where xg denotes the action of g on x, and that µ(Ag

) = µ(A) for any g ↑ G and
A ↗ S, where Ag

:= {xg : x ↑ A}. Suppose we are able to choose a subset T ↗ S such that
each orbit of the group action intersects T exactly once. For each x ↑ S, let ↼(x) be the
unique representative in T of the orbit of x. The measure µ can be pushed forward to T by
↼ as ◁(A) := µ(↼→1

(A)) for A ↗ T . Then it is intuitively clear, and easily provable under
suitable assumptions, that

∫

S

f(x)dµ(x) =

∫

T

f(y)d◁(y).

The relevance to Yang–Mills theory is clear, because the Yang–Mills action and physically
relevant observables are invariant under the action of the group of gauge transformations.
The challenge is to figure out the measure ◁, given µ. This means the following.

Usually, the set T , being a subset of S, ‘inherits’ a nontrivial measure from S, even if
µ(T ) = 0. For example, suppose that S is a metric space. Then for a subset A ↗ T , one
can take the set Aϑ of all x ↑ S that are within distance ς from some point in A, scale
µ(Aϑ) be some suitable power of ς and send ς to zero to obtain a kind of µ-measure of A.
For example, if S = R2, µ is Lebesgue measure on S, and T = {(x, 0) : x → 0}, then the
nontrivial measure inherited in the above manner is simply the one-dimensional Lebesgue
measure on T . In the abstract setup, let µ0 denote the measure inherited by T . In the
context of path integrals, this is usually the ‘Lebesgue measure’ used for path integrals on
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T . The task of ‘figuring out’ ◁ is usually interpreted as the task of figuring out the density
of ◁ with respect to µ0.

For a concrete example, consider S and T as in the previous paragraph. Let G be
the group of rotations acting on R2 in the usual way. Then T intersects each orbit of G
exactly once. If a function f : R2

⇒ C is invariant under the action of G, it just means that
f is radially symmetric. For such a function, transforming the integral over R2 to polar
coordinates, we get ∫

R2
f(x, y)dxdy = 2↼

∫
↑

0
f(r, 0)dr.

Recall our previous observation that the measure µ0 on T is just the one-dimensional
Lebesgue measure. Thus, the above formula shows that

d◁(r) = 2↼rdµ0(r).

Note that it is intuitively clear where the factor 2↼r comes from: It is the size of the orbit
containing (r, 0).

The Faddeev–Popov procedure gives a systematic prescription for calculating the density
of ◁ with respect to µ0 as the determinant of a certain operator. The fundamental fact
that underlies this identification is the following. Let u : Rn

⇒ Rn be a smooth bijection
and let Ju(z) denote the Jacobian matrix of u at z ↑ Rn. Then

∫

Rn
δ(n)(u(z))| det Ju(z)|dz = 1, (11.1.1)

where δ(n) denotes the Dirac delta at the origin in Rn. To see this, simply note that by the
change of variable formula and the fact that f is a bijection,

∫

Rn
h(u(z))| det Ju(z)|dz =

∫

Rn
h(z)dz

for any smooth h. Now take a sequence of h’s approaching δ(n) in a suitable sense to get
equation (11.1.1).

Next, assume that the group G is a Lie group1 and let g be its Lie algebra. Suppose that
we can describe the set T as the set of zeros of a ‘gauge fixing function’ ) : g′ S ⇒ R, as
follows. For each x ↑ S and X ↑ g, )(X,x) = 0 if and only if xeX ↑ T , where eX denotes
the exponential of X. Since g can be identified with Rn for some n, equation (11.1.1) lets
us conclude that for any x ↑ S,

∫

g
δ(n)()(X,x))| det J”(·,x)(X)|dX = 1.

1
See Appendix C, and specifically Sections C.3 and C.7, for background on Lie theory.
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Thus, we can proceed heuristically to get
∫

S

f(x)dµ(x) =

∫

S

f(x)

(∫

g
δ(n)()(X,x))| det J”(·,x)(X)|dX

)
dµ(x)

=

∫

S′g
f(x)δ(n)()(X,x))| det J”(·,x)(X)|dXdµ(x)

=

∫

T

f(y)| det J”(·,y)(0)|dµ0(y),

where the last identity holds because the delta function restricts the domain of integration of
x to the subset T . The last step of the Faddeev–Popov method is to replace the determinant
in the above integral by an integral over a field of Grassmann variables, via Theorem 10.5.1
from the previous chapter. These Grassmann variables are known as ‘Faddeev–Popov
ghosts’.

11.2 A rigorous formulation in finite dimensions

We will now rigorously formulate and prove a finite-dimensional version of the Fadeev–Popov
method. One of the main di"culties of making the heuristic rigorous is that it is generally
impossible to choose exactly one representative from each gauge equivalence class in a
smooth way. This is known as the problem of Gribov ambiguity [12]. We will bypass this
problem in the finite-dimensional setting by assuming below that a finite constant number
of representatives can be chosen from equivalence class.

Let n be a positive integer, and let G be a matrix Lie group contained in U(N) for
some N , such that m := dim(G) < n. Consider an action of G on Rn, denoted by x ⇐⇒ xg,
for x ↑ Rn and g ↑ G. Suppose that

1. for each g ↑ G, the action x ⇐⇒ xg preserves Lebesgue measure, and

2. the map (g, x) ⇐⇒ xg is smooth.

Let F : Rn
⇒ R be a smooth function that is invariant under these gauge transforms,

meaning that F (xg) = F (x) for all x ↑ Rn and g ↑ G. For x ↑ Rn, let Ox denote the orbit
of x under the action of G. Let & : Rn

⇒ Rm be a surjective linear map such that

1. for each x ↑ Rn, Ox intersects ker&, and

2. there exist distinct elements g1, . . . , gk ↑ G such that for almost all y ↑ ker&,
{g ↑ G : yg ↑ ker&} = {g1, . . . , gk}.

Let g denote the Lie algebra of G. Define a function ) : g′ Rn
⇒ Rm as

)(X,x) := &(xe
X
). (11.2.1)

Fix an orthonormal basis T1, . . . , Tm of the Lie algebra g of G (under the inner product
↖X,Y ↙ := Tr(XY ⇑

)), so that any X ↑ g can be written uniquely as X =
∑

m

a=1XaTa for
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some coe"cients X1, . . . , Xm ↑ R. Let )1, . . . ,)m denote the components of ), and define
the Jacobian matrix

ϑX) := (ϑXa)b)1↔a,b↔m,

where ϑXa)b denotes the partial derivative of )b with respect to Xa. We make the following
two assumptions:

1. ϑX)(0, y) is nonsingular for almost all y ↑ ker&.

2. For almost all y ↑ ker&, | det ϑX)(0, w)| is the same for all w ↑ Oy ≃ ker&.

The following theorem shows that the size of the gauge orbit containing z ↑ G
+ is propor-

tional to the determinant of the matrix ϑX)(0, z).

Theorem 11.2.1. In the above setting, for any gauge invariant F ↑ C(Rn
) ≃ L1

(Rn
), we

have ∫

Rn
F (x)dx =

µ(G)

k#

∫

ker#
F (y)| det(ϑX)(0, y))|dy,

where the integral on the right is absolutely convergent, µ is the unnormalized Haar measure2

on G, and # := | det(&|(ker#)↗)|. Consequently, if ε1, . . . , εm, ε1, . . . , εm are distinct
Grassmann variables, then

∫

Rn
F (x)dx =

µ(G)

k#

∫

ker#

∫
F (y) exp

(
i↼▷(y)↓

m∑

a,j=1

ϑXa)j(0, y)εjεa

)
dεdεdy,

where dεdε := dε1dε1 · · · dεmdεm, and ▷(y) = 1 if det(ϑX)(0, y)) < 0 and 0 otherwise.

The second assertion of the theorem follows from the first, by Theorem 10.5.1. So, we
only need to prove the first claim. We need some preparation for the proof. Take any
x ↑ Rn. For each ς > 0, let

Zϑ(x) :=
1

(2↼ς)m/2

∫

G

exp

(
↓
↔&(xg)↔2

2ς

)
dµ(g).

We need several lemmas about Zϑ.

Lemma 11.2.2. For any ς > 0, Zϑ is a gauge invariant function.

Proof. Note that by the invariance property of the Haar measure,

Zϑ(x
h
) :=

1

(2↼ς)m/2

∫

G

exp

(
↓
↔&((xh)g)↔2

2ς

)
dµ(g)

=
1

(2↼ς)m/2

∫

G

exp

(
↓
↔&(xgh)↔2

2ς

)
dµ(g)

=
1

(2↼ς)m/2

∫

G

exp

(
↓
↔&(xg)↔2

2ς

)
dµ(g) = Zϑ(x)

for any x ↑ Rn and h ↑ G.
2
See Section C.7 in Appendix C for Haar measures on matrix Lie groups.
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Lemma 11.2.3. Let M := ker& and let M∞ denote the orthogonal complement of M in
Rn. Then for any y ↑ M such that {g ↑ G : yg ↑ ker&} = {g1, . . . , gk} and | det ϑX(0, ygj )|

is nonzero and the same for each j, and any w ↑ M∞, we have

lim
ϑ↓0

Zϑ(y +
↘
ςw) =

k

| det ϑX)(0, y)|
.

Proof. Let yj := ygj . Choose δ > 0 so small that the balls

Bj := {g ↑ G : ↔g ↓ gj↔ < δ}, j = 1, . . . , k

are disjoint. Then, with D := G \ (B1 ∪ · · · ∪Bk), we have

lim inf
ϑ↓0

inf
g↗D

↔&((y +
↘
ςw)g)↔ > 0,

because otherwise we can produce g ↑ D such that &(yg) = 0, which is impossible. This
lets us conclude that

lim
ϑ↓0

(
Zϑ(y +

↘
ςw)↓

k∑

j=1

Zj

ϑ

)
= 0, (11.2.2)

where
Zj

ϑ :=
1

(2↼ς)m/2

∫

Bj

exp

(
↓
↔&((y +

↘
ςw)g)↔2

2ς

)
dµ(g).

Without loss, let us assume that g1 is the identity element of G. Since G ↗ U(N), it follows
that Bj = gjB1. Thus,

Zj

ϑ :=
1

(2↼ς)m/2

∫

B1

exp

(
↓
↔&((y +

↘
ςw)gjg)↔2

2ς

)
dµ(g).

Now recall from Theorem C.7.4 in Appendix C that if δ is small enough, then the term on
the right is equal to

1

(2↼ς)m/2

∫

U

exp

(
↓
↔&((y +

↘
ςw)gje

X
)↔

2

2ς

)
J(X)dX

for some bounded open neighborhood U of the origin in g, and some smooth function
J : g ⇒ [0,⇑) satisfying J(0) = 1, where dX denotes integration with respect to Lebesgue
measure on g. Moreover, the diameter of U can be made as small as we like by decreasing
δ. Applying the change of variable Y = ς→1/2X, we get

Zj

ϑ =
1

(2↼)m/2

∫

ϑ↑1/2U

exp

(
↓
↔&((y +

↘
ςw)gje

↘
ωY
↔
2

2ς

)
J(

↘
ςY )dY. (11.2.3)
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Define the function )
j
: g′ Rn

⇒ Rm as

)
j
(X,x) := &(xgje

X
), (11.2.4)

and let ϑX)
j and ϑx)j denote the partial derivatives of )j in X and x, so that ϑX)

j is
an m′m matrix-valued function, and ϑx)j is an m′ n matrix-valued function. Note that
the matrix

ϑX)
j
(0, y) = ϑX)(0, ygj ) = ϑX)(0, yj)

is nonsingular, by the assumptions that ϑX)(0, y) is nonsingular and | det ϑX)(0, yj)| is
the same for each j.

Now, take any X =
∑

m

a=1XaTa ↑ U . By first-order Taylor expansion of )j , we get

)
j
(X, y +

↘
ςw) = )

j
(0, y) +

↘
ςϑx)

j
(0, y)w + ϑX)

j
(0, y)X +R, (11.2.5)

where the X on the right is the vector (Xa)1↔a↔m, and the remainder term R ↑ Rm satisfies

↔R↔ ⇔ C(ς+ ↔X↔
2
) (11.2.6)

for some constant C that does not depend on ς or X, as long as ς ↑ (0, 1) and X ↑ U . Since
)

j
(0, y) = 0 and ϑX)

j
(0, y) is nonsingular, this implies (by the inequality (a+ b+ c)2 ⇔

3(a2 + b2 + c2)) that if δ is small enough, then there are positive constants C1, C2, C3, C4

such that for any X ↑ U ,

↔)
j
(X, y +

↘
ςw)↔2 →

1

3
↔ϑX)

j
(0, y)X↔

2
↓ ↔

↘
ςϑx)

j
(0, y)w↔2 ↓ ↔R↔

2

→ C1↔X↔
2
↓ C2ς↓ C3↔X↔

4
→ C4↔X↔

2
↓ C2ς. (11.2.7)

Now, equation (11.2.3) can be rewritten as

Zj

ϑ =
1

(2↼)m/2

∫

ϑ↑1/2U

exp

(
↓
↔)

j
(
↘
ςY, y +

↘
ςw)↔2

2ς

)
J(

↘
ςY )dY

The Taylor expansion (11.2.5), the bound (11.2.6), and the fact that J(0) = 1 show that
for any fixed Y ↑ g,

lim
ϑ↓0

exp

(
↓
↔)

j
(
↘
ςY, y +

↘
ςw)↔2

2ς

)
J(

↘
ςY )

= exp

(
↓
1

2
↔ϑx)

j
(0, y)w + ϑX)

j
(0, y)Y ↔

2

)
.

Additionally, by the inequality (11.2.7) and the fact that J is a bounded function (because
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it is smooth), we see that for any Y ↑ ς→1/2U ,
∣∣∣∣exp

(
↓
↔)

j
(
↘
ςY, y +

↘
ςw)↔2

2ς

)
J(

↘
ςY )

∣∣∣∣ ⇔ C5e
→C6⇓Y ⇓

2

for some positive constants C5 and C6 that do not depend on ς or Y . These two observations
allow us to apply the dominated convergence theorem to conclude that

lim
ϑ↓0

Zj

ϑ =
1

(2↼)m/2

∫

g
exp

(
↓
1

2
↔ϑx)

j
(0, y)w + ϑX)

j
(0, y)Y ↔

2

)
dY.

A standard Gaussian computation shows that the integral on the right is equal to

(2↼)m/2
[det(ϑX)

j
(0, y)TϑX)

j
(0, y))]→1/2

= (2↼)m/2
| det ϑX)

j
(0, y)|→1

= (2↼)m/2
| det ϑX)(0, yj)|

→1

= (2↼)m/2
| det ϑX)(0, y)|→1.

where the second equality follows from the observation (11.2.4), and the third equality holds
due to our assumption that | det ϑX)(0, yj)| is the same for all j. Recalling equation (11.2.2),
we conclude that

lim
ϑ↓0

Zϑ(y +
↘
ςw) = k| det ϑX)(0, y)|→1.

This completes the proof of the lemma.

Lemma 11.2.4. There is some ς0 ↑ (0, 1) such that for any K > 0,

inf{Zϑ(x) : ↔x↔ ⇔ K, ς ↑ (0, ς0)} > 0.

Proof. By the smoothness of (x, g) ⇐⇒ xg and the compactness of G, the number

L := sup{↔xg↔ : ↔x↔ ⇔ K, g ↑ G}

is finite. Take any x with ↔x↔ ⇔ K and any ς ↑ (0, 1). Since Ox intersects ker&, there
is some y ↑ ker& that is in the orbit of x, and by the above observation, ↔y↔ ⇔ L. By
Lemma 11.2.2, Zϑ(x) = Zϑ(y).

Choose an open neighborhood V of the identity in G, with diameter so small that by
Theorem C.7.4, there is a bounded open neighborhood U of the origin in g such that for
any ς ↑ (0, 1),

Zϑ(y) →
1

(2↼ς)m/2

∫

V

exp

(
↓
↔&(yg)↔2

2ς

)
dµ(g)

=
1

(2↼ς)m/2

∫

U

exp

(
↓
↔&(ye

X
)↔

2

2ς

)
J(X)dX.
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Since &(y) = 0 and ↔y↔ ⇔ L, Taylor expansion shows that for any X ↑ U ,

↔&(ye
X
)↔ ⇔ C↔X↔

2

for some constant C that does not depend on ς or x. Plugging this into the previous display
and applying the change of variable Y = ς→1/2X, we get

Zϑ(y) →
1

(2↼)m/2

∫

ϑ↑1/2U

e→
1
2C⇓Y ⇓

2
J(

↘
ςY )dY.

If ς is su"ciently small, ς→1/2U contains the unit ball of Rn. Thus, a lower bound on the
right side above can be obtained by replacing the domain of integration by the unit ball.
Recalling that J(0) = 1, this completes the proof.

We are now ready to complete the proof of Theorem 11.2.1.

Proof of Theorem 11.2.1. Let us first prove the theorem under the additional assumption
that F vanishes outside a bounded region. Throughout, we will assume that ς ↑ (0, ς0),
where ς0 is the number from Lemma 11.2.4. Note that by Fubini’s theorem,

∫

Rn
F (x)dx =

1

(2↼ς)m/2

∫

Rn
F (x)

(
1

Zϑ(x)

∫

G

exp

(
↓
↔&(xg)↔2

2ς

)
dµ(g)

)
dx

=
1

(2↼ς)m/2

∫

G

∫

Rn

F (x)

Zϑ(x)
exp

(
↓
↔&(xg)↔2

2ς

)
dxdµ(g).

Since F and Zϑ are both gauge invariant (by Lemma 11.2.2) and the gauge transforms
preserve Lebesgue measure, this gives

∫

Rn
F (x)dx =

1

(2↼ς)m/2

∫

G

∫

Rn

F (xg)

Zϑ(xg)
exp

(
↓
↔&(xg)↔2

2ς

)
dxdµ(g)

=
1

(2↼ς)m/2

∫

G

∫

Rn

F (x)

Zϑ(x)
exp

(
↓
↔&(x)↔2

2ς

)
dxdµ(g)

=
µ(G)

(2↼ς)m/2

∫

Rn

F (x)

Zϑ(x)
exp

(
↓
↔&(x)↔2

2ς

)
dx.

Let M := ker&. Decomposing Lebesgue integration on Rn as Lebesgue integration on the
product space M ′M∞, this shows that

∫

Rn
F (x)dx =

µ(G)

(2↼ς)m/2

∫

M↗

∫

M

F (y + z)

Zϑ(y + z)
exp

(
↓
↔&(z)↔2

2ς

)
dydz

=
µ(G)

(2↼)m/2

∫

M↗

∫

M

F (y +
↘
ςw)

Zϑ(y +
↘
ςw)

e→
1
2⇓#(w)⇓2dydw.

Take any y ↑ M that satisfies the assumptions of Lemma 11.2.3 and any w ↑ M∞. Then
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by Lemma 11.2.3 and the continuity of F ,

lim
ϑ↓0

F (y +
↘
ςw)

Zϑ(y +
↘
ςw)

e→
1
2⇓#(w)⇓2

= F (y)
| det ϑX)(0, y)|

k
e→

1
2⇓#(w)⇓2 . (11.2.8)

Let L be so large that F (x) = 0 when ↔x↔ > L. If ↔y +
↘
ςw↔ > L, then F (y +

↘
ςw) = 0.

On the other hand, if ↔y +
↘
ςw↔ ⇔ L, then by Lemma 11.2.4, Zϑ(y +

↘
ςw) → C1 for some

positive constant C1 that does not depend on ς, y or w. Moreover, by the orthogonality of
y and w, ↔y↔ ⇔ L. Combining these observations, we see that

∣∣∣∣
F (y +

↘
ςw)

Zϑ(y +
↘
ςw)

e→
1
2⇓#(w)⇓2

∣∣∣∣ ⇔ C2ξ(y)e
→

1
2⇓#(w)⇓2 ,

where C2 is a positive constant that does not depend on ς, y and w, and ξ(y) = 1 if ↔y↔ ⇔ L

and 0 otherwise. Since & is a linear map and is injective on M∞, there is a positive constant
C3 such that ↔&(w)↔ → C3↔w↔ for all w ↑ M∞. Thus,

∫

M↗

∫

M

ξ(y)e→
1
2⇓#(w)⇓2dydw < ⇑.

Together with equation (11.2.8), this allows us to apply the dominated convergence theorem
and complete the proof for compactly supported F .

Next, take any F ↑ C(Rn
) ≃ L1

(Rn
). Let h : Rn

⇒ [0, 1] be a continuous function that
is 1 inside the unit ball and 0 outside the ball of radius 2 centered at the origin. For each
l → 1, let

Fl(x) := F (x)h(l→1x).

Note that |Fl(x)| ⇔ |F (x)| for all l and x, and Fl ⇒ F pointwise as l ⇒ ⇑. Now, by what
we have already shown,

∫

Rn
Fl(x)dx =

µ(G)

k#

∫

ker#
Fl(y)| det(ϑX)(0, y))|dy (11.2.9)

for each l. By the dominated convergence theorem and the assumption that F ↑ L1
(Rn

),
we get

lim
l↓↑

∫

Rn
Fl(x)dx =

∫

Rn
F (x)dx. (11.2.10)

Next, again by what we have already shown,

µ(G)

k#

∫

ker#
|Fl(y) det(ϑX)(0, y))|dy =

∫

Rn
|Fl(x)|dx ⇔

∫

Rn
|F (x)|dx.
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Therefore, by Fatou’s lemma,

µ(G)

k#

∫

ker#
|F (z) det(ϑX)(0, y))|dy =

µ(G)

k#

∫

ker#
lim
l↓↑

|Fl(y) det(ϑX)(0, y))|dy

⇔ lim inf
l↓↑

µ(G)

k#

∫

ker#
|Fl(y) det(ϑX)(0, y))|dy

⇔

∫

Rn
|F (x)|dx < ⇑.

This allows us to apply the dominated convergence theorem to conclude that

lim
l↓↑

µ(G)

k#

∫

ker#
Fl(y)| det(ϑX)(0, y))|dy =

µ(G)

k#

∫

ker#
F (z)| det(ϑX)(0, y))|dy.

(11.2.11)

Combining equations (11.2.9), (11.2.10) and (11.2.11) completes the proof.

11.3 A toy example

Identifying R2 with C, let us consider the action of U(1) by multiplication as our set of
gauge transformations. Note that this group actions satisfies the required conditions; that
is, it is smooth, and it preserves Lebesgue measure.

Since dim(U(1)) = 1, we need a gauge fixing map & : C ⇒ R. Consider the map
&(x+ iy) = y. Let us verify that this map satisfies the required conditions. First, note that
& is linear, as required. The kernel of & is the real line. Thus, Oz intersects ker& for any
z ↑ C. Moreover, it is clear that for every nonzero x ↑ ker&, {g ↑ G;xg ↑ ker&} = {1,↓1}.

Recall that the Lie algebra u(1) of U(1) is the vector space (over reals) of all imaginary
numbers. An orthonormal basis of this one-dimensional vector space is given by T1 = i.
Let ) : u(1)′ C ⇒ R be the map

)(X,x) := &(xe
X
),

where & is the gauge fixing function considered above. Writing

X = X1T1 = iX1,

we see that for any z = x1 + i0 ↑ ker&, the representative of xeX in C2 is

eiX1z = (cosX1 + i sinX1)x1 = x1 cosX1 + ix1 sinX1.

Thus, )(X,x) = x1 sinX1, and hence, ϑX)(X,x) is the 1′1 matrix x1 cosX1. We observe
that ϑX) satisfies the required conditions: ϑX)(0, x) is nonsingular for almost all x ↑ ker&,
and for almost all x ↑ ker&, and | det ϑX)(0, y)| is the same for all y ↑ Ox ≃ ker&.
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Thus, Theorem 11.2.1 shows that for any gauge invariant F ↑ C(R2
) ≃ L1

(R2
),

∫

R4
F (x)dx =

µ(U(1))

2#

∫
↑

→↑

F (x1, 0)|x1|dx1, (11.3.1)

where µ is the unnormalized Haar measure on U(1) and # = | det(&|(ker#)↗)|. Now,
(ker&)

∞ is simply the imaginary axis in C, and &(iy) = y. This shows that # = 1. Next, if
we identify U(1) with S1 in the usual way, then it can be shown that µ(U(1)) = 2↼. Thus,
we get ∫

R2
F (x)dx = ↼

∫
↑

→↑

F (x1, 0)|x1|dx1.

Note that this can be obtained straightforwardly by shifting the integral on the left to
polar coordinates. The purpose of the above calculation is to provide a toy example for the
Faddeev–Popov procedure.

Lastly, in terms of Grassmann variables, the identity (11.3.1) can be written as
∫

R2
F (x)dx = ↼

∫
↑

→↑

∫∫
F (x1, 0)e

i↼(x1)→x1ε1ε1dε1dε1dx1,

where ε1, ε1 are distinct Grassmann variables, and ▷(x) = 1 if x < 0 and 0 if x > 0.
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Chapter 12

Dimensional Regularization

12.1 The main idea

The key idea behind dimensional regularization is as follows. Suppose that we want to
integrate a radially symmetric function f : Rd0 ⇒ C over the whole of Rd0 , where d0 is
a given dimension (usually four), but the integral diverges. Dimensional regularization
consists of the following steps:

1. Find a class of functions gd : [0,⇑) ⇒ C for d belonging to a subset of the real line
containing d0, such that f(x) = gd0(↔x↔) for all x ↑ Rd.

2. Observe that by transforming to polar coordinates and the assumption that f is
radially symmetric, we have the formal relation

∫

Rd0

f(x)dx =
2↼d0/2

$(d0/2)

∫
↑

0
rd0→1gd0(r)dr,

where $ is the classical Gamma function.

3. To give a meaning to the right side above, define

h(d) :=
2↼d/2

$(d/2)

∫
↑

0
rd→1gd(r)dr

for any d where the integral converges absolutely and $(d/2) has a well-defined finite
value via analytic continuation.

4. Analytically continue h to d0 to assign a value to the original integral.

Often, in practice, it turns out that h has a pole at d0. In that case, we have to work
at a dimension d0 ↓ ς and then apply renormalization to get rid of the pole. We will see
examples later.
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12.2 A key integral

The following integral is key to a lot of computations in dimensional regularization. Here,
we are using the convention that for z ↑ C \ (↓⇑, 0] and w ↑ C, zw denotes ew log z, where
log is the analytic branch of logarithm on C \ (↓⇑, 0] that is real-valued on (0,⇑). In
other words, if z = reiς for some ϖ ↑ (↓↼,↼), then zw := rweiςw.

Lemma 12.2.1. For b > 0, ↓1 < a < 2b↓ 1 and # ↑ C \ (↓⇑, 0], the integral

G(a, b,#) :=

∫
↑

0

ra

(r2 +#)b
dr

is convergent. If we further have that a → 2b↓ 3, then

G(a, b,#) =
#

1
2 (1+a→2b)

$(
a+1
2 )$(b↓ a+1

2 )

2$(b)
.

Proof. The condition ↓1 < a < 2b↓ 1 renders the integral absolutely convergent, because
∣∣∣∣

za

(z2 +#)b

∣∣∣∣ ∝ |z|a→2b

as |z| ⇒ ⇑, and ∣∣∣∣
za

(z2 +#)b

∣∣∣∣ ∝ |#|
→b
|z|a

as |z| ⇒ 0. Moreover, the first estimate and the assumption that a↓ 2b < ↓1 also allow us
to change the contour of integration from (0,⇑) to (0, e

1
2 iς⇑), where ϖ ↑ (↓↼,↼) is the

argument of #. Thus,

G(a, b,#) = e
1
2 iς

∫
↑

0

(re
1
2 iς)a

((re
1
2 iς)2 + |#|eiς)b

dr

= e
1
2 iς(1+a→2b)

∫
↑

0

ra

(r2 + |#|)b
dr.

Let us make the change of variable

x :=
r2

r2 + |#|
.

Then x ranges from 0 to 1 monotonically as r ranges from 0 to ⇑. Also,

dx

dr
=

2|#|r

(r2 + |#|)2
.

180



CHAPTER 12. DIMENSIONAL REGULARIZATION

Thus,

G(a, b,#) = e
1
2 iς(1+a→2b)

∫
↑

0

ra→1

2|#|(r2 + |#|)b→2

2|#|r

(r2 + |#|)2
dr

= e
1
2 iς(1+a→2b)

∫
↑

0

1

2|#|
1+b→2→a↑1

2

(
r2

r2 + |#|

)a↑1
2
(

|#|

r2 + |#|

)
b→2→a↑1

2 2|#|r

(r2 + |#|)2
dr

=
1

2
|#|

1
2 (1+a→2b)e

1
2 iς(1+a→2b)

∫ 1

0
x

a↑1
2 (1↓ x)b→

a+3
2 dx.

Now, the last integral is the classical Beta integral, whose value is

$(
a+1
2 )$(b↓ a+1

2 )

$(b)
.

Finally, if a → 2b↓ 3, then

1

2
|1 + a↓ 2b| =

1

2
(2b↓ a↓ 1) ⇔ 1,

which implies that
|#|

1
2 (1+a→2b)e

1
2 iς(1+a→2b)

= #
1
2 (1+a→2b).

This completes the proof.

12.3 Some examples

In this section, we will work out three examples of dimensional regularization. All of these
will appear later in our calculations for Yang–Mills theories.

Example 12.3.1. As our first example, let us consider the integral
∫

R4

1

↔x↔2 ↓ iς
dx,

where ς is some given positive constant. In polar coordinates, this is formally equal to

2↼2
∫

↑

0

r3

r2 ↓ iς
dr.

We are interested in assigning a value to this integral as ς ⇒ 0. To generalize this to an
arbitrary dimension d ↑ R, let us define

hϑ(d) :=
2↼d/2

$(d/2)

∫
↑

0

rd→1

r2 ↓ iς
dr.

We are in the setting of Lemma 12.2.1 with a = d ↓ 1, b = 1, and # = ↓iς. Note that
# ↑ C \ (↓⇑, 0], b > 0, and the condition ↓1 < a < 2b ↓ 1 is equivalent to 0 < d < 2.
Moreover, the condition a → 2b ↓ 3 is equivalent to d → 0. Thus, Lemma 12.2.1 implies
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that if d ↑ (0, 2), then the integral defining hϑ(d) is convergent, and

hϑ(d) =
↼

d
2#

1
2 (1+a→2b)

$(
a+1
2 )$(b↓ a+1

2 )

$(
d

2)$(b)

= ↼
d
2 (↓iς)

1
2 (d→2)

$

(
1↓

d

2

)
.

Note that the above function admits an analytic continuation to the set of all d ↑ C such
that 1↓

d

2 is not a nonpositive integer. This is the set of all z ↑ C that are not positive
even integers. Thus, the dimensional regularization heuristic suggests that we should use
the above formula to define hϑ(d) for any d that is not a positive even integer. With this
definition, we get that for any d ↑ (2, 4),

h(d) := lim
ϑ↓0

hϑ(d) = 0.

Consequently, dimensional regularization suggests that we should define

lim
ϑ↓0

∫

R4↑ϱ

1

↔x↔2 ↓ iς
dx := 0

for any δ ↑ (0, 2).

Example 12.3.2. Next, let us consider the integral
∫

R4

1

(↔x↔2 + ⇀↓ iς)2
dx,

where ⇀ ↑ R and ς > 0. Replacing R4 by Rd and converting to polar coordinates, this
becomes

hϑ(⇀, d) :=
2↼d/2

$(d/2)

∫
↑

0

rd→1

(r2 + ⇀↓ iς)2
dr.

This brings us to the setting of Lemma 12.2.1, with # = ⇀↓ iς, b = 2, and a = d↓ 1. Note
that # ↑ C \ (↓⇑, 0] and b > 0. The condition ↓1 < a < 2b↓ 1 is equivalent to 0 < d < 4,
and the condition a → 2b↓ 3 is equivalent to d → 2. Thus, for d ↑ [2, 4), we get

hϑ(⇀, d) =
↼

d
2#

1
2 (1+a→2b)

$(
a+1
2 )$(b↓ a+1

2 )

$(
d

2)$(b)

= ↼
d
2 (⇀↓ iς)

1
2 (d→4)

$

(
2↓

d

2

)

The above function admits an analytic continuation to all d ↑ C such that 2↓
d

2 is not a
nonpositive integer. This is the set of all d ↑ C that are not positive integer multiples of
4. In particular, dimensional regularization suggests that we can use this formula for any
d ↑ (0, 4), to get

∫

R4↑ϱ

1

(↔x↔2 + ⇀↓ iς)2
dx := ↼2→ ϱ

2 (⇀↓ iς)→
ϱ
2$

(
δ

2

)
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for any 0 < δ < 1. This gives

lim
ϑ↓0

∫

R4↑ϱ

1

(↔x↔2 + ⇀↓ iς)2
dx := ↼2→ ϱ

2⇀→
ϱ
2$

(
δ

2

)
.

Now, it is well known that as z ⇒ 0,

$(z) =
1

z
↓ ε +O(z),

where ε is the Euler–Mascheroni constant. Thus, as δ ⇒ 0,

lim
ϑ↓0

∫

R4↑ϱ

1

(↔x↔2 + ⇀↓ iς)2
dx = ↼2

(
1↓

δ

2
log(↼⇀) +O(δ2)

)(
2

δ
↓ ε +O(δ)

)

=
2↼2

δ
↓ ↼2

log(↼⇀)↓ ↼2ε +O(δ).

Although ⇀ was assumed to be positive, it does not make an appearance in the leading
term. So it is reasonable to assume that the leading term remains the same for any ⇀.

Example 12.3.3. As our final example, let us consider the integral
∫

R4

↔x↔2

(↔x↔2 + ⇀↓ iς)2
dx,

where ⇀ ↑ R and ς > 0. As usual, we are interested in the limit ς ⇒ 0. Proceeding as in
the previous example, we define

hϑ(⇀, d) :=
2↼d/2

$(d/2)

∫
↑

0

rd+1

(r2 + ⇀↓ iς)2
dr.

We are in the setting of Lemma 12.2.1 with # = ⇀↓ iς, b = 2, and a = d+ 1. Note that
# ↑ C \ (↓⇑, 0], b > 0, and the condition ↓1 < a < 2b ↓ 1 is equivalent to ↓2 < d < 2.
Also, the condition a → 2b↓ 3 is equivalent to d → 0. Thus, for d ↑ [0, 2), Lemma 12.2.1
gives

hϑ(⇀, d) =
↼

d
2#

1
2 (1+a→2b)

$(
a+1
2 )$(b↓ a+1

2 )

$(
d

2)$(b)

=
↼

d
2 (⇀↓ iς)

1
2 (d→2)

$(
d+2
2 )$(1↓

d

2)

$(
d

2)

=
1

2
d↼

d
2 (⇀↓ iς)

1
2 (d→2)

$

(
1↓

d

2

)
.

The above formula continues analytically to all d ↑ C such that 1↓
d

2 is not a nonpositive
integer. This is the set of all d ↑ C that are not positive even integers. In particular, take
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d = 4↓ δ for some δ ↑ (0, 2), we get

∫

R4↑ϱ

↔x↔2

(↔x↔2 + ⇀↓ iς)2
dx =

1

2
(4↓ δ)↼2→ ϱ

2 (⇀↓ iς)1→
ϱ
2$

(
↓1 +

δ

2

)
.

This gives

lim
ϑ↓0

∫

R4↑ϱ

↔x↔2

(↔x↔2 + ⇀↓ iς)2
dx =

1

2
(4↓ δ)↼2→ ϱ

2⇀1→ ϱ
2$

(
↓1 +

δ

2

)
.

Again, by standard facts about the Gamma function,

$(↓1 + z) = ↓
1

z
+ ε ↓ 1 +O(z)

as z ⇒ 0. Also, as δ ⇒ 0,

(4↓ δ)↼2→ ϱ
2⇀1→ ϱ

2 = 4↼2⇀ exp

(
log

(
1↓

δ

4

)
↓

δ

2
log(↼⇀)

)

= 4↼2⇀

(
1↓ δ

(
1

4
+

1

2
log(↼⇀)

)
+O(δ2)

)
.

Thus, as δ ⇒ 0,

lim
ϑ↓0

∫

R4↑ϱ

↔x↔2

(↔x↔2 + ⇀↓ iς)2
dx = 2↼2⇀

(
1↓ δ

(
1

4
+

1

2
log(↼⇀)

)
+O(δ2)

)

·

(
↓
2

δ
+ ε ↓ 1 +O(δ)

)

= ↓
4↼2⇀

δ
+ 2↼2⇀

(
ε ↓

1

2
+ log(↼⇀)

)
+O(δ).
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Chapter 13

Heuristics for Pure Yang–Mills

Theories

13.1 Gauge fixing and ghost fields

Let G be a compact matrix Lie group contained in U(n) for some n, and let g be its Lie
algebra. Recall from equation (8.1.1) in Section 8.1 that the action for pure Yang–Mills
theory with gauge group G on R1,3 is given by

S(A) = ↓
1

4g20

∫

R4
Tr

( ∑

0↔i,j↔3

ϱiϱjFij(x)
2

)
dx,

where ϱ0 = 1 and ϱ1 = ϱ2 = ϱ3 = ↓1, A is a g-valued 1-form on R1,3 and F is its curvature
form, and g0 is the bare coupling constant. Previously, when we investigated U(1) theory,
we took g0 = 1. We did this because this does not matter for U(1) theory, where g0 can be
altered simply by rescaling the gauge field A. For non-Abelian theories, we cannot simply
rescale the gauge field and get g0 = 1. Thus, the theory has to be analyzed with g0 present
in the equations. However, it is still convenient and conventional to rescale A, as follows.
Recall from equation (C.5.1) in Appendix C that F =

∑
0↔i<j↔3 Fijdxi ¬ dxj is explicitly

given by

Fij = ϑiAj ↓ ϑjAi + [Ai, Aj ],

where ϑiAj is shorthand for ωAj

ωxi
and [Ai, Aj ] is the commutator of Ai and Aj . This shows

that if we rescale A by replacing it with g0A, then the Yang–Mills action becomes

S(A) = ↓
1

4

∫

R4
Tr

( ∑

0↔i,j↔3

ϱiϱj(ϑiAj(x)↓ ϑjAi(x) + g0[Ai(x), Aj(x)])
2

)
dx. (13.1.1)

This is the form of the action that we will work with henceforth.
Now, recall from Section 8.6 that a gauge transformation U is simply a smooth map

from R4 into G, which acts on a connection A as AU
= UAU→1

↓ (dU)U→1. But if we are
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working with the action displayed above, it means that the gauge fields are rescaled by g0.
To be consistent with the previous definition, we now need to define gauge transformation
by U as

AU
:= UAU→1

↓
1

g0
(dU)U→1.

In Theorem 8.6.4, we showed that the Yang–Mills action is invariant under gauge trans-
formations. If L is a gauge-invariant observable on the space of connections, recall from
equation (2.3.3) in Section 2.3 that the expected value of L(A) is heuristically given by

↖L(A)↙ =

∫
L(A)eiS(A)

DA∫
eiS(A)DA

. (13.1.2)

We will now apply the Faddeev–Popov procedure to reduce the integrals in the numerator
and denominator to integrals over gauge-fixed fields and a set of Grassmann-valued fields.
The process will not be rigorous, since our Theorem 11.2.1 works only for finite-dimensional
integrals. First, note that gauge transformations should heuristically preserve ‘Lebesgue
measure’ on the space A of gauge connections. This is because conjugation by a unitary
matrix preserves Lebesgue measure on the space of n′ n matrix, and so does translation
by an arbitrary matrix. Smoothness of gauge transformations is clear from the definition.

Next, let m := dim(G) = dim(g). Fix an orthonormal basis T1, . . . , Tm of g. We can
write A =

∑3
i=0Aidxi ↑ A as

A(x) =
3∑

i=0

( m∑

a=1

Ai,a(x)Ta

)
dxi =

m∑

a=1

( 3∑

i=0

Ai,a(x)dxi

)
Ta.

Thus, A may be represented as the collection of real-valued 1-forms
∑3

i=0Ai,a(x)dxi, for
a = 1, . . . ,m. This is the more common way to represent it in the literature on Yang–Mills
theories.

Since a gauge transformation U is a map from R4 into G, the group G of gauge
transformations is locally like (Rm

)
R4 . This suggests that we need to define a linear gauge

fixing map & from A into (Rm
)
R4 . We choose the following map, that fixes the Lorenz

gauge for each component of A in the above representation:

&(A)(x) :=

( 3∑

i=0

ϱiϑiAi,a(x)

)

1↔a↔m

.

Proposition 9.1.1 shows that for U(1) theory, every gauge orbit intersects the kernel of
& exactly once, as long as we restrict ourselves to Schwartzian connections and gauge
transforms. Although the connections that typically arise in quantized gauge theories are
far from Schwartzian, we will pretend as if the above conclusion is true in justifying the
following steps; furthermore, Proposition 9.1.1 shows this only for U(1) theory, but we will
pretend as if we know this for any G.

Let us now try to understand the map ) defined in equation (11.2.1), adapted to the
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present setting. Heuristically, the ‘Lie algebra’ of the gauge group G is the space X of all
g-valued smooth maps on R4. For any such map X and any A ↑ A, we should define

)(X,A) := &(Ae
X
),

where eX denotes the element of G given by

eX(x) := eX(x).

To apply the Faddeev–Popov procedure, we now have to calculate the variational derivatives

Ma,b(x, y) :=
ϑ)a(X,A)(x)

ϑXb(y)

for x, y ↑ R4 and 1 ⇔ a, b ⇔ m, at X = 0 and A ↑ ker&. Here we are representing X as
∑

m

a=1XaTa, where X1, . . . , Xm are real-valued fields on R4.
To calculate these derivatives, take any x, y ↑ R4 and 1 ⇔ a, b ⇔ m. First, note that

B := Ae
X
= eXAe→X

↓
1

g0
(deX)e→X

=

3∑

i=0

eXAie
→Xdxi ↓

1

g0

3∑

i=0

(ϑie
X
)e→Xdxi

=

3∑

i=0

( m∑

c=1

Ai,ce
XTce

→X

)
dxi ↓

1

g0

3∑

i=0

(ϑie
X
)e→Xdxi.

Since T1, . . . , Tm is an orthonormal basis, this shows that B =
∑

m

a=1Bi,aTa, where

Bi,a = ↖Bi, Ta↙ =

m∑

c=1

Ai,cTr(e
XTce

→XT ⇑

a )↓
1

g0
Tr((ϑie

X
)e→XT ⇑

a ).

Thus, we have

)a(X,A) =

3∑

i=0

ϱiϑiBi,a

=

m∑

c=1

3∑

i=0

ϱiϑi(Ai,cTr(e
XTce

→XT ⇑

a ))↓
1

g0

3∑

i=0

ϱiϑi(Tr((ϑie
X
)e→XT ⇑

a )).

By the definition of variational derivative, when X = 0, Ma,b is a generalized function such
that for any Y =

∑
m

c=1 YcTc ↑ A,

d

dς
)a(ςY,A)(x)

∣∣∣∣
ϑ=0

=

∫

R4

m∑

b=1

Ma,b(x, y)Yb(y)dy. (13.1.3)
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From the previous display, we see that

)a(ςY,A)

=

m∑

c=1

3∑

i=0

ϱiϑi

{
Ai,cTr

[(
1 + ς

m∑

b=1

YbTb +O(ς2)

)
Tc

(
1↓ ς

m∑

b=1

YbTb +O(ς2)

)
T ⇑

a

]}

↓
1

g0

3∑

i=0

ϱiϑi

{
Tr

[(
ς

m∑

b=1

(ϑiYb)Tb +O(ς2)

)(
1↓ ς

m∑

b=1

YbTb +O(ς2)

)
T ⇑

a

]}
.

This shows that

d

dς
)a(ςY,A)

∣∣∣∣
ϑ=0

=

m∑

b,c=1

3∑

i=0

ϱiϑi(Ai,cYbTr([Tb, Tc]T
⇑

a ))↓
1

g0

m∑

b=1

3∑

i=0

ϱi(ϑ
2
i Yb) Tr(TbT

⇑

a ).

Now note that Tr([Tb, Tc]T ⇑
a ) = fa

bc
, where fa

bc
are the structure constants1 of g. Also,

Tr(TbT ⇑
a ) = δab (where δab = 0 if a ⇓= b and 1 if a = b). Comparing with equation (13.1.3),

we see that

Ma,b(x, y) =

( m∑

c=1

3∑

i=0

ϱif
a

bc
ϑi(Ai,c(x)·)↓

1

g0

3∑

i=0

δabϱiϑ
2
i (·)

)
δ(4)(x↓ y), (13.1.4)

where δ(4) is the Dirac delta at the origin in R4. Thus, a heuristic extension of Theorem 11.2.1
to infinite dimensions suggests that we should consider the action

SL
(A, ε, ε) := ↓

1

4

∫

R4
Tr

( ∑

0↔i,j↔3

ϱiϱj(ϑiAj(x)↓ ϑjAi(x) + g0[Ai(x), Aj(x)])
2

)
dx

+ 5

∫

R4

( m∑

a,b,c=1

3∑

i=0

ϱif
a

bc
εa(x)ϑi(Ai,c(x)εb(x))↓

1

g0

m∑

a=1

εa(x)↭εa(x)

)
dx

+ i↼▷(A),

where εa, εa, a = 1, . . . ,m are Grassmann-valued fields on R4, ↭ =
∑3

i=0 ϱiϑ
2
i
, 5 is an

arbitrary nonzero constant, A is a gauge field satisfying the Lorenz gauge condition, and
▷(A) = 1 if det(5M) < 0 and 0 otherwise, where M is the Faddeev–Popov operator
displayed in equation (13.1.4). The fields ε and ε are called ghost fields, since they are
unphysical.

Heuristically, the factor 5 contributes a constant multiple to the determinant arising in
the Faddeev–Popov procedure, which cancels out between the numerator and denominator
in equation (13.1.2). We will work with the choice 5 = g0. The superscript L indicates that
this is the action when we fix the Lorenz gauge. With this action, the vacuum expected

1
See Section C.3.4 in Appendix C
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value of a gauge-invariant observable A is given by

↖L(A)↙ =

∫∫∫
L(A)eiS

L(A,ε,ε)δ(&(A))DεDεDA∫∫∫
eiSL(A,ε,ε)δ(&(A))DεDεDA

,

where the factors δ(&(A)) indicate that the path integrals are taken over the subspace ker&

of gauge configurations that satisfy the Lorenz gauge condition.

13.2 Covariant gauge fixing

An improvement due to ’t Hooft allows us to obtain the action in the so-called covariant
gauge. Take any arbitrary function f : R4

⇒ Rm. Instead of &, consider the gauge-fixing
function &↓ f , defined as

(&↓ f)(A)(x) := &(A)(x)↓ f(x).

A slight modification of the proof of Proposition 9.1.1 ‘justifies’ that ker(&↓ f) intersects
every gauge orbit. Since the variational derivatives of &↓ f are una!ected by the choice of
f , this shows that for a gauge invariant function L,

∫∫∫
L(A)eiS

L(A,ε,ε)δ(&(A)↓ f)DεDεDA

does not depend on the choice of f . So, if we now integrate the above quantity over f , and
even inserting a factor depending on f , the result will just be a constant multiple of the
above. Thus, for any ξ ↑ R,

↖L(A)↙ =

∫∫∫∫
L(A) exp(iSL

(A, ε, ε)↓ i(1+⇁)
2

∫
R4 ↔f(x)↔2dx)δ(&(A)↓ f)DεDεDADf

∫∫∫∫
exp(iSL(A, ε, ε)↓ i(1+⇁)

2

∫
R4 ↔f(x)↔2dx)δ(&(A)↓ f)DεDεDADf

=

∫∫∫
L(A) exp(iSL

(A, ε, ε)↓ i(1+⇁)
2

∫
R4 ↔&(A)(x)↔2dx)DεDεDA

∫∫∫
exp(iSL(A, ε, ε)↓ i(1+⇁)

2

∫
R4 ↔&(A)(x)↔2dx)DεDεDA

=

∫∫∫
L(A) exp(iSC

(A, ε, ε))DεDεDA∫∫∫
exp(iSC(A, ε, ε))DεDεDA

,

where SC is the action in the covariant gauge, given by

SC
(A, ε, ε) := ↓

1

4

∫

R4
Tr

( ∑

0↔i,j↔3

ϱiϱj(ϑiAj(x)↓ ϑjAi(x) + g0[Ai(x), Aj(x)])
2

)
dx

↓
1 + ξ

2

∫

R4

m∑

a=1

( 3∑

i=0

ϱiϑiAi,a(x)

)2

dx

+

∫

R4

(
g0

m∑

a,b,c=1

3∑

i=0

ϱif
a

bc
εa(x)ϑi(Ai,c(x)εb(x))↓

m∑

a=1

εa(x)↭εa(x)

)
dx+ i↼▷(A).
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Note that with ξ = 1, this is the Feynman gauge that we encountered in our analysis of
U(1) theory. Here, however, we will need to keep ξ arbitrary, for a reason that will become
clear later. Observe that

Tr[(ϑiAj ↓ ϑjAi)
2
] = Tr

[( m∑

a=1

(ϑiAj,a ↓ ϑjAi,a)Ta

)2]

=

m∑

a,b=1

(ϑiAj,a ↓ ϑjAi,a)(ϑiAj,b ↓ ϑjAi,b) Tr(TaTb).

Since G is a subgroup of U(n), g consists of skew-Hermitian matrices. Thus,

Tr(TaTb) = ↓Tr(TaT
⇑

b
) = ↓↖Ta, Tb↙.

Since T1, . . . , Tm is an orthonormal basis, we conclude that

Tr[(ϑiAj ↓ ϑjAi)
2
] =

m∑

a=1

(ϑiAj,a ↓ ϑjAi,a)
2.

Now, integration by parts gives
∫

R4
ϑiAj,a(x)ϑjAi,a(x)dx =

∫

R4
ϑiAi,a(x)ϑjAj,a(x)dx.

Thus,

↓
1

4

∫

R4
Tr

( ∑

0↔i,j↔3

ϱiϱj(ϑiAj(x)↓ ϑjAi(x))
2

)
dx

= ↓
1

4

∫

R4

m∑

a=1

∑

0↔i,j↔3

ϱiϱj [(ϑiAj,a(x))
2
+ (ϑjAi,a(x))

2
↓ 2ϑiAi,a(x)ϑjAj,a(x)]dx

= ↓
1

2

∫

R4

m∑

a=1

∑

0↔i,j↔3

ϱiϱj(ϑiAj,a(x))
2dx+

1

2

∫

R4

m∑

a=1

( 3∑

i=0

ϱiϑiAi,a(x)

)2

dx.

The second term on the right partially cancels out the covariant gauge fixing term in the
action, leaving us with

SC
(A, ε, ε) = ↓

1

2

∫

R4

m∑

a=1

∑

0↔i,j↔3

ϱiϱj(ϑiAj,a(x))
2dx↓

ξ

2

∫

R4

m∑

a=1

( 3∑

i=0

ϱiϑiAi,a(x)

)2

dx

↓
g0
2

∫

R4

∑

0↔i,j↔3

ϱiϱj Tr

{
(ϑiAj(x)↓ ϑjAi(x))[Ai(x), Aj(x)] +

g0
2
[Ai(x), Aj(x)]

2

}
dx

+

∫

R4

(
g0

m∑

a,b,c=1

3∑

i=0

ϱif
a

bc
εa(x)ϑi(Ai,c(x)εb(x))↓

m∑

a=1

εa(x)↭εa(x)

)
dx+ i↼▷(A).
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To simplify further, notice that

Tr((ϑiAj(x)↓ ϑjAi(x))[Ai(x), Aj(x)])

= Tr

[( m∑

a=1

(ϑiAj,a(x)↓ ϑjAi,a(x))Ta

) m∑

a,b=1

Ai,a(x)Aj,b(x)[Ta, Tb]

]

=

m∑

a,b,c=1

(ϑiAj,a(x)↓ ϑjAi,a(x))Ai,b(x)Aj,c(x) Tr(Ta[Tb, Tc]).

Now,
Tr(Ta[Tb, Tc]) = ↓Tr(T ⇑

a [Tb, Tc]) = ↓Tr([Tb, Tc]T
⇑

a ) = ↓fa

bc
.

Thus,

Tr((ϑiAj(x)↓ ϑjAi(x))[Ai(x), Aj(x)])

= ↓

m∑

a,b,c=1

fa

bc
(ϑiAj,a(x)↓ ϑjAi,a(x))Ai,b(x)Aj,c(x).

Similarly,

Tr([Ai(x), Aj(x)]
2
) = Tr

[( m∑

a,b=1

Ai,a(x)Aj,b(x)[Ta, Tb]

)2]

= Tr

[( m∑

a,b,c=1

f c

ab
Ai,a(x)Aj,b(x)Tc

)2]

=

m∑

a,b,c,a→,b→,c→=1

f c

ab
f c

→
a→b→Ai,a(x)Aj,b(x)Ai,a→(x)Aj,b→(x) Tr(TcTc→).

As we have already observed earlier, Tr(TcTc→) = ↓Tr(TcT ⇑

c→) = δc,c→ . Thus,

Tr([Ai(x), Aj(x)]
2
) = ↓

m∑

a,b,a→,b→,c=1

f c

ab
f c

a→b→Ai,a(x)Aj,b(x)Ai,a→(x)Aj,b→(x).

Combining all of the above, we arrive at the following formula:

SC
(A, ε, ε) = ↓

1

2

∫

R4

m∑

a=1

∑

0↔i,j↔3

ϱiϱj(ϑiAj,a(x))
2dx↓

ξ

2

∫

R4

m∑

a=1

( 3∑

i=0

ϱiϑiAi,a(x)

)2

dx

+
g0
2

∫

R4

∑

0↔i,j↔3

m∑

a,b,c=1

ϱiϱjf
a

bc
(ϑiAj,a(x)↓ ϑjAi,a(x))Ai,b(x)Aj,c(x)dx

+
g20
4

∫

R4

∑

0↔i,j↔3

m∑

a,b,a→,b→,c=1

ϱiϱjf
c

ab
f c

a→b→Ai,a(x)Aj,b(x)Ai,a→(x)Aj,b→(x)dx

+

∫

R4

(
g0

m∑

a,b,c=1

3∑

i=0

ϱif
a

bc
εa(x)ϑi(Ai,c(x)εb(x))↓

m∑

a=1

εa(x)↭εa(x)

)
dx+ i↼▷(A),
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where ▷(A) = 1 if det(g0M) < 0 and 0 otherwise, with M being the Faddeev–Popov
operator displayed in equation (13.1.4).

Since ▷(A) is either 0 or 1, it should remain constant under small perturbations and
should therefore play no role in this perturbation theory. Ignoring ▷(A), the action can be
decomposed into the sum of a ‘free’ and an ‘interaction’ part, given by

SC
free(A, ε, ε) := ↓

1

2

∫

R4

m∑

a=1

∑

0↔i,j↔3

ϱiϱj(ϑiAj,a(x))
2dx↓

∫

R4

m∑

a=1

εa(x)↭εa(x)dx

↓
ξ

2

∫

R4

m∑

a=1

( 3∑

i=0

ϱiϑiAi,a(x)

)2

dx

and

SC
int(A, ε, ε) :=

g0
2

∫

R4

∑

0↔i,j↔3

m∑

a,b,c=1

ϱiϱjf
a

bc
(ϑiAj,a(x)↓ ϑjAi,a(x))Ai,b(x)Aj,c(x)dx

+
g20
4

∫

R4

∑

0↔i,j↔3

m∑

a,b,a→,b→,c=1

ϱiϱjf
c

ab
f c

a→b→Ai,a(x)Aj,b(x)Ai,a→(x)Aj,b→(x)dx

+ g0

∫

R4

m∑

a,b,c=1

3∑

i=0

ϱif
a

bc
εa(x)ϑi(Ai,c(x)εb(x))dx.

13.3 The action in momentum coordinates

We will now write down the action in momentum coordinates, that is, in terms of the
Fourier transforms of the gauge fields and ghost fields. This will simplify calculations later.
Recall that for f ↑ S(R4,R), its Fourier transform in Minkowski signature is defined as

f(p) :=
∫

R4
ei(x,p)f(x)dx,

where p ↑ R4, and for x, p ↑ R4, the Minkowski inner product of x and p is defined as

(x, p) := p0x0 ↓ p1x1 ↓ p2x2 ↓ p3x3 =
3∑

j=0

ϱjpjxj .

Also recall that f is also a Schwartz function, and that the following inversion formula
holds:

f(x) =
1

(2↼)4

∫

R4
e→i(x,p) f(p)dp.

We will now rewrite the action in terms of the Fourier transforms Aia, εa and εa. Note that

ϑiAj,a(x) = ↓
iϱi

(2↼)4

∫

R4
pie

→i(x,p) Aj,a(p)dp.
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From this and the formal identity

1

(2↼)4

∫

R4
e→i(x,p)dx = δ(4)(p),

it follows that
∫

R4
(ϑiAj,a(x))

2dx = ↓
1

(2↼)8

∫∫∫
e→i(x,p+q)piqi Aj,a(p) Aj,a(q)dxdpdq

= ↓
1

(2↼)4

∫
p2i Aj,a(p) Aj,a(↓p)dp,

Similarly,
∫

R4
(ϑiAj,a(x))Ai,b(x)Aj,c(x)dx

= ↓
iϱi

(2↼)12

∫∫∫
pie

→i(x,p+q+r) Aj,a(p) Ai,b(q) Aj,c(r)dxdpdqdr

= ↓
iϱi

(2↼)8

∫∫
pi Aj,a(p) Ai,b(q) Aj,c(↓p↓ q)dpdq,

where δ(4) is the Dirac delta at zero in R4. This step can be easily justified (as we have done
several times earlier) by introducing a regularization term e→ϑr

2 , evaluating the integral,
and then sending ς to zero.

From the above calculation, it follows that

∫ m∑

a=1

∑

0↔i,j↔3

ϱiϱj(ϑiAj,a(x))
2dx = ↓

1

(2↼)4

∫ m∑

a=1

∑

0↔i,j↔3

ϱiϱjp
2
i
Aj,a(p) Aj,a(↓p)dp

= ↓
1

(2↼)4

∫
p2

m∑

a=1

3∑

j=0

ϱj Aj,a(p) Aj,a(↓p)dp,

and
∫

R4

∑

0↔i,j↔3

m∑

a,b,c=1

ϱiϱjf
a

bc
(ϑiAj,a(x)↓ ϑjAi,a(x))Ai,b(x)Aj,c(x)dx

= ↓
i

(2↼)8

∫∫ ∑

0↔i,j↔3

m∑

a,b,c=1

ϱiϱjf
a

bc
(ϱipi Aj,a(p)↓ ϱjpj Ai,a(p))

· Ai,b(q) Aj,c(↓p↓ q)dpdq.
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Similarly,

∫

R4

∑

0↔i,j↔3

m∑

a,b,a→,b→,c=1

ϱiϱjf
c

ab
f c

a→b→Ai,a(x)Aj,b(x)Ai,a→(x)Aj,b→(x)dx

=
1

(2↼)12

∫∫∫ ∑

0↔i,j↔3

m∑

a,b,a→,b→,c=1

ϱiϱjf
c

ab
f c

a→b→
Ai,a(p)

· Aj,b(q) Ai,a→(r) Aj,b→(↓p↓ q ↓ r)dpdqdr,

and

∫

R4

m∑

a,b,c=1

3∑

i=0

ϱif
a

bc
εa(x)ϑi(Ai,c(x)εb(x))dx

= ↓
i

(2↼)8

∫∫ m∑

a,b,c=1

3∑

i=0

ϱif
a

bc
(ϱipi + ϱiqi)εa(↓p↓ q) Ai,c(p)εb(q)dpdq.

The covariant gauge fixing term has a similar expression:

∫

R4

m∑

a=1

( 3∑

i=0

ϱiϑiAi,a(x)

)2

dx = ↓
1

(2↼)4

∫ m∑

a=1

∑

0↔i,j↔3

pipj Ai,a(p) Aj,a(↓p)dp.

Lastly, note that by the formal identities

εa(x) =
1

(2↼)4

∫

R4
e→i(x,p)εa(p)dp, εa(x) =

1

(2↼)4

∫

R4
e→i(x,p)εa(p)dp,

we get

↭εa(x) =
3∑

i=0

ϱiϑ
2
i εa(x) =

1

(2↼)4

∫

R4

( 3∑

i=0

ϱi(↓iϱipi)
2

)
e→i(x,p)εa(p)dp

= ↓
1

(2↼)4

∫

R4

( 3∑

i=0

ϱip
2
i

)
e→i(x,p)εa(p)dp = ↓

1

(2↼)4

∫

R4
p2e→i(x,p)εa(p)dp,

and hence,
∫

εa(x)↭εa(x)dx = ↓
1

(2↼)8

∫∫∫
e→i(x,p+q)q2εa(p)εa(q)dxdpdq

= ↓
1

(2↼)4

∫
p2εa(p)εa(↓p)dp.
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Thus, we get SC
( A, ε, ε) = SC

free(
A, ε, ε) + CF

int(
A, ε, ε), where

SC
free(

A, ε, ε) = 1

2(2↼)4

∫
p2

m∑

a=1

3∑

j=0

ϱj Aj,a(p) Aj,a(↓p)dp

+
1

(2↼)4

∫
p2

m∑

a=1

εa(p)εa(↓p)dp

+
ξ

2(2↼)4

∫ m∑

a=1

∑

0↔i,j↔3

pipj Ai,a(p) Aj,a(↓p)dp

and

SC
int(

A, ε, ε)

= ↓
ig0

2(2↼)8

∫∫ 3∑

i,j=0

m∑

a,b,c=1

fa

bc
(ϱjpi Aj,a(p)↓ ϱipj Ai,a(p)) Ai,b(q) Aj,c(↓p↓ q)dpdq

+
g20

4(2↼)12

∫∫∫ 3∑

i,j=0

m∑

a,b,a→,b→,c=1

ϱiϱjf
c

ab
f c

a→b→
Ai,a(p) Aj,b(q) Ai,a→(r) Aj,b→(↓p↓ q ↓ r)dpdqdr

↓
ig0

(2↼)8

∫∫ m∑

a,b,c=1

3∑

i=0

fa

bc
(pi + qi)εa(↓p↓ q) Ai,c(p)εb(q)dpdq.

13.4 First order of perturbation theory

In this section, we assume that G is a simple Lie group2, in addition to the properties listed
earlier. Heuristically, the gluon propagator in momentum coordinates is defined as the
vacuum expectation value

Dab

jk
(p, q) :=

i

(2↼)4
↖ Aj,a(p) Ak,b(q)↙ =

i

(2↼)4

∫ Aj,a(p) Ak,b(q)eiS̃
C(Ã,ε̃,ε̃)

DεDεD A
∫
eiS̃C(Ã,ε̃,ε̃)DεDεD A

.

For the perturbative expansion of the gluon propagator, we introduce three new parameters
ϖ1, ϖ2, ϖ3. The first two parameters are used to rescale the gauge fields Aj,a and the ghost
fields εa, εa by replacing them with

↘
1 + ϖ1 Aj,a,

↘
1 + ϖ2εa, and

↘
1 + ϖ2εa in the action.

The third parameter is used to reparametrize ξ as

ξ =
ϖ3

1 + ϖ1
.

2
See Section C.3.5 in Appendix C for an introduction to simple Lie groups.
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The free and interacting parts of the resulting action are then given by

SC
free(

A, ε, ε) = 1 + ϖ1
2(2↼)4

∫
p2

m∑

a=1

3∑

j=0

ϱj Aj,a(p) Aj,a(↓p)dp

+
1 + ϖ2
(2↼)4

∫
p2

m∑

a=1

εa(p)εa(↓p)dp

+
ϖ3

2(2↼)4

∫ m∑

a=1

∑

0↔i,j↔3

pipj Ai,a(p) Aj,a(↓p)dp

and

SF
int(

A, ε, ε)

= ↓
ig0(1 + ϖ1)3/2

2(2↼)8

∫∫ 3∑

i,j=0

m∑

a,b,c=1

fa

bc
(ϱjpi Aj,a(p)↓ ϱipj Ai,a(p)) Ai,b(q) Aj,c(↓p↓ q)dpdq

+
g20(1 + ϖ1)2

4(2↼)12

∫∫∫ 3∑

i,j=0

m∑

a,b,a→,b→,c=1

ϱiϱjf
c

ab
f c

a→b→
Ai,a(p)

· Aj,b(q) Ai,a→(r) Aj,b→(↓p↓ q ↓ r)dpdqdr

↓
ig0

↘
1 + ϖ1(1 + ϖ2)

(2↼)8

∫∫ m∑

a,b,c=1

3∑

i=0

fa

bc
(pi + qi)εa(↓p↓ q) Ai,c(p)εb(q)dpdq.

Let us now expand the gluon propagator as a power series in g0, ϖ1, ϖ2, ϖ3. Throughout, let
↖·↙0 denote expectations with respect to the free theory. Also, we will use the notation

↖A;B↙0 := ↖AB↙0 ↓ ↖A↙0↖B↙0.

First, note that in the free theory, the components of the gauge field are decoupled. Thus,
by the formula (9.5.1) for the photon propagator, we have

Dab

jk
(p, q)|ς1=ς2=ς3=g0=0 = ϱjδjkδabδ

(4)
(p+ q) lim

ϑ≃0

1

p2 + iς
. (13.4.1)

A simple computation shows that

ϑ

ϑϖ1
Dab

jk
(p, q)

∣∣∣∣
ς1=ς2=ς3=g0=0

=
1

2(2↼)8

∫
r2

m∑

c=1

3∑

l=0

ϱl↖ Aj,a(p) Ak,b(q); Al,c(r) Al,c(↓r)↙0dr.
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To evaluate this, note that by equation (9.5.1) and Corollary B.2.8,

↖ Aj,a(p) Ak,b(q); Al,c(r) Al,c(↓r)↙0

= ↖ Aj,a(p) Al,c(r)↙↖ Ak,b(q) Al,c(↓r)↙0 + ↖ Aj,a(p) Al,c(↓r)↙0↖ Ak,b(q) Al,c(r)↙0

= ↓(2↼)8ϱjϱkδjlδklδacδbcδ
(4)

(p+ r)δ(4)(q ↓ r) lim
ϑ≃0

1

(r2 + iς)2

↓ (2↼)8ϱjϱkδjlδklδacδbcδ
(4)

(p↓ r)δ(4)(q + r) lim
ϑ≃0

1

(r2 + iς)2
.

Integrating over r, we get

ϑ

ϑϖ1
Dab

jk
(p, q)

∣∣∣∣
ς1=ς2=ς3=g0=0

= ↓p2ϱjδjkδabδ
(4)

(p+ q) lim
ϑ≃0

1

(p2 + iς)2
. (13.4.2)

Next, note that since the gauge field and the ghost fields decouple in the free theory, we
have

↖ Aj,a(p) Ak,b(q); εc(r)εc(↓r)↙0 = 0.

Thus, by a similar calculation as above, we get

ϑ

ϑϖ2
Dab

jk
(p, q)

∣∣∣∣
ς1=ς2=ς3=g0=0

= 0. (13.4.3)

Next, note that

ϑ

ϑϖ3
Dab

jk
(p, q)

∣∣∣∣
ς1=ς2=ς3=g0=0

=
1

2(2↼)8

∫ m∑

c=1

∑

0↔i→,j→↔3

ri→rj→↖ Aj,a(p) Ak,b(q); Ai→,c(r) Aj→,c(↓r)↙0dr.

Again, as before,

↖ Aj,a(p) Ak,b(q); Ai→,c(r) Aj→,c(↓r)↙0

= ↖ Aj,a(p) Ai→,c(r)↙0↖ Ak,b(q) Aj→,c(↓r)↙0 + ↖ Aj,a(p) Aj→,c(↓r)↙0↖ Ak,b(q) Ai→,c(r)↙0

= ↓(2↼)8ϱjϱkδji→δkj→δacδbcδ
(4)

(p+ r)δ(4)(q ↓ r) lim
ϑ≃0

1

(r2 + iς)2

↓ (2↼)8ϱjϱkδjj→δki→δacδbcδ
(4)

(p↓ r)δ(4)(q + r) lim
ϑ≃0

1

(r2 + iς)2
.

Integrating over r, we get

ϑ

ϑϖ3
Dab

jk
(p, q)

∣∣∣∣
ς1=ς2=ς3=g0=0

= ↓ϱjϱkpjpkδabδ
(4)

(p+ q) lim
ϑ≃0

1

(p2 + iς)2
. (13.4.4)
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Lastly, we claim that

ϑ

ϑg0
Dab

jk
(p, q)

∣∣∣∣
ς1=ς2=ς3=g0=0

= 0. (13.4.5)

To see this, note that the free field expectations that arise in the above quantity are all
expectations of products of odd numbers of field variables. Therefore, they vanish.

Combining equations (13.4.1), (13.4.2), (13.4.3), (13.4.4) and (13.4.5), we get the first
order of perturbation theory for the gluon propagator:

Dab

jk
(p, q) = ϱjδjkδabδ

(4)
(p+ q) lim

ϑ≃0

1

p2 + iς

↓ ϖ1p
2ϱjδjkδabδ

(4)
(p+ q) lim

ϑ≃0

1

(p2 + iς)2

↓ ϖ3ϱjϱkpjpkδabδ
(4)

(p+ q) lim
ϑ≃0

1

(p2 + iς)2

+O(ϖ21 + ϖ22 + ϖ23 + g20). (13.4.6)

Note that there are no infinities in this expansion. But the expansion is not interesting,
since the parameter g0 makes no appearance, which means that we are not seeing any
non-Abelian e!ects. To see non-Abelian e!ects, we have to go to the second order of
perturbation theory. Infinities will arise in the second order, and we will have to apply
renormalization to tame the infinities.

13.5 Second order of perturbation theory

Our next goal is to compute the second partial derivative with respect to g0. This
computation is rather complicated. For ease of notation, we will denote Aj,a(p) by Aj,a,p,
εa(p) by εa,p, and εa(p) by εa,p in the following. First, let us decompose the interacting
part of the action SF

int(
A, ε, ε), when ϖ1 = ϖ2 = ϖ3 = 0, as a sum g0S1 + g20S2. Then,

heuristically,

ϑ

ϑg0
Dab

jk
(p, q)

∣∣∣∣
ς1=ς2=ς3=0

=
i

(2↼)4
ϑ

ϑg0

↖Aj,a,pAk,b,qeig0S1+ig20S2↙0

↖eig0S1+ig20S2↙0

= ↓
1

(2↼)4

(
↖Aj,a,pAk,b,q(S1 + 2g0S2)eig0S1+ig20S2↙0

↖eig0S1+ig20S2↙0

↓
↖Aj,a,pAk,b,qeig0S1+ig20S2↙0↖(S1 + 2g0S2)eig0S1+ig20S2↙0

↖eig0S1+ig20S2↙
2
0

)
.
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Di!erentiating again, and setting g0 = 0, a simple calculation gives

ϑ2

ϑg20
Dab

jk
(p, q)

∣∣∣∣
ς1=ς2=ς3=g0=0

= ↓
1

(2↼)4

(
2↖Aj,a,pAk,b,q;S2↙0 + i↖Aj,a,pAk,b,q;S

2
1↙0

↓ 2i↖Aj,a,pAk,b,q;S1↙0↖S1↙0

)
.

Since ↖S1↙0 = 0, this simplifies to

ϑ2

ϑg20
Dab

jk
(p, q)

∣∣∣∣
ς1=ς2=ς3=g0=0

= ↓
2

(2↼)4
↖Aj,a,pAk,b,q;S2↙0 ↓

i

(2↼)4
↖Aj,a,pAk,b,q;S

2
1↙0. (13.5.1)

Let us now evaluate the above terms. First note that

↖Aj,a,pAk,b,q;S2↙0

=
1

4(2↼)12

3∑

i→,j→=0

m∑

a→,b→,a→→,b→→,c=1

ϱi→ϱj→f
c

a→b→f
c

a→→b→→

·

∫∫∫
↖Aj,a,pAk,b,q;Ai→,a→,p→Aj→,b→,q→Ai→,a→→,r→Aj→,b→→,→p→→q→→r→↙0dp

⇒dq⇒dr⇒.

Let t⇒ := ↓p⇒ ↓ q⇒ ↓ r⇒. By Corollary B.2.8, we see that the integrand is equal to the sum
of 12 terms which correspond to the 12 ways of pairing up Aj,a,p, Ak,b,q, Ai→,a→,p→ , Aj→,b→,q→ ,
Ai→,a→→,r→ , Aj→,b→→,t→ where Aj,a,p is not matched with Ak,b,q. We can also ignore terms where a⇒

is matched to b⇒ or a⇒⇒ is matched to b⇒⇒, because of the totally antisymmetric nature of the
structure constants3. This leaves us with 8 matchings to consider. Now, by equation (9.5.1),
for any l, l⇒, d, d⇒, s, s⇒,

↖Al,d,sAl→,d→,s→↙0 = ↓(2↼)4iϱlδll→δdd→δ
(4)

(s+ s⇒) lim
ϑ≃0

1

s2 + iς
. (13.5.2)

Thus, each matching forces certain identities. We will denote the matching a ℜ a⇒, b ℜ a⇒⇒,
b⇒ ℜ b⇒⇒ by aa⇒ba⇒⇒b⇒b⇒⇒, and so on. Table 13.1 tabulates the identities forced by the various
matchings.

Since p⇒ + q⇒ + r⇒ + t⇒ = 0, Table 13.1 shows that p+ q = 0 is forced by each matching.
Moreover, it shows that the contribution to ↖Aj,a,pAk,b,q;S2↙0 from each matching is of the
form

i

4
lim
ϑ≃0

δ(4)(p+ q)C

(p2 + iς)2

∫
1

r2 + iς
dr,

where C is a number that depends on the matching. Table 13.2 tabulates the values of C
for the various matchings. To calculate these values, we used the fact from Corollary C.3.10

3
See Lemma C.3.7.
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Table 13.1: Identities forced by matchings in the S2 term
Matching Identities

aa⇒ba⇒⇒b⇒b⇒⇒ j = i⇒, k = i⇒, p = ↓p⇒, q = ↓r⇒, q⇒ = ↓t⇒

aa⇒bb⇒⇒b⇒a⇒⇒ j = i⇒, k = j⇒, i⇒ = j⇒, p = ↓p⇒, q = ↓t⇒, q⇒ = ↓r⇒

ab⇒ba⇒⇒a⇒b⇒⇒ j = j⇒, k = i⇒, i⇒ = j⇒, p = ↓q⇒, q = ↓r⇒, p⇒ = ↓t⇒

ab⇒bb⇒⇒a⇒a⇒⇒ j = j⇒, k = j⇒, p = ↓q⇒, q = ↓t⇒, p⇒ = ↓r⇒

ab⇒⇒ba⇒b⇒a⇒⇒ j = j⇒, k = i⇒, j⇒ = i⇒, p = ↓t⇒, q = ↓p⇒, q⇒ = ↓r⇒

ab⇒⇒bb⇒a⇒a⇒⇒ j = j⇒, k = j⇒, p = ↓t⇒, q = ↓q⇒, p⇒ = ↓r⇒

aa⇒⇒ba⇒b⇒b⇒⇒ j = i⇒, k = i⇒, p = ↓r⇒, q = ↓p⇒, q⇒ = ↓t⇒

aa⇒⇒bb⇒a⇒b⇒⇒ j = i⇒, k = j⇒, i⇒ = j⇒, p = ↓r⇒, q = ↓q⇒, p⇒ = ↓t⇒

Table 13.2: The value of C for various matchings in the S2 term
Matching C

aa⇒ba⇒⇒b⇒b⇒⇒ 4Cgϱjδjkδab
aa⇒bb⇒⇒b⇒a⇒⇒ ↓Cgϱjδjkδab
ab⇒ba⇒⇒a⇒b⇒⇒ ↓Cgϱjδjkδab
ab⇒bb⇒⇒a⇒a⇒⇒ 4Cgϱjδjkδab
ab⇒⇒ba⇒b⇒a⇒⇒ ↓Cgϱjδjkδab
ab⇒⇒bb⇒a⇒a⇒⇒ 4Cgϱjδjkδab
aa⇒⇒ba⇒b⇒b⇒⇒ 4Cgϱjδjkδab
aa⇒⇒bb⇒⇒b⇒a⇒ ↓Cgϱjδjkδab

that

m∑

b,c=1

fa

bc
fa

→
bc

= Cgδaa→ (13.5.3)

for some constant Cg that depends only on the Lie algebra g. Summing up the values from
Table 13.2, we arrive at the heuristic identity

↖Aj,a,pAk,b,q;S2↙0 = 3i lim
ϑ≃0

Cgϱjδjkδabδ(4)(p+ q)

(p2 + iς)2

∫
1

r2 + iς
dr. (13.5.4)

The integral on the right is divergent. We will take care of it later by renormalization.
Next, let us calculate ↖Aj,a,pAk,b,q;S2

1↙0. First, recall that S1 = T1 + T2, where

T1 := ↓
i

2(2↼)8

∫∫ 3∑

i,j=0

m∑

a,b,c=1

fa

bc
(ϱjpiAj,a,p ↓ ϱipjAi,a,p)Ai,b,qAj,c,→p→qdpdq,

T2 := ↓
i

(2↼)8

∫∫ m∑

a,b,c=1

3∑

i=0

fa

bc
(pi + qi)εa,→p→qAi,c,pεb,qdpdq.
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The term T1 can be written as T11 ↓ T12, where

T11 := ↓
i

2(2↼)8

∫∫ 3∑

i,j=0

m∑

a,b,c=1

fa

bc
ϱjpiAj,a,pAi,b,qAj,c,→p→qdpdq,

T12 := ↓
i

2(2↼)8

∫∫ 3∑

i,j=0

m∑

a,b,c=1

fa

bc
ϱipjAi,a,pAi,b,qAj,c,→p→qdpdq.

Now, in T12, if we swap the indices i and j, b and c, and make the change of variable
r = ↓p↓ q, we get

T12 =
i

2(2↼)8

∫∫ 3∑

i,j=0

m∑

a,b,c=1

fa

cb
ϱjpiAj,a,pAj,c,→p→rAi,b,rdpdr.

Since fa

cb
= ↓fa

bc
, this shows that T12 = ↓T11. Thus, S1 simplifies to 2T11 + T2. Therefore,

↖Aj,a,pAk,b,q;S
2
1↙0 = 4↖Aj,a,pAk,b,q;T

2
11↙0 + 4↖Aj,a,pAk,b,q;T11T2↙0

+ ↖Aj,a,pAk,b,q;T
2
2 ↙0. (13.5.5)

Let us now evaluate the three terms on the right. First, note that

↖Aj,a,pAk,b,q;T
2
11↙0 = ↓

1

4(2↼)16

∫∫∫∫ 3∑

i→,j→,i→→,j→→=0

m∑

a→,b→,c→,a→→,b→→,c→→=1

fa
→

b→c→f
a
→→

b→→c→→ϱj→ϱj→→p
⇒

i→p
⇒⇒

i→→

· ↖Aj,a,pAk,b,q;Aj→,a→,p→Ai→,b→,q→Aj→,c→,→p→→q→Aj→→,a→→,p→→Ai→→,b→→,q→→Aj→→,c→→,→p→→→q→→↙0dp
⇒dq⇒dp⇒⇒dq⇒⇒.

By Corollary B.2.8, the term within the parentheses is equal to the sum of products of all
pairings except those in which p is matched to q. Since the structure constants are totally
antisymmetric (Lemma C.3.7), we can ignore terms where any of a⇒, b⇒, c⇒ is matched to
another, or where any of a⇒⇒, b⇒⇒, c⇒⇒ is matched to another.

This leaves us with the following options:

1. Match a to one of a⇒, b⇒, c⇒ and b to one of a⇒⇒, b⇒⇒, c⇒⇒, or

2. match a to one of a⇒⇒, b⇒⇒, c⇒⇒ and b to one of a⇒, b⇒, c⇒.

In both options, the remaining two indices from a⇒, b⇒, c⇒ have to be matched with the
remaining two indices from a⇒⇒, b⇒⇒, c⇒⇒. For ease of notation, let r⇒ := ↓p⇒ ↓ q⇒ and r⇒⇒ :=

↓p⇒⇒↓q⇒⇒. Suppose we match a to a⇒, b to a⇒⇒, b⇒ with b⇒⇒, and c⇒ with c⇒⇒. Then equation (13.5.2)
forces q⇒ = ↓q⇒⇒ and r⇒ = ↓r⇒⇒. Since p⇒ + q⇒ + r⇒ = 0 and p⇒⇒ + q⇒⇒ + r⇒⇒ = 0, this implies that
p⇒ = ↓p⇒⇒. But equation (13.5.2) also forces p = ↓p⇒ and q = ↓p⇒⇒. Thus, we must have
p+ q = 0. A moment’s thought shows that by a similar logic, all other matchings also force
the condition that p+ q = 0, and that each term is equal to

↓
1

4
lim
ϑ≃0

δ(4)(p+ q)

(p2 + iς)2

∫
P (p, r)

(r2 + iς)((p↓ r)2 + iς)
dr,
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Table 13.3: Identities forced by matchings in the T 2
11 term

Matching Identities

aa⇒ba⇒⇒b⇒b⇒⇒c⇒c⇒⇒ j = j⇒, k = j⇒⇒, i⇒ = i⇒⇒, j⇒ = j⇒⇒, p⇒ = ↓p, p⇒⇒ = ↓q, q⇒ = ↓q⇒⇒, r⇒ = ↓r⇒⇒

aa⇒ba⇒⇒b⇒c⇒⇒c⇒b⇒⇒ j = j⇒, k = j⇒⇒, i⇒ = j⇒⇒, j⇒ = i⇒⇒, p⇒ = ↓p, p⇒⇒ = ↓q, q⇒ = ↓r⇒⇒, r⇒ = ↓q⇒⇒

aa⇒bb⇒⇒b⇒a⇒⇒c⇒c⇒⇒ j = j⇒, k = i⇒⇒, i⇒ = j⇒⇒, j⇒ = j⇒⇒, p⇒ = ↓p, q = ↓q⇒⇒, q⇒ = ↓p⇒⇒, r⇒ = ↓r⇒⇒

aa⇒bb⇒⇒b⇒c⇒⇒c⇒a⇒⇒ j = j⇒, k = i⇒⇒, i⇒ = j⇒⇒, j⇒ = j⇒⇒, p⇒ = ↓p, q = ↓q⇒⇒, q⇒ = ↓r⇒⇒, r⇒ = ↓p⇒⇒

aa⇒bc⇒⇒b⇒a⇒⇒c⇒b⇒⇒ j = j⇒, k = j⇒⇒, i⇒ = j⇒⇒, j⇒ = i⇒⇒, p⇒ = ↓p, q = ↓r⇒⇒, q⇒ = ↓p⇒⇒, r⇒ = ↓q⇒⇒

aa⇒bc⇒⇒b⇒b⇒⇒c⇒a⇒⇒ j = j⇒, k = j⇒⇒, i⇒ = i⇒⇒, j⇒ = j⇒⇒, p⇒ = ↓p, q = ↓r⇒⇒, q⇒ = ↓q⇒⇒, r⇒ = ↓p⇒⇒

ab⇒ba⇒⇒a⇒b⇒⇒c⇒c⇒⇒ j = i⇒, k = j⇒⇒, j⇒ = i⇒⇒, j⇒ = j⇒⇒, p = ↓q⇒, q = ↓p⇒⇒, p⇒ = ↓q⇒⇒, r⇒ = ↓r⇒⇒

ab⇒ba⇒⇒a⇒c⇒⇒c⇒b⇒⇒ j = i⇒, k = j⇒⇒, j⇒ = j⇒⇒, j⇒ = i⇒⇒, p = ↓q⇒, q = ↓p⇒⇒, p⇒ = ↓r⇒⇒, r⇒ = ↓q⇒⇒

ab⇒bb⇒⇒a⇒a⇒⇒c⇒c⇒⇒ j = i⇒, k = i⇒⇒, j⇒ = j⇒⇒, p = ↓q⇒, q = ↓q⇒⇒, p⇒ = ↓p⇒⇒, r⇒ = ↓r⇒⇒

ab⇒bb⇒⇒a⇒c⇒⇒c⇒a⇒⇒ j = i⇒, k = i⇒⇒, j⇒ = j⇒⇒, p = ↓q⇒, q = ↓q⇒⇒, p⇒ = ↓r⇒⇒, r⇒ = ↓p⇒⇒

ab⇒bc⇒⇒a⇒a⇒⇒c⇒b⇒⇒ j = i⇒, k = j⇒⇒, j⇒ = j⇒⇒, j⇒ = i⇒⇒, p = ↓q⇒, q = ↓r⇒⇒, p⇒ = ↓p⇒⇒, r⇒ = ↓q⇒⇒

ab⇒bc⇒⇒a⇒b⇒⇒c⇒a⇒⇒ j = i⇒, k = j⇒⇒, j⇒ = i⇒⇒, j⇒ = j⇒⇒, p = ↓q⇒, q = ↓r⇒⇒, p⇒ = ↓q⇒⇒, r⇒ = ↓p⇒⇒

ac⇒ba⇒⇒a⇒b⇒⇒b⇒c⇒⇒ j = j⇒, k = j⇒⇒, j⇒ = i⇒⇒, i⇒ = j⇒⇒, p = ↓r⇒, q = ↓p⇒⇒, p⇒ = ↓q⇒⇒, q⇒ = ↓r⇒⇒

ac⇒ba⇒⇒a⇒c⇒⇒b⇒b⇒⇒ j = j⇒, k = j⇒⇒, j⇒ = j⇒⇒, i⇒ = i⇒⇒, p = ↓r⇒, q = ↓p⇒⇒, p⇒ = ↓r⇒⇒, q⇒ = ↓q⇒⇒

ac⇒bb⇒⇒a⇒a⇒⇒b⇒c⇒⇒ j = j⇒, k = i⇒⇒, j⇒ = j⇒⇒, i⇒ = j⇒⇒, p = ↓r⇒, q = ↓q⇒⇒, p⇒ = ↓p⇒⇒, q⇒ = ↓r⇒⇒

ac⇒bb⇒⇒a⇒c⇒⇒b⇒a⇒⇒ j = j⇒, k = i⇒⇒, j⇒ = j⇒⇒, i⇒ = j⇒⇒, p = ↓r⇒, q = ↓q⇒⇒, p⇒ = ↓r⇒⇒, q⇒ = ↓p⇒⇒

ac⇒bc⇒⇒a⇒a⇒⇒b⇒b⇒⇒ j = j⇒, k = j⇒⇒, j⇒ = j⇒⇒, i⇒ = i⇒⇒, p = ↓r⇒, q = ↓r⇒⇒, p⇒ = ↓p⇒⇒, q⇒ = ↓q⇒⇒

ac⇒bc⇒⇒a⇒b⇒⇒b⇒a⇒⇒ j = j⇒, k = j⇒⇒, j⇒ = i⇒⇒, i⇒ = j⇒⇒, p = ↓r⇒, q = ↓r⇒⇒, p⇒ = ↓q⇒⇒, q⇒ = ↓p⇒⇒

where P (p, r) is a polynomial in the entries of p and r, depending on the term. Here the
dummy variable r stands for one of the two variables among p⇒, q⇒, r⇒ that are not matched
to p, and ↓p↓ r is the other one.

For ease of notation, let C(aa⇒ba⇒⇒b⇒b⇒⇒c⇒c⇒⇒) denote the contribution from the above
matching, and so on. There are 36 matchings with potentially nonzero contributions, by
the above paragraph. By the symmetry between ⇒ and ⇒⇒, we can reduce the problem to
18 matchings, where a is matched to one of a⇒, b⇒, c⇒ and b is matched to one of a⇒⇒, b⇒⇒, c⇒⇒.
For example, C(aa⇒ba⇒⇒b⇒b⇒⇒c⇒c⇒⇒) = C(aa⇒⇒ba⇒b⇒b⇒⇒c⇒c⇒⇒), and so on. We will evaluate the above
quantities. For each quantity, equation (13.5.2) forces some identities. Table 13.3 tabulates
the identities that are relevant for us.

Table 13.3 helps us apply equation (13.5.2) and calculate the polynomial P (p, r) for
every matching. For example, consider the matching aa⇒ba⇒⇒b⇒b⇒⇒c⇒c⇒⇒. By the identities from
Table 13.3, and the forced identity p = ↓q (as observed earlier),

P (p, r) =
3∑

i→,j→,i→→,j→→=0

m∑

a→,b→,c→,a→→,b→→,c→→=1

fa
→

b→c→f
a
→→

b→→c→→ϱj→ϱj→→p
⇒

i→p
⇒⇒

i→→ϱjϱkϱi→ϱj→

· δjj→δkj→→δi→i→→δj→j→→δaa→δba→→δb→b→→δc→c→→

= ↓ϱjδjk

3∑

i→=0

m∑

b→,c→=1

fa

b→c→f
b

b→c→ϱi→p
2
i→

= ↓Cgδabϱjδjkp
2.
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Table 13.4: P (p, r) for various matchings
Matching P (p, r)

aa⇒ba⇒⇒b⇒b⇒⇒c⇒c⇒⇒ ↓Cgδabϱjδjkp2

aa⇒ba⇒⇒b⇒c⇒⇒c⇒b⇒⇒ Cgδabϱkϱjpkpj
aa⇒bb⇒⇒b⇒a⇒⇒c⇒c⇒⇒ ↓Cgδabϱkϱjpjrk
aa⇒bb⇒⇒b⇒c⇒⇒c⇒a⇒⇒ Cgδabϱkϱjpjrk
aa⇒bc⇒⇒b⇒a⇒⇒c⇒b⇒⇒ Cgδabϱkϱjpkrj
aa⇒bc⇒⇒b⇒b⇒⇒c⇒a⇒⇒ ↓Cgδabϱjδjk(p, r)
ab⇒ba⇒⇒a⇒b⇒⇒c⇒c⇒⇒ ↓Cgδabϱjϱkpkrj
ab⇒ba⇒⇒a⇒c⇒⇒c⇒b⇒⇒ Cgδabϱjϱkpkrj
ab⇒bb⇒⇒a⇒a⇒⇒c⇒c⇒⇒ ↓4Cgδabϱjϱkrjrk
ab⇒bb⇒⇒a⇒c⇒⇒c⇒a⇒⇒ ↓4Cgδabϱjϱkrj(rk ↓ pk)
ab⇒bc⇒⇒a⇒a⇒⇒c⇒b⇒⇒ Cgδabϱjϱkrjrk
ab⇒bc⇒⇒a⇒b⇒⇒c⇒a⇒⇒ Cgδabϱjϱkrj(rk ↓ pk)
ac⇒ba⇒⇒a⇒b⇒⇒b⇒c⇒⇒ Cgδabϱjϱkpjrk
ac⇒ba⇒⇒a⇒c⇒⇒b⇒b⇒⇒ ↓Cgδabϱjδjk(p, r)
ac⇒bb⇒⇒a⇒a⇒⇒b⇒c⇒⇒ Cgδabϱjϱkrjrk
ac⇒bb⇒⇒a⇒c⇒⇒b⇒a⇒⇒ Cgδabϱjϱkrj(rk ↓ pk)
ac⇒bc⇒⇒a⇒a⇒⇒b⇒b⇒⇒ ↓Cgδabϱjδjkr2

ac⇒bc⇒⇒a⇒b⇒⇒b⇒a⇒⇒ ↓Cgδabϱjϱkrk(rj ↓ pj)

Applying similar calculations, we obtain Table 13.4. From Table 13.4, we see that the sum
of P (p, r) over all terms is equal to Cgδab times

↓ϱjδjk(p+ r)2 + ϱkϱjpkpj ↓ 3ϱjϱkrj(rk ↓ pk)↓ 2ϱjϱkrk(rj ↓ pj).

By the change of variable r ⇒ p↓ r, we have
∫

rj(pk ↓ rk)

(r2 + iς)((p↓ r)2 + iς)
dr =

∫
rk(pj ↓ rj)

(r2 + iς)((p↓ r)2 + iς)
dr. (13.5.6)

Using this, and making the change of variable r ⇒ ↓r, we arrive at the identity

↖Aj,a,pAk,b,q;T
2
11↙0 = ↓

1

2
Cgδab lim

ϑ≃0

δ(4)(p+ q)

(p2 + iς)2

∫
Njk(p, r)

(r2 + iς)((r + p)2 + iς)
dr, (13.5.7)

where

Njk(p, r) := ↓ϱjδjk(p↓ r)2 + ϱkϱjpkpj ↓ 5ϱkϱjrk(rj + pj).

Next, note that

↖Aj,a,pAk,b,q;T11T2↙0 =
1

2(2↼)16

∫∫∫∫ 3∑

i→,j→,i→→=0

m∑

a→,b→,c→,a→→,b→→,c→→=1

fa
→

b→c→f
a
→→

b→→c→→ϱj→p
⇒

i→(p
⇒⇒

i→→ + q⇒⇒
i→→)

· ↖Aj,a,pAk,b,q;Aj→,a→,p→Ai→,b→,q→Aj→,c→,→p→→q→Ai→→,c→→,p→→εa→→,→p→→,→q→→εb→→,q→→↙0dp
⇒dq⇒dp⇒⇒dq⇒⇒.
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For the integrand to be nonzero, we must match ε to ε. But then a⇒⇒ is matched to b⇒⇒,
which renders fa

→→
b→→c→→ = 0. Therefore,

↖Aj,a,pAk,b,q;T11T2↙0 = 0. (13.5.8)

Finally, note that

↖Aj,a,pAk,b,q;T
2
2 ↙0 = ↓

1

(2↼)16

∫∫∫∫ 3∑

i→,i→→=0

m∑

a→,b→,c→,a→→,b→→,c→→=1

fa
→

b→c→f
a
→→

b→→c→→(p
⇒

i→ + q⇒
i→)(p

⇒⇒

i→→ + q⇒⇒
i→→)

· ↖Aj,a,pAk,b,q;Ai→,c→,p→εa→,→p→→q→εb→,q→Ai→→,c→→,p→→εa→→,→p→→→q→→εb→→,q→→↙0dp
⇒dq⇒dp⇒⇒dq⇒⇒.

The integrand is simplified by noticing that

↖Aj,a,pAk,b,qAi→,c→,p→ ; εa→,→p→→q→εb→,q→Ai→→,c→→,p→→εa→→,→p→→→q→→εb→→,q→→↙0

= ↖Aj,a,pAk,b,q;Ai→,c→,p→Ai→→,c→→,p→→↙0↖εa→,→p→→q→εb→,q→εa→→,→p→→→q→→εb→→,q→→↙0.

The terms where a⇒ = b⇒ do not contribute, since then fa
→

b→c→ = 0. If a⇒ ⇓= b⇒, then by
Theorem 10.6.2 and the formula (10.7.1),

↖εa→,→p→→q→εb→,q→εa→→,→p→→→q→→εb→→,q→→↙0

= δa→b→→δb→a→→ lim
ϑ≃0

(2↼)8δ(4)(q⇒ ↓ p⇒⇒ ↓ q⇒⇒)δ(4)(↓p⇒ ↓ q⇒ + q⇒⇒)

(q⇒2 + iς)(q⇒⇒2 + iς)
.

On the other hand, by Corollary B.2.8,

↖Aj,a,pAk,b,q;Ai→,c→,p→Ai→→,c→→,p→→↙0 = ↖Aj,a,pAi→,c→,p→↙0↖Ak,b,qAi→→,c→→,p→→↙0

+ ↖Aj,a,pAi→→,c→→,p→→↙0↖Ak,b,qAi→,c→,p→↙0.

Thus, by equation (13.5.2), we end up with two terms. The first term forces the identities

a = c⇒, b = c⇒⇒, a⇒ = b⇒⇒, b⇒ = a⇒⇒,

j = i⇒, k = i⇒⇒, p = ↓p⇒, q = ↓p⇒⇒, q⇒ = p⇒⇒ + q⇒⇒, q⇒⇒ = p⇒ + q⇒,

and the second term forces

a = c⇒⇒, b = c⇒, a⇒ = b⇒⇒, b⇒ = a⇒⇒,

j = i⇒⇒, k = i⇒, p = ↓p⇒⇒, q = ↓p⇒, q⇒ = p⇒⇒ + q⇒⇒, q⇒⇒ = p⇒ + q⇒.

Therefore, both terms force

p+ q = ↓p⇒ ↓ p⇒⇒ = (q⇒ ↓ q⇒⇒) + (q⇒⇒ ↓ q⇒) = 0.

Lastly, the first term forces q⇒⇒ ↓ q⇒ = ↓p⇒⇒ = q = ↓p, and the second term forces
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q⇒⇒ ↓ q⇒ = ↓p⇒⇒ = p. Combining the above observations, we get

↖Aj,a,pAk,b,q;T
2
2 ↙0 = Cgδabϱjϱk lim

ϑ≃0

δ(4)(p+ q)

(p2 + iς)2

(
↓

∫
rj(rk ↓ pk)

(r2 + iς)((r ↓ p)2 + iς)
dr

↓

∫
rk(rj + pj)

(r2 + iς)((r + p)2 + iς)
dr

)

= ↓Cgδabϱjϱk lim
ϑ≃0

δ(4)(p+ q)

(p2 + iς)2

∫
rj(rk + pk) + rk(rj + pj)

(r2 + iς)((r + p)2 + iς)
dr. (13.5.9)

Combining equations (13.5.5), (13.5.7), (13.5.8), and (13.5.9), and using the symmetry
relation (13.5.6), we get

↖Aj,a,pAk,b,q;S
2
1↙0 = Cgδab lim

ϑ≃0

δ(4)(p+ q)

(p2 + iς)2

∫
Ljk(p, r)

(r2 + iς)((r + p)2 + iς)
dr,

where

Ljk(p, r) = ↓2Njk(p, r)↓ 2ϱjϱkrk(rj + pj)

= 2ϱjδjk(p↓ r)2 ↓ 2ϱjϱkpjpk + 8ϱjϱkrk(rj + pj). (13.5.10)

Combining this with equations (13.5.1) and (13.5.4), we get

ϑ2

ϑg20
Dab

jk
(p, q)

∣∣∣∣
ς1=ς2=ς3=g0=0

= ↓
3i

(2↼)4
lim
ϑ≃0

Cgϱjδjkδabδ(4)(p+ q)

(p2 + iς)2

∫
1

r2 + iς
dr

+
i

(2↼)4
lim
ϑ≃0

Cgδabδ(4)(p+ q)

(p2 + iς)2

∫
Ljk(p, r)

(r2 + iς)((r + p)2 + iς)
dr. (13.5.11)

Combining equations (13.4.6) and (13.5.11), we get the second order perturbative expansion

Dab

jk
(p, q) = ϱjδjkδabδ

(4)
(p+ q) lim

ϑ≃0

1

q2 + iς
↓ ϖ1p

2ϱjδjkδabδ
(4)

(p+ q) lim
ϑ≃0

1

(p2 + iς)2

↓ ϖ3ϱjϱkpjpkδabδ
(4)

(p+ q) lim
ϑ≃0

1

(p2 + iς)2

↓
3ig20
(2↼)4

lim
ϑ≃0

Cgϱjδjkδabδ(4)(p+ q)

(p2 + iς)2

∫
1

r2 + iς
dr

+
ig20

2(2↼)4
lim
ϑ≃0

Cgδabδ(4)(p+ q)

(p2 + iς)2

∫
Ljk(p, r)

(r2 + iς)((r + p)2 + iς)
dr

+O(ϖ21 + ϖ22 + ϖ23 + g30), (13.5.12)

where Cg is the constant defined in equation (13.5.3) and Ljk is the polynomial defined
in equation (13.5.10). Our next task is to renormalize the parameters to cancel out the
infinities.
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13.6 The Feynman parameter

The Feynman parameter is an integration trick invented by Richard Feynman, that is
widely used in computations in quantum field theory. The key lemma is the following. The
parameter u introduced below is known as the Feynman parameter.

Lemma 13.6.1. Suppose that A,B ↑ C are such that the line segment joining A and B in
the complex plane does not pass through 0. Then

1

AB
=

∫ 1

0

1

(Au+B(1↓ u))2
du.

Proof. Note that

d

du

(
1

(B ↓A)(Au+B(1↓ u))

)
=

1

(Au+B(1↓ u))2

and apply the fundamental theorem of calculus.

As an example, consider the integral
∫

R4

Ljk(p, r)

(r2 + iς)((r + p)2 + iς)
dr

appearing in equation (13.5.12). By Lemma 13.6.1, this can be expressed as

∫

R4

∫ 1

0

Ljk(p, r)

((r + p)2u+ r2(1↓ u) + iς)2
dudr

=

∫

R4

∫ 1

0

Ljk(p, r)

(r2 + 2(r, up) + up2 + iς)2
dudr =

∫

R4

∫ 1

0

Ljk(p, r)

((r + up)2 + u(1↓ u)p2 + iς)2
dudr.

By the change of variable r ⇒ r ↓ up, this becomes

∫

R4

∫ 1

0

Ljk(p, r ↓ up)

(r2 + u(1↓ u)p2 + iς)2
dudr.

Rewriting this as

∫ 1

0

∫

R3

∫

R

Ljk(p, r ↓ up)

(r20 ↓ ↔s↔2 + u(1↓ u)p2 + iς)2
dr0dsdu,

where r = (r0, s), and applying Corollary 6.3.2 to the integral over r0, we get the above
integral is formally equal to

i

∫ 1

0

∫

R4

Ljk(p, r⇒ ↓ up)

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
drdu,

where r⇒ := (ir0, r1, r2, r3). We can simplify this integral as follows. First, note that by the
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symmetry rj ⇒ ↓rj , ∫

R4

r⇒
j

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dr = 0,

and the same holds with rk instead of rj . By the symmetry r ⇒ ↓r,

∫

R4

(p, r⇒)

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dr = 0.

Next, note that if j ⇓= k, then the symmetry rj ⇒ ↓rj implies that

∫

R4

r⇒
j
r⇒
k

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dr = 0.

On the other hand, if j = k, then the symmetry between coordinates implies that

∫

R4

r⇒
j
r⇒
k

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dr =

∫

R4

r⇒
j

2

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dr

=

∫

R4

↓ϱjr2j
(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2

dr

= ↓
ϱj
4

∫

R4

↔r↔2

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dr.

Combining all of the above observations, we get the simplification
∫

R4

Ljk(p, r⇒ ↓ up)

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dr

=

∫

R4

2ϱjδjk(p↓ r⇒ + up)2 ↓ 2ϱjϱkpjpk + 8ϱjϱk(r⇒k ↓ upk)(r⇒j + (1↓ u)pj)

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dr

= ↓

∫

R4

Mjk(p, r)

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dr,

where Mjk(p, r) := 2ϱjδjk(2↔r↔2 ↓ (1 + u)2p2) + (8u(1↓ u) + 2)ϱjϱkpjpk. Similarly,
∫

R4

1

r2 + iς
dr = ↓i

∫

R4

1

↔r↔2 ↓ iς
dr.

Thus, the perturbative expansion (13.5.12) can be rewritten as

Dab

jk
(p, q) = ϱjδjkδabδ

(4)
(p+ q) lim

ϑ≃0

1

q2 + iς
↓ ϖ1p

2ϱjδjkδabδ
(4)

(p+ q) lim
ϑ≃0

1

(p2 + iς)2

↓ ϖ3ϱjϱkpjpkδabδ
(4)

(p+ q) lim
ϑ≃0

1

(p2 + iς)2

↓
3g20
(2↼)4

Cgϱjδjkδabδ
(4)

(p+ q) lim
ϑ≃0

(∫
1

↔r↔2 ↓ iς
dr

)
1

(p2 + iς)2

↓
g20

2(2↼)4
Cgδabδ

(4)
(p+ q) lim

ϑ≃0

(∫

R4

∫ 1

0

Mjk(p, r)

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dudr

)
1

(p2 + iς)2

+O(ϖ21 + ϖ22 + ϖ23 + g30). (13.6.1)
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13.7 Dimensional regularization of Yang–Mills theories

To renormalize, we first have to regularize the theory. The regularization that works best
for Yang–Mills theories is dimensional regularization. Recall that by Example 12.3.1 from
Section 12.3,

lim
ϑ≃0

∫

R4↑ϱ

1

↔r↔2 ↓ iς
dr = 0.

The above identity is actually the key reason why dimensional regularization is preferred
for Yang–Mills theories. If we opt for a hard cuto! as we did for ω4

4 theory in Chapter 6,
then the above integral does not vanish, and neither can it renormalized by adjusting the
coe"cients of the other terms. In hard cuto!, we have to introduce an additional quadratic
gauge fixing term to perform the renormalization.

Next, by Example 12.3.2, for any δ we have

lim
ϑ≃0

∫

R4↑ϱ

1

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dr =

2↼2

δ
↓ ↼2

log(↓↼u(1↓ u)p2)↓ ↼2ε +O(δ),

where log denotes the branch of logarithm on C \ (↓⇑, 0] which is real-valued on (0,⇑),
and ε is the Euler–Mascheroni constant. Integrating over u from 0 to 1 (and assuming that
limit and integral can be interchanged), we get

lim
ϑ≃0

∫ 1

0

∫

R4↑ϱ

1

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
drdu

=
2↼2

δ
↓ ↼2

log(↓↼p2) + ↼2
(1↓ ε) +O(δ).

Similarly,

lim
ϑ≃0

∫ 1

0

∫

R4↑ϱ

(1 + u)2

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
drdu

=
14↼2

3δ
↓ ↼2

log(↓↼p2) +
85↼2

18
↓ ↼2ε +O(δ),

and

lim
ϑ≃0

∫ 1

0

∫

R4↑ϱ

u(1↓ u)

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
drdu

=
↼2

3δ
↓ ↼2

log(↓↼p2) +
5↼2

18
↓ ↼2ε +O(δ).

Next, by Example 12.3.3,

lim
ϑ≃0

∫

R4↑ϱ

↔r↔2

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
dr

=
4↼2u(1↓ u)p2

δ
↓ 2↼2u(1↓ u)p2

(
ε ↓

1

2
+ log(↓↼u(1↓ u)p2)

)
+O(δ).
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Again, integrating over u, we get

lim
ϑ≃0

∫ 1

0

∫

R4↑ϱ

↔r↔2

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
drdu

=
2↼2p2

3δ
↓ ↼2p2

(
ε + log(↓↼p2)

3
↓

13

18

)
+O(δ).

Combining the above calculations, we get

lim
ϑ≃0

∫ 1

0

∫

R4↑ϱ

Mjk(p, r)

(↔r↔2 ↓ u(1↓ u)p2 ↓ iς)2
drdu

= ϱjδjkp
2

(
↓
20

3

↼2

δ
+

2

3
↼2

(ε + log(↓↼p2))↓
59

9
↼2

)

+ ϱjϱkpjpk

(
20↼2

3δ
↓ 10↼2

log(↓↼p2) +
38↼2

9
↓ 10↼2ε

)
+O(δ).

Thus, the dimension regularized version of the gluon propagator is given by

ϱjδjkδabδ
(4)

(p+ q) lim
ϑ≃0

1

q2 + iς
↓ ϖ1p

2ϱjδjkδabδ
(4)

(p+ q) lim
ϑ≃0

1

(p2 + iς)2

↓ ϖ3ϱjϱkpjpkδabδ
(4)

(p+ q) lim
ϑ≃0

1

(p2 + iς)2

↓
g20

2(2↼)4
Cgδabδ

(4)
(p+ q)

{
ϱjδjkp

2

(
↓
20

3

↼2

δ
+

2

3
↼2

(ε + log(↓↼p2))↓
59

9
↼2

)

+ ϱjϱkpjpk

(
20↼2

3δ
↓ 10↼2

log(↓↼p2) +
38↼2

9
↓ 10↼2ε

)
+O(δ)

}
lim
ϑ≃0

1

(p2 + iς)2

+O(ϖ21 + ϖ22 + ϖ23 + g30). (13.7.1)

13.8 Renormalization to first order

To renormalize the dimension regularized version of the gluon propagator, we take a
renormalization parameter g, and make the following choices for ϖ1, ϖ2, ϖ3, g0 in terms of g:

ϖ1 =
5Cg

24↼2δ
g2 +O(g3),

ϖ2 = O(g3),

ϖ3 = ↓
5Cg

24↼2δ
g2 +O(g3),

g0 = g +O(g2).
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These choices ensure that the 1/δ terms in equation (13.7.1) cancel out exactly. Thus, we
can now send δ to zero and obtain the renormalized gluon propagator:

Dab

jk
(p, q) = ϱjδjkδabδ

(4)
(p+ q) lim

ϑ≃0

1

q2 + iς

+ Cgg
2δabδ

(4)
(p+ q)

{
↓ϱjδjkp

2

(
1

48↼2
(ε + log(↓↼p2))↓

59

288↼2

)

+ ϱjϱkpjpk

(
5

16↼2
(ε + log(↓↼p2))↓

19

144↼2

)}
lim
ϑ≃0

1

(p2 + iς)2
+O(g4).
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Chapter 14

The Wightman Axioms

14.1 The Poincaré group

Let R1,3 denote the group of spacetime translations acting on the vector space R1,3, by the
action x(y) := x+ y. Recall the restricted Lorentz group SO

+
(1, 3) defined in Chapter 4.

The Poincaré group P is the semi-direct product R1,3 ⫆̸ SO
+
(1, 3), meaning that

P = {(a,A) : a ↑ R1,3, A ↑ SO
+
(1, 3)},

with the group operation defined as

(a,A)(b, B) := (a+Ab,AB).

This is the group of isometries of Minkowski spacetime. It is simple to verify that this is a
Lie group. The Poincaré group acts on R1,3 as

(a,A)(x) := a+Ax.

A representation U of the Poincaré group in a Hilbert space H is a map U from P into the
space of unitary operators on H such that

U((a,A)(b, B)) = U(a,A)U(b, B)

for all (a,A) and (b, B). The representation is called strongly continuous if for any x ↑ H,
the map (a,A) ⇐⇒ U(a,A)x is continuous.

14.2 The framework of relativistic quantum mechanics

Until now, we have treated a quantum system as a Hilbert space of states, coupled with a
strongly continuous group of unitary operators which determines how a given state evolves
in time. But there is a fundamental di"culty in reconciling the above framework of quantum
mechanics with special relativity. Recall from our discussion in Chapter 4 that the basic
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postulate of special relativity is that the laws of the universe should remain invariant under
change of spacetime coordinates by restricted Lorentz transforms. But the notion of two
events happening ‘at the same time’ need not remain the same under a change of coordinate
system. So what does even mean to talk about time evolution groups of unitary operators?

To resolve this di"culty, we have to replace the time evolution group by a representation
U of the Poincaré group. This works as follows. If an observer in a given coordinate system
observes the system to be in state φ, then an observer in a new coordinate system obtained
by the action of (a,A) on R1,3 observes the state of the same system as U(a,A)φ.

The correspondence of this new picture with the earlier picture of a time evolution
group is as follows. Consider the transformation (a, 1) acting on a point x = (x0, x1, x2, x3),
where a = a(t) := (↓t, 0, 0, 0) for some t. The result of this action gives us the point
(x0 ↓ t, x1, x2, x3). This reduces the time coordinate by t, so the new reference frame
obtained by the action of (a, 1) is that of an observer who is t units ahead in time. The new
state U(a, 1)φ is what the system will look like t units of time later, if it looks like φ now.

Note that the family of unitary operators (U(a(t), 1))t↗R is a strongly continuous unitary
group acting on H, so by Stone’s theorem, there exists a self-adjoint operator H such that
U(a(t), 1) = e→itH . So if the observer remains stationary, then the system evolves in time
just as if we were in the original quantum mechanical setting, with H being the Hamiltonian
governing time evolution of states.

14.3 The Wightman axioms

The Wightman axioms give a framework for rigorously defining interacting quantum field
theories. The axioms are designed to ensure that there are no physical inconsistencies. Let
us only consider the axioms for bosonic scalar fields for now. Recall the Minkowski inner
product and the Minkowski norm on R1,3, defined in Chapter 4.

Axiom 1. There exists a Hilbert space H whose elements represent the possible states
of the quantum system under consideration, and a unitary representation U of P in H

which satisfies the following assumption. Note that (U(a, 1))a↗R1,3 is a commuting family
of unitary operators. Therefore by the spectral theorem, we have that

U(a, 1) =

∫

R1,3
ei(a,p)dE(p),

where E is a projection-valued measure on R1,3. Let

L := {p = (p0, p1, p2, p3) ↑ R1,3
: p2 → 0, p0 → 0}

be the ‘forward light cone’. We assume that

E(A) = 0 whenever A ≃ L = ℑ. (14.3.1)
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This assumption is required to ensure that there are no particles with negative masses in
the theory. There is a simple way to check equation (14.3.1). The condition is satisfied if
and only if for any ξ, ϱ ↑ H and any f ↑ S(R1,3,C), such that the support of f̂ does not
intersect L, we have ∫

R4
(ξ, U(a, 1)ϱ)da = 0.

Axiom 2. There exists a dense subspace D of H and a linear map

ω : S(R4,C) ⇒ {unbounded operators on H}

such that for any f ↑ S(R4,C), ω(f) is defined on D and ω(f)(D) ↗ D. Moreover, we
assume that for any ξ, ϱ ↑ D,

(ω(f)ξ, ϱ) = (ξ,ω(f)ϱ).

In particular if f is real-valued, then ω(f) is a symmetric operator on D.

Axiom 3. For any ξ, ϱ ↑ D, f ⇐⇒ (ξ,ω(f)ϱ) is a tempered distribution.

Axiom 4. For any (a,A) ↑ P,

U(a,A)ω(f)U(a,A)
→1

= ω(V (a,A)f),

where
V (a,A)f(x) = f(A→1

(x↓ a)).

This is the axiom of Lorentz invariance, designed to ensure compatibility with special
relativity.

Axiom 5. If the supports of f, g ↑ S(R4,C) are ‘spacelike separated’, then

[ω(f),ω(g)] = 0.

(Two points x, y ↑ R1,3 are called spacelike separated if (x↓ y)2 < 0. Two sets are spacelike
separated if any point in one is spacelike separated from any point in the other.) This is the
locality axiom, designed to ensure compatibility with the stipulation of special relativity
that a signal cannot travel faster than the speed of light.

Axiom 6. There exists ” ↑ D such that U(a, 1)” = ” for any a, and it is the unique element
satisfying this condition. (One can actually deduce from the axioms that U(a,A)” = ”

for any (a,A) ↑ P.) This is the axiom that ensures the existence and uniqueness of the
vacuum state.
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Axiom 7. The closed linear span of elements like ω(f1) · · ·ω(fn)” over all n and f1, . . . , fn

is equal to the Hilbert space H. This axiom is designed to ensure that the field ω is ‘rich
enough’ to generate all possible states.

14.4 Verifying the axioms for the free quantum field
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Chapter 15

Introduction to Lattice Gauge

Theories

15.1 Euclidean Yang–Mills theories

Let G be a compact matrix Lie group contained in U(n) for some n, and let g be its Lie
algebra. Recall from Section C.4 in Appendix C that a g-valued 1-form A on the Minkowski
space R1,3 has the form

∑3
i=0Aidxi, where A0, A1, A2, A3 are g-valued smooth maps on

R3. Recall that the curvature form of A is the g-valued 2-form F =
∑

0↔i<j↔3 Fijdxi ¬ dxj

given by

Fij = ϑiAj ↓ ϑjAi + [Ai, Aj ],

where ϑiAj is shorthand for ωAj

ωxi
and [Ai, Aj ] is the commutator of Ai and Aj . Recall from

Section 8.1 that the action for pure Yang–Mills theory with gauge group G on R1,3 is given
by

S(A) = ↓
1

2g20

∫

R4
Tr

( ∑

0↔i<j↔3

ϱiϱjFij(x)
2

)
dx,

where ϱ0 = 1 and ϱ1 = ϱ2 = ϱ3 = ↓1, A is a g-valued 1-form on R1,3 and F is its curvature
form, and g0 is the bare coupling constant.

If one wants to construct quantum Yang–Mills theories following the approach outlined
in Chapter 2, the first step would be to define an Euclidean version of the action S, following
the prescription from Section 1.7. Recall that the prescription is to replace t by ↓it wherever
t appears in calculations, but not as arguments of functions (where t = x0 in the above
discussion). Thus, the dx0 in the integral should be replaced by ↓idx0, and ϑ0 =

ω

ωx0
should

be replaced by 1
→i

ω

ωx0
= iϑ0. Lastly, we need to also replace A0 by iA0, for the following

reason. Recall that A =
∑3

j=0Ajdxj . Now, if dx0 is replaced by ↓idx0, then to keep A

the same, we need to replace A0 by iA0.
With the above replacements, notice that for 1 ⇔ j ⇔ 3, ϑ0Aj is replaced by iϑ0Aj , ϑjA0
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is replaced by iϑjA0, and [A0, Aj ] is replaced by i[A0, Aj ]. Lastly, the integration element
dx = dx0dx1dx2dx3 is replaced by ↓idx0dx1dx2dx3 = ↓idx in the integral. Everything else
remains unaltered. Thus, F0j is replaced by iF0j for 1 ⇔ j ⇔ 3, and Fij remains unaltered
for 1 ⇔ i < j ⇔ 3. Putting it all together, we see S(A) changes to

i

2g20

∫

R4
Tr

( ∑

0↔i<j↔3

Fij(x)
2

)
dx.

Recall from Section 1.7 that the Euclidean action is obtained by multiplying the above by i.
This gives the Euclidean action

SE(A) := ↓
1

2g20

∫

R4
Tr

( ∑

0↔i<j↔3

Fij(x)
2

)
dx. (15.1.1)

Heuristically, a Euclidean Yang–Mills theory is a probability measure on the space of
g-valued 1-forms on R4 that has probability density proportional to e→SE(A) with respect
to a ‘Lebesgue measure’ on this space. Other than G = U(1), we do not know how to
construct these theories at the present time.

The Euclidean action SE defined in equation (15.1.1) can be readily generalized to d

dimensions for any d → 2. The connection A =
∑

d→1
j=0 Ajdxj is then a g-valued 1-form

on Rd, with curvature form F =
∑

0↔i<j↔d→1 Fijdxi ¬ dxj , where Fij given by the same
formula as before. The Euclidean action SE is the defined just as in equation (15.1.1), with
the sum going over 0 ⇔ i < j ⇔ d↓ 1.

Henceforth, we will run the indices from 1 to d instead of 0 to d↓ 1, for ease of notation.
Thus, a connection A would be written as

∑
d

j=1Ajdxj , and so on.

15.2 Lattice gauge theories

In 1974, Wilson [32] proposed a discretization of Euclidean Yang–Mills theories. These
are now known as lattice gauge theories or lattice Yang–Mills theories. Let G be as in
the previous section. The lattice gauge theory with gauge group G on a finite set % ↗ Zd

is defined as follows. Suppose that for any two adjacent vertices x, y ↑ %, we have a
unitary matrix U(x, y) ↑ G, with the constraint that U(y, x) = U(x, y)→1. Let us call
any such assignment of matrices to edges a ‘configuration’. Let G(%) denote the set of all
configurations. A square bounded by four edges is called a plaquette. Let P (%) denote
the set of all plaquettes in %. For a plaquette p ↑ P (%) with vertices x1, x2, x3, x4 in
anti-clockwise order, and a configuration U ↑ G(%), define

Up := U(x1, x2)U(x2, x3)U(x3, x4)U(x4, x1). (15.2.1)
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The Wilson action of U is defined as

S!(U) :=

∑

p↗P (!)

Re(Tr(I ↓ Up)), (15.2.2)

where I is the identity matrix of order n. Let ▷! be the product Haar measure1 on G(%),
normalized to be a probability measure. Given ⇁ > 0, let µ!,ϱ be the probability measure
on G(%) defined as

dµ!,ϱ(U) :=
1

Z
e→ϱS!(U)d▷!(U) ,

where Z is the normalizing constant. This probability measure is called the lattice gauge
theory on % for the gauge group G, with inverse coupling strength ⇁, and free boundary
condition.

The following result gives some justification why lattice gauge theories may be viewed
as lattice approximations of Euclidean Yang–Mills theories.

Theorem 15.2.1. Take any d → 2. Let A =
∑

d

j=1Ajdxj be a compactly supported smooth
g-valued 1-form on Rd. Let e1, . . . , ed denote the standard basis vectors of Rd. For a directed
edge (x, x+ςej) of ςZd, define U(x, x+ςej) := eϑAj(x), and let U(x+ςej , x) := U(x, x+ςej)→1.
For a plaquette p in ςZd, let Up be defined as in equation (15.2.1). Let S(U) be defined as
in equation (15.2.2), but with p running over all plaquettes of ςZd. Then

lim
ϑ↓0

g→2
0 ςd→4S(U) = SE(A),

where SE is the Euclidean Yang–Mills action defined in the previous section.

To prove this result, we need the following four-term version of the Baker–Campbell–
Hausdor! formula for the product of matrix exponentials.

Lemma 15.2.2. Let A and B be two square matrices of order n, and let K be an upper
bound on the absolute values of the entries of A and B. Then for any t ↑ [0, 1],

etAetB = exp

(
t(A+B) +

t2

2
[A,B] +

t3

12
([A, [A,B]] + [B, [B,A]])

↓
t4

24
[A, [B, [A,B]]]

)
+O(t5),

where O(t5) denotes a matrix whose entries have absolute values bounded by Ct5, where C

depends only on K and n.

Proof. Define g(t) := eh(t), where

h(t) := t(A+B) +
t2

2
[A,B] +

t3

12
([A, [A,B]] + [B, [B,A]])↓

t4

24
[A, [B, [A,B]]].

1
See Section C.7 in Appendix C for an introduction to Haar measures on Lie groups.
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Then note that h(t) = O(t), and hence,

g(t) = I + h(t) +
1

2
h(t)2 +

1

6
h(t)3 +

1

24
h(t)4 +O(t5).

But, we have

h(t)2 = t2(A+B)
2
+

1

2
t3((A+B)[A,B] + [A,B](A+B))

+
t4

12
((A+B)([A, [A,B]] + [B, [B,A]])

+ ([A, [A,B]] + [B, [B,A]])(A+B)) +
t4

4
[A,B]

2
+O(t5),

where we clubbed all terms of order t5 and smaller into the O(t5) remainder. Similarly,

h(t)3 = t3(A+B)
3
+

1

4
t4((A+B)

2
[A,B] + (A+B)[A,B](A+B)

+ [A,B](A+B)
2
) +O(t5),

and

h(t)4 = t4(A+B)
4
+O(t5).

Combining, we get

g(t) = I + t(A+B) + t2
(
1

2
[A,B] +

1

2
(A+B)

2

)

+ t3
(

1

12
([A, [A,B]] + [B, [B,A]]) +

1

4
((A+B)[A,B] + [A,B](A+B))

+
1

6
(A+B)

3

)

+ t4
(
↓

1

24
[A, [B, [A,B]]] +

1

24
((A+B)([A, [A,B]] + [B, [B,A]])

+
1

24
((A+B)

2
[A,B] + (A+B)[A,B](A+B) + [A,B](A+B)

2
)

+
1

24
(A+B)

4

)
+O(t5).

Simplifying the above gives

g(t) = I + t(A+B) +
1

2
t2(A2

+ 2AB +B2
) +

1

6
t3(A3

+ 3A2B + 3AB2
+B3

)

+
1

24
t4(A4

+ 4A3B + 6A2B2
+ 4AB3

+B4
) +O(t5).
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But note that

etAetB =

(
I + tA+

1

2
t2A2

+
1

6
t3A3

+
1

24
t4A4

+O(t5)

)

·

(
I + tB +

1

2
t2B2

+
1

6
t3B3

+
1

24
t4B4

+O(t5)

)
.

Upon expanding, this gives the same terms up to O(t5) as in the above expression for g(t).
This completes the proof.

Specializing to skew-Hermitian matrices and iterating Lemma 15.2.2 gives the following
result.

Lemma 15.2.3. Let B1, . . . , Bm be skew-Hermitian matrices of order n, and let K be an
upper bound on the absolute values of the entries of these matrices. Then for any t ↑ [0, 1],

etB1 · · · etBm = exp

(
t

m∑

i=1

Bi +
t2

2

∑

1↔i<j↔m

[Bi, Bj ] +R

)
+O(t5),

where R = O(t3) and R is skew-Hermitian, and as before, O(tϖ) denotes a matrix whose
entries have absolute values bounded by Ctϖ, where C depends only on m, n, and K.

Proof. Lemma 15.2.2 proves the claim for m = 2. Suppose that it is true for up to m↓ 1.
Take any t ↑ [0, 1]. Then by the induction hypothesis, etB1 · · · etBm↑1 = etA +O(t5), where

A =

m→1∑

i=1

Bi +
t

2

∑

1↔i<j↔m→1

[Bi, Bj ] +Q,

where Q = O(t2) and Q is skew-Hermitian. Note that the absolute values of the entries of
A are bounded by CK, where C depends only on m and n. Since the commutator of two
skew-Hermitian matrices is skew-Hermitian, Lemma 15.2.2 implies that for all s ↑ [0, 1],

esAesBm = exp

(
s(A+Bm) +

s2

2
[A,Bm] + S

)
+O(s5),

where S = O(s3) and S is skew-Hermitian. Taking s = t gives and again invoking the
observation that the set of skew-Hermitian matrices is closed under commutation, we get
the desired result.

Lemma 15.2.3 yields the following corollary.

Corollary 15.2.4. Let B1, . . . , Bm be skew-Hermitian matrices of order n, and let K be an
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upper bound on the absolute values of the entries of these matrices. Then for any t ↑ [0, 1],

Re(Tr(I ↓ etB1 · · · etBm)) = ↓
1

2
Tr

[(
t

m∑

i=1

Bi +
t2

2

∑

1↔i<j↔m

[Bi, Bj ]

)2]

+Tr

(
O(t4)

m∑

i=1

Bi

)
+O(t5),

where O(tϖ) denotes a matrix whose entries have absolute values bounded by Ctϖ, where C

depends only on m, n, and K.

Proof. By Lemma 15.2.3, we have

etB1 · · · etBm = I +
4∑

k=1

1

k!

(
t

m∑

i=1

Bi +
t2

2

∑

1↔i<j↔m

[Bi, Bj ] +R

)
k

+O(t5),

where R is skew-Hermitian and R = O(t3). Note that the eigenvalues of a skew-Hermitian
matrix are all purely imaginary. This implies that

Tr

[(
t

m∑

i=1

Bi +
t2

2

∑

1↔i<j↔m

[Bi, Bj ] +R

)
k
]

is purely imaginary for each odd k and purely real for each even k. Combining these
observations, we get

Re(Tr(I ↓ etB1 · · · etBm)) = ↓
1

2
Tr

[(
t

m∑

i=1

Bi +
t2

2

∑

1↔i<j↔m

[Bi, Bj ] +R

)2]

↓
1

24
Tr

[(
t

m∑

i=1

Bi +
t2

2

∑

1↔i<j↔m

[Bi, Bj ] +R

)4]
+O(t5).

Since R = O(t3), it is easy to see that this gives the desired result.

We are now ready to prove Theorem 15.2.1.

Proof of Theorem 15.2.1. In this proof, O(ςϖ) will denote any matrix whose entries have
absolute values bounded by Cςϖ, where C is a constant that may depend only on the group
G, the dimension d, and the connection A. Take any x ↑ ςZd and any 1 ⇔ j < k ⇔ d, and
let

x1 = x, x2 = x+ ςej , x3 = x+ ςej + ςek, x4 = x+ ςek.

Let p be the plaquette formed by the vertices x1, x2, x3, x4. Let Up be defined as in
equations (15.2.1). Then

Up = eϑAj(x1)eϑAk(x2)e→ϑAj(x4)e→ϑAk(x1).

Since G is a subgroup of U(n), the elements of g are skew-Hermitian. Therefore by
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Corollary 15.2.4, we get

Re(Tr(I ↓ Up)) = ↓
1

2
Tr

[(
ς(Aj(x1) +Ak(x2)↓Aj(x4)↓Ak(x1))

+
ς2

2

{
[Aj(x1), Ak(x2)]↓ [Aj(x1), Aj(x4)]↓ [Aj(x1), Ak(x1)]

↓ [Ak(x2), Aj(x4)]↓ [Ak(x2), Ak(x1)] + [Aj(x4), Ak(x1)]

})2]

+Re[Tr(O(ς4)(Aj(x1) +Ak(x2)↓Aj(x4)↓Ak(x1))] +O(ς5).

Writing
Ak(x2) = Ak(x+ ςej) = Ak(x) + ςϑjAk(x) +O(ς2)

and using a similar Taylor expansion for Aj(x4), we get

Aj(x1) +Ak(x2)↓Aj(x4)↓Ak(x1) = ς(ϑjAk(x)↓ ϑkAj(x)) +O(ς2).

Similarly, [Aj(x1), Ak(x2)], [Aj(x1), Ak(x1)], ↓[Ak(x2), Aj(x4)], and [Aj(x4), Ak(x1)] are
equal to [Aj(x), Ak(x)] +O(ς), and [Aj(x1), Aj(x4)] and [Ak(x2), Ak(x1)] are equal to O(ς).
Combining the above observations gives

Re(Tr(I ↓ Up)) = ↓
1

2
ς4Tr[(ϑjAk(x)↓ ϑkAj(x) + [Aj(x), Ak(x)] +O(ς))2] +O(ς5)

= ↓
1

2
ς4Tr(Fjk(x)

2
) +O(ς5).

Thus, we get

S(U) =

∑

p

Re(Tr(I ↓ Up)) = ↓
1

2

∑

x↗ϑZd

∑

1↔j<k↔d

(ς4Tr(Fjk(x)
2
) +O(ς5)).

Since A is compactly supported, it su"ces to sum over only O(ς→d
) plaquettes instead of

all plaquettes. The sum over x can also be reduced to a sum over O(ς→d
) many x’s for the

same reason. Thus, the error terms add up to O(ς5→d
), and the main terms add up to

↓
ς4→d

2

∫

Rd

∑

1↔j<k↔d

Tr(Fjk(x)
2
)dx+O(ς5→d

).

This completes the proof.

15.3 Gauge transformations

Let us recall the definition of a smooth gauge transformation from Section 8.6, specialized
to the trivial principal bundle Rd

′G. A gauge transformation in this setting is simply a
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smooth map U from Rd into G, which acts on a g-valued 1-form A =
∑

d

j=1Ajdxj as

AU
:= UAU→1

↓ (dU)U→1

Explicitly, this means that for 1 ⇔ j ⇔ d,

AU

j (x) = U(x)Aj(x)U(x)→1
↓ (ϑjU(x))U(x)→1.

As argued in Section 8.6, smooth gauge transforms form a group under pointwise multipli-
cation, which acts on smooth g-valued 1-forms via the above action.

The definition of gauge transformations for lattice gauge theories is as follows. Consider
the lattice gauge theory on a finite set % ↗ Zd defined in the previous section. The group
of gauge transforms for this theory is the set G! of all maps from % into G. Again, this
is a group under pointwise multiplication. It acts on a configuration U ↑ G(%) as follows.
Given two adjacent vertices x, y ↑ % and a gauge transform g ↑ G!, we define

Ug
(x, y) := g(x)U(x, y)g(y)→1.

Note that Ug
↑ G(%), since

Ug
(y, x) = g(y)U(y, x)g(x)→1

= g(y)U(x, y)→1g(x)→1

= (g(x)U(x, y)g(y)→1
)
→1

= Ug
(x, y)→1.

Also, this is a group action, since

(Ug
)
h
(x, y) = h(x)Ug

(x, y)h(y)→1

= h(x)g(x)U(x, y)g(y)→1h(y)→1
= Uhg

(x, y).

We will now see why the above definition of a gauge transformation is a reasonable discrete
analogue of the definition in the continuum. In the following, the logarithm of a matrix
U ↑ U(n) is defined as follows. Let V DV ⇑ be the spectral decomposition of U , where V is
unitary and D = diag(eiς1 , . . . , eiςn) for some ϖ1, . . . , ϖn ↑ [↓↼,↼), which are unique given
V . We define

logU := V diag(iϖ1, . . . , iϖn)V
⇑.

Note that with this definition, exp(logU) = U .

Theorem 15.3.1. Let A be a smooth, compactly supported g-valued 1-form on Rd, and
g ↑ C↑

(Rd, G) that is equal to I outside a compact set. Define U(x, x + ςej) as in
Theorem 15.2.1. Let Ag and Ug be defined as above. For each x ↑ ςZd and 1 ⇔ j ⇔ d,
define Bj(x) := ς→1

logUg
(x, x+ ςej). Then

lim
ϑ↓0

sup

x↗ϑZd, 1↔j↔d

↔Ag

j
(x)↓Bj(x)↔ = 0,
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where ↔ · ↔ denotes Euclidean norm on n′ n matrices.

We need the following lemma for the matrix logarithm defined above.

Lemma 15.3.2. Let U ↑ U(n) be such that ↔U ↓ I↔ ⇔
1
2 . Then

logU = ↓

↑∑

k=1

(I ↓ U)
k

k
,

where ↔ · ↔ denotes Euclidean norm, and the series on the right is absolutely convergent with
respect to this norm.

Proof. First, to see that the series is absolutely convergent, simply note that the Euclidean
norm on n′ n matrices is submultiplicative (meaning that ↔UV ↔ ⇔ ↔U↔↔V ↔) by a simple
application of the Cauchy–Schwarz inequality. Thus, ↔(U ↓ I)k↔ ⇔ ↔U ↓ I↔k ⇔ 2

→k.
Next, let V DV ⇑ be the spectral decomposition of U , where V is unitary and D =

diag(eiς1 , . . . , eiςn) for some ϖ1, . . . , ϖn ↑ [0, 2↼). Then logU = V %V ⇑, where % =

diag(iϖ1, . . . , iϖn). Let log denote the analytic branch of logarithm on C \ (↓⇑, 0] that
agrees with the natural logarithm on (0,⇑). Then recall that log has the following power
series expansion around 1:

log z = ↓

↑∑

k=1

(1↓ z)k

k
,

with radius of convergence equal to 1. Now, note that

↔U ↓ I↔2 = Tr((U ↓ I)⇑(U ↓ I)) =
n∑

j=1

|1↓ eiςj |2.

Since ↔U ↓ I↔ ⇔
1
2 , this implies that |1↓ eiςj | ⇔ 1

2 for each j. In particular, no ϖj is equal
to ↓↼, which gives log eiςj = iϖj for each j. On the other hand, this inequality also tells us
that by the above power series expansion,

log eiςj = ↓

↑∑

k=1

(1↓ eiς)k

k
.

Combining, we get

iϖj = ↓

↑∑

k=1

(1↓ eiς)k

k
.

By the spectral decompositions of U and V , this proves the claimed identity.

We are now ready to prove Theorem 15.3.1.

Proof of Theorem 15.3.1. Throughout this proof, we will use the convention that O(ςϖ)

denotes any matrix whose entries have absolute values bounded by Cςϖ, where C depends
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only on A, g, G, n, and d. Take any x ↑ ςZd and 1 ⇔ j ⇔ d. Then

Ug
(x, x+ ςej) = g(x)U(x, x+ ςej)g(x+ ςej)

→1

= g(x)eϑAj(x)g(x+ ςej)
→1

= g(x)(I + ςAj(x) +O(ς2))g(x+ ςej)
→1

= g(x)g(x+ ςej)
→1

+ ςg(x)Aj(x)g(x+ ςej)
→1

+O(ς2). (15.3.1)

Since g(x)g(x)→1
= I for all x, we have

0 = ϑj(g(x)g(x)
→1

) = (ϑjg(x))g(x)
→1

+ g(x)ϑj(g(x)
→1

),

which gives
ϑj(g(x)

→1
) = ↓g(x)→1

(ϑjg(x))g(x)
→1.

Thus,

g(x+ ςej)
→1

= g(x)→1
+ ςϑj(g(x)

→1
) +O(ς2)

= g(x)→1
↓ ςg(x)→1

(ϑjg(x))g(x)
→1

+O(ς2).

Substituting this in equation (15.3.1), we get

Ug
(x, x+ ςej) = g(x)(g(x)→1

↓ ςg(x)→1
(ϑjg(x))g(x)

→1
) + ςg(x)Aj(x)g(x)

→1
+O(ς2)

= I + ς(↓(ϑjg(x))g(x)
→1

+ g(x)Aj(x)g(x)
→1

) +O(ς2)

= I + ςAg

j
(x) +O(ς2).

This implies, in particular, that if ς is su"ciently small, then we can apply Lemma 15.3.2
to get

Bj(x) = ↓ς→1
↑∑

k=1

1

k
(I ↓ Ug

(x, x+ ςej))
k
= Ag

j
(x) +O(ς).

Since the error bound is uniform in x, this completes the proof.

15.4 Gauge invariant observables

Consider the lattice gauge theory on % defined in Section 15.2. For a measurable function
f : G(%) ⇒ C, its expected value under the probability measure µ!,ϱ is usually denoted
by ↖f↙, provided that the expected value is well-defined. Computing or estimating such
expected values is one of the main objectives of lattice gauge theory, because one can then
hope to use them for computing vacuum expectation values in quantum Yang–Mills theories
via the route described in Chapter 2.

An observable f is called ‘gauge invariant’ if it is invariant under gauge transformations,
meaning that for any U ↑ G(%) and g ↑ G!, f(Ug

) = f(U). For reasons explained
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in Section 8.6, gauge invariant observables are the only observables that are physically
interesting. Gauge invariant observables also su"ce from a mathematical point of view, as
we will see a little later.

An important class of gauge invariant observables in lattice gauge theories are the
so-called Wilson loop observables. A Wilson loop 4 is a sequence of points in x0, x1, . . . , xk
in Zd, not necessarily distinct, such that for each 0 ⇔ j ⇔ k ↓ 1, xj+1 is a neighbor of xj ,
and x0 is a neighbor of xk. In other words, 4 is a closed loop in Zd. Suppose that a Wilson
loop 4 = (x0, x1, . . . , xk) is contained in %. The Wilson loop observable for 4 is defined as

W2(U) := Tr(U(x0, x1)U(x1, x2) · · ·U(xk→1, xk)U(xk, x0)).

To see that W2 is gauge invariant, take any U and g, and let V := Ug. Then

W2(V ) = Tr(V (x0, x1)V (x1, x2) · · ·V (xk→1, xk)V (xk, x0))

= Tr(g(x0)U(x0, x1)g(x1)
→1g(x1)U(x1, x2)g(x2)

→1
· · ·

· · · g(xk→1)U(xk→1, xk)g(xk)
→1g(xk)U(xk, x0)g(x0)

→1
)

= Tr(g(x0)U(x0, x1)U(x1, x2) · · ·U(xk→1, xk)U(xk, x0)g(x0)
→1

)

= Tr(g(x0)
→1g(x0)U(x0, x1)U(x1, x2) · · ·U(xk→1, xk)U(xk, x0))

= Tr(g(x0)U(x0, x1)U(x1, x2) · · ·U(xk→1, xk)U(xk, x0)g(x0)
→1

) = W2(U).

Note that for a plaquette p in %, the map U ⇐⇒ Tr(Up) itself is a Wilson loop observable,
with p being the loop. Thus, the Wilson action S is gauge invariant, just as we proved in
Theorem 8.6.4 that the Yang–Mills action is gauge invariant.

A consequence of the gauge invariance of the Wilson action is that the probability
measure µ!,ϱ is invariant under gauge transforms, meaning that for any measurable
f : G(%) ⇒ C and any g ↑ G!,

∫

G(!)
f(U)dµ!,ϱ(U) =

∫

G(!)
f(Ug

)dµ!,ϱ(U). (15.4.1)

To see this, first note that the product Haar measure ▷! is invariant under gauge transforms.
This is a simple consequence of the invariance properties of the Haar measure, as follows.
For any f and g,

∫

G(!)
f(Ug

)d▷!(U) =

∫

G(!)
f((g(x)U(x, y)g(y)→1

)(x,y)↗E(!))
∏

(x,y)↗E(!)

d▷(U(x, y)),

where ▷ is the normalized Haar measure on G and E(%) is the set of positively oriented
edges of % (i.e., (x, y) where x is lexicographically smaller than y). By the right- and
left-invariance of ▷, we conclude that the right side is equal to

∫

G(!)
f((U(x, y))(x,y)↗E(!))

∏

(x,y)↗E(!)

d▷(U(x, y)) =

∫

G(!)
f(U)d▷!(U).
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By the above observation and the gauge invariance of the Wilson action, we get
∫

G(!)
f(Ug

) exp(↓⇁S!(U))d▷!(U) =

∫

G(!)
f(Ug

) exp(↓⇁S!(U
g
))d▷!(U)

=

∫

G(!)
f(U) exp(↓⇁S!(U))d▷!(U).

Dividing throughout by the normalizing constant Z, we get equation (15.4.1).
A consequence of equation (15.4.1) is the following. Take any f such that ↖|f |↙ < ⇑

(and hence, ↖f↙ is well-defined). Define a function h : G(%) ⇒ C as

h(U) :=

∫

G!
f(Ug

)

∏

x↗!

d▷(g(x)). (15.4.2)

Then note that by equation (15.4.1) applied to |f |,
∫

G!

∫

G(!)
|f(Ug

)|dµ!,ϱ(U)

∏

x↗!

d▷(g(x)) =

∫

G!

∫

G(!)
|f(U)|dµ!,ϱ(U)

∏

x↗!

d▷(g(x))

=

∫

G!
↖|f |↙

∏

x↗!

d▷(g(x)) = ↖|f |↙ < ⇑.

This allows us to apply Fubini’s theorem and equation (15.4.1) to get

↖h↙ =

∫

G(!)

∫

G!
f(Ug

)

∏

x↗!

d▷(g(x))dµ!,ϱ(U)

=

∫

G!

∫

G(!)
f(Ug

)dµ!,ϱ(U)

∏

x↗!

d▷(g(x))

=

∫

G!

∫

G(!)
f(U)dµ!,ϱ(U)

∏

x↗!

d▷(g(x))

=

∫

G!
↖f↙

∏

x↗!

d▷(g(x)) = ↖f↙.

Thus, f and h have the same expected value under µ!,ϱ . But note that h is gauge invariant,
because for any g ↑ G! and U ↑ G(%),

h(Ug
) =

∫

G!
f((Ug

)
w
)

∏

x↗!

d▷(w(x))

=

∫

G!
f(Uwg

)

∏

x↗!

d▷(w(x))

=

∫

G!
f(Uw

)

∏

x↗!

d▷(w(x)) = h(U),

where the penultimate identity follows from the invariance of Haar measure. Thus, to
summarize, we have shown that for any observable f , there is a gauge invariant observable
h produced using f through the formula (15.4.2), such that ↖h↙ = ↖f↙. This shows that
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even from a mathematical point of view, it su"ces to focus on gauge invariant observables.

15.5 Gauge fixing

We have discussed gauge fixing in earlier chapters in the context of Yang–Mills theories
in the continuum. For a lattice gauge theory on a finite set % ↗ Zd under free boundary
condition, as we have considered in this chapter until now, gauge fixing takes the following
form. Recall that E(%) is the set of positively oriented edges in %. Let $ be a subset of
E(%) such that there are no loops formed by the undirected versions of the edges in $. It
turns out that for studying the lattice gauge theory on %, it su"ces to study the theory on
the subset of the configuration space where the matrices attached to the edges in $ are all
set to be equal to the identity matrix.

The idea is formalized as follows. Let G(%,$) be the subset of configurations U ↑ G(%)

such that U(x, y) = I for any edge (x, y) ↑ $. Let µ!,$,ϱ be the lattice gauge theory
restricted to the configuration space G(%,$). That is,

dµ!,$,ϱ(U) :=
1

Z$
e→ϱS!(U)d▷!,$(U),

where Z$ is the normalizing constant that makes this a probability measure, and ▷!,$(U)

is the product Haar measure on G(%,$); that is,

d▷!,$(U) =

∏

(x,y)↗E(!)\$

d▷(U(x, y)).

The following theorem shows that for evaluating the expected values of gauge invariant
observables, it su"ces to consider the restricted theory µ!,$,ϱ .

Theorem 15.5.1. Let $ and µ!,$,ϱ be as above. Then for any gauge invariant observable
f : G(%) ⇒ C such that ↖|f |↙ < ⇑, we have

↖f↙ =

∫

G(!,$)
f(U)dµ!,$,ϱ(U).

Proof. Let (V (x, y))(x,y)↗E(!)\$ be a collection of i.i.d. random matrices from the normalized
Haar measure ▷ on G. Extend V to a configuration in G(%) by setting V (x, y) = I for
(x, y) ↑ $. Let (g(x))x↗! be another collection of i.i.d. random matrices from ▷. Let
W := V g. We claim that the random matrices (W (x, y))(x,y)↗E(!) are i.i.d. from ▷.

To prove this claim, the first step is to show that (W (x, y))(x,y)↗$ are i.i.d. from ▷. Note
that for (x, y) ↑ $, we have V (x, y) = I, and therefore,

W (x, y) = g(x)V (x, y)g(y)→1
= g(x)g(y)→1.

Since $ has no loops, it is easy to see, as follows, that the elements of $ can be ar-
ranged as (x1, y1), (x2, y2), . . . such that for each n, at most one of xn and yn is in
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{x1, y1, . . . , xn→1, yn→1, xn}. First, suppose that the graph formed by the edges in $ is
connected. Choose (x1, y1) to be any element of $. Having chosen (x1, y1), . . . , (xn→1, yn→1),
choose (xn, yn) to be any of the remaining edges of $ such that at least one of xn and yn is
in {x1, y1, . . . , xn→1, yn→1}. If there is no such edge, we must have exhausted $, because
otherwise it will contradict the assumption that $ is connected. If such an edge can be found,
then it cannot be that both xn and yn are in {x1, y1, . . . , xn→1, yn→1}, because otherwise we
have found a loop in $, since the graph formed by (x1, y1), . . . , (xn→1, yn→1) is connected by
construction. Therefore, this construction ensures that for each n, exactly one of xn and
yn is in {x1, y1, . . . , xn→1, yn→1}. Lastly, if the graph formed by $ has multiple connected
components, we can do the above enumeration successively, component by component.

We will now prove by induction on n that for each n, W (x1, y1), . . . ,W (xn, yn) are
i.i.d. from ▷. This is clearly true for n = 1. Suppose that it holds up to n↓ 1. If neither xn
nor yn is in {x1, y1, . . . , xn→1, yn→1}, then clearly, W (xn, yn) = g(xn)g(yn)→1 is independent
of W (x1, y1), . . . ,W (xn→1, yn→1). If yn /↑ {x1, y1, . . . , xn→1, yn→1, xn} but xn belongs to
this set, then g(yn) is independent of g(x1), g(y1), . . . , g(xn→1), g(yn→1). Since g(yn) is
Haar-distributed, this implies that conditionally given g(x1), g(y1), . . . , g(xn→1), g(yn→1),
the random matrix W (xn, yn) = g(xn)g(yn)→1 is Haar-distributed. Since the conditional
distribution does not depend on the conditioning, W (xn, yn) is Haar-distributed and is inde-
pendent of g(x1), g(y1), . . . , g(xn→1), g(yn→1).2 This implies that W (xn, yn) is independent
of W (x1, y1), . . . ,W (xn→1, yn→1). Similarly, the same conclusion holds if xn is not a member
of {x1, y1, . . . , xn→1, yn→1, xn} but yn is in it. We have now exhausted all possibilities, be-
cause by construction, it cannot be that both xn and yn are in {x1, y1, . . . , xn→1, yn→1, xn}.
This completes the induction step, proving the claim that (W (x, y))(x,y)↗$ are i.i.d. from ▷.

Next, note that conditionally on g, (W (x, y))(x,y)↗E(!)\$ are i.i.d. from ▷, because
W (x, y) = g(x)V (x, y)g(y)→1 and the V (x, y)’s are i.i.d. from ▷. Since the conditional
distribution does not depend on the conditioning, we conclude that (W (x, y))(x,y)↗E(!)\$

are i.i.d. from ▷ and are independent of g. But we have already shown that (W (x, y))(x,y)↗$
are i.i.d. from ▷, and they are functions of g only, with no dependence on V . This completes
the proof of the claim that (W (x, y))(x,y)↗E(!) are i.i.d. from ▷.

Take any gauge invariant observable h : G(%) ⇒ C that is integrable with respect to
the product Haar measure ▷! on G(%). Then

∫

G(!,$)
h(U)d▷!,$(U) = E(h(V ))

= E(h(V g
)) since h is gauge invariant,

= E(h(W )) since V g
= W ,

=

∫

G(!)
h(U)d▷!(U) since (W (x, y))(x,y)↗E(!) are i.i.d. from ▷. (15.5.1)

2
See Lemma B.4.12 for the justification of this step, which is a standard tool in probability theory.
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Now take any gauge invariant f such that ↖|f |↙ < ⇑. Then
∫

G(!)
|f(U)|e→ϱS!(U)d▷!(U) < ⇑.

Since both f and S! are gauge invariant, so is the function

h(U) := f(U)e→ϱS!(U).

By the previous display, h is integrable with respect to ▷!. Thus, by equation (15.5.1), we
conclude that

∫

G(!,$)
f(U)e→ϱS!(U)d▷!,$(U) =

∫

G(!)
f(U)e→ϱS!(U)d▷!(U).

Taking f ∞ 1 (which is gauge invariant), we get Z = Z$. Dividing both sides by this
normalizing constant completes the proof.

15.6 Mass gap and quark confinement

The two most important questions about lattice gauge theories are those of mass gap and
quark confinement. We will discuss the physical origins of these questions. For now, let us
only see the mathematical formulations, which are relatively simple to state.

Suppose we have a sequence of lattice gauge theories, with the N th theory defined on a
finite set %N ↗ Zd, with %N ⊤ Zd as N ⇒ ⇑. We say that the theory (or, more accurately,
the sequence of theories) has a mass gap (equivalently, exponential decay of correlations)
if the following holds. If f is a gauge invariant observable, we say that it is supported on
a set E of edges if f(U) has no dependence on U(x, y) for any (x, y) /↑ E. For example,
a Wilson loop observable is supported on the set of edges in the loop. Let f1 and f2 be
two bounded gauge invariant observables, supported on two finite sets of edges S1 and S2,
respectively. We say that the theory has a mass gap if there are positive constants C1 and
C2, where C1 may depend on f1, f2 but C2 may not, and neither C1 nor C2 may depend
on N , such that whenever N is so large that S1, S2 ↗ %N , we have

|↖f1f2↙ ↓ ↖f1↙↖f2↙| ⇔ C1e
→C2 dist(S1,S2),

where dist(S1, S2) is the smallest graph distance between a vertex of an edge in S1 and a
vertex of an edge in S2.

The theory is said to confine quarks (or simply, confining), if the following holds. There
is a function V : (0,⇑) ⇒ R satisfying limx↓↑ V (x) = ⇑, such that for any rectangular
loop 4 in Zd with side lengths R, T , where R ⇔ T , we have

|↖W2↙| ⇔ Ce→V (R)T ,
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where C is a constant that does not depend on R or T or N , and N is so large that 4 is
contained in %N . A theory that is not confining is called deconfining or unconfining. A
special case of confining theories are theories that satisfy Wilson’s area law, where V (R) ⊥ R.
This means that the expected value of a Wilson loop observable, for a rectangular loop,
decays at least as fast as exp(↓c area(4)), where area(4) is the area enclosed by 4 and c is
some constant that does not depend on 4. Examples of deconfining theories usually satisfy
the perimeter law, that ↖W2↙ ∝ C1e→C2(R+T ).

15.7 Mass gap in 2D lattice gauge theories

It turns out 2D lattice gauge theories always have mass gap, in the sense that we defined in
the previous section. This is the content of the following theorem.

Theorem 15.7.1. Let {%N}N↘1 be any sequence of sets increasing to Z2. Consider pure
lattice gauge theories with free boundary condition on this sequence, with a compact Lie
group G ↗ U(n) as before, and any ⇁ → 0. Such a sequence has a mass gap, in the sense
defined in the previous section.

Proof. The crux of the proof is in choosing a suitable gauge fixing. Let f1 and f2 be
bounded gauge invariant observables with finite supports S1 and S2, and take any N such
that S1 and S2 are both contained in %N . Define $ to be the set of all edges in E(%N )

that are parallel to the x-axis. Then clearly, $ has loops. Therefore by Theorem 15.5.1, it
su"ces to consider the gauge-fixed theory where the matrices attached to the horizontal
edges are all equal to I.

If some edge e in %N is not in any plaquette that is fully contained in %N , then it is
easy to see that U(e) is independent of the rest of the system in the lattice gauge theory
on %N . So, we may assume without loss of generality that there is no such edge in %N .

Let us now check what the probability density function of the gauge-fixed theory looks
like. Take any plaquette p in %N with vertices (x, y), (x + 1, y), (x + 1, y + 1), (x, y + 1).
Since U((x, y), (x+ 1, y)) = I and U((x, y + 1), (x+ 1, y + 1)) = I, we have

Up = U((x+ 1, y), (x+ 1, y + 1))U((x, y), (x, y + 1))
→1.

Now take any y ↑ Z. Let P (y) ↗ Z be the set of all x’s as above (i.e., such that the
plaquette p is contained in %N ). Let ex,y denote the vertical edge ((x, y), (x, y + 1)). Then
by the above observation,

S!N (U) =

∑

y↗Z

∑

x↗P (y)

Re(Tr(I ↓ U(ex+1,y)U(ex,y)
→1

)). (15.7.1)

Now, for each y, P (y) is the union of finitely many connected components (under the usual
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graph structure on Z). Let C(y) be the set of components, so that

P (y) =


C↗C(y)

C.

Now, note that if U(ex,y) and U(ex→,y→) occur within the same term on the right in equa-
tion (15.7.1), then we must have that y = y⇒ and |x↓x⇒| = 1. In other words, we must have
that y = y⇒ and x, x⇒ are in the same element of C(y). This implies that exp(↓⇁S!N (U))

factorizes as
exp(↓⇁S!N (U)) =

∏

y↗Z

∏

C↗C(y)

TC(U),

where, for a component C = {x, x+ 1, . . . , x+ k} ↑ C(y),

TC(U) := exp

(
↓⇁

k∑

j=0

Re(Tr(I ↓ U(ex+j+1,y)U(ex+j,y)
→1

))

)
.

Let C be as above and let U(C) be the collection (U(ex+j,y))0↔j↔k+1. The above decompo-
sition shows that if U is a random configuration from our lattice gauge theory on %N , then
the collections {U(C) : C ↑ C(y), y ↑ Z} are independent. Moreover, by the assumption
that each edge in %N belongs to at least one plaquette that is fully contained in %N , every
U(e) must be in one of the U(C)’s.

Continuing with C be as above, we claim that U(C) is a Markov chain with transition
density function

p(V,W ) =
1

K
exp(↓⇁Re(Tr(I ↓WV →1

))),

where K is the normalizing constant. Note that K does not depend on V , because

K =

∫

G

exp(↓⇁Re(Tr(I ↓WV →1
)))d▷(W ) =

∫

G

exp(↓⇁Re(Tr(I ↓W )))d▷(W ),

by the invariance of Haar measure. The fact that K does not depend on V implies that a
Markov chain with transition density p has joint density of the form TC up to a normalizing
constant. This proves our claim that U(C) is a Markov chain with transition density p.

Now note that p is bounded below by a positive constant on G, since G is compact
and p is never zero. Thus, there is some ς > 0 such that p → ςp0 everywhere, where p0 ∞ 1

is the density of the Haar measure with respect to itself. A simple verification shows
that the Haar measure is invariant for this Markov chain. Thus, by Doeblin’s condition
(Theorem B.5.1 and Corollary B.5.2), this chain has exponential decay of correlations, in
the sense of Corollary B.5.2, where the rate of decay depends only on ς, and thus, only on
⇁ and G. It is now easy to complete the proof using Corollary B.5.2, by explicitly writing
down the expected values as integrals with respect to the relevant joint densities.
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15.8 Area law in 2D lattice gauge theories

Let us continue working in the same setting as before. We will now show that 2D lattice
gauge theories satisfy Wilson’s area law, as long as a certain irreducibility condition is
satisfied.

Theorem 15.8.1. Let {%N}N↘1 be any sequence of sets increasing to Z2. Consider pure
lattice gauge theories with free boundary condition on this sequence, with a compact Lie
group G ↗ U(n) as before, and any ⇁ → 0. Assume that there is no vector in Cn that is
fixed by all elements of G. Then this sequence of theories satisfies Wilson’s area law, in the
sense defined in Section 15.6.

Recall that the 42 operator norm of an n′ n complex matrix M is defined as

↔M↔ := sup{↔Mx↔ : x ↑ Cn, ↔x↔ = 1}. (15.8.1)

It is easy to see that this norm is submultiplicative, meaning that ↔MN↔ ⇔ ↔M↔↔N↔. Now,
if M is random, let E(M) denote the n′ n matrix containing the expected values of the
entries of M . We will use the following consequence of the irreducibility assumption.

Lemma 15.8.2. Let G satisfy the condition stated in Theorem 15.8.1. Let U be a Haar-
distributed random element of G. Then E(U) = 0.

Proof. First, we claim that ↔E(U)↔ ⇔ 1. The easiest way to see this is as follows. Let
U1, U2, . . . be i.i.d. from the Haar measure. Take any x ↑ Cn with ↔x↔ = 1. Then by the
law of large numbers,

1

n

n∑

j=1

Ujx ⇒ E(U)x

with probability one as n ⇒ ⇑. But for each n, the triangle inequality gives

∥∥∥∥
1

n

n∑

j=1

Ujx

∥∥∥∥ ⇔
1

n

n∑

j=1

↔Ujx↔ = ↔x↔ = 1.

This proves the claim that ↔E(U)↔ ⇔ 1. Next, we claim that ↔E(U)↔ < 1. Indeed, if that
were not true, then ↔E(U)↔ = 1; this implies that there exists x ↑ Cn such ↔x↔ = 1 and
↔E(U)x↔ = 1. Fix such an x. Let U1, U2 be i.i.d. from the Haar measure. Let ↖·, ·↙ denote
the standard inner product on Cn. Then note that by the independence of U1, U2 and the
hypothesis that ↔E(U)x↔ = 1, we have

E(↔U1x↓ U2x↔
2
) = 2↓ 2E(↖U1x, U2x↙)

= 2↓ 2↖E(U1)x,E(U2)x↙

= 2↓ 2↖E(U)x,E(U)x↙ = 2↓ 2↔E(U)x↔2 = 0. (15.8.2)

Thus, U1x = U2x with probability one. But this means U→1
2 U1x = x with probability one.

Since U→1
2 U1 is also Haar-distributed, we see that Ux = x with probability one. We claim
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that V x = x for all V ↑ G. To see this, note that by the nature of the Haar measure
on a compact matrix Lie group (as constructed in Section C.7 of Appendix C), the Haar
measure puts positive mass on arbitrarily small open neighborhoods of any given V . Thus,
there is some W arbitrarily close to V that satisfies Wx = x. By continuity, this proves
that V x = x. This yields a contradiction and proves that ↔E(U)↔ < 1.

Again let U1, U2 be i.i.d. from the Haar measure. Then U1U2 is also Haar-distributed.
Thus,

↔E(U)↔ = ↔E(U1U2)↔

= ↔E(U1)E(U2)↔ ⇔ ↔E(U1)↔↔E(U2)↔ = ↔E(U)↔
2.

Since ↔E(U)↔ < 1, this proves that E(U) = 0.

We are now ready to prove Theorem 15.8.1.

Proof of Theorem 15.8.1. As in the proof of Theorem 15.7.1, let us fix the gauge and assume
that the matrices attached to all horizontal edges are identity. Let 4 be the rectangular
loop with vertices at (0, 0), (T, 0), (T,R) and (0, R), where R ⇔ T are two positive integers.
Let N be so large that this loop is contained in %N . Let U be a random configuration from
the lattice gauge theory on %N . For 0 ⇔ j ⇔ T and 0 ⇔ k ⇔ R↓ 1, let

Uj,k := U((j, k), (j, k + 1)).

Then, since the matrices attached to the horizontal edges are identity, we have

W2 = Tr(UT,0UT,1 · · ·UT,R→1U
⇑

0,R→1U
⇑

0,R→2 · · ·U
⇑

0,0).

Let Ua,b

j,k
denote the (a, b)th entry of Uj,k. Then we can expand the above identity as

W2 =

∑

1↔a0,...,a2R↑1↔n

Ua0,a1
T,0 Ua1,a2

T,1 · · ·U
aR↑1,aR

T,R→1 U
aR+1,aR

0,R→1 U
aR+2,aR+1

0,R→2 · · ·U
a0,a2R↑1
0,0 . (15.8.3)

Now recall from the proof of Theorem 15.7.1 that for each j, the sequence U0,j , . . . , UT,j is
a Markov chain satisfying Doeblin’s condition with an ς that depends only on G and ⇁.
Moreover, these Markov chains are independent. Thus,

E(Ua0,a1
T,0 Ua1,a2

T,1 · · ·U
aR↑1,aR

T,R→1 U
aR+1,aR

0,R→1 U
aR+2,aR+1

0,R→2 · · ·U
a0,a2R↑1
0,0 )

=

R→1∏

j=0

E(Uaj ,aj+1

T,j
U

a2R↑j ,a2R↑j↑1

0,j ), (15.8.4)

where a2R = a0. But by Doeblin’s theorem (Theorem B.5.1 and Corollary B.5.2),

|E(Uaj ,aj+1

T,j
U

a2R↑j ,a2R↑j↑1

0,j )↓ E(Uaj ,aj+1

T,j
)E(Ua2R↑j ,a2R↑j↑1

0,j )| ⇔ C1e
→C2T

233



CHAPTER 15. INTRODUCTION TO LATTICE GAUGE THEORIES

where C1, C2 are positive constants that depend only on G and ⇁. But by Lemma 15.8.2,
E(Uaj ,aj+1

T,j
) = 0. Thus,

|E(Uaj ,aj+1

T,j
U

a2R↑j ,a2R↑j↑1

0,j )| ⇔ C1e
→C2T .

Using this in equation (15.8.4), we get

|E(Ua0,a1
T,0 Ua1,a2

T,1 · · ·U
aR↑1,aR

T,R→1 U
aR+1,aR

0,R→1 U
aR+2,aR+1

0,R→2 · · ·U
a0,a2R↑1
0,0 )| ⇔ CR

1 e
→C2RT .

Using this bound in equation (15.8.3) gives

|E(W2)| ⇔ n2RCR

1 e
→C2RT

⇔ CR

3 e
→C2RT ,

where C3 := n2C1 depends only on G and ⇁. If T → 2C→1
2 logC3, then the above bound

gives
|E(W2)| ⇔ eR logC3→C2RT

⇔ e→
1
2C2RT .

Choose C4 so large that |E(W2)| ⇔ C4e
→

1
2C2RT when T < 2C→1

2 logC3. It is possible to
find such a C4 because C2 > 0 and the condition R ⇔ T implies that there are only finitely
many pairs (R, T ) satisfying T < 2C→1

2 logC3. This completes the proof.
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Chapter 16

Lattice Gauge Theories in d → 3

16.1 The strong and weak coupling regimes

Recall from the discussion in Section 13.1 of Chapter 13 that upon rescaling the gauge field
A by replacing it with g0A, the Yang–Mills action becomes

S(A) = ↓
1

4

∫

R4
Tr

( ∑

0↔i,j↔3

ϱiϱj(ϑiAj(x)↓ ϑjAi(x) + g0[Ai(x), Aj(x)])
2

)
dx.

This rescaled version explains why g0 is called the ‘coupling constant’. If g0 is very small,
then after gauge fixing, the coordinates of A become essentially independent, as in the case
of U(1) theory discussed in Chapter 9. That is, the fields A0, . . . , A3 become ‘decoupled’.

We carry over this terminology to lattice gauge theories. From Theorem 15.2.1, we see
that the parameter ⇁ plays the role of g→2

0 . Thus, ⇁ is small if and only if g0 is large. This
leads to the following convention. If a theorem is true when ⇁ is small enough, we say that
it is valid in the ‘strong coupling regime’. Similarly, if a theorem holds for large enough ⇁,
we say that it is a weak coupling result.

The theorems about 2D lattice gauge theories that we proved in the two preceding
sections are valid for all ⇁ → 0. We say that such a result holds in both the strong and
weak coupling regimes.

It is often easier to prove theorems in the strong coupling regime. Physical interest,
however, is concentrated in the weak coupling regime. This is because the actual values of
⇁ that reflect the physical world are believed to be extremely large; so, a theorem that only
holds for small enough ⇁ runs the risk of being unphysical. On the other hand, a theorem
that holds for all large enough ⇁ is more likely to reflect physical reality.

16.2 Correlation decay under Dobrushin’s condition

Let (”,F , µ) be a probability space and let ◁ be a probability measure on (”
n,Fn, µn

) for
some n → 1. Suppose that ◁ has a density 3 with respect to µn. Let X be an ”

n-valued
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random variable with law ◁. Then the marginal density1 of (Xj)j ∝=i is

3→i((xj)j ∝=i) =

∫
3(x1, . . . , xn)dµ(xi),

and the conditional density of Xi given (Xj)j ∝=i is

3i(xi|(xj)j ∝=i) =
3(x1, . . . , xn)

3→i((xj)j ∝=i)

if 3→i((xj)j ∝=i) ⇓= 0, and defined arbitrarily (for example, zero) if the denominator is zero.
Suppose that the above system has a conditional dependency graph G, consisting of

a set of undirected edges on {1, . . . , n}, such that for any i, 3i(xi|(xj)j ∝=i) is a function
only of xi and those xj such that j is a neighbor of i. This means that conditionally on
(Xj)j↗N(i), where N(i) is the neighborhood of i, Xi is independent of (Xj)j /↗N(i)∈{i}. Let
# be the maximum vertex degree of G. We assume that

s := sup
1↔i↔n, x↗%n

|3i(xi|(xj)j ∝=i)↓ 1| <
1

#
. (16.2.1)

The above assumption is known as Dobrushin’s condition. The theorem presented below is
inspired by the work of Dobrushin and Shlosman [4] from 1985.

Theorem 16.2.1. Let all notations and assumptions be as above. Take any nonempty
disjoint sets A,B ↗ {1, . . . , n}. Let XA := (Xi)i↗A and XB := (Xi)i↗B. Let r be the
minimum graph distance between a vertex in A and a vertex in B. Then for any measurable
f : ”

|A|
⇒ [↓1, 1] and g : ”

|B|
⇒ [↓1, 1],

|E(f(XA)g(XB))↓ E(f(XA))E(g(XB))| ⇔
2sr#r

|A||B|

1↓ s#
.

Proof. Take any x, x⇒ ↑ ”
|B|. We claim that2

|E(f(XA)|XB = x)↓ E(f(XA)|XB = x⇒)| ⇔
2sr#r

|A||B|

1↓ s#
. (16.2.2)

where the conditional expectations are calculated using the respective conditional densities.
To prove this claim, fix x, x⇒. Let 1 and 1 ⇒ be the conditional distributions of X given

XB = x and XB = x⇒, respectively. Let X0 and Y0 be independent ”
n-valued random

variables with laws 1 and 1 ⇒. We will now inductively define a Markov chain (Xk, Yk)k↘0.
Given (Xk, Yk) = (x, y) for some k, generate (Xk+1, Yk+1) as follows. Choose a coor-

dinate I uniformly at random from {1, . . . , n} \ B. Generate a pair (U, V ) of ”-valued
random variables such that U has density 3I(·|(Xk,j)j ∝=I) and V has density 3I(·|(Yk,j)j ∝=I),
but their joint distribution is such that P(U ⇓= V ) is equal to the total variation distance
between these two laws. By Lemma B.1.7, it is possible to generate such a pair (U, V ).

1
See Subsection B.4.4 in Appendix B for the definitions of marginal density and conditional density.

2
See Subsection B.4.1 in Appendix B for the definition of E(Y |X = x), and Subsection B.4.4 for how it

can be defined in terms of conditional densities.
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Having obtained U and V , produce Xk+1 by replacing the Ith coordinate of Xk by U

(keeping all other coordinates the same) and produce Yk+1 similarly using V . Then note
that separately, the transition from Xk to Xk+1 and from Yk to Yk+1 happen according to
the respective Gibbs sampling algorithms. By Proposition B.5.3, this shows that for each k,
Xk ∝ 1 and Yk ∝ 1 ⇒.

Now, from the definition of s in equation (16.2.1) and the formula for total variation
distance in terms of densities (Lemma B.1.7), it is easy to see that for the pair (U, V )

generated above, P(U ⇓= V ) ⇔ s if (Xk,j)j↗N(I) ⇓= (Yk,j)j↗N(I), and P(U ⇓= V ) = 0 otherwise.
This implies that

P(Xk+1,i ⇓= Yk+1,i|Xk, Yk) ⇔

(
1↓

1

m

)
1{Xk,i ∝=Yk,i}

+
s

m
1{(Xk,j)j≃N(i) ∝=(Yk,j)j≃N(i)}

,

where m := n↓ |B|. This implies that

P(Xk+1,i ⇓= Yk+1,i|Xk, Yk) ⇔

(
1↓

1

m

)
1{Xk,i ∝=Yk,i}

+
s

m

∑

j↗N(i)\B

1{Xk,j ∝=Yk,j}

+
s

m
1{(Xk,j)j≃N(i)⇐B ∝=(Yk,j)j≃N(i)⇐B}

⇔

(
1↓

1

m

)
1{Xk,i ∝=Yk,i}

+
s

m

∑

j↗N(i)\B

1{Xk,j ∝=Yk,j}
+

s

m
hi,

where hi := 1{N(i)∋B ∝=△}. Now let 4k = (4k,i)i/↗B denote the vector in Rm whose ith

coordinate is P(Xk,i ⇓= Yk,i), and let h := (hi)i/↗B . Let Q denote the adjacency matrix of G
restricted to {1, . . . , n} \B. Taking expectation on both sides of the above inequality, we
get

4k+1 ⇔

(
1↓

1

m

)
4k +

s

m
Q4k +

s

m
h,

where the inequality means that each coordinate of the vector on the left is dominated by
the corresponding coordinate on the right. Let

4 := lim sup
k↓↑

4k,

where the lim sup is taken coordinatewise. By the above inequality, it follows that

4 ⇔

(
1↓

1

m

)
4+

s

m
Q4+

s

m
h,

which simplifies to
(I ↓ sQ)4 ⇔ sh, (16.2.3)

where I is the n′ n identity matrix.
Let q(k)

i,j
denote the (i, j)th element of Qk. Note that q(k)

i,j
is simply the number of

B-avoiding paths of length k from i to j in the graph G. Clearly, this is bounded above
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by #
k. Since s# < 1, this shows that skQk goes to zero exponentially fast as k ⇒ ⇑. In

particular, the series
∑

↑

k=0 s
kQk converges, and

( ↑∑

k=0

skQk

)
(I ↓ sQ) =

↑∑

k=0

skQk
↓

↑∑

k=0

sk+1Qk+1
= I.

Thus, multiplying both sides of equation (16.2.3) by
∑

↑

k=0 s
kQk, and noting that all entries

of this matrix are nonnegative, we get

4 ⇔
↑∑

k=0

skQkh.

Let D := {i /↑ B : N(i) ≃B ⇓= ℑ}. Then the above inequality shows that for each i /↑ B,

4i ⇔
↑∑

k=0

∑

j /↗B

sk+1q(k)
i,j

hj =
↑∑

k=0

∑

j↗D

sk+1q(k)
i,j

=

∑

j↗D

↑∑

k=0

sk+1q(k)
i,j

.

Take any i ↑ A and j ↑ D. Then q(k)
i,j

, being the number of paths of length k from i to j, is
zero if k < r ↓ 1. Also, we have already noted that q(k)

i,j
⇔ #

k in general. Thus,

↑∑

k=0

sk+1q(k)
i,j

⇔

↑∑

k=r→1

sk+1
#

k
=

sr#r→1

1↓ s#
.

Plugging this into the previous display, we get that for i ↑ A,

4i ⇔
sr#r→1

|D|

1↓ s#
⇔

sr#r
|B|

1↓ s#
.

Take any k. Since Xk ∝ 1 , Yk ∝ 1 ⇒, and |f | ⇔ 1, we have

|E(f(XA)|XB = x)↓ E(f(XA)|XB = x⇒)| = |E(f((Xk,i)i↗A))↓ E(f((Yk,i)i↗A))|

⇔ 2P((Xk,i)i↗A ⇓= (Yk,i)i↗A)

⇔ 2

∑

i↗A

P(Xk,i ⇓= Yk,i) = 2

∑

i↗A

4k,i.

Taking the lim sup of the right side as k ⇒ ⇑ and applying the bound from the previous
display completes the proof of the claim (16.2.2).

Let 1B be the law of XB. Then note that

E(f(XA)) =

∫
E(f(XA)|XB = x)d1B(x).
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Thus, the inequality (16.2.2) implies that for any x,

|E(f(XA)|XB = x)↓ E(f(XA))|

=

∣∣∣∣
∫
(E(f(XA)|XB = x)↓ E(f(XA)|XB = x⇒))d1B(x

⇒
)

∣∣∣∣

⇔

∫
|E(f(XA)|XB = x)↓ E(f(XA)|XB = x⇒)|d1B(x

⇒
)

⇔
2sr#r

|A||B|

1↓ s#
.

Since

E(f(XA)g(XB))↓ E(f(XA))E(g(XB)) = E[(E(f(XA)|XB)↓ E(f(XA)))g(XB)]

and |g(XB)| ⇔ 1, this completes the proof.

16.3 Mass gap at strong coupling

As in the previous chapter, let G be a compact Lie subgroup of U(n) for some n. Take any
d → 2, and let {%N}N↘1 be a sequence of finite subsets of Zd that increase to Zd. Let ⇁

be a nonnegative real number. Consider lattice gauge theories on %N with this G and ⇁,
under free boundary condition. The main result is the following. This theorem was proved
by Osterwalder and Seiler [24] in 1978 using the technique of cluster expansions. We will
take a di!erent route, using Theorem 16.2.1 from the previous section.

Theorem 16.3.1. There is some ⇁0 > 0, depending on G and d, such that if ⇁ ⇔ ⇁0, then
the above theory (or rather, sequence of theories) has a mass gap in the sense defined in
Section 15.6.

Proof. Let f1, f2 be two gauge invariant observables supported on two disjoint finite sets
of positively oriented edges S1, S2, and let N be so large that S1, S2 ↗ %N . Let U be a
random configuration from our lattice gauge theory on %N . Define a graph structure on
E(%N ) by decreeing that e, e⇒ are neighbors if and only if e, e⇒ are both part of a common
plaquette that is fully contained in %N . It is easy to see from the form of the density of
lattice gauge theory that this is a conditional dependency graph, in the sense defined in the
previous section.

Let P(e) denote the set of plaquettes that contain e and are fully contained in %N .
Then note that the conditional density of U(e) given (U(f))f ∝=e is equal to

3(U(e)) =
1

Z(e)
exp

(
↓⇁

∑

p↗P(e)

Re(Tr(I ↓ Up))

)
,
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where Z(e) is the normalizing constant, given by

Z(e) =

∫

G

exp

(
↓⇁

∑

p↗P(e)

Re(Tr(I ↓ Up))

)
d▷(U(e)).

From this, it is easy to see that

|3(U(e))↓ 1| ⇔ C⇁,

where C is a constant that depends only on G and d. This implies that the Dobrushin
condition (16.2.1) is satisfied in ⇁ is small enough. By Theorem 16.2.1, this completes the
proof.

16.4 Area law at strong coupling

Just like mass gap, quark confinement also holds at strong coupling in any dimension under
fairly general conditions. Again, this was proved by Osterwalder and Seiler [24] using cluster
expansions in the same paper where they proved mass gap under strong coupling. We will
use Theorem 16.2.1. As before, let G be a compact Lie subgroup of U(n) for some n. Take
any d → 2, and let {%N}N↘1 be a sequence of finite subsets of Zd that increase to Zd. Let
⇁ be a nonnegative real number. Consider lattice gauge theories on %N with this G and ⇁,
under free boundary condition.

Theorem 16.4.1. Assume that there is no vector in Cn that is fixed by all elements of
G. Then there is some ⇁0 > 0, depending on G and d, such that if ⇁ ⇔ ⇁0, then the above
theory (or rather, sequence of theories) exhibits quark confinement in the sense defined in
Section 15.6.

Proof. Let e1, . . . , ed be the standard basis vectors of Rd. Without loss of generality, let 4

be the rectangular loop with vertices 0, Te1, Re2, Te1 +Re2, where R ⇔ T . Let N be so
large that 4 is contained in %N . Let U be a random configuration drawn from the lattice
gauge theory on %N . For 0 ⇔ j ⇔ T ↓ 1 and 0 ⇔ k ⇔ R↓ 1, let

Hj,0 := U((j, 0, . . . , 0), (j + 1, 0, . . . , 0)),

Hj,R := U((j, R, 0, . . . , 0), (j + 1, R, 0, . . . , 0)),

V0,k := U((0, k, 0, . . . , 0), (0, k + 1, 0, . . . , 0)),

VT,k := U((T, k, 0, . . . , 0), (T, k + 1, 0, . . . , 0)).

(That is, the H ’s are the matrices attached to the horizontal edges in 4 and the V ’s are the
matrices attached to the vertical edges in 4, where ‘horizontal’ means the direction of e1
and ‘vertical’ means the direction of e2.) Let Ha,b

j,k
denote the (a, b)th element of Hj,k, etc.

240



CHAPTER 16. LATTICE GAUGE THEORIES IN d → 3

Then, proceeding as the proof of Theorem 15.8.1, we get

W2 =

∑

1↔a0,...,a2R+2T↑1↔n

Ha0,a1
0,0 Ha1,a2

1,0 · · ·H
aT↑1,aT

T→1,0

· V
aT ,aT+1

T,0 V
aT+1,aT+2

T,1 · · ·V
aT+R↑1,aT+R

T,R→1

·H
aT+R+1,aT+R

T→1,R H
aT+R+2,T+R+1

T→2,R · · ·H
a2T+R,a2T+R↑1

0,R

· V
a2T+R+1,a2T+R

0,R→1 V
a2T+R+2,a2T+R+1

0,R→2 · · ·V
a0,a2T+2R↑1
0,0 . (16.4.1)

For each j ↑ Z, let Ej be the set of edges in E(%N ) that are of the form (x, x + e2) for
some x = (x1, . . . , xd) ↑ Zd with x2 = j. Define

E⇒
:=



j↗Z
Ej .

That is, E⇒ consists of all edges of the form (x, x+ e2) in E(%N ). In the following, E⇒ and
P⇒ will denote conditional probability and conditional expectation given (U(e))e↗E(!N )\E→ .
Also, whenever we say ‘conditional distribution’, it will be conditional distribution given
this this collection.

Note that e ↑ Ej and e⇒ ↑ Ej→ for some j ⇓= j⇒, then e, e⇒ cannot be in the same plaquette.
This shows that conditionally, the collections {(U(e))e↗Ej : j ↑ Zd

} are independent, because
the conditional density factorizes. By the expansion (16.4.1), this shows that

E⇒
(W2) =

∑

1↔a0,...,a2R+2T↑1↔n

Ha0,a1
0,0 Ha1,a2

1,0 · · ·H
aT↑1,aT

T→1,0

· E⇒
(V

aT ,aT+1

T,0 V
a0,a2T+2R↑1
0,0 )E⇒

(V
aT+1,aT+2

T,1 V
a2T+2R↑1,a2T+2R↑2
0,1 ) · · ·

· · ·E⇒
(V

aT+R↑1,aT+R

T,R→1 V
a2T+R+1,a2T+R

0,R→1 )

·H
aT+R+1,aT+R

T→1,R H
aT+R+2,T+R+1

T→2,R · · ·H
a2T+R,a2T+R↑1

0,R .

Now, for any j ↑ Z, the form of the conditional density of (U(e))e↗Ej shows that this
collection has exponentially decaying correlations if ⇁ is smaller than some positive constant
that depends only on G and d. Thus, each E⇒

(. . .) term in the above expression has absolute
value bounded above by C1e→C2T , where C1, C2 are positive constants that depend only
on G and d. The proof is now completed by proceeding as in the last part of the proof of
Theorem 15.8.1.

16.5 Confinement in 3D lattice gauge theories

Using an inequality of Messager, Miracle-Sole, and Pfister [19], Fröhlich [7] proved that
U(n) lattice gauge theory confines whenever the corresponding U(1) theory does. Earlier,
Glimm and Ja!e [9] established confinement for three-dimensional U(1) gauge theory with a
logarithmically growing potential, using ideas originating in the McBryan–Spencer approach
to the Mermin–Wagner theorem [16]. Combining these results yields the theorem stated
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below; indeed it appears as Corollary 2 in [7]. We will give a relatively short, self-contained
proof of this result in this section.

Theorem 16.5.1. Let G be a compact Lie subgroup of U(n) for some n. Assume that
zI ↑ G for all z ↑ C with |z| = 1, where I denotes the n′ n identity matrix. Let % be a
finite subset of Z3 and ⇁ be a positive real number. Consider the lattice gauge theory on %

with this G and ⇁, under free boundary condition. For any rectangular loop 4 contained in
% with side lengths R ⇔ T , we have

|↖W2↙| ⇔ ne→C(1+nϱ)↑1
T log(R+1),

where C is a positive universal constant.

For U(1) gauge theory in d = 3, confinement is known to be substantially stronger:
Göpfert and Mack [11] proved positivity of the string tension for all couplings in a Villain-
type formulation (see Section 16.6), i.e., an area law and at least linear growth of the
quark–antiquark potential. It is natural to ask whether an appropriate version of Fröhlich’s
comparison inequality could be combined with such inputs to yield an area law for three-
dimensional U(n) gauge theory with Wilson action. We do not pursue this here, since
doing so carefully would require additional technology and a careful comparison between
formulations and limits.

Our proof of Theorem 16.5.1 requires the following ‘anti-concentration’ lemma about a
certain class of probability measures on U(1).

Lemma 16.5.2. Take any w ↑ C and let µ be the probability measure on U(1) that has
density proportional to exp{Re(zw)} with respect to the Haar measure on U(1). Then

∫∫
|z1 ↓ z2|

2dµ(z1)dµ(z2) → Cmin{1, |w|→1
},

where C is a positive universal constant.

Proof. By Taylor expansion, we have that for any x ↑ R,

|eix ↓ 1↓ ix| ⇔
x2

2
. (16.5.1)

Thus, for any z ↑ U(1) and x ↑ R,

|z ↓ zeix| → |izx|↓ |z(1↓ eix + ix)|

→ |x|↓
1

2
x2.

Choosing
ς := min{1, |w|→1/2

} ⇔ 1,
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we get that for any z ↑ U(1),

|z ↓ ze±iϑ
| → ς↓

1

2
ς2 →

ς

2
. (16.5.2)

Define 3 : U(1) ⇒ [0,⇑) as
3(z) := exp{Re(zw)},

and let
Z :=

∫

U(1)
3(z)d▷0(z),

where ▷0 is the normalized Haar measure on U(1). Then note that µ has density f = Z→13

with respect to ▷0. Define 3+(z) := 3(zeiϑ) and 3→(z) := 3(ze→iϑ
). Let f+ and f→ be the

probability densities proportional to 3+ and 3→, respectively. By the invariance of Haar
measure, the respective normalizing constants are both equal to Z. Let µ+ and µ→ denote
the respective probability measures. Then note that for any measurable set A ↗ U(1), the
invariance of Haar measure implies that

µ±
(A) =

1

Z

∫

A

3(ze±iϑ
)d▷0(z)

=
1

Z

∫

Ae±iω
3(z⇒)d▷0(z

⇒
) = µ(Ae±iϑ

). (16.5.3)

Next, note that for any z ↑ U(1),


3+(z)3→(z) = exp

{
1

2
Re(wzeiϑ + wze→iϑ

)

}

= 3(z) exp

{
1

2
Re(wz(eiϑ + e→iϑ

↓ 2))

}

→ 3(z) exp

{
↓
1

2
|w||eiϑ + e→iϑ

↓ 2|

}
.

But, by the inequality (16.5.1),

|eiϑ + e→iϑ
↓ 2| ⇔ |eiϑ ↓ 1↓ iς|+ |e→iϑ

↓ 1 + iς| ⇔ ς2.

Thus, we get


3+(z)3→(z) → 3(z)e→

1
2 |w|ϑ

2
→ 3(z)e→1/2,

where the last inequality holds because ς ⇔ |w|→1/2. By the Cauchy–Schwarz inequality,
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this gives for any measurable set A ↗ U(1),


µ+(A)µ→(A) =

(∫

A

f+
(z)d▷0(z)

∫

A

f→
(z)d▷0(z)

)1/2

→

∫

A


f+(z)f→(z)d▷0(z)

=
1

Z

∫

A


3+(z)3→(z)d▷0(z)

→
1

Z

∫

A

3(z)e→1/2d▷0(z) = µ(A)e→1/2.

Take any z ↑ U(1) and let A := {z⇒ ↑ U(1) : |z↓z⇒| < 1
4ς}. The above inequality shows that

at least one µ+
(A) and µ→

(A) is → µ(A)e→1/2. First, suppose that µ+
(A) → µ(A)e→1/2.

Then by equation (16.5.3),

µ(A ≃Aeiϑ) → µ(A) + µ(Aeiϑ)↓ 1

= µ(A) + µ+
(A)↓ 1 → µ(A)(1 + e→1/2

)↓ 1.

We claim that A≃Aeiϑ is empty. To see this, notice that if z⇒ ↑ A≃Aeiϑ, then |z⇒ ↓ z| < 1
4ς

and |z⇒e→iϑ
↓ z| < 1

4ς. Thus, |z⇒ ↓ z⇒e→iϑ
| < 1

2ς. But this contradicts the inequality (16.5.2).
So, A ≃Aeiϑ must be empty. Thus, the above inequality implies that

µ(A) ⇔
1

1 + e→1/2
.

The same argument shows that this inequality also holds if µ→
(A) → µ(A)e→1/2. This leads

to the conclusion that for any z ↑ U(1),
∫

|z ↓ z⇒|2dµ(z⇒) →
1

16
ς2µ

({
z⇒ ↑ U(1) : |z ↓ z⇒| →

1

4
ς

})

→
1

16
ς2
(
1↓

1

1 + e→1/2

)

=
e→1/2

16(1 + e→1/2)
min{1, |w|→1

}.

Integrating over z completes the proof.

Lemma 16.5.2 yields the following corollary.

Corollary 16.5.3. Let ξ be a U(1)-valued random variable following the probability density
f defined in Lemma 16.5.2. Then

|E(ξ)| ⇔ 1↓ Cmin{1, |w|→1
},

where C is a positive universal constant.
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Proof. Let ξ1, ξ2 be i.i.d. copies of ξ. Then

|ξ1 ↓ ξ2|
2
= 2↓ 2Re(ξ1ξ2).

This gives

E(|ξ1 ↓ ξ2|
2
) = 2↓ 2Re(E(ξ1)E(ξ2)) = 2↓ 2|E(ξ)|2.

Rearranging and applying Lemma 16.5.2, we get

|E(ξ)|2 = 1↓
1

2
E(|ξ1 ↓ ξ2|

2
) ⇔ 1↓ Cmin{1, |w|→1

},

where C is a positive universal constant. Without loss, C ⇔ 1. Taking square-root on both
sides and applying the inequality

↘
1↓ a ⇔ 1↓

1
2a (which holds for a ↑ [0, 1]) completes

the proof.

We will now use Corollary 16.5.3 to prove the following generalization of the classical
Mermin–Wagner theorem [17, 18].

Lemma 16.5.4. Let % be a finite subset of Z2 and let E be the set positively oriented
nearest-neighbor edges with both endpoints in %. Suppose that we are given a collection of
complex numbers (we)e↗E. Consider the probability measure ε on U(1)

! that has density
⊥ exp(

∑
e=(x,y)↗E Re(weξxξy)) with respect to the product of normalized Haar measures on

U(1)
!, at each ξ ↑ U(1)

!. Let ↽ be a random configuration drawn from ε. Then for any
x ↑ % and R > 0 such that y := x+ (R, 0) ↑ %, we have

|E(↽x↽y)| ⇔ e→CL
↑1 log(R+1),

where C is a positive universal constant and L := 1 + maxe↗E |we|.

Proof. Fix x and R. First, we note that there is no loss of generality in assuming that
% = x + {↓N, . . . , N}

2 for some su"ciently large N . To see this, note that the original
system can be ‘expanded’ to a system of this form by defining we = 0 for the new edges.
This just couples the old system with a collection of independent uniformly distributed
↽x’s. Proving the required bound for the new system proves it for the old system.

For each 0 ⇔ k ⇔ N , let yk = x+ (k, 0) and let Lk be the set of vertices in % that are at
4↑ distance equal to k from x. Define a map 1 : U(1)

!
⇒ U(1)

! as follows. For ξ ↑ U(1)
!,

let 1(ξ)x := ξx, and for each 1 ⇔ k ⇔ N , let 1(ξ)yk := ξykξyk↑1
. Next, for each 1 ⇔ k ⇔ N

and y ↑ Lk \ {yk}, let 1(ξ)y := ξyξyk .
Note that each e ↑ E is either an edge connecting two neighboring vertices in some Lk,

or connecting a vertex in some Lk with a neighboring vertex in Lk→1. For each 1 ⇔ k ⇔ N ,
let Ek denote the set of edges of the first kind, and let Fk denote the set of edges of the
second kind, except the edge (yk→1, yk). Further decompose Fk as F 1

k
∪ F 2

k
, where F 1

k
is

the set of all (y, y⇒) ↑ Fk with y ↑ Lk→1 and y⇒ ↑ Lk, and F 2
k

is the set of all (y, y⇒) ↑ Fk

with y ↑ Lk and y⇒ ↑ Lk→1.
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Take any ξ ↑ U(1)
! and let 6 := 1(ξ). Then by the above observation,

f(ξ) :=
∑

e=(y,y→)↗E

weξyξy→ =
N∑

k=1

w(yk↑1,yk)ξyk↑1ξyk +
N∑

k=1

∑

e=(y,y→)↗Ek

weξyξy→

+

N∑

k=1

∑

e=(y,y→)↗Fk

weξyξy→ .

Take any 2 ⇔ k ⇔ N . Note that for (y, y⇒) ↑ F 1
k
,

ξyξy→ = ξyξyk↑1
ξy→ξykξykξyk↑1 = 6y6y→6yk

.

Similarly, for any (y, y⇒) ↑ F 2
k
,

ξyξy→ = ξyξykξy→ξyk↑1ξyk↑1
ξyk = 6y6y→6yk .

When k = 1 and (y, y⇒) ↑ F 1
k
, we have y = x = y0 and y⇒ ↑ L1, which gives

ξyξy→ = ξy0ξy1ξy→ξy1 = 6y1
6y→ .

Similarly, if k = 1 and (y, y⇒) ↑ F 2
k
, then y⇒ = x = y0 and y ↑ L1, which gives

ξyξy→ = ξyξy1ξy1ξy0 = 6y6y1 .

Next, take any 1 ⇔ k ⇔ N and note that for (y, y⇒) ↑ Ek with y, y⇒ ⇓= yk,

ξyξy→ = ξyξykξy→ξyk = 6y6y→ .

On the other hand, if (y, y⇒) ↑ Ek and y = yk, then

ξyξy→ = ξy→ξyk = 6y→ ,

and if (y, y⇒) ↑ Ek and y⇒ = yk, then

ξyξy→ = ξyξyk = 6y.
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Combining the above observations, we get

f(ξ) =
N∑

k=1

w(yk↑1,yk)6yk
+

N∑

k=1

∑

e=(y,y→)↗Ek,

y,y
→
∝=yk

we6y6y→

+

N∑

k=1

w(yk,yk+(0,1))6yk+(0,1) +

N∑

k=1

w(yk→(0,1),yk)6yk→(0,1)

+

N∑

k=2

( ∑

e=(y,y→)↗F 1
k

we6y6y→

)
6yk

+

N∑

k=2

( ∑

e=(y,y→)↗F 2
k

we6y6y→

)
6yk

+

∑

e=(y,y→)↗F 1
1

we6y→6y1
+

∑

e=(y,y→)↗F 2
1

we6y6y1 =: g(6).

Let ↽ be a random configuration with density proportional to eRe(f), and let φ := 1(↽).
We claim that φ has density proportional to eRe(g). To see this, let us first show that for
any bounded measurable F : U(1)

!
⇒ C,

∫
F (1(ξ))

∏

y↗!

d▷0(ξy) =

∫
F (ξ)

∏

y↗!

d▷0(ξy), (16.5.4)

where ▷0 denotes the normalized Haar measure on U(1). To prove this claim, we first
integrate over ξy for all y ↑ % \ {y0, . . . , yN}. Take any y ↑ Lk \ {yk}. In the integrand, ξy
appears only through 1(ξ)y = ξyξyk . By the invariance of Haar measure, we can replace this
simply by ξy. Next, we successively integrate over ξyN , ξyN↑1 , . . . , ξy0 , in this order. Note
that ξyN appears in the integrand only through 1(ξ)yN = ξyN ξyN↑1

. Again, by the invariance
of Haar measure, we can replace this by ξyN . After this replacement, the integrand now
depends on ξyN↑1 only through 1(ξ)yN↑1 = ξyN↑1ξyN↑2

. Thus, we can replace this term by
ξyN↑1 , and so on. This proves the claim (16.5.4).

Let us now prove that φ has density proportional to eRe(g). Let F be as above. Then
by equation (16.5.4) and the definition of g,

∫
F (1(ξ))eRe(f(⇁))

∏

y↗!

d▷0(ξy) =

∫
F (1(ξ))eRe(g(3(⇁)))

∏

y↗!

d▷0(ξy)

=

∫
F (ξ)eRe(g(⇁))

∏

y↗!

d▷0(ξy).

Since this holds also for F ∞ 1, we get

E(F (φ)) =

∫
F (1(ξ))eRe(f(⇁))

y↗! d▷0(ξy)∫
eRe(f(⇁))


y↗! d▷0(ξy)

=

∫
F (ξ)eRe(g(⇁))

y↗! d▷0(ξy)∫
eRe(g(⇁))


y↗! d▷0(ξy)

.
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This proves that φ has density proportional to eRe(g).
Let E⇒ denote conditional expectation given {φ(y) : y /↑ {y1, . . . , yN}}. From the form of

g, we see that under this conditioning, the random variables φy1 , . . . ,φyN are independent,
with φyk having conditional density proportional to exp(Re(uk6)) at 6 ↑ U(1), where

uk := w(yk↑1,yk) +
∑

e=(y,y→)↗F 1
k

weφyφy→ +
∑

e=(y,y→)↗F 2
k

weφyφy→

if 2 ⇔ k ⇔ N , and

u1 := w(y0,y1) +
∑

e=(y,y→)↗F 1
1

weφy→ +
∑

e=(y,y→)↗F 2
1

weφy.

Note that |uk| ⇔ CLk, where C is a universal constant and L = 1+maxe↗E |we|. Thus, by
Corollary 16.5.3,

|E⇒
(φyk)| ⇔ 1↓ C0min{1, (C1Lk)

→1
}

for some positive universal constants C0 and C1. Thus, for any 1 ⇔ R ⇔ N ,

|E⇒
(φy1 · · ·φyR)| =

R∏

k=1

|E⇒
(φyk)| ⇔

R∏

k=1

(1↓ C0min{1, (C1Lk)
→1

})

⇔

R∏

k=1

e→C0 min{1,(C1Lk)↑1
}
= exp

(
↓C0

R∑

k=1

min{1, (C1Lk)
→1

}

)
.

Now, note that since L → 1, we have

min{1, (C1Lk)
→1

} → min{(Lk)→1, (C1Lk)
→1

} = C2(Lk)
→1,

where C2 := min{1, C→1
1 }. Thus, we get

|E⇒
(φy1 · · ·φyR)| ⇔ exp

(
↓
C0C2

L

R∑

k=1

1

k

)
⇔ exp

(
↓
C0C2

L
log(R+ 1)

)
.

Thus, the unconditional expected value |E(φy1 · · ·φyR)| is also bounded above by the same
quantity. But φy1 · · ·φyR = ↽x↽yR . This completes the proof.

We are now ready to prove Theorem 16.5.1.

Proof of Theorem 16.5.1. First, we construct an ‘expanded’ model that is equivalent to our
lattice gauge theory on % in a certain sense. In the expanded model, configurations consist
of maps from E(%) into G ′ U(1). Let (U, ξ) be such a configuration. For a negatively
oriented edge (x, y), we let U(y, x) := U(x, y)→1 and ξ(y, x) := ξ(x, y)→1. For a plaquette
p with successive oriented edges e1, e2, e3, e4, we define Up as before and analogously let
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ξp := ξ(e1)ξ(e2)ξ(e3)ξ(e4). Finally, we consider the probability measure

d◁(U, ξ) =
1

Z
exp

(
↓⇁

∑

p↗P (!)

Re(Tr(I ↓ ξpUp))

) ∏

e↗E(!)

d▷(U(e))d▷0(ξ(e)),

where ▷ and ▷0 are the normalized Haar measures on G and U(1), respectively, and Z is
the normalizing constant.

We claim that Z = Z, where Z is the normalizing constant of our original lattice gauge
theory on %. To see this, recall that zI ↑ G for all z ↑ C with |z| = 1. Take any ξ. Since
|ξ(e)| = 1 for all e, and

ξpUp = ξ(e1)U(e1)ξ(e2)U(e2)ξ(e3)U(e3)ξ(e4)U(e4)

for a plaquette p with successive oriented edges e1, e2, e3, e4, the invariance of ▷ implies
that

Z =

∫
exp

(
↓⇁

∑

p↗P (!)

Re(Tr(I ↓ ξpUp))

) ∏

e↗E(!)

d▷(U(e))

=

∫
exp

(
↓⇁

∑

p↗P (!)

Re(Tr(I ↓ Up))

) ∏

e↗E(!)

d▷(U(e)) = Z.

Since this holds for any ξ and ▷0 is a probability measure, we can now integrate over ξ and
conclude that Z = Z.

Next, for any (U, ξ), let ξU ↑ GE(!) denote the configuration (ξU)(e) := ξ(e)U(e).
Then the same argument as above implies that for any bounded measurable function
f : GE(!)

⇒ C,
∫

f(ξU) exp

(
↓⇁

∑

p↗P (!)

Re(Tr(I ↓ ξpUp))

) ∏

e↗E(!)

d▷(U(e))

=

∫
f(U) exp

(
↓⇁

∑

p↗P (!)

Re(Tr(I ↓ Up))

) ∏

e↗E(!)

d▷(U(e)).

Combining, we get that
∫

f(ξU)d◁(U, ξ) =

∫
f(U)dµ(U), (16.5.5)

where µ is the probability measure for the original lattice gauge theory.
Henceforth, we will let (U, ξ) denote a random configuration drawn from ◁, and V be a

random configuration drawn from µ. Let 4 be the rectangular loop with vertices (0, 0, 0),
(R, 0, 0), (0, T, 0) and (R, T, 0). Let e1, . . . , ek be the successive oriented edges of 4 (with
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some arbitrary e1), and define

W2 := Tr(V (e1) · · ·V (ek)),

Q2 := Tr(U(e1) · · ·U(ek)),

62 := ξ(e1) · · · ξ(ek).

Then by equation (16.5.5),

E(W2) = E[Tr(ξ(e1)U(e1) · · · ξ(ek)U(ek))] = E(62Q2).

Let E⇒ denote conditional expectation given U . Then by the above equation,

E(W2) = E(E⇒
(62)Q2),

which implies that
|E(W2)| ⇔ E(|E⇒

(62)Q2|) ⇔ nE(|E⇒
(62)|).

Thus, it su"ces to show that

|E⇒
(62)| ⇔ e→C(1+nϱ)↑1

T log(R+1) (16.5.6)

for some positive universal constants C.
Let E⇒

↗ E(%) denote the set of edges of the form (x, x+ e2), where e2 = (0, 1, 0). Let
E⇒⇒

:= E(%) \ E⇒, and let E⇒⇒ denote conditional expectation given U and (ξ(e))e↗E→→ . We
will prove that

|E⇒⇒
(62)| ⇔ e→C(1+nϱ)↑1

T log(R+1) (16.5.7)

for some positive universal constant C. Clearly, this implies the bound (16.5.6) and
completes the proof.

For 0 ⇔ j < T , let pj be the edge (je2, (j + 1)e2) and let qj be the edge (Re1 +

je2, Re1 + (j + 1)e2). Also, let Ej ↗ E(%) be the set of edges of the form (x, x+ e2) where
the second coordinate of x is j. Repeating the observation that we have already made
several times earlier, note that conditional on U and (ξ(e))e↗E→→ , the collections (ξ(e))e↗Ej ,
j = 0, 1, . . . , T ↓ 1 are independent. Consequently,

E⇒⇒
(62) = 6⇒

2

T→1∏

j=0

E⇒⇒
(ξ(pj)ξ(qj)),

where 6⇒

2
is the product of ξ(e) over all e in the lower boundary of 4 and ξ(e) over all e in

250



CHAPTER 16. LATTICE GAUGE THEORIES IN d → 3

the upper boundary of 4. In particular,

|E⇒⇒
(62)| =

T→1∏

j=0

|E⇒⇒
(ξ(pj)ξ(qj))|. (16.5.8)

Now, it is easy to see that conditional on U and (ξ(e))e↗E→→ , the collection (ξ(e))e↗Ej is a
2D spin system, with U(1)-valued spins, and conditional density of the form considered
in Lemma 16.5.4. The corresponding w’s are uniformly bounded by C0n⇁, where C0 is a
positive universal constant. Thus, for any j,

|E⇒⇒
(ξ(pj)ξ(qj))| ⇔ e→C1(1+nϱ)↑1 log(R+1),

where, again, C1 is a positive universal constant. By equation (16.5.8), this proves the
claim (16.5.7) and therefore, completes the proof of the theorem.

16.6 The Villain action

The Villain action was introduced by Jacques Villain in [31] in the context of 2D magnets
with continuous spins. Adapted to U(1) lattice gauge theory, the action is as follows. Let %

be a finite subset of Zd for some d → 2, and let E be the set of positively oriented nearest-
neighbor edges with both endpoints in %. Recall that the space of configurations for U(1)

lattice gauge theory on % is U(1)E . Thus, we can alternatively view the configuration space
as [↓↼,↼)E , with the interpretation that ϖ ↑ [↓↼,↼) represents the element eiς ↑ U(1).

Let ϖ = (ϖ(e))e↗E be a configuration. For an edge (x, y) ↑ E, we define ϖ(y, x) :=

↓ϖ(x, y), so that eiς(y,x) = e→iς(x,y)
= (eiς(x,y))→1, as required. For a plaquette p with

vertices x1, x2, x3, x4 in anticlockwise order, we define

ϖp := ϖ(x1, x2) + ϖ(x2, x3) + ϖ(x3, x4) + ϖ(x4, x1). (16.6.1)

Again, this ensures that

eiςp = eiς(x1,x2)eiς(x2,x3)eiς(x3,x4)eiς(x4,x1).

Let P denote the set of plaquettes with all vertices in %. The Villain action of ϖ at inverse
coupling parameter ⇁ is defined as

Sϱ(ϖ) := ↓

∑

p↗P

log

[∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)]
. (16.6.2)

Lattice gauge theory with Villain action has density proportional to e→Sς(ς) with respect to
Lebesgue measure on [↓↼,↼)E . The base measure is chosen to be Lebesgue because that is
pushed forward to Haar measure on U(1) under the map x ⇐⇒ eix.

Let us first check that the Villain action is indeed a reasonable discrete approximation
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of the U(1) Yang–Mills action in the continuum. For this, we have to prove two things.
First, we have to prove the analogue of Theorem 15.2.1 for the Villain action. Second, we
have to show that it is gauge invariant. For the first property, we cannot work with the
action Sϱ defined in equation (16.6.2), since it has nonzero contributions from plaquettes
where ϖp = 0. We modify Sϱ as

Sϱ(ϖ) := ↓

∑

p↗P

{
log

[∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)]

↓ log

[∑

n↗Z
exp

(
↓
⇁

2
(↓2↼n)2

)]}
. (16.6.3)

This gives the same theory as Sϱ, but has the property that plaquettes where ϖp = 0 do
not contribute to the action. With this action, we have the following result.

Theorem 16.6.1. Take any d → 2 and g0 > 0. Let A =
∑

d

j=1Ajdxj be a compactly
supported smooth u(1)-valued 1-form on Rd. Let e1, . . . , ed denote the standard basis vectors
of Rd. For a directed edge (x, x+ ςej) of ςZd, define ϖ(x, x+ ςej) := ↓i log(eϑAj(x)), where
we define log on the unit circle as log(eia) := ia for ↓↼ ⇔ a < ↼. Let ϖ(x + ςej , x) :=

↓ϖ(x, x + ςej). For a plaquette p in ςZd, let ϖp be defined as in equation (16.6.1). Let
⇁ = ⇁(ς) := g→2

0 ςd→4, and let Sϱ(ϖ) be defined as in equation (16.6.3), but with p running
over all plaquettes of ςZd. Then, for d → 5, Sϱ(ϑ)(ϖ) ⇒ 0 as ς ⇒ 0. For d = 2, 3, we have

lim
ϑ↓0

Sϱ(ϑ)(ϖ) = SE(A),

where SE is the Euclidean Yang–Mills action defined in equation (15.1.1). For d = 4,

lim
ϑ↓0

Sϱ(ϑ)(ϖ) = 5SE(A),

where

5 = 1↓
4↼2

g20

∑
n↗Z n

2e→2π2
g
↑2
0 n

2

∑
n↗Z e

→2π2g
↑2
0 n2

.

Moreover in d = 4, given any g0 > 0, one can find g0 > 0 such that if we define ⇁ := g→2
0 ,

then Sϱ(ϖ) converges to SE(A) as ς ⇒ 0.

Proof. In this proof, O(ςϖ) will denote any quantity whose absolute value is bounded by
Cςϖ, where C is a constant that may depend only on the dimension d, the constant g0, and
the connection A. Take any x ↑ ςZd and any 1 ⇔ j < k ⇔ d, and let

x1 = x, x2 = x+ ςej , x3 = x+ ςej + ςek, x4 = x+ ςek.

Let p be the plaquette formed by the vertices x1, x2, x3, x4. Now, note that for any edge
(x, x+ ςej),

ϖ(x, x+ ςej) ∞ ↓iςAj(x) (mod 2↼).
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Thus, we have

ϖp = ϖ(x1, x2) + ϖ(x2, x3) + ϖ(x3, x4) + ϖ(x4, x1)

∞ ↓iς(Aj(x1) +Ak(x2)↓Aj(x4)↓Ak(x1)) (mod 2↼).

Consequently,

∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)

=

∑

n↗Z
exp

(
↓
⇁

2
(↓iς(Aj(x1) +Ak(x2)↓Aj(x4)↓Ak(x1))↓ 2↼n)2

)

=

∑

n↗Z
exp

(
ςd→2

2g20
(Aj(x1) +Ak(x2)↓Aj(x4)↓Ak(x1)↓ 2↼iς→1n)2

)
. (16.6.4)

Writing
Ak(x2) = Ak(x+ ςej) = Ak(x) + ςϑjAk(x) +O(ς2)

and using a similar Taylor expansion for Aj(x4), we get

Aj(x1) +Ak(x2)↓Aj(x4)↓Ak(x1) = ς(ϑjAk(x)↓ ϑkAj(x)) +O(ς2).

Plugging this into equation (16.6.4) gives

∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)

=

∑

n↗Z
exp

(
ςd→2

2g20
(ς(ϑjAk(x)↓ ϑkAj(x)) +O(ς2)↓ 2↼iς→1n)2

)

=

∑

n↗Z
exp

(
ςd

2g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς)↓ 2↼iς→2n)2

)
.

Take any n ↑ Z, and note that

exp

(
ςd

2g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς)↓ 2↼iς→2n)2

)

= exp

(
↓
2ςd→4↼2n2

g20

)
exp

(
ςd

2g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς))2

↓
2↼iςd→2n

g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς))

)
,

where the O(ς) inside the cosine term has no dependence on n. This shows that for any
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nonnegative integer n,

exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)
+ exp

(
↓
⇁

2
(ϖp + 2↼n)2

)

= 2 exp

(
↓
2ςd→4↼2n2

g20

)
exp

(
ςd

2g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς))2

)

· cos

(
2↼ςd→2n

g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς))

)
. (16.6.5)

We will treat the cases d = 2, 3, d = 4, and d → 5 separately. First, suppose that d = 4.
Then note that

exp

(
ςd

2g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς))2

)
= 1 +

ς4

2g20
(ϑjAk(x)↓ ϑkAj(x))

2
+O(ς5),

and

cos

(
2↼ςd→2n

g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς))

)
= 1↓

2↼2ς4n2

g40
(ϑjAk(x)↓ ϑkAj(x))

2

+O(ς5)n2
+O(ς8)n4.

Combining the last three displays and simplifying, we get that for d = 4 and any nonnegative
integer n,

exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)
+ exp

(
↓
⇁

2
(ϖp + 2↼n)2

)

= 2 exp

(
↓
2↼2n2

g20

)(
1 + ς4

(
1

2g20
↓

2↼2n2

g40

)
(ϑjAk(x)↓ ϑkAj(x))

2
+O(ς5)n4

)
.

From this, we get

∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)
= K1 +K2ς

4
(ϑjAk(x)↓ ϑkAj(x))

2
+O(ς5),

where

K1 :=
∑

n↗Z
exp

(
↓
2↼2n2

g20

)
,

K2 :=
∑

n↗Z
exp

(
↓
2↼2n2

g20

)(
1

2g20
↓

2↼2n2

g40

)
.

Note that logK1 is the quantity that we subtract from each term to get Sϱ from Sϱ . Thus,
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for d = 4,

Sϱ(ϖ) = ↓

∑

p↗P

{log(K1 +K2ς
4
(ϑjAk(x)↓ ϑkAj(x))

2
+O(ς5))↓ logK1}

= ↓
K2

K1

∑

p↗P

(ς4(ϑjAk(x)↓ ϑkAj(x))
2
+O(ς5)),

where P denotes the set of plaquettes with nonzero contributions. Since |P | = O(ς→4
) and

K2

K1
=

1

2g20

(
1↓

4↼2

g20

∑
n↗Z n

2e→2π2
g
↑2
0 n

2

∑
n↗Z e

→2π2g
↑2
0 n2

)
=

5

2g20
,

we can now proceed as in the proof of Theorem 15.2.1 to complete the proof when d = 4.
We will establish the claim about the existence of g0 at the end of the proof.

Next, suppose that d is 2 or 3. Starting with equation (16.6.5), we get that for any
positive integer n,

exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)
+ exp

(
↓
⇁

2
(ϖp + 2↼n)2

)
⇔ C1e

→C2ϑ
d↑4

n
2
,

where C1, C2 are positive constants that depend only on d, g0, and A. On the other hand,
for n = 0, equation (16.6.5) gives

exp

(
↓
⇁

2
ϖ2p

)
= exp

(
ςd

2g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς))2

)
.

Combining, we get that for any ⇀ > 0,

∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)
= exp

(
ςd

2g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς))2

)
+O(ςϖ)

= 1 +
ςd

2g20
(ϑjAk(x)↓ ϑkAj(x))

2
+O(ςd+1

) +O(ςϖ).

Choosing ⇀ = d+ 1, we get

log

[∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)]
=

ςd

2g20
(ϑjAk(x)↓ ϑkAj(x))

2
+O(ςd+1

).

On the other hand,

∑

n↗Z
exp

(
↓
⇁

2
(↓2↼n)2

)
=

∑

n↗Z
exp

(
↓
↼2ςd→4n2

g20

)

= 1 +O(ςϖ)

for any ⇀ > 0. It is now easy to complete the proof for d = 2, 3.
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Finally, suppose that d → 5. Then note that

exp

(
ςd

2g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς))2

)
= 1 +

ςd

2g20
(ϑjAk(x)↓ ϑkAj(x))

2
+O(ςd+1

),

and for any nonnegative integer n,

cos

(
2↼ςd→2n

g20
(ϑjAk(x)↓ ϑkAj(x) +O(ς))

)

= 1↓
2↼2ς2d→4n2

g40
(ϑjAk(x)↓ ϑkAj(x) +O(ς))2 +O(ς4d→8

)n4

= 1↓
2↼2ς2d→4n2

g40
(ϑjAk(x)↓ ϑkAj(x))

2
+O(ς2d→3

)n2
+O(ς4d→8

)n4.

Plugging the above estimates into equation (16.6.5), we get that for any nonnegative
integer n,

exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)
+ exp

(
↓
⇁

2
(ϖp + 2↼n)2

)

= 2 exp

(
↓
2ςd→4↼2n2

g20

)(
1 +

(
ςd

2g20
↓

2↼2ς2d→4n2

g40

)
(ϑjAk(x)↓ ϑkAj(x))

2

+O(ςd+1
) +O(ς2d→3

)n2
+O(ς4d→8

)n4

)
.

Define

K1(ς) :=
∑

n↗Z
exp

(
↓
2ςd→4↼2n2

g20

)
,

K2(ς) :=
∑

n↗Z
n2

exp

(
↓
2ςd→4↼2n2

g20

)
,

K3(ς) :=
∑

n↗Z
n4

exp

(
↓
2ςd→4↼2n2

g20

)
.

Then by the previous display, we get

∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)

= K1(ς)

(
1 +

(
ςd

2g20
↓

2↼2ς2d→4K2(ς)

g40K1(ς)

)
(ϑjAk(x)↓ ϑkAj(x))

2
+O(ςd+1

)

)

+O(ς2d→3
)K2(ς) +O(ς4d→8

)K3(ς).
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Thus,

Sϱ(ϖ) = ↓

∑

p↗P

{
log

[∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)]
↓ logK1(ς)

}

= ↓

∑

p↗P

log

[
1 +

(
ςd

2g20
↓

2↼2ς2d→4K2(ς)

g40K1(ς)

)
(ϑjAk(x)↓ ϑkAj(x))

2

+O(ςd+1
) +O(ς2d→3

)
K2(ς)

K1(ς)
+O(ς4d→8

)
K3(ς)

K1(ς)

]
.

Now, note that by Riemann sum approximation,

lim
ϑ↓0

ς(d→4)/2K1(ς) =

∫
↑

→↑

exp

(
↓
2↼2x2

g20

)
dx,

lim
ϑ↓0

ς3(d→4)/2K2(ς) =

∫
↑

→↑

x2 exp

(
↓
2↼2x2

g20

)
dx,

lim
ϑ↓0

ς5(d→4)/2K3(ς) =

∫
↑

→↑

x4 exp

(
↓
2↼2x2

g20

)
dx.

Consequently, as ς ⇒ 0,

K2(ς)

K1(ς)
∝ ς→(d→4) g20

4↼2
,

K3(ς)

K1(ς)
= O(ς→2(d→4)

).

This gives

Sϱ(ϖ) = ↓

∑

p↗P

{
log

[∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)]
↓ logK1(ς)

}

= ↓

∑

p↗P

log(1 + ςdo(1) +O(ςd+1
) +O(ς2d)).

The proof can now be completed as before.
Finally, to prove the existence of g0 when d = 4, define a function f : (0,⇑) ⇒ R as

f(x) :=

∑
n↗Z n

2xe→n
2
x

∑
n↗Z e

→n2x
.

It is easy to see that f is continuous and f(x) ⇒ 0 as x ⇒ ⇑. On the other hand, as
x ⇒ 0, Riemann sum approximation gives

lim
x↓0

↘
x
∑

n↗Z
e→n

2
x
=

∫
↑

→↑

e→y
2
dy, lim

x↓0
x3/2

∑

n↗Z
n2e→n

2
x
=

∫
↑

→↑

y2e→y
2
dy.

Thus,

lim
x↓0

f(x) =

∫
↑

→↑
y2e→y

2
dy

∫
↑

→↑
e→y2dy

=
1

2
.
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Take any g0 > 0. To make Sϱ(ϖ) converge to SE(A) as ς ⇒ 0, we need to choose ⇁ = g→2
0 ,

where g0 > 0 solves
1

2g20
(1↓ 2f(2↼2g→2

0 )) =
1

2g20
.

But the left side, as a function of g0, is continuous, tends to ⇑ as g0 ⇒ 0, and tends to 0

as g0 ⇒ ⇑. Thus, a solution to the above equation exists.

Next, let us show that the Villain action is gauge invariant.

Lemma 16.6.2. Consider U(1) lattice gauge theory on a finite set % ↗ Zd (for any d → 2)
with Villain action and free boundary condition. Then, the Villain action is gauge invariant
in the sense defined in Section 15.4.

Proof. Consider a configuration ϖ ↑ [↓↼,↼)E . This corresponds to the configuration
U ↑ U(1)

E given by U(e) := eiς(e). Let g ↑ U(1)
! be a gauge transformation and let

V := Ug. That is, for any (x, y) ↑ E, V (x, y) = g(x)U(x, y)g(y)→1. Let ξ ↑ [↓↼,↼)E be
the configuration corresponding to V . That is, for any e ↑ E, ξ(e) is the unique element
of [↓↼,↼) such that ei⇁(e) = V (e). Also, let ϱ ↑ [↓↼,↼)! be the unique element satisfying
ei4(x) = g(x) for each x. Then we have that for any (x, y) ↑ E,

ξ(x, y) ∞ ϱ(x) + ϖ(x, y)↓ ϱ(y) (mod 2↼).

This shows that for any plaquette p,

ξp ∞ ϖp (mod 2↼).

Consequently,

∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)
=

∑

n↗Z
exp

(
↓
⇁

2
(ξp ↓ 2↼n)2

)
.

This completes the proof.

16.7 Deconfinement in 4D U(1) theory

Our goal in this section is to prove that U(1) lattice gauge theory in dimension four, with
Villain action, undergoes a deconfinement transition at weak coupling. This result was
established in the theoretical physics literature by Guth [13], and a complete rigorous proof
was given by Fröhlich and Spencer [8]. The result is as follows.

Theorem 16.7.1. There exists ⇁0 > 0 such that the following holds. Let % ↗ Z4 be a
hypercube. Consider U(1) lattice gauge theory on % under free boundary condition and
inverse coupling parameter ⇁ → ⇁0. Let 4 be a rectangular loop contained in %, with side
lengths R and T . Then there is some constant C(⇁) > 0 depending only on ⇁ (and not on
% or 4), such that ↖W2↙ → e→C(ϱ)(R+T ).
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We present below the proof due to Fröhlich and Spencer [8]. The proof is divided into
several subsections for readability.

16.7.1 Dual of 4D U(1) theory

It turns out that four-dimensional U(1) lattice gauge theory with the Villain action has
a dual theory which can help with various calculations. To arrive at the dual theory, we
begin by fixing some ⇁ > 0 and defining a function ωϱ : [↓↼,↼) ⇒ R as

ωϱ(x) :=
∑

n↗Z
exp

(
↓
⇁

2
(x↓ 2↼n)2

)
.

Clearly, this is a well-defined function, and an easy application of the dominated convergence
theorem shows that it is infinitely di!erentiable in (↓↼,↼). Let ω(k)

ϱ
denote the kth derivative

of ωϱ , with ω(0)
ϱ

:= ωϱ . Note that

ω(k)
ϱ

(x) :=
∑

n↗Z
pk,ϱ(x↓ 2↼n) exp

(
↓
⇁

2
(x↓ 2↼n)2

)
,

where pk,ϱ is a polynomial depending on k and ⇁. Again by a simple application of the
dominated convergence theorem, this shows that

lim
x▽π

ω(k)
ϱ

(x) =
∑

n↗Z
pk,ϱ(↼ ↓ 2↼n) exp

(
↓
⇁

2
(↼ ↓ 2↼n)2

)

=

∑

n↗Z
pk,ϱ(↼ ↓ 2↼(n+ 1)) exp

(
↓
⇁

2
(↼ ↓ 2↼(n+ 1))

2

)

=

∑

n↗Z
pk,ϱ(↓↼ ↓ 2↼n) exp

(
↓
⇁

2
(↓↼ ↓ 2↼n)2

)

= lim
x≃→π

ω(k)
ϱ

(x).

This shows that ωϱ ↑ C↑
(S1

), in the sense defined in Subsection A.3.4 of Appendix C.
Thus, the Fourier coe"cients3 ω̂ϱ(n), n ↑ Z are well-defined and rapidly decaying4, and we
have the pointwise identity5

ωϱ(x) =
1

2↼

∑

n↗Z
ω̂ϱ(n)e

→inx. (16.7.1)

It turns out that the Fourier coe"cients can be explicitly calculated:

Lemma 16.7.2. For each n ↑ Z, we have

ω̂ϱ(n) =


2↼

⇁
exp

(
↓
n2

2⇁

)
.

3
See Subsection A.3.4 in Appendix C for the definition of these Fourier coe!cients.

4
By Lemma A.3.9.

5
By Lemma A.3.10.
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Proof. By the dominated convergence theorem, we get

ω̂ϱ(n) =

∫
π

→π

ωϱ(x)e
inxdx

=

∑

m↗Z

∫
π

→π

exp

(
↓
⇁

2
(x↓ 2↼m)

2
+ inx

)
dx.

Take any m ↑ Z, and note that
∫

π

→π

exp

(
↓
⇁

2
(x↓ 2↼m)

2
+ inx

)
dx =

∫
π

→π

exp

(
↓
⇁

2
(x↓ 2↼m)

2
+ in(x↓ 2↼m)

)
dx

=

∫
→(2m→1)π

→(2m+1)π
exp

(
↓
⇁

2
x2 + inx

)
dx.

Summing over m ↑ Z, we get

ω̂ϱ(n) =

∫
↑

→↑

exp

(
↓
⇁

2
x2 + inx

)
dx =


2↼

⇁
exp

(
↓
n2

2⇁

)
.

This completes the proof.

Let % ↗ Z4 be a finite hypercube. Consider U(1) lattice gauge theory on % with Villain
action at inverse coupling parameter ⇁, under free boundary condition. Let E be the set of
positively oriented edges with both endpoints in % and P be the set of plaquettes with all
four vertices in %. Given any ϖ ↑ [↓↼,↼)E , note that by equation (16.6.2),

exp(↓Sϱ(ϖ)) =
∏

p↗P

[∑

n↗Z
exp

(
↓
⇁

2
(ϖp ↓ 2↼n)2

)]
=

∏

p↗P

ωϱ(ϖp).

Thus, by equation (16.7.1), the normalizing constant for our theory is given by

Z =

∫

[→π,π)E
exp(↓Sϱ(ϖ))dϖ =

∫

[→π,π)E

∏

p↗P

ωϱ(ϖp)dϖ

=

∫

[→π,π)E

∏

p↗P

(
1

2↼

∑

n↗Z
ω̂ϱ(n)e

→inςp

)
dϖ

=
1

(2↼)|P |

∫

[→π,π)E

∑

n↗ZP

(∏

p↗P

ω̂ϱ(np)e
→inpςp

)
dϖ. (16.7.2)

As noted before, the Fourier coe"cients of ωϱ are rapidly decaying. Since P is finite, this
allows us to apply the dominated convergence theorem and bring the sum outside the
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integral, to get

Z =
1

(2↼)|P |

∑

n↗ZP

∫

[→π,π)E

(∏

p↗P

ω̂ϱ(np)e
→inpςp

)
dϖ

=
1

(2↼)|P |

∑

n↗ZP

(∏

p↗P

ω̂ϱ(np)

)∫

[→π,π)E
exp

(
↓i

∑

p↗P

npϖp

)
dϖ. (16.7.3)

Now take any ϖ ↑ [↓↼,↼)E . We can consider ϖ as a real-valued 1-form ϖ =
∑4

j=1 ϖjdxj on
Zd, defined as:

ϖj(x) :=





ϖ(x, x+ ej) if (x, x+ ej) ↑ E,

0 otherwise.
(16.7.4)

With this definition, note that if p ↑ P has vertices x, x+ ej , x+ ej + ek, x+ ek for some
1 ⇔ j < k ⇔ 4, and ϖp is defined as in equation (16.6.1), then by equation (C.8.2),

dϖjk(x) = ϑjϖk(x)↓ ϑkϖj(x)

= ϖk(x+ ej)↓ ϖk(x)↓ ϖj(x+ ek) + ϖj(x)

= ϖ(x+ ej , x+ ej + ek)↓ ϖ(x, x+ ek)↓ ϖ(x+ ek, x+ ej + ek) + ϖ(x, x+ ej)

= ϖp. (16.7.5)

Next, take any n ↑ ZP . Define a real-valued 2-form n on Z4 as

njk(x) :=





np if p ↑ P,

0 otherwise,

where 1 ⇔ j < k ⇔ 4, and p is the plaquette with vertices x, x + ej , x + ej + ek, x + ek.
Then note that by equation (16.7.5) and the fact that the 2-form n vanishes on plaquettes
outside P , we have

∑

p↗P

npϖp =
∑

x↗Z4

∑

1↔j<k↔4

njk(x)dϖjk(x) = (n, dϖ),

where the inner product on the right is defined as in Subsection C.8.8 of Appendix C.
But by Lemma C.8.5, we have the summation by parts identity (n, dϖ) = (δn, ϖ). Since ϖ

vanishes on edges outside E, this gives

∑

p↗P

npϖp =
∑

e↗E

δn(e)ϖ(e),

where δn(e) := δnj(x) if e is the edge (x, x+ ej). Plugging this into equation (16.7.2), we
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get

Z =
1

(2↼)|P |

∑

n↗ZP

(∏

p↗P

ω̂ϱ(np)

)∫

[→π,π)E
exp

(
↓i

∑

e↗E

δn(e)ϖ(e)

)
dϖ

=
1

(2↼)|P |

∑

n↗ZP

(∏

p↗P

ω̂ϱ(np)

)(∏

e↗E

∫
π

→π

e→iφn(e)ς(e)dϖ(e)

)
.

Now, note that for any k ↑ Z,

∫
π

→π

e→ikxdx =





2↼ if k = 0,

0 if k ⇓= 0.

This shows that

∏

e↗E

∫
π

→π

e→iφn(e)ς(e)dϖ(e) =





(2↼)|P | if δn(e) = 0 for each e ↑ E,

0 otherwise.

Now, by equation (C.8.9),

δnj(x) = ↓

4∑

i=1

ϑinij(x) =
4∑

i=1

(nij(x↓ ei)↓ nij(x)). (16.7.6)

This shows that for an edge e in Zd, δn(e) is a linear combination of n(p) over a subset of
plaquettes p that contain e. Since n vanishes on plaquettes that are not in P , this shows
that for any n ↑ ZP , δn(e) = 0 for all e /↑ E. Thus, if δn(e) = 0 for all e ↑ E, then the
1-form δn vanishes everywhere. This brings us to the identity

Z =

∑

n↗ZP , φn=0

(∏

p↗P

ω̂ϱ(np)

)

= (2↼)|E|→|P |

(
2↼

⇁

) 1
2 |P | ∑

n↗ZP , φn=0

exp

(
↓

1

2⇁

∑

p↗P

n2
p

)
, (16.7.7)

where the second identity follows by Lemma 16.7.2.
Let N denote the set of all n ↑ ZP such that the integer-valued 2-form n on Z4 satisfies

δn = 0. Let A denote the set of all integer-valued 1-forms supported on the dual hypercube6

∅% such that the 2-form ∅d⇀ is vanishes on plaquettes outside P . The set A has the following
simpler characterization. Let %

⇑ be the hypercube in ∅Z4 consisting of the centers of all
4-cells in Z4 which have at least one vertex in %. Explicitly, if

% = ′
4
i=1{ai, ai + 1, . . . , bi ↓ 1, bi},

6
See Subsection C.8.6 in Appendix C.
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then
%
⇑
= ′

4
i=1

{
ai ↓

1

2
, ai +

1

2
, . . . , bi ↓

1

2
, bi +

1

2

}
.

Note that ∅% is a proper subset of %
⇑, by equation (C.8.10). Let E⇑ be the set of all

negatively oriented edges in ∅Z4 with both endpoints in %
⇑. The boundary ϑ%⇑ of %⇑ is the

set of all elements of %⇑ which have at least one neighbor outside %
⇑. The boundary ϑE⇑

of E⇑ is the set of elements of E⇑ whose endpoints are both in ϑ%⇑. Let E⇑

0 := E⇑
\ ϑE⇑

and %
⇑

0 := %
⇑
\ ϑ%⇑.

Lemma 16.7.3. The set A defined above is equal to the set of all Z-valued 1-forms on ∅Z4

that vanish outside E⇑

0 .

Proof. Let B be the set of all Z-valued 1-forms on ∅Z4 that vanish outside E⇑ and also
on ϑE⇑. Take any ⇀ ↑ A. Since ⇀ is supported on ∅%, and each negatively oriented edge
coming out of a vertex in ∅% is a member of E⇑, we see that ⇀ vanishes outside E⇑. Next,
take any e ↑ ϑE⇑. Then both endpoints of e are boundary vertices of %⇑. This implies
that e is contained in a plaquette p whose remaining two vertices are outside %

⇑. Thus,
the three other edges of p are outside E⇑. This means that d⇀(p) cannot be zero unless
⇀(e) = 0. We will now show that d⇀(p) = 0.

Let q be the dual plaquette of p. We claim that q /↑ P . Indeed, if q ↑ P , then all four
vertices of q are in %. This implies that all four vertices of p are in %

⇑, giving a contradiction
to the observation (made above) that at least two vertices of p are outside %

⇑. Thus, q /↑ P ,
and so, d⇀(p) = ∅d⇀(q) = 0. This shows that A ↗ B.

For the opposite inclusion, take any ⇀ ↑ B. If e is a negatively oriented edge in ∅Z4

coming out of a vertex v /↑ ∅%, it is easy to see that e is either outside E⇑, or in ϑE⇑.
This shows that ⇀ is supported on ∅%. Next, take any plaquette p /↑ P . Let q be the dual
plaquette of p. We have to show that ∅d⇀(p) = 0, which is equivalent to showing that
d⇀(q) = 0. So, it su"ces to show that all edges of p are either outside E⇑ or in ϑE⇑.

Without loss, suppose that the four vertices of p are x, x+ e1, x+ e2, and x+ e1 + e2.
Since p ↑ P , at least one of these vertices is not in %. If x1, x2, x3, x4 denote the coordinates
of x, and % = ([a1, b1]′[a2, b2]′[a3, b3]′[a4, b4])≃Z4 for some integers a1, b1, . . . , a4, b4, this
means that at least one of the following must be true: x1 /↑ [a1, b1 ↓ 1], or x2 /↑ [a2, b2 ↓ 1],
or x3 /↑ [a3, b3], or x4 /↑ [a4, b4]. Let y := x +

1
2(e1 + e2 + e3 + e4) be the dual vertex

of x. Then the above condition implies that at least one of the following must be true:
y1 /↑ [a1 +

1
2 , b1 ↓

1
2 ], or y2 /↑ [a2 +

1
2 , b2 ↓

1
2 ], or y3 /↑ [a3 +

1
2 , b3 +

1
2 ], or y4 /↑ [a4 +

1
2 , b4 +

1
2 ].

The vertices of q are y, y ↓ e3, y ↓ e4 and y ↓ e3 ↓ e4. From the deduction about y in
the previous sentence, it is now easy to verify that none of the vertices of q can be a
non-boundary vertex of %⇑. This completes the proof.

We will say that ⇀,⇀⇒
↑ A are equivalent if d(⇀↓⇀⇒

) = 0. We will denote the equivalence
relation by ∝ and denote the quotient space A/∝ by A0. For ⇀ ↑ A, we will denote its
equivalence class by [⇀]. Note that by Lemma C.8.1 and the Poincaré lemma for the discrete
exterior derivative (Lemma C.8.2), ⇀ ∝ ⇀⇒ if and only if there is an integer-valued 0-form ε
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supported on ∅% such that ⇀⇒
= ⇀+ dε. The following lemma is the key to the construction

of the dual model.

Lemma 16.7.4. Let N and A0 be as above. Then the map [⇀] ⇐⇒ ∅d⇀ is a bijection between
A0 and N .

Proof. First, note that for any ⇀ ↑ A, ∅d⇀(p) = 0 for p /↑ P . Moreover, by Lemma C.8.3,
equation (C.8.11), and Lemma C.8.1,

δ∅d⇀ = (↓1)
4(2+1)+1

∅d∅∅d⇀ = (↓1)
4(2+1)+1+2(4→2)

∅dd⇀ = 0.

Thus, the map [⇀] ⇐⇒ ∅d⇀ maps A0 into N .
Next, take any n ↑ N . Then by the Poincaré lemma for the discrete coderivative

(Lemma C.8.4), there exists an integer-valued 3-form m supported on % (since % is a
hypercube), such that n = δm. Let ⇀ := ∅(↓m), so that ⇀ is an integer-valued 1-form
supported on ∅%. By Lemma C.8.3 and equation (C.8.11),

n = δm = (↓1)
4(3+1)+1

∅d∅m(y) = ∅d⇀.

Thus, we have arrived at the conclusion that for any n ↑ N , there is an integer-valued
1-form ⇀ supported on ∅% such that n = ∅d⇀. In other words, the map [⇀] ⇐⇒ ∅d⇀ is
surjective from A0 onto N .

Finally, suppose that ⇀ and ⇀⇒ are two integer-valued 1-forms supported on ∅% such
that ∅d⇀ = ∅d⇀⇒. Then ∅d(⇀↓ ⇀⇒

) = 0, and hence d(⇀ ↓ ⇀⇒
) = 0. Thus, [⇀] = [⇀⇒

]. This
shows that the map [⇀] ⇐⇒ ∅d⇀ is injective.

Now take any [⇀] ↑ A0 and let n := ∅d⇀. Then for a plaquette p with vertices x, x+ ej ,
x+ ej + ek, and x+ ek,

np = njk(x) = sd⇀j→k→(y),

where {j⇒, k⇒} = {1, 2, 3, 4} \ {j, k}, j⇒ < k⇒, s is the sign of the permutation (j, k, j⇒, k⇒),
and y is the dual vertex of x (i.e., the center of the 4-cell dx1 ¬ dx2 ¬ dx3 ¬ dx4). Since np

vanishes for plaquettes outside P , this shows that

∑

p↗P

n2
p =

∑

x↗Z4

∑

1↔j<k↔4

njk(x)
2

=

∑

y↗⇑Z4

∑

1↔j→<k→↔4

d⇀j→k→(y)
2
= ↔d⇀↔2.

Note that if ⇀ ∝ ⇀⇒, then d⇀ = d⇀⇒. Thus, the right side is actually a function of the equiv-
alence class [⇀]. Combining these observations with Lemma 16.7.4 and equation (16.7.7),
we arrive at the following result.
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Lemma 16.7.5. Let A0 be as above. Then

Z = (2↼)|E|→|P |

(
2↼

⇁

) 1
2 |P | ∑

[ϖ]↗A0

exp

(
↓
↔d⇀↔2

2⇁

)
.

The dual model is defined to be the probability measure µ0 on A0 that has probability
mass function proportional to

exp

(
↓
↔d⇀↔2

2⇁

)
.

(Note that we do not have to specify a base measure, since A0 is a discrete set; by default,
the counting measure is the base measure.)

16.7.2 Wilson loop expectations in the dual model

Let us now see how to express Wilson loop expectations as expected values of certain
observables in the dual theory. For simplicity, we will only consider rectangular loops. Let 4
be a rectangular Wilson loop with successive vertices x0, x1, . . . , xn ↑ % \ ϑ% (where ϑ% is
the boundary of %), such that x1 = x0+ ej and xn = x0+ ek for some 1 ⇔ j < k ⇔ 4. Then
for any ϖ ↑ [↓↼,↼)E , the value of the Wilson loop observable W2 for the configuration ϖ is
given by

W2(ϖ) =
n∏

j=0

eiς(xj ,xj+1),

where xn+1 := x0. Let ! denote the set of plaquettes enclosed by this rectangle. The
following lemma is a special case of the discrete Stokes’ theorem.

Lemma 16.7.6. For any ϖ ↑ [↓↼,↼)E,

W2(ϖ) = exp

(
↓i

∑

p↗&

ϖp

)
.

Proof. Given ϖ ↑ [↓↼,↼)E , let ϖ also denote the real-valued 1-form on Z4 defined via
equation (16.7.4). Then by equation (16.7.5), ϖp = dϖjk(x) for any plaquette p with vertices
x, x + ej , x + ej + ek, and x + ek. Thus, if we let ϱ be the real-valued 2-form given by
ϱ(p) = 1 if p ↑ ! and 0 otherwise, then by Lemma C.8.5,

∑

p↗&

ϖp = (dϖ, ϱ) = (ϖ, δϱ). (16.7.8)

Recalling equation (16.7.6), we see that for δϱ(e) to be nonzero, e has to belong to at least
one plaquette in !. If e = (x, x+ ei) is such an edge, then i is either j or k. Suppose i = j.
Then by equation (16.7.6),

δϱ(e) = δϱj(x) =
4∑

l=1

(ϱlj(x↓ el)↓ ϱlj(x)) = ϱjk(x)↓ ϱjk(x↓ ek) = ϱ(p)↓ ϱ(q),
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where p is the plaquette vertices x, x+ ej , x+ ej + ek, and x+ ek, and q is p shifted by
↓ek. Thus, the right side above is 1 if e is one of the positively oriented edges on the left
boundary of 4, and ↓1 if e is one of the positively oriented edges on the right boundary of
4. (Here we are imagining the j direction as the horizontal direction and the k direction as
the vertical direction.) If e is not on the boundary, the above formula shows that δϱ(e) = 0.

A similar argument shows that if i = k, then δϱ(e) = 1 if e is a positively oriented
edge on the upper boundary, δϱ(e) = ↓1 if e is a positively oriented edge on the lower
boundary, and δϱ(e) = 0 if e is not on the boundary. These observations, together with
equation (16.7.8), show that the sum of ϖp over all p ↑ ! is equal to the sum of ϖ(e) over
all positively oriented edges on the left and upper boundaries of 4, minus the sum of ϖ(e)
over all positively oriented edges on the right and bottom boundaries. This completes the
proof.

To calculate ↖W2↙, we have to now express

Z2 :=

∫

[→π,π)E
W2(ϖ) exp(↓Sϱ(ϖ))dϖ

in terms of the dual model. Proceeding exactly as in the proof of equation (16.7.3) and
using Lemma 16.7.6, we arrive at the identity

Z2 =
1

(2↼)|P |

∑

n↗ZP

(∏

p↗P

ω̂ϱ(np)

)∫

[→π,π)E
exp

(
↓i

∑

p↗P

npϖp ↓ i

∑

p↗&

ϖp

)
dϖ.

Let us now make the change of index in the above summation by replacing n with m,
defined as

mp :=





np + 1 if p ↑ !,

np if p ↑ P \ !.

Since the sum remains unchanged, we get

Z2 =
1

(2↼)|P |

∑

m↗ZP

( ∏

p↗P\&

ω̂ϱ(mp)

∏

p↗&

ω̂ϱ(mp ↓ 1)

)∫

[→π,π)E
exp

(
↓i

∑

p↗P

mpϖp

)
dϖ.

Now proceeding as in the proof of equation (16.7.7), we get

Z2 = (2↼)|E|→|P |
∑

m↗ZP , φm=0

( ∏

p↗P\&

ω̂ϱ(mp)

∏

p↗&

ω̂ϱ(mp ↓ 1)

)

= (2↼)|E|→|P |

(
2↼

⇁

) 1
2 |P | ∑

m↗ZP , φm=0

exp

(
↓

1

2⇁

∑

p↗P\&

m2
p ↓

1

2⇁

∑

p↗&

(mp ↓ 1)
2

)

= (2↼)|E|→|P |

(
2↼

⇁

) 1
2 |P | ∑

m↗ZP , φm=0

H2(m) exp

(
↓

1

2⇁

∑

p↗P

m2
p

)
,
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where
H2(m) := exp

(
1

⇁

∑

p↗&

mp ↓
|!|

2⇁

)
.

This yields the following analogue of Lemma 16.7.5.

Lemma 16.7.7. Let A0 be as before, and H2 be defined as above. Define a map D2 : A0 ⇒

[0,⇑) as D2(⇀) := H2(∅d⇀), noting that D2 is actually a function of [⇀]. Then

Z2 = (2↼)|E|→|P |

(
2↼

⇁

) 1
2 |P | ∑

[ϖ]↗A0

D2(⇀) exp

(
↓

1

2⇁
↔d⇀↔2

)
.

Combining Lemma 16.7.5 and Lemma 16.7.7, we get the following theorem.

Theorem 16.7.8. Let ↖·↙⇑ denote the expectation with respect to the dual model. Then we
have ↖W2↙ = ↖D2↙

⇑.

16.7.3 The Gaussian U(1) model

We will approximate the dual model from the previous section by a Gaussian model. Let
ς > 0 be a parameter that will later be taken to zero. Let U denote the finite-dimensional
vector space of all real-valued 1-forms on ∅Z4 which are supported on ∅% and satisfy the
condition that ∅d⇀ = 0 on plaquettes outside P . By the same argument as in Lemma 16.7.3,
we see that U is simply the set of real-valued 1-forms on ∅Z4 that vanish outside E⇑ and
on ϑE⇑. In other words, we can think of U as RE

⇒
0 . Note that U is simply the range of the

orthogonal projection operator ’!⇒ defined in Subsection C.8.10 of Appendix C, acting on
real-valued 1-forms.

We define εϑ to be the centered Gaussian measure on U with probability density function
proportional to

exp

(
↓

1

2⇁
(↔d⇀↔2 + ς↔⇀↔2)

)
.

We will now compute the covariance matrix of this Gaussian density.

Lemma 16.7.9. The restriction of the operator ’!⇒(δd + ς) to U maps U into U , is
self-adjoint, positive semidefinite, and invertible. The covariance matrix Vϑ of εϑ, viewed as
a linear map from U into U , is equal to ⇁ times the inverse of this map.

Proof. It is clear that ’!⇒(δd+ ς) maps into U , since ’!⇒ maps into U . Let S denote the
restriction of this map to U . We claim that for any ⇀,⇀⇒

↑ U ,

(⇀, S⇀⇒
) = (d⇀, d⇀⇒

) + ς(⇀,⇀⇒
). (16.7.9)

Indeed, note that since ⇀ ↑ U and ’!⇒ is the orthogonal projection on to U , we have

(⇀, S⇀⇒
) = (⇀,’!⇒(δd+ ς)⇀⇒

) = (⇀, (δd+ ς)⇀⇒
).
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Applying summation by parts (Lemma C.8.5) to the right side yields equation (16.7.9).
Equation (16.7.9) shows that S is self-adjoint and positive semidefinite. Moreover, it shows
that if S⇀ = 0, then (⇀, S⇀) = 0 and hence, (⇀,⇀) = 0. Thus, kerS = {0}. Since U is
finite-dimensional, we conclude that S is invertible. The proof is completed by noticing
that by equation (16.7.9), the density of εϑ at ⇀ ↑ U is proportional to exp(↓

1
2ϱ (⇀, S⇀)),

and that U is simply the Euclidean space RE
⇒
\ωE

⇒ .

Let V0 be the subspace of U consisting of all ⇀ ↑ U such that d⇀ = 0. Let U0 denote
the orthogonal complement of V0 in U . The following lemma gives the explicit descriptions
of these two subspaces.

Lemma 16.7.10. The subspace V0 is the space of all dϖ where ϖ is a real-valued 0-form
supported on %

⇑

0. The subspace U0 is the space of all real valued 1-forms ⇀ such that
E(⇀) ↗ E⇑

0 and δ⇀(x) = 0 for all x ↑ %
⇑

0. Alternatively, U0 is the set of all real-valued
1-forms ⇀ such that ⇀ = ’!⇒δ1 for some real-valued 2-form 1 .

Proof. Take any ⇀ ↑ V0. Since d⇀ = 0 and ⇀ is supported on ∅%, there is some 0-form ϖ

supported on ∅% such that ⇀ = dϖ. Since ⇀ vanishes on ϑE⇑ and outside E⇑, we deduce
that ϖ must be zero on ϑ%⇑. Thus, ϖ is supported on %

⇑

0. Conversely, if ϖ is a 0-form
supported on %

⇑

0, then ddϖ = 0, and it is easy to see that E(dϖ) ↗ E⇑

0 . Thus, dϖ ↑ V0. This
proves the first claim of the lemma.

For the second claim, take any ⇀ ↑ U0. By definition, this means that E(⇀) ↗ E⇑

0 and
(⇀, ϱ) = 0 for all ϱ ↑ V0. By the first part, this is equivalent to saying that E(⇀) ↗ E⇑

0 and
(⇀, dϖ) = 0 for any 0-form ϖ supported on %

⇑

0. But (⇀, dϖ) = (δ⇀, ϖ). Thus, clearly, the
condition that (⇀, dϖ) = 0 for any 0-form ϖ supported on %

⇑

0 is equivalent to the condition
that δ⇀(x) = 0 for all x ↑ %

⇑

0.
Finally, let us prove the alternative characterization of U0. If ⇀ = ’!⇒δ1 for some

2-form 1 , then for any ϱ ↑ V0,

(ϱ,⇀) = (ϱ,’!⇒δ1) = (ϱ, δ1) = (dϱ, 1) = 0.

Conversely, take any ⇀ ↑ U0. For each x ↑ ϑ%⇑ that is in exactly one of the faces of ϑ%⇑,
there is exactly one directed edge e = (x, y), with y ↑ %

⇑

0, that is incident to x. Define
ϱ(x) := ⇀(e). Let ϱ be zero outside this set of x’s. We claim that

∑

x↗⇑Z4

ϱ(x) = 0. (16.7.10)

To see this, note that if h denotes the 0-form that is 1 on %
⇑

0 and 0 elsewhere. Then it is
easy to see that

∑

x↗⇑Z4

ϱ(x) = (⇀, dh).
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Since (⇀, dh) = (δ⇀, h), h is supported on %
⇑

0, and δ⇀ vanishes on %
⇑

0, this proves the
claim (16.7.10).

Now, by equation (16.7.10) and the Poincaré lemma for 0-forms (Lemma C.8.6), there
is a 1-form 5 supported on boundary edges of %⇑, such that ϱ = δ5. Let ξ := ⇀↓ 5. Then,
for x ↑ %

⇑

0,
δξ(x) = δ⇀(x)↓ δ5(x) = 0,

since δ⇀(x) = 0 and δ5(x) = ϱ(x) = 0. Similarly, δξ(x) = 0 for x /↑ %
⇑. Finally, for

x ↑ ϑ%⇑, the definition of ϱ shows that ϱ(x) = δ⇀(x), and therefore, δξ(x) = 0. Thus,
δξ = 0 everywhere. Consequently, there is a 2-form 1 such that ξ = δ1 . We claim that
⇀ = ’!⇒δ1 . Indeed, for e ↑ E⇑

0 , δ1(e) = ξ(e) = ⇀(e), since 5(e) = 0. This completes the
proof.

The next lemma shows that a certain operator, which will turn out to be the limit (in a
certain sense) of V →1

ϑ as ς ⇒ 0, is invertible on U0.

Lemma 16.7.11. The operator ’!⇒δd maps U into U0, and its restriction to U0 is self-
adjoint, positive semidefinite, and invertible.

Proof. First, we claim that ’!⇒δd maps U into U0. To see this, take any ⇀ ↑ U and ϱ ↑ V0.
Then (ϱ,’!⇒δd⇀) = (ϱ, δd⇀), since ϱ ↑ U . By Lemma C.8.5, this is equal to (dϱ, d⇀), which
is zero since dϱ = 0. Thus, ’!⇒δd⇀ ↑ V

∞

0 = U0.
Next, let T denote the restriction of ’!⇒δd to U0. We need to show that T is invertible.

Since U0 is finite-dimensional, this is equivalent to showing that kerT = {0}. Take any
⇀ ↑ kerT . Then (⇀, T⇀) = 0. But, since ⇀ ↑ U ,

(⇀, T⇀) = (⇀, δd⇀) = (d⇀, d⇀).

Thus, d⇀ = 0, which means that ⇀ ↑ V0. But ⇀ is also in U0 = V
∞

0 . Therefore, ⇀ = 0. This
shows that T is invertible. Moreover, the identity (⇀, T⇀⇒

) = (d⇀, d⇀⇒
) shows that T is

self-adjoint and positive semidefinite.

Lemma 16.7.11 yields the following corollary.

Corollary 16.7.12. For any ς > 0, the operator ’!⇒(δd + ς) maps U0 into U0, and its
restriction to U0 is invertible. Consequently, the same assertions are also true for Vϑ.

Proof. Take any ⇀ ↑ U0. By Lemma 16.7.11, ’!⇒δd⇀ ↑ U0. Since U0 is a subspace of U ,
this implies that

’!⇒(δd+ ς)⇀ = ’!⇒δd⇀+ ς’!⇒⇀ = ’!⇒δd⇀+ ς⇀ ↑ U0.

Thus, ’!⇒(δd+ ς) maps U0 into U0. Since this map is injective on U , it is also injective on
U0. Since U0 is finite-dimensional, we deduce that this map is invertible on U0. Clearly,
its inverse is the restriction of Vϑ to U0, and therefore, the same conclusions hold for Vϑ

too.
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Let ↔ ·↔ denote the norm induced by the inner product (·, ·) on U . We need the following
lemma.

Lemma 16.7.13. There is a positive constant c such that ↔d⇀↔ → c↔⇀↔ for all ⇀ ↑ U0.

Proof. By linearity of the exterior derivative operator, this is equivalent to showing that
there is some c > 0 such that ↔d⇀↔ → c for all ⇀ ↑ U0 with ↔⇀↔ = 1. Suppose that this is
not true. Then by a compactness argument, we deduce that there is some ⇀ ↑ U0 with
↔⇀↔ = 1 and d⇀ = 0. But this means ⇀ ↑ U0 ≃ U

∞

0 = {0}, giving a contradiction.

Lemma 16.7.13 and Corollary 16.7.12 yield the following corollary.

Corollary 16.7.14. There is some C > 0 such that for any ς > 0 and ⇀ ↑ U0, ↔Vϑ⇀↔ ⇔

C↔⇀↔.

Proof. Take any ⇀ ↑ U0 and ς > 0. Let c be as in Lemma 16.7.13. Let ϱ := Vϑ⇀. By
Corollary 16.7.12, ϱ ↑ U0. Thus, by equation (16.7.9) and Lemma 16.7.13,

(⇀, Vϑ⇀) = (ϱ, V →1
ϑ ϱ)

= ↔dϱ↔2 + ς↔ϱ↔2 → ↔dϱ↔2 → c2↔ϱ↔2.

By the Cauchy–Schwarz inequality, this gives

c2↔ϱ↔2 ⇔ ↔⇀↔↔ϱ↔,

which implies that ↔Vϑ⇀↔ = ↔ϱ↔ ⇔ c→2
↔⇀↔.

Let V denote the inverse of the restriction of ’!⇒δd to U0. By Lemma 16.7.11, this
is a positive definite operator. Let ε0 denote the centered Gaussian measure on U0 with
covariance V . The next lemma identifies the behavior of a random 1-form drawn from the
probability measure εϑ and its behavior as ς ⇒ 0.

Lemma 16.7.15. Let ϱϑ be a random 1-form with law εϑ. Let ϱ0,ϑ and ϱ1,ϑ be its orthogonal
projections on to U0 and V0. Then ϱ0,ϑ and ϱ1,ϑ are independent centered Gaussian 1-forms
on U0 and V0, with covariance matrices ⇁Vϑ and ⇁ς→1I, respectively. Moreover, as ς ⇒ 0,
the law of ϱ0,ϑ converges weakly to ε0.

Proof. Since ϱϑ is a centered Gaussian 1-form and ϱ0,ϑ, ϱ1,ϑ are obtained by applying linear
transformations to ϱϑ, they are jointly centered Gaussian. Let ’0 denote the orthogonal
projection from U on to U0, so that ϱ0,ϑ = ’0ϱϑ and ϱ1,ϑ = (I ↓ ’0)ϱϑ. Take any ⇀,⇀⇒

↑ U .
Let ⇀0 := ’0⇀, ⇀1 := (I ↓’0)⇀, ⇀⇒

0 := ’0⇀⇒ and ⇀⇒

1 := (I ↓’0)⇀⇒. Then note that

E[((⇀, ϱ0,ϑ) + (⇀⇒, ϱ1,ϑ))
2
] = E[((⇀,’0ϱϑ) + (⇀⇒, (I ↓’0)ϱϑ))

2
]

= E[((’0⇀, ϱϑ) + ((I ↓’0)⇀
⇒, ϱϑ))

2
]

= E[(⇀0 + ⇀⇒

1, ϱϑ)
2
] = ⇁(⇀0 + ⇀⇒

1, Vϑ(⇀0 + ⇀⇒

1)).
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But since ⇀⇒

1 ↑ V0, we have d⇀⇒

1 = 0. Thus,

’!⇒(δd+ ς)⇀⇒

1 = ς⇀⇒

1.

This implies that
Vϑ⇀

⇒

1 = (’!⇒(δd+ ς))→1⇀⇒

1 = ς→1⇀⇒

1.

Since Vϑ is self-adjoint, this gives

1

⇁
E[((⇀, ϱ0,ϑ) + (⇀⇒, ϱ1,ϑ))

2
] = (⇀0, Vϑ⇀0) + (⇀0, Vϑ⇀

⇒

1) + (⇀⇒

1, Vϑ⇀0) + (⇀⇒

1, Vϑ⇀
⇒

1)

= (⇀0, Vϑ⇀0) + 2(⇀0, Vϑ⇀
⇒

1) + (⇀⇒

1, Vϑ⇀
⇒

1)

= (⇀0, Vϑ⇀0) + ς→1
↔⇀⇒

1↔
2. (16.7.11)

This proves the first assertion of the lemma. Next, for each ς > 0, let ξϑ := Vϑ⇀0, so that

⇀0 = V →1
ϑ ξϑ = ’!⇒(δd+ ς)ξϑ.

By Corollary 16.7.14, there is some constant C such that ↔ξϑ↔ ⇔ C↔⇀0↔ for any ς > 0.
Thus, ξϑ has at least one subsequential limit as ς ⇒ 0. Let ξ be any such limit. Then by
the above equation, ⇀0 = ’!⇒δdξ. But this means that ξ = V ⇀0. Thus, ξϑ ⇒ ξ as ς ⇒ 0.
Consequently, (⇀0, Vϑ⇀0) = (⇀0, ξϑ) ⇒ (⇀0, ξ) = (⇀0, V ⇀0) as ς ⇒ 0. By equation (16.7.11),
this completes the proof.

16.7.4 Relating the discrete and continuous models

Recall the countable sets A and A0, and the probability measure µ0 on A0 defined in
Subsection 16.7.1: A is the set of all Z-valued 1-forms ⇀ on ∅Z4 such that ⇀ vanishes
outside E⇑ and ∅d⇀ vanishes outside P , A0 = A/ ∝ where ∝ is the equivalence relation
⇀ ∝ ⇀⇒ if d(⇀ ↓ ⇀⇒

) = 0, and µ0 is the probability measure on A0 with probability mass
function proportional to exp(↓

1
2ϱ↔d⇀↔

2
).

We will now relate µ0 with the Gaussian measure ε0 defined in the previous subsection.
The first step is to show that µ0 can be obtained as the limit of a sequence of probability
measures on A, analogous to εϑ from the previous subsection. For each ς > 0, let µϑ be the
probability measure on A0 with probability mass function proportional to

exp

(
↓

1

2⇁
(↔d⇀↔2 + ς↔⇀↔2)

)
.

Let ↖·↙ϑ denote expectation with respect to µϑ.
Instead of viewing A0 as the set of equivalence classes, we will henceforth take A0 to

be a subset of A comprised of one element from each equivalence class. Specifically, we
will take an element with minimum norm from each class. This makes sense, because the
squared norms of the elements are nonnegative integers. With this convention, µ0 can be
viewed as a probability measure on A which is supported on A0.
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Lemma 16.7.16. There is a positive constant c0, possibly depending on %, such that
↔d⇀↔ → c0↔⇀↔ for all ⇀ ↑ A0.

Proof. Take any ⇀ ↑ A0. Let ⇀0 be the orthogonal projection of ⇀ on the subspace U0

defined in the previous section, and let ⇀1 be its projection on the orthogonal subspace V0.
Since d⇀1 = 0 and ⇀1 is supported on ∅%, there is a 0-form 5 supported on ∅% such that
⇀1 = d5. Construct an ‘integer approximation’ ϱ of 5 by defining ϱ(x) := ℵ5(x)A for each
x ↑ ∅Z4. Let ϖ := ⇀↓ dϱ. Then ϖ ↑ A and ϖ ∝ ⇀. Thus, ↔⇀↔ ⇔ ↔ϖ↔. Now,

↔ϖ ↓ ⇀0↔ = ↔⇀1 ↓ dϖ↔ = ↔d5↓ dϖ↔.

But from the above construction, it is clear that ↔d5↓ dϖ↔ ⇔ C for some constant C that
depends only on the size of %. Combining this with Lemma 16.7.13, we see that

↔ϖ↔ ⇔ ↔⇀0↔+ C ⇔ c→1
↔d⇀0↔+ C.

But d⇀0 = d⇀. This gives ↔⇀↔ ⇔ ↔ϖ↔ ⇔ c→1
↔d⇀↔ + C. But ↔⇀↔2 and ↔d⇀↔2 are integer-

valued, and ↔⇀↔ = 0 when ↔d⇀↔ = 0, because d⇀ = 0 implies that ⇀ ∝ 0. This completes
the proof.

We will say that a function f : A ⇒ C has sub-exponential growth if there are constants
C1 and C2 such that |f(⇀)| ⇔ C1eC2⇓ϖ⇓ for all ⇀ ↑ A0. We are now ready to show that µϑ

converges to µ0 as ς tends to zero.

Lemma 16.7.17. Let f : A ⇒ C be a function of sub-exponential growth which is constant
on equivalence classes. Then

↖f↙⇑ = lim
ϑ↓0

↖f↙⇑ϑ .

Proof. In this proof, C,C0, C1, . . . will denote positive constants that may depend only on
⇁ and the size of %, whose values may change from line to line. For ⇀ ↑ A0, the equivalence
class of ⇀ is given by

[⇀] = {⇀+ ϱ : ϱ ↑ A, dϱ = 0} = ⇀+ B,

where B := {ϱ ↑ A : dϱ = 0}. Note that for any ϱ ↑ B and ⇀⇒
= ⇀+ ϱ,

↔d⇀⇒
↔
2
+ ς↔⇀⇒

↔
2
= ↔d⇀↔2 + ς↔⇀↔2 + ς↔ϱ↔2 + 2ς(⇀, ϱ).

Since f is constant on equivalence classes, this shows that

∑

ϖ↗A

f(⇀) exp

(
↓

1

2⇁
(↔d⇀↔2 + ς↔⇀↔2)

)

=

∑

ϖ↗A0

∑

4↗B

f(⇀) exp

(
↓

1

2⇁
(↔d⇀↔2 + ς↔⇀↔2 + ς↔ϱ↔2 + 2ς(⇀, ϱ))

)
. (16.7.12)
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Recall that %
⇑

0 := %
⇑
\ ϑ%⇑ denotes the set of interior vertices of %⇑. For ⇀ ↑ A0, let

gϑ(⇀) := ς
1
2 |!

⇒
0|
∑

4↗B

exp

(
↓

ς

2⇁
(↔⇀↔2 + ↔ϱ↔2 + 2(⇀, ϱ))

)
.

Equation (16.7.12) shows that

↖f↙⇑ϑ =
↖fgϑ↙⇑

↖gϑ↙⇑
.

We claim that ϱ ↑ B if and only if ϱ = dϖ for some Z-valued 0-form ϖ supported on %
⇑

0. To
see this, first take any ϖ as above. Then it is easy to see that dϖ is a 1-form that is zero
outside E⇑

0 . Also, by Lemma C.8.1, ddϖ = 0. Conversely, take any ϱ ↑ B. Since dϱ = 0 and
ϱ is supported in %

⇑

0, there is a Z-valued 0-form supported on %
⇑

0 such that ϱ = dϖ. By the
Poincaré lemma for 0-forms, ϖ is unique. This shows that for any ⇀ ↑ A0,

gϑ(⇀) = ς
1
2 |!

⇒
0|

∑

ς↗Z!⇒
0

exp

(
↓

ς

2⇁
(↔⇀↔2 + ↔dϖ↔2 + 2(⇀, dϖ))

)

= ς
1
2 |!

⇒
0|

∑

ς↗
⇐
ϑZ!⇒

0

exp

(
↓

1

2⇁
(ς↔⇀↔2 + ↔dϖ↔2 + 2

↘
ς(⇀, dϖ))

)
. (16.7.13)

For each ϖ ↑
↘
ςZ!⇒

0 , let Bς denote the open cube of side-length
↘
ς and center ϖ in R!⇒

0 .
Define a function hϑ : A0 ′ R!⇒

0 ⇒ [0,⇑) as follows. For each ⇀ ↑ A0, ϖ0 ↑
↘
ςZ!⇒

0 , and
ϖ ↑ Bς0 , let

hϑ(⇀, ϖ) := exp

(
↓

1

2⇁
(ς↔⇀↔2 + ↔dϖ0↔

2
+ 2

↘
ς(⇀, dϖ0))

)
.

We define hϑ = 0 on the boundaries of the cubes. Then equation (16.7.13) can be rewritten
as

gϑ(⇀) =

∫

R!⇒
0

hϑ(⇀, ϖ)dϖ.

Thus,

↖fgϑ↙
⇑
=

∫

A0

∫

R!⇒
0

f(⇀)hϑ(⇀, ϖ)dϖdµ0(⇀).

By the Poincaré lemma (Lemma C.8.2), dϖ = 0 for a real-valued 0-form ϖ if and only if
ϖ = 0. By linearity and compactness, this implies the existence of a positive constant C0

such that ↔dϖ↔ → C0↔ϖ↔ for all ϖ ↑ R!⇒
0 .

For any ς > 0, ϖ0 ↑
↘
ς%⇑

0, and ϖ ↑ Bς0 ,

hϑ(⇀, ϖ) ⇔ exp

(
↓

1

2⇁
(ς↔⇀↔2 + C2

0↔ϖ0↔
2
+ 2

↘
ς(⇀, dϖ0))

)

⇔ exp

(
↓

1

2⇁
C2
0↔ϖ0↔

2
↓

↘
ς

⇁
(δ⇀, ϖ0)

)
.
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Now, ↔ϖ ↓ ϖ0↔ ⇔ C
↘
ς, which implies that ↔ϖ↔2 ⇔ 2↔ϖ0↔2 + 2C2ς. Similarly,

|(δ⇀, ϖ0)↓ (δ⇀, ϖ)| ⇔ C
↘
ς↔⇀↔.

Combining the above observations, we get that for any ς0 > 0 and ς ↑ (0, ς0),

hϑ(⇀, ϖ) ⇔ C1e
C2ϑ⇓ϖ⇓+C3ϑ exp

(
↓

1

4⇁
C2
0↔ϖ↔

2
↓

↘
ς

⇁
(δ⇀, ϖ)

)

⇔ 2C1e
C2ϑ⇓ϖ⇓+C3ϑ exp

(
↓

1

4⇁
C2
0↔ϖ↔

2

)
cosh

(↘
ς

⇁
(δ⇀, ϖ)

)

⇔ 2C1e
C2ϑ0⇓ϖ⇓+C3ϑ0 exp

(
↓

1

4⇁
C2
0↔ϖ↔

2

)
cosh

(↘
ς0
⇁

(δ⇀, ϖ)

)
=: H(⇀, ϖ).

Note that
∫

R!⇒
0

H(⇀, ϖ)dϖ = C1e
C2ϑ0⇓ϖ⇓+C3ϑ0+C4ϑ0⇓φϖ⇓

2
.

By Lemma 16.7.16 and the assumption that f has sub-exponential growth, this shows that
∫

A0

∫

R!⇒
0

|f(⇀)|H(⇀, ϖ)dϖdµ0(⇀) ⇔

∫

A0

C1e
C2ϑ0⇓ϖ⇓+C3ϑ0+C4ϑ0⇓ϖ⇓

2
dµ0(⇀)

⇔ C1

∑

ϖ↗A0

eC2ϑ0⇓ϖ⇓+C3ϑ0+C4ϑ0⇓ϖ⇓
2
→C5⇓ϖ⇓

2
.

The right side is finite if ς0 is chosen small enough. Thus, by the dominated convergence
theorem,

lim
ϑ↓0

gϑ(⇀) = lim
ϑ↓0

∫

A0

∫

R!⇒
0

f(⇀)hϑ(⇀, ϖ)dϖdµ0(⇀)

=

∫

A0

∫

R!⇒
0

f(⇀) lim
ϑ↓0

hϑ(⇀, ϖ)dϖdµ0(⇀).

But limϑ↓0 hϑ(⇀, ϖ) = exp(↓
1
2ϱ↔dϖ↔

2
), which has no dependence on ⇀. This completes the

proof.

Our next goal is to show how certain expectations with respect to µ0 can be computed
using integrals with respect to ε0. Heuristically, the following result says that

dµ0(ϱ) ⊥

( ∑

ϖ↗A∋U0

e2πi(ϖ,4)
)
dε0(ϱ). (16.7.14)

Of course, this doesn’t make sense rigorously as written, since µ0 is not absolutely continuous
with respect to ε0, and the above sum is not convergent. But it can still have a rigorous
meaning as follows.

Lemma 16.7.18. Take any 1 ↑ U0. Let f(⇀) := e(3,ϖ) for ⇀ ↑ U . Let ϱ0 be an U0-valued

274



CHAPTER 16. LATTICE GAUGE THEORIES IN d → 3

centered Gaussian 1-form with law ε0. Then

↖f↙⇑ =

∑
ϖ↗A∋U0

E[f(ϱ0)e2πi(ϖ,40)]∑
ϖ↗A∋U0

E[e2πi(ϖ,40)]
,

where the sums on the right are absolutely convergent.

Proof. Fix ς ↑ (0, 1). Let mϑ denote the probability mass function of the measure µϑ and
Zϑ denote the normalizing constant

Zϑ :=

∑

ϖ↗A0

exp

(
↓

1

2⇁
(↔d⇀↔2 + ς↔⇀↔2)

)
.

From the given conditions on f , it is easy to see that fmϑ is a Schwartz function. Thus, by
the Poisson summation formula7,

↖f↙⇑ϑ =
∑

ϖ↗A

f̂mϑ(2↼⇀)

=
1

Zϑ

∑

ϖ↗A

∫

U

f(5)e2πi(ϖ,0) exp

(
↓

1

2⇁
(↔d5↔2 + ς↔5↔2))

)
d5,

and the sum on the right is absolutely convergent. Using this with f ∞ 1 and recalling that
µϑ is a probability measure, we get

Zϑ =

∑

ϖ↗A

∫

U

e2πi(ϖ,0) exp

(
↓

1

2⇁
(↔d5↔2 + ς↔5↔2)

)
d5.

Let ϱϑ be a random 1-form with law εϑ. Combining the above observations, we get

↖f↙⇑ϑ =

∑
ϖ↗A

∫
U
f(ϱ)e2πi(ϖ,0) exp(↓ 1

2ϱ (↔d5↔
2
+ ς↔5↔2))d5

∑
ϖ↗A

∫
U
e2πi(ϖ,0) exp(↓ 1

2ϱ (↔d5↔
2 + ς↔5↔2))d5

=

∑
ϖ↗A

E[f(ϱϑ)e2πi(ϖ,4ω)]∑
ϖ↗A

E[e2πi(ϖ,4ω)]
.

Let ϱ0,ϑ and ϱ0,ϑ be the projections of ϱϑ on to U0 and V0 respectively. By Lemma 16.7.15,
and the fact that f(ϱϑ) = e(3,4ω) = e(3,40,ω) = f(ϱ0,ϑ) (since 1 ↑ U0), we get

E[f(ϱϑ)e2πi(ϖ,4ω)] = E[f(ϱ0,ϑ)e2πi(ϖ,40,ω+41,ω)]

= E[f(ϱ0,ϑ)e2πi(ϖ0,40,ω)]e→2π2
ϱϑ

↑1
⇓ϖ1,ω⇓

2
,

where ⇀0,⇀1 denote the orthogonal projections of ⇀ on U0 and V0, respectively. Now,
as shown in the proof of Lemma 16.7.17, any ξ ↑ A can be decomposed as ξ = ⇀ + dϖ,
where ⇀ ↑ A0 and ϖ is an integer-valued 0-form supported on %

⇑

0. Moreover, note that this
decomposition is unique, since d(ϖ ↓ ϖ⇒) = 0 implies ϖ = ϖ⇒, by the Poincaré lemma. Thus,
if ( denotes the set of Z-valued 0-form supported on %

⇑

0, and ⇀0,⇀1 denote the projections
7
See Subsection A.3.5 in Chapter A.
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of ⇀ ↑ A0 on to U0 and V0, then

∑

ϖ↗A

E[f(ϱϑ)e2πi(ϖ,4ω)] =
∑

ϖ↗A0, ς↗’

E[f(ϱϑ)e2πi(ϖ+dς,4ω)]

=

∑

ϖ↗A0, ς↗’

E[f(ϱ0,ϑ)e2πi(ϖ0,40,ω)e2πi(ϖ1+dς,41,ω)]

=

∑

ϖ↗A0, ς↗’

E[f(ϱ0,ϑ)e2πi(ϖ0,40,ω)]e→2π2
ϱϑ

↑1
⇓ϖ1+dς⇓

2
.

We claim that there is some finite constant C, not depending on ⇀ or ς (recall that 0 < ς < 1),
such that

∑

ς↗’

e→2π2
ϱϑ

↑1
⇓ϖ1+dς⇓

2
⇔ C. (16.7.15)

To see this, take any ⇀. Since d⇀1 = 0, there is some real-valued 0-form ξ supported on ∅%

such that ⇀1 = dξ. Take an integer approximation 5 of ξ by defining 5(x) := ℵξ(x)A for
each x. Then ↔⇀1 ↓ d5↔ = ↔dξ ↓ d5↔ ⇔ C for some C that does not depend on ⇀ or ς. But
since 5 is Z-valued,

∑

ς↗’

e→2π2
ϱϑ

↑1
⇓ϖ1+dς⇓

2
=

∑

ς↗’

e→2π2
ϱϑ

↑1
⇓(ϖ1→d0)+dς⇓

2

⇔

∑

ς↗’

e→2π2
ϱ⇓(ϖ1→d0)+dς⇓

2
.

Since ↔⇀1 ↓ d5↔ ⇔ C, a simple argument using compactness now proves the claim (16.7.15).
Moreover, note that if minς↗’ ↔⇀1 + dϖ↔ = 0, then ⇀1 = ↓dϖ for some integer-valued

0-form ϖ supported on %
⇑

0. In particular, ⇀1 is integer-valued. But this is impossible unless
⇀1 = 0, since we chose ⇀0 to minimize the norm in the equivalence of ⇀. Thus, we conclude
that

lim
ϑ↓0

∑

ς↗’

e→2π2
ϱϑ

↑1
⇓ϖ1+dς⇓

2
=





1 if ⇀ ↑ A0 ≃ U0,

0 if ⇀ ↑ A0 \ U0.

By Lemma 16.7.15,

E[f(ϱ0,ϑ)e2πi(ϖ0,40,ω)] = exp

(
⇁

2
(1 + 2↼i⇀0, Vϑ1 + 2↼i⇀0)

)

= exp

(
⇁

2
((1, Vϑ1) + 4↼i(⇀0, Vϑ1)↓ 4↼2

(⇀0, Vϑ⇀0))

)
.

From the spectral decomposition of Vϑ, it follows that if ς ⇔ ς⇒, then (ξ, Vϑξ) → (ξ, Vϑ→ξ) for
any ξ ↑ U0. Thus, for any ς ↑ (0, 1),

|E[f(ϱ0,ϑ)e2πi(ϖ0,40,ω)]| ⇔ exp

(
⇁

2
((1, V 1)↓ 4↼2

(⇀0, V1⇀0))

)
.

Note that the bound has no dependence on ς, and is summable in ⇀0. The above observations
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allow us to apply the dominated convergence theorem and conclude that

lim
ϑ↓0

↖f↙⇑ϑ =

∑
ϖ0↗A0∋U0

E[f(ϱ0)e2πi(ϖ0,40)]
∑

ϖ0↗A0∋U0
E[e2πi(ϖ0,40)]

,

where ϱ0 has law ε0. Moreover, it also shows that the sums on the right are absolutely
convergent.

To complete the proof, we now show that A0≃U0 = A≃U0. Indeed, take any ⇀ ↑ A≃U0.
We claim that ⇀ is the unique norm minimizing element in its equivalence class. To see
this, take any ⇀⇒

∝ ⇀. Then d(⇀⇒
↓ ⇀) = 0, which means that ⇀⇒

↓ ⇀ is in V0 and hence,
orthogonal to elements of U0. In particular, it is orthogonal to ⇀. Thus,

↔⇀⇒
↔
2
= ↔⇀⇒

↓ ⇀↔2 + 2(⇀⇒
↓ ⇀,⇀) + ↔⇀↔2

= ↔⇀⇒
↓ ⇀↔2 + ↔⇀↔2 → ↔⇀↔2.

To show uniqueness, just observe by the above calculation, if ⇀⇒ is another norm minimizing
element in the equivalence class of ⇀, then ↔⇀⇒

↓ ⇀↔ = 0. Thus, we conclude that ⇀ ↑ A0.
This completes the proof.

16.7.5 Towards renormalization

Although Lemma 16.7.18 does give a rigorous meaning to the heuristic identity (16.7.14), it
does not give it in a way that can be exploited gainfully. We will now do a further ‘processing’
of this identity to bring it to form that is more suitable for applying a renormalization step
later. First, we rewrite the conclusion of Lemma 16.7.18 in a more convenient form. Let
{zq}↑q=1 be a sequence of positive numbers such that

↑∑

q=1

2

zq
= 1.

The result that we are going to state below is valid for any choice of this sequence. Let
Q := {1, 2, . . .}E

⇒
0 . For each q ↑ Q, let

c(q) :=
∏

e↗E
⇒
0

2

zq(e)
.

For each N → 1, let QN := {1, . . . , N}
E

⇒
0 . Let

aN :=

N∑

q=1

2

zq
,

so that aN ⊤ 1 as N ⇒ ⇑. For ⇀ ↑ U , define

3N (⇀) :=
∑

q↗QN

c(q)
∏

e↗E
⇒
0

(1 + aNzq(e) cos(2↼iq(e)⇀(e))).
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The following lemma is a restatement of Lemma 16.7.18.

Lemma 16.7.19. Take any 1 ↑ U0 and define f : U ⇒ C as f(⇀) := e(ϖ,3). For each ς > 0,
let ϱϑ be a random 1-form with law εϑ. Let ϱ0,ϑ be the projection of ϱϑ on U0. Then

↖f↙⇑ = lim
N↓↑

lim
ϑ↓0

E[f(ϱ0,ϑ)3N (ϱϑ)]

E[3N (ϱϑ)]
.

Proof. Let AN := {↓N, . . . , N}
E

⇒
0 , so that A is the increasing limit of AN as N ⇒ ⇑.

Since the sums in Lemma 16.7.18 are absolutely convergent, we have

↖f↙⇑ = lim
N↓↑

∑
ϖ↗AN∋U0

E[f(ϱ0)e2πi(ϖ,40)]∑
ϖ↗AN∋U0

E[e2πi(ϖ,40)]
.

Take any N and ⇀ ↑ AN . Let ⇀0 and ⇀1 be the projections of ⇀ on U0 and V0. Let ϱ0,ϑ and
ϱ1,ϑ denote the projections of ϱϑ on U0 and V0. Since f is constant on equivalence classes,
Lemma 16.7.15 gives

E[f(ϱϑ)e2πi(ϖ,4ω)] = E[f(ϱ0,ϑ)e2πi(ϖ0,40,ω)e2πi(ϖ1,41,ω)]

= E[f(ϱ0,ϑ)e2πi(ϖ0,40,ω)]E[e2πi(ϖ1,41,ω)]

= E[f(ϱ0,ϑ)e2πi(ϖ0,40,ω)]e→2π2
ϱϑ

↑1
⇓ϖ1⇓

2

= E[f(ϱ0,ϑ)e2πi(ϖ,40,ω)]e→2π2
ϱϑ

↑1
⇓ϖ1⇓

2

Thus, we have (again by Lemma 16.7.15),

lim
ϑ↓0

E[f(ϱϑ)e2πi(ϖ,4ω)] =





E[f(ϱ0)e2πi(ϖ,40)] if ⇀ /↑ U0,

0 otherwise.

Since AN is a finite set, this gives

∑

ϖ↗AN∋U0

E[f(ϱ0)e2πi(ϖ,40)] = lim
ϑ↓0

∑

ϖ↗AN

E[f(ϱ0,ϑ)e2πi(ϖ,4ω)].

Clearly, this holds also with f ∞ 1. Thus, we conclude that

↖f↙⇑ = lim
N↓↑

lim
ϑ↓0

∑
ϖ↗AN

E[f(ϱ0,ϑ)e2πi(ϖ,4ω)]∑
ϖ↗AN

E[e2πi(ϖ,4ω)]

= lim
N↓↑

lim
ϑ↓0

E[f(ϱ0,ϑ)(
∑

ϖ↗AN
e2πi(ϖ,4ω))]

E[
∑

ϖ↗AN
e2πi(ϖ,4ω)]

.
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Now note that

∑

ϖ↗AN

e2πi(ϖ,4ω) =
∑

ϖ↗AN

∏

e↗E
⇒
0

e2πiϖ(e)4ω(e)

=

∏

e↗E
⇒
0

N∑

q(e)=→N

e2πiq(e)4ω(e) =
∏

e↗E
⇒
0

(
1 + 2

N∑

q(e)=1

cos(2↼iq(e)ϱϑ(e))

)
.

Rewriting

1 + 2

N∑

q(e)=1

cos(2↼iq(e)ϱϑ(e)) =
N∑

q(e)=1

2

zq(e)
(a→1

N
+ zq(e) cos(2↼iq(e)ϱϑ(e))),

we get

∏

e↗E
⇒
0

(
1 + 2

N∑

q(e)=1

cos(2↼iq(e)ϱϑ(e))

)
= a

→|E
⇒
0 |

N
3N (ϱϑ).

Since the factor a
→|E

⇒
0 |

N
cancels out between the numerator and the denominator, this

completes the proof.

We will now do a further ‘processing’ to get an even more convenient version of the
‘density’ of µ0 with respect to ε0. For an element ⇀ ↑ A, we define the edge-support of ⇀,
denoted by E(⇀), as the set of edges e ↑ E0 where ⇀(e) ⇓= 0. We define the distance dist(e, e⇒)
between two edges e, e⇒ ↑ E0 as the minimum of the Euclidean distance between a vertex of e
and a vertex of e⇒. For E,E⇒

↗ E0, we define dist(E,E⇒
) := min{dist(e, e⇒) : e ↑ E, e⇒ ↑ E⇒

}.
We will say that a finite set E ↗ A is an ensemble if for any distinct ⇀,⇀⇒

↑ E , E(⇀) and
E(⇀⇒

) are disjoint. For k = 0, 1, 2, . . ., will say that E is a k-ensemble if for any distinct
⇀,⇀⇒

↑ E , dist(E(⇀), E(⇀⇒
)) → 2

k/2.

Lemma 16.7.20. Given any q ↑ Q, there is a finite set $(q), strictly positive coe!cients
{cε}ε↗$(q), and 1-ensembles {Eε}ε↗$(q), such that the following is true. For any N → 1,
there are strictly positive coe!cients {KN

ε (ξ)}ε↗$(q),⇁↗Eφ , such that for any ⇀ ↑ U ,

∏

e↗E
⇒
0

(1 + aNzq(e) cos(2↼q(e)⇀(e))) =
∑

ε↗$(q)

cε
∏

⇁↗Eφ

(1 +KN

ε (ξ) cos(2↼(⇀, ξ))),

and moreover, for each ε ↑ $(q) and ξ ↑ Eε,

KN

ε (ξ) ⇔ 3
N1(⇁)

∏

e↗E(⇁)

z|⇁(e)|,

where N1(ξ) is the number of edges in E⇑

0 which at distance ⇔ 1 from E(ξ).
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Proof. Note that for any K1,K2, ϖ1, ϖ2 ↑ R, we have the identity

1

3
(1 + 3K1 cos ϖ1) +

1

3
(1 + 3K2 cos ϖ2)

+
1

6
(1 + 3K1K2 cos(ϖ1 ↓ ϖ2)) +

1

6
(1 + 3K1K2 cos(ϖ1 + ϖ2))

= 1 +K1 cos ϖ1 +K2 cos ϖ2 +K1K2 cos ϖ1 cos ϖ2

= (1 +K1 cos ϖ1)(1 +K2 cos ϖ2). (16.7.16)

Now, let
I :=

∏

e↗E0

(1 + aNzq(e) cos(2↼q(e)⇀(e))).

Note that I can be written as

∑

ε↗$(q)

cε
∏

⇁↗Eφ

(1 +KN

ε (ξ) cos(2↼(⇀, ξ))), (16.7.17)

where $(q) = {0}, c0 = 1, E0 ↗ A is the set of 1-forms {ξe}e↗E0 , defined as

ξe(e
⇒
) =





q(e) if e⇒ = e,

0 otherwise,

and KN

0 (ξe) = aNzq(e) for each e. This is an expression of the form that we see in the
statement of the lemma, except that E0 is not a 1-ensemble (although it is an ensemble).

The strategy, now, is to inductively modify $(q) until it becomes a collection of 1-
ensembles. In the first step, take two distinct edges a, b ↑ E⇑

0 such that dist(a, b) <
↘
2. By

the identity (16.7.16), we get

(1 + aNzq(a) cos(2↼q(a)⇀(a)))(1 + aNzq(b) cos(2↼q(b)⇀(b)))

=
1

3
(1 + 3aNzq(a) cos(2↼q(a)⇀(a))) +

1

3
(1 + 3aNzq(b) cos(2↼q(b)⇀(b)))

+
1

6
(1 + 3a2Nzq(a)zq(b) cos(2↼(q(a)⇀(a)↓ q(b)⇀(b))))

+
1

6
(1 + 3a2Nzq(a)zq(b) cos(2↼(q(a)⇀(a) + q(b)⇀(b)))).

Substituting this expression back into the product defining I and expanding, we again get
an expression of the form (16.7.17), where now $(q) = {1, 2, 3, 4}, with E1 = {ξe}e↗E⇒

0\{b}
,

E2 = {ξe}e↗E⇒
0\{a}

, E3 = {ξe}e↗E⇒
0\{a,b}

∪ {ξ1}, and E4 = {ξe}e↗E⇒
0\{a,b}

∪ {ξ2}, where

ξ1(e
⇒
) =






q(a) if e⇒ = a,

↓q(b) if e⇒ = b,

0 otherwise,

ξ2(e
⇒
) =






q(a) if e⇒ = a,

q(b) if e⇒ = b,

0 otherwise.

If E1, E2, E3, E4 are 1-ensembles, there is nothing more to do. If not, we proceed by induction,
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as described in the following paragraph. Note that |Ei| < |E| for i = 1, 2, 3, 4 in this base
case of the induction.

Suppose we have that I is equal to the expression (16.7.17) for some $(q), where Eε is
not a 1-ensemble for at least one ε ↑ $(q). This means that there are distinct ξ, ξ⇒ ↑ Eε such
that dist(E(ξ), E(ξ⇒)) <

↘
2. Then there is a pair of edges a, b such that dist(a, b) <

↘
2

and both ξ(a) and ξ⇒(b) are nonzero. By the identity (16.7.16), we get

(1 +KN

ε (ξ) cos(2↼(⇀, ξ)))(1 +KN

ε (ξ⇒) cos(2↼(⇀, ξ⇒)))

=
1

3
(1 + 3KN

ε (ξ) cos(2↼(⇀, ξ))) +
1

3
(1 + 3KN

ε (ξ⇒) cos(2↼(⇀, ξ⇒)))

+
1

6
(1 + 3KN

ε (ξ)KN

ε (ξ⇒) cos(2↼(⇀, ξ ↓ ξ⇒)))

+
1

6
(1 + 3KN

ε (ξ)KN

ε (ξ⇒) cos(2↼(⇀, ξ + ξ⇒))).

We use this to decompose the product coming from Eε into a linear combination of four
products, corresponding to the collections Eε1 , Eε2 , Eε3 , Eε4 , given by

Eε1 = Eε \ {ξ
⇒
}, Eε2 = Eε \ {ξ},

Eε3 = (Eε \ {ξ, ξ
⇒
}) ∪ {ξ1}, Eε4 = (Eε \ {ξ, ξ

⇒
}) ∪ {ξ2},

where ξ1 = ξ ↓ ξ⇒ and ξ2 = ξ + ξ⇒. In particular, |Eεi | < |Eε | for i = 1, 2, 3, 4.
Thus, we have shown that if at least one Eε that is not a 1-ensemble, we can replace this

element by four new elements, each having size strictly less than |Eε |. Since this process
cannot go on indefinitely, this completes the proof of the formula claimed in the lemma.
Also, the construction makes it clear that cε and KN

ε (ξ) are strictly positive, and $(q), the
cε ’s, and the Eε ’s have no dependence on N .

It remains to prove the upper bound on KN
ε (ξ). Note that in the above construction,

at any step, we are replacing an ensemble Eε by four ‘children’ Eε1 , Eε2 , Eε3 , Eε4 . Thus, the
ensembles evolve like a tree. We will talk about ancestors and descendants in the usual
sense below.

Now take any 5 ↑ Eεi for some i. If 5 ↑ Eε \ {ξ, ξ⇒}, then KN
εi
(5) = KN

ε (5). If i = 1

and 5 = ξ, then KN
ε1
(5) = 3KN

ε (5). Similarly, i = 2 and 5 = ξ⇒, then KN
ε2
(5) = 3KN

ε (5). If
i = 3 and 5 = ξ1 or i = 4 and 5 = ξ2, then KN

εi
(5) = 3KN

ε (ξ)KN
ε (ξ⇒). Also, if i = 3 or 4,

we will say that ξ, ξ⇒ are the parents of 5, and if i = 1 or 2, we will say that 5 is its own
parent.

We will say that the pair {a, b} was ‘used’ in the above birthing process. For any
ensemble Eε obtained at any stage of the algorithm, and any ξ ↑ Eε , we will say a pair
{a, b} of edges (with dist(a, b) <

↘
2) was ‘used’ in the construction ξ if it was used in the

birthing process of an ancestor ξ0 of ξ. Note that ξ0 must have been an element of an
ancestor Eφ of Eε .

A pair {a, b} cannot be used more than once in the construction of ξ, for the following
reason. When {a, b} is used, one of the following happens. Either a is thrown out of the
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child ensemble of Eφ that is an ancestor of Eε , or b is thrown out of it, or a, b are both
included in the support of a single element of the child ensemble that is an ancestor of Eε .
In none of these cases can we encounter the situation that {a, b} is used again at some later
stage.

From the above observations, it is now easy to see by induction that KN
ε (ξ) can be at

most 3
n


e↗E(⇁) z|⇁(e)|, where n is the number of pairs {a, b} used in the construction of ξ.
But if {a, b} is used, then either a or b or both must be present in E(ξ). This is because
at least one of them must be present in E(ξ0) (where ξ0 is the ancestor of ξ which was
produced using {a, b}), and E(ξ) B E(ξ0). Thus, n ⇔ N1(ξ). This completes the proof.

Since the $(q)’s in Lemma 16.7.20 are indexing sets, we can assume without loss that
they are disjoint. Then, letting

$ :=



q↗Q

$(q), $N :=



q↗QN

$(q),

we obtain the following corollary.

Corollary 16.7.21. Let $ and $N be as above. Then, there are strictly positive coe!cients
{cε}ε↗$ and {KN

ε (ξ)}N↘1,ε↗$N ,⇁↗Eφ , and 1-ensembles {Eε}ε↗$, such that for any ⇀ ↑ U

and N → 1,
3N (⇀) =

∑

ε↗$N

cε
∏

⇁↗Eφ

(1 +KN

ε (ξ) cos(2↼(⇀, ξ))),

and moreover, for each N → 1, ε ↑ $N , and ξ ↑ Eε,

KN

ε (ξ) ⇔ 3
N1(⇁)

∏

e↗E(⇁)

z|⇁(e)|,

where N1(ξ) is the number of edges in E⇑

0 which at distance ⇔ 1 from E(ξ).

The next step is to further simplify the form of 3N . We define E
0
ε := Eε ≃ U0, and then

define 30
N

: U ⇒ R as

30N (⇀) :=
∑

ε↗$N

cε
∏

⇁↗E0
φ

(1 +KN

ε (ξ) cos(2↼(⇀, ξ))). (16.7.18)

The following lemma shows that 3N can be replaced by 30
N

in Lemma 16.7.19. This is the
version that will assist us in our renormalization step.

Lemma 16.7.22. Take any 1 ↑ U0 and define f : U ⇒ C as f(⇀) := e(ϖ,3). Let ϱ0 be a
random 1-form with law ε0. Then

↖f↙⇑ = lim
N↓↑

E[f(ϱ0)30N (ϱ0)]

E[30
N
(ϱ0)]

.

Proof. Let ϱϑ be a random 1-form with law εϑ and let ϱ0,ϑ and ϱ1,ϑ be its projections on U0
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and V0. Then note that by Corollary 16.7.21,

E(f(ϱ0,ϑ)3N (ϱϑ)) =
∑

ε↗$N

cεE
(
f(ϱ0,ϑ)

∏

⇁↗Eφ

(1 +KN

ε (ξ) cos(2↼(ϱϑ, ξ)))

)
.

The expectation on the right can be expanded as

∑

E̸Eφ

(∏

⇁↗E

KN

ε (ξ)

)
E
(
f(ϱ0,ϑ)

∏

⇁↗E

cos(2↼(ϱϑ, ξ))

)
.

Take any nonempty E ↗ Eε . Then

E
(
f(ϱ0,ϑ)

∏

⇁↗E

cos(2↼(ϱϑ, ξ))

)
= 2

→|E|
∑

↼↗{→1,1}E

E
(
f(ϱ0,ϑ)

∏

⇁↗E

e2πi↼↼(4ω,⇁)

)

= 2
→|E|

∑

↼↗{→1,1}E

E(f(ϱ0,ϑ)e2πi(4ω,ϖε)),

where
⇀↼ :=

∑

⇁↗E

▷⇁ξ.

We claim that if E \ U0 is nonempty, then ⇀↼ /↑ U0 for each ▷. Indeed, suppose that
5 ↑ E \ U0. Then by Lemma 16.7.10, there is some x ↑ %

⇑

0 such that δ5(x) ⇓= 0. This
implies that there is some e ↑ E⇑

0 with x being one of the vertices of e, such that 5(e) ⇓= 0.
That is, e ↑ E(5). Since Eε is a 1-ensemble, this implies that no other edge incident to
x can be in E(ξ) for any ξ ↑ E \ {5}. Consequently, δ⇀↼(x) = δ5(x) ⇓= 0. So, again by
Lemma 16.7.10, ⇀↼ /↑ U0. This proves the claim. (Note that in this step, we do not need
the full power of the 1-ensemble property; it would be enough to have that each Eε is a
0-ensemble. We will need the 1-ensemble property later.)

Thus, by Lemma 16.7.15, it follows that if E \ U0 is nonempty, then

lim
ϑ↓0

E
(
f(ϱ0,ϑ)

∏

⇁↗E

cos(2↼(ϱϑ, ξ))

)
= 0.

Consequently,

lim
ϑ↓0

E
(
f(ϱ0,ϑ)

∏

⇁↗Eφ

(1 +KN

ε (ξ) cos(2↼(ϱϑ, ξ)))

)

= lim
ϑ↓0

∑

E̸E0
φ

(∏

⇁↗E

KN

ε (ξ)

)
E
(
f(ϱ0,ϑ)

∏

⇁↗E

cos(2↼(ϱϑ, ξ))

)

= lim
ϑ↓0

E
(
f(ϱ0,ϑ)

∏

⇁↗E0
φ

(1 +KN

ε (ξ) cos(2↼(ϱϑ, ξ)))

)
.

But for ξ ↑ E
0
ε , we have (ϱϑ, ξ) = (ϱ0,ϑ, ξ). It is now clear how the proof can be completed

using Lemma 16.7.15.
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16.7.6 Completing the square

Recall the function D2 : A0 ⇒ [0,⇑) defined in Lemma 16.7.7. Note that for ⇀ ↑ A0,

D2(⇀) = exp

(
1

⇁

∑

p↗&

∅d⇀(p)↓
|!|

2⇁

)

= exp

(
1

⇁

∑

p↗&

d⇀(∅p)↓
|!|

2⇁

)
,

where ∅p is the dual plaquette of p. Let ∅! be the set of plaquettes that are duals of
plaquettes in !. Let ▷ be the 2-form on ∅Z4 defined as

▷(p) :=





1 if p ↑ ∅!,

0 otherwise.

Then note that

∑

p↗&

d⇀(∅p)↓
|!|

2
= (d⇀,▷)↓

1

2
↔▷↔2 = (⇀, δ▷)↓

1

2
↔▷↔2. (16.7.19)

We claim that δ▷ ↑ U0. Indeed, for any ξ ↑ V0, (ξ, δ▷) = (dξ,▷) = 0, and δ▷(e) = 0 for
e /↑ E⇑

0 since 4 does not touch the boundary of %. Thus, we can apply Lemma 16.7.22 to
conclude that

↖D2↙
⇑
= lim

N↓↑

E[D2(ϱ0)30N (ϱ0)]

E[30
N
(ϱ0)]

,

where ϱ0 is a random 1-form with law ε0, and D2 is extended to U in the natural way.
We will now employ a standard ‘completing the square’ trick to re-express the above

formula di!erently. Recall the discrete Hodge Laplacian operator # = dδ + δd discussed in
Subsection C.8.10 of Appendix C, and the restrictions of # to hypercubes. Specifically, we
will need the restriction of # to the hypercube %

⇑. Since 4 does not touch ϑ%, it follows
that ▷(p) = 0 unless all vertices of p are in %

⇑. Thus, ▷ ↑ range’!⇒ (where ’!⇒ is now
acting on 2-forms), which means that #

→1
!⇒▷ is well-defined.

Lemma 16.7.23. Let ϱ0 be a random 1-form with law ε0, as before. Let 1 := ↓δ#→1
!⇒▷,

10 := ’!⇒1 , and 5 := ↓’!⇒δd#→1
!⇒▷. Then 10 ↑ U0, and

↖D2↙
⇑
= e

1
2ς ⇓d3→(!⇒d3⇓2→ 1

2ς ⇓0⇓
2

lim
N↓↑

E[30
N
(ϱ0 + 10)]

E[30
N
(ϱ0)]

.
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Proof. We begin with the calculation

’!⇒d1 = ↓’!⇒dδ#→1
!⇒▷

= ↓’!⇒(dδ + δd)#→1
!⇒▷ +’!⇒δd#→1

!⇒▷

= ↓’!⇒▷ ↓ 5 = ▷ ↓ 5, (16.7.20)

Next, recall that ε0 has density proportional to e→
1
2ς ⇓dϖ⇓

2

. Thus,

E[D2(ϱ0)3
0
N (ϱ0)] = E[e

1
ς (d40,↼)→

1
2ς ⇓↼⇓

2

30N (ϱ0)]

=
1

Z0

∫

U0

e
1
ς (dϖ,↼)→

1
2ς ⇓↼⇓

2
→

1
2ς ⇓dϖ⇓

2

30N (⇀)d0(⇀)

=
1

Z0

∫

U0

e→
1
2ς ⇓dϖ→↼⇓

2

30N (⇀)d0(⇀), (16.7.21)

where 0 denotes Lebesgue measure on U0 and Z0 is the normalizing constant of ε0. Now,
by equation (16.7.20), we have that for any ⇀ ↑ U0,

↔d⇀↓ 5↔2 = ↔d⇀+’!⇒d1 ↓ ▷↔2

= ↔d⇀↔2 + 2(d⇀,’!⇒d1 ↓ ▷) + ↔’!⇒d1 ↓ ▷↔2

= ↔d⇀↔2 + 2(d⇀, d1 ↓ ▷) + ↔d1 ↓ ▷↔2 + ↔d1 ↓’!⇒d1↔2

= ↔d(⇀+ 1)↓ ▷↔2 + ↔d1 ↓’!⇒d1↔2,

where the third equality follows from the fact that d⇀ and ▷ are in the range of ’!⇒ , and
that ’!⇒ is an orthogonal projection. By the translation invariance of Lebesgue measure
on U0, this shows that
∫

U0

e→
1
2ς ⇓dϖ→↼⇓

2

30N (⇀)d0(⇀) =

∫

U0

e→
1
2ς ⇓d(ϖ+3)→↼⇓

2

30N (⇀+ 1)d0(⇀)

= e
1
2ς ⇓d3→(!⇒d3⇓2

∫

U0

e→
1
2ς ⇓dϖ→0⇓

2

30N (⇀+ 1)d0(⇀). (16.7.22)

But note that

↔d⇀↓ 5↔2 = ↔d⇀↔2 ↓ 2(d⇀,5) + ↔5↔2 = ↔d⇀↔2 + 2(d⇀,’!⇒δd#→1
!⇒▷) + ↔5↔2

= ↔d⇀↔2 + 2(d⇀, δd#→1
!⇒▷) + ↔5↔2 = ↔d⇀↔2 + 2(dd⇀, d#→1

!⇒▷) + ↔5↔2

= ↔d⇀↔2 + ↔5↔2.

Combining this with equations (16.7.21) and (16.7.22), we get

E[D2(ϱ0)3
0
N (ϱ0)] =

1

Z0
e

1
2ς ⇓d3→(!⇒d3⇓2→ 1

2ς ⇓0⇓
2
∫

U0

e→
1
2ς ⇓dϖ⇓

2

30N (⇀+ 1)d0(⇀)

= e
1
2ς ⇓d3→(!⇒d3⇓2→ 1

2ς ⇓0⇓
2

E[30N (ϱ0 + 1)].

Note that by the definition (16.7.18) of 30
N

, we have 30
N
(ϱ0 + 1) = 30

N
(ϱ0 + 10). Also, by
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Lemma 16.7.10, it follows that 10 ↑ U0. This completes the proof.

16.7.7 The renormalization transform

Let ϱ0 be a random 1-form with law ε0. Fix some N . We will now introduce certain
‘renormalization transforms’ ξ ⇒ ξ and KN

ε (ξ) ⇒ RN
ε (ξ) such that for any ε ↑ $N and real

numbers (ϖ⇁)⇁↗E0
φ
, we have

E
[∏

⇁↗E0
φ

(1 +KN

ε (ξ) cos(2↼(ϱ0, ξ)↓ ϖ⇁))

]
= E

[∏

⇁↗E0
φ

(1 +RN

ε (ξ) cos(2↼(ϱ0, ξ)↓ ϖ⇁))

]
,

with the idea being that RN
ε (ξ) is ‘small’ (whereas KN

ε (ξ) can be very large).
Defining the transforms requires some work, which we now commence. For ς > 0, let

ϱϑ be a random 1-form with law εϑ. Recall that P ⇑ denotes the set of plaquettes with all
vertices in %

⇑. Note that each e ↑ E⇑

0 is contained in exactly 6 elements of P ⇑. For e ↑ E⇑

0 ,
define the random variable

ϱϑ(e) :=
1

6

∑

p↗P ⇒, p7e

∑

e→↗p, e→ ∝=e

se,e→ϱϑ(e
⇒
),

where se,e→ = ↓1 if e and e⇒ are both oriented positively or both oriented negatively
when traversing p as a loop, and se,e→ = 1 otherwise. Notice that ϱϑ(e) is a function of
{ϱϑ(e⇒) : e⇒ ⇓= e, e⇒ shares a plaquette with e}. We extend the definition of se,e→ by setting
se,e→ = 0 if e, e⇒ do not share a plaquette.

Lemma 16.7.24. Take any ς > 0 and e ↑ E⇑

0 . Conditionally on {ϱϑ(e⇒)}e→↗E⇒
0\{e}

, ϱ0(e) is
distributed as a normal random variable with mean 6ϱϑ(e)/(6 + ς) and variance ⇁/(6 + ς).

Proof. From the form of the density of ϱϑ, we see that the conditional density of ϱϑ(e) given
{ϱϑ(e⇒)}e→↗E⇒

0\{e}
at a point x ↑ R is proportional to

exp

(
↓

1

2⇁

(
6x2 ↓ 2

∑

p↗P ⇒, p7e

∑

e→↗p, e→ ∝=e

xse,e→ϱϑ(e)

)
↓

ςx2

2⇁

)

= exp

(
↓

1

2⇁
(6x2 ↓ 12xϱϑ(e))↓

ςx2

2⇁

)

= exp

(
↓
6 + ς

2⇁

(
x↓

6ϱϑ(e)

6 + ς

)2

+
(6ϱϑ(e))

2

6 + ς

)
.

Clearly, this proportional to the density of the normal distribution with mean 6ϱϑ(e)/(6+ ς)

and variance ⇁/(6 + ς).

Take any ε ↑ $N and ξ ↑ E
0
ε . Consider the following undirected graph structure on

E(ξ). We will say that two distinct edges e, e⇒ ↑ E(ξ) are neighbors if dist(e, e⇒) <
↘
2.

The maximum degree of this graph is at most a universal constant c. From this, it follows
easily (by the greedy algorithm) that this graph can be colored with c+ 1 colors, such that
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no two neighboring nodes receive the same color. Thus, we can write E(ξ) as the disjoint
union of c+ 1 subsets, such that no two edges within the same subset share a plaquette.
Consequently, we can find B⇁ ↗ E(ξ) such that dist(e, e⇒) →

↘
2 for any distinct e, e⇒ ↑ B⇁,

and

∑

e↗B↼

ξ(e)2 →
1

c+ 1
↔ξ↔2. (16.7.23)

Fix B⇁ as above, and let B
c

⇁
:= E(ξ) \ B⇁. We are now ready to define the renormalization

transforms. For ξ ↑ E
0
ε , we define

ξ(e) := ξ(e) +
1

6

∑

p↗P ⇒, p7e

∑

e→↗p, e→↗B↼

se→,eξ(e
⇒
).

if e ↑ B
c

⇁
, and ξ(e) = 0 if e ↑ B⇁; and we define

RN

ε (ξ) := KN

ε (ξ) exp

(
↓
↼2⇁

3

∑

e↗B↼

ξ(e)2
)
. (16.7.24)

We will now prove the following lemma.

Lemma 16.7.25. If ξ and RN
ε (ξ) are defined as above, then we have for each ε ↑ $N ,

E
[∏

⇁↗E0
φ

(1 +KN

ε (ξ) cos(2↼(ϱ0, ξ)↓ ϖ⇁))

]
= E

[∏

⇁↗E0
φ

(1 +RN

ε (ξ) cos(2↼(ϱ0, ξ)↓ ϖ⇁))

]
.

The first step towards the proof of Lemma 16.7.25 is the following.

Lemma 16.7.26. If ξ ↑ U0, then ξ ↑ U0.

Proof. By Lemma 16.7.10, we have to show that δξ(x) = 0 for all x ↑ %
⇑

0. Take any such x.
If none of the edges incident to x are in B⇁, then δξ(x) = δξ(x) = 0, since ξ ↑ U0. Since
dist(e, e⇒) →

↘
2 for any distinct e, e⇒ ↑ B⇁, the only other possibility is that exactly one

edge e ↑ B⇁ is incident to x, and for any other edge e⇒ incident to x, either e⇒ does not share
a plaquette with any element of B⇁, or e is the only element of B⇁ with which e⇒ shares a
plaquette. Thus, for any such e⇒,

ξ(e⇒) := ξ(e⇒) +
1

6
se,e→ξ(e).

It is easy to see from the definition of the coderivative operator that

δξ(x) =
∑

e→7x

te→,xξ(e
⇒
),

where te→,x = 1 if e⇒ is entering into x and ↓1 if e⇒ is exiting from x. Thus, by the previous
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display, we get

δξ(x) =
∑

e→7x, e→ ∝=e

te→,x

(
ξ(e⇒) +

1

6
se,e→ξ(e)

)

=

∑

e→7x, e→ ∝=e

te→,xξ(e
⇒
) +

1

6

∑

e→7x, e→ ∝=e

te→,xse,e→ξ(e).

But se,e→ = te,xte→,x if e, e⇒ share a plaquette, and zero otherwise. Therefore, we get

δξ(x) =
∑

e→7x, e→ ∝=e

te→,xξ(e
⇒
) +

1

6

∑

e→7x, e→ ∝=e

te,xse,e→ξ(e)

=

∑

e→7x

te→,xξ(e
⇒
) = δξ(x) = 0.

This proves the claim.

The second step is the prove an ‘ς-version’ of Lemma 16.7.25. Define ‘ς-versions’ of ξ
and RN

ε (ξ) as:

ξϑ(e) := ξ(e) +
1

6 + ς

∑

p↗P ⇒, p7e

∑

e→↗p, e→↗B↼

se→,eξ(e
⇒
).

if e ↑ B
c

⇁
, and ξϑ(e) := 0 if e ↑ B⇁; and

RN

ε,ϑ(ξ) := KN

ε (ξ) exp

(
↓
2↼2⇁

6 + ς

∑

e↗B↼

ξ(e)2
)
.

Lemma 16.7.27. With ξϑ and KN
ε,ϑ(ξ) defined as above, we have

E
[∏

⇁↗E0
φ

(1 +KN

ε (ξ) cos(2↼(ϱϑ, ξ)↓ ϖ⇁))

]
= E

[∏

⇁↗E0
φ

(1 +RN

ε,ϑ(ξ) cos(2↼(ϱϑ, ξϑ)↓ ϖ⇁))

]
.

Proof. Let us begin by expanding

E
[∏

⇁↗E0
φ

(1 +KN

ε (ξ) cos(2↼(ϱϑ, ξ)↓ ϖ⇁))

]

=

∑

E̸E0
φ

E
[∏

⇁↗E

KN

ε (ξ) cos(2↼(ϱϑ, ξ)↓ ϖ⇁))

]

=

∑

E̸E0
φ

(∏

⇁↗E

KN

ε (ξ)

){
2
→|E|

∑

↼↗{→1,1}E

E
[
exp

(
i

∑

⇁↗E

(2↼▷⇁(ϱϑ, ξ)↓ ▷⇁ϖ⇁)

)]}
.

Take any nonempty E ↗ E
0
ε . Let

BE :=



⇁↗E

B⇁,
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and let B
c

E
:= E⇑

0 \ BE . Note that since E
0
ε is an ensemble, the right side above is a disjoint

union. Next, note that by construction, no two elements of B⇁ can share a plaquette. Also,
since E0

ε is a 1-ensemble, no two elements from two di!erent B⇁ and B⇁→ can share a plaquette.
Thus, no two elements from BE can share a plaquette. Therefore by Lemma 16.7.24,

E
[
exp

(
2↼i

∑

⇁↗E

∑

e↗B↼

▷⇁ϱϑ(e)ξ(e)

)∣∣∣∣{ϱϑ(e)}e↗Bc
E

]

=

∏

⇁↗E

∏

e↗B↼

E[e2πi↼↼4ω(e)⇁(e)|{ϱϑ(e)}e↗Bc
E
]

=

∏

⇁↗E

∏

e↗B↼

exp

(
12↼i▷⇁ϱϑ(e)ξ(e)

6 + ς
↓

2↼2⇁ξ(e)2

6 + ς

)
.

This implies that

E
[
exp

(
i

∑

⇁↗E

(2↼▷⇁(ϱϑ, ξ)↓ ▷⇁ϖ⇁)

)]

= E
[
exp

{
i

∑

⇁↗E

(
2↼▷⇁(ϱϑ,⇁, ξ)↓

2↼2⇁

6 + ς

∑

e↗B↼

ξ(e)2 ↓ ▷⇁ϖ⇁

)}]
,

where

ϱϑ,⇁(e) :=





ϱϑ(e) if e ↑ B

c

⇁
,

6
6+ϑ

ϱϑ(e) if e ↑ B⇁.

Now note that

(ϱϑ,⇁, ξ) =
∑

e↗B
c
↼

ϱϑ(e)ξ(e) +
6

6 + ς

∑

e↗B↼

ϱϑ(e)ξ(e)

=

∑

e↗B
c
↼

ϱϑ(e)ξ(e) +
1

6 + ς

∑

e↗B↼

∑

p↗P ⇒, p7e

∑

e→↗p, e→ ∝=e

se,e→ϱϑ(e
⇒
)ξ(e)

=

∑

e↗B
c
↼

ϱϑ(e)ξ(e) +
1

6 + ς

∑

e→↗Bc
↼

∑

p↗P ⇒, p7e→

∑

e↗p, e↗BE

se,e→ϱϑ(e
⇒
)ξ(e)

= (ϱϑ, ξϑ),

where Combining all of the above, we get

2
→|E|

∑

↼↗{→1,1}E

E
[
exp

(
i

∑

⇁↗E

(2↼▷⇁(ϱϑ, ξ)↓ ▷⇁ϖ⇁)

)]

= exp

(
↓
2↼2⇁

6 + ς

∑

⇁↗E

∑

e↗B↼

ξ(e)2
)
E
[∏

⇁↗E

cos(2↼(ϱϑ, ξϑ)↓ ϖ⇁)

]
.

Tracing back the steps, it is clear that this completes the proof.
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We are now ready to prove Lemma 16.7.25.

Proof of Lemma 16.7.25. Let ϱ0,ϑ and ϱ1,ϑ be the orthogonal projections of ϱ0 on U0 and
V0. Now, any ξ ↑ E

0
ε is in U0. This implies that (ϱ0,ϑ, ξ) = (ϱϑ, ξ). Thus, by Lemma 16.7.15,

we get

E
[∏

⇁↗E0
φ

(1 +KN

ε (ξ) cos(2↼(ϱ0, ξ)↓ ϖ⇁))

]

= lim
ϑ↓0

E
[∏

⇁↗E0
φ

(1 +KN

ε (ξ) cos(2↼(ϱ0,ϑ, ξ)↓ ϖ⇁))

]

= lim
ϑ↓0

E
[∏

⇁↗E0
φ

(1 +KN

ε (ξ) cos(2↼(ϱϑ, ξ)↓ ϖ⇁))

]
.

Applying Lemma 16.7.27 to the last line, we get

E
[∏

⇁↗E0
φ

(1 +KN

ε (ξ) cos(2↼(ϱ0, ξ)↓ ϖ⇁))

]

= lim
ϑ↓0

E
[∏

⇁↗E0
φ

(1 +RN

ε,ϑ(ξ) cos(2↼(ϱϑ, ξϑ)↓ ϖ⇁))

]
.

From the definitions of ξ and ξϑ, it is easy to see that ↔ξ ↓ ξϑ↔ ⇔ Cς↔ξ↔, where C has no
dependence on ς or ξ. Also, by Lemma 16.7.26,

(ϱϑ, ξϑ) = (ϱϑ, ξ) + (ϱϑ, ξϑ ↓ ξ)

= (ϱ0,ϑ, ξ) + (ϱϑ, ξϑ ↓ ξ).

This gives

|(ϱϑ, ξϑ)↓ (ϱ0,ϑ, ξ)| = |(ϱϑ, ξϑ ↓ ξ)|

⇔ ↔ϱϑ↔↔ξϑ ↓ ξ↔ ⇔ Cς↔ξ↔↔ϱϑ↔ ⇔ Cς↔ξ↔(↔ϱ0,ϑ↔+ ↔ϱ1,ϑ↔).

By Lemma 16.7.15, we see that the upper bound on the right tends to zero in probability
as ς ⇒ 0. From this, and another application of Lemma 16.7.15, we get

lim
ϑ↓0

E
[∏

⇁↗E0
φ

(1 +RN

ε,ϑ(ξ) cos(2↼(ϱϑ, ξϑ)↓ ϖ⇁))

]

= lim
ϑ↓0

E
[∏

⇁↗E0
φ

(1 +RN

ε,ϑ(ξ) cos(2↼(ϱ0,ϑ, ξ)↓ ϖ⇁))

]

= E
[∏

⇁↗E0
φ

(1 +RN

ε (ξ) cos(2↼(ϱ0, ξ)↓ ϖ⇁))

]
.

This completes the proof.
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16.7.8 The key step

Recall Theorem 16.7.8, which allowed us to express ↖W2↙ as the expectation ↖D2↙
⇑ under

the dual model, and Lemma 16.7.23, which let us express ↖D2↙
⇑ as a limit involving the

function 30
N

defined in equation (16.7.18). Lemma 16.7.25 gives an alternate expression for
30
N

, which yields the following corollary.

Corollary 16.7.28. Let ξ and RN
ε be defined as in the previous subsection, and define

31N (⇀) :=
∑

ε↗$N

cε
∏

⇁↗E0
φ

(1 +RN

ε (ξ) cos(2↼(⇀, ξ))). (16.7.25)

Let ϱ0, 1 , 10, and 5 be as in Lemma 16.7.23. Then

↖W2↙ = e
1
2ς ⇓d3→(!⇒d3⇓2→ 1

2ς ⇓0⇓
2

lim
N↓↑

E[31
N
(ϱ0 + 1)]

E[31
N
(ϱ0)]

.

Proof. Taking ϖ⇁ = 0 for all ξ in Lemma 16.7.25, we get E[30
N
(ϱ0)] = E[31

N
(ϱ0)]. Similarly,

taking ϖ⇁ = 2↼(1, ξ) in Lemma 16.7.25, we get E[30
N
(ϱ0 + 1)] = E[31

N
(ϱ0 + 1)]. By

Lemma 16.7.25 and Theorem 16.7.8, this completes the proof.

The advantage of Corollary 16.7.28 over Lemma 16.7.25 is that the function 31
N

does
not become more and more singular as N ⇒ ⇑. We will now work towards establishing
this claim. We now make a specific choice for the sequence {zq}q↘1 introduced in Subsec-
tion 16.7.5. Recall that {zq}q↘1 can be any sequence of positive real numbers satisfying the
condition

↑∑

q=1

2

zq
= 1.

Now consider the form zq = e◁q
2 . Then the above sum is a strictly decreasing continuous

function of 0, which goes to infinity as 0 ⇒ 0 and to 0 as 0 ⇒ ⇑. Thus, there is a unique
0 such that the above sum is equal to one. We define zq := e◁q

2 with this 0. Note that 0 is
a universal constant.

The first step towards showing the stability of 31
N

is to show that the coe"cients RN
ε (ξ)

are not allowed to blow up as N grows, unlike the coe"cients KN
ε (ξ). The following lemma

shows that this happens if ⇁ is greater than a universal constant.

Lemma 16.7.29. For any N → 1, ε ↑ $N , and ξ ↑ E
0
ε , we have

0 < RN

ε (ξ) ⇔ e(C0→C1ϱ)⇓⇁⇓2 ,

where C0, C1 are positive universal constants.

Proof. From Corollary 16.7.21, recall that

0 < KN

ε (ξ) ⇔ 3
N1(⇁)

∏

e↗E(⇁)

z|⇁(e)|,
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where N1(ξ) is the number of edges in E⇑

0 which at distance ⇔ 1 from E(ξ). With our
choice of zq, this gives

0 < KN

ε (ξ) ⇔ 3
N1(⇁)e◁⇓⇁⇓

2
.

Now, N1(ξ) ⇔ C|E(ξ)|, where C a universal constant. Also, |E(ξ)| ⇔ ↔ξ↔2, since |ξ(e)| → 1

for each e ↑ E(ξ). Since 0 is a universal constant, these observations show that that there
is a universal constant C0 such that

0 < KN

ε (ξ) ⇔ eC0⇓⇁⇓
2
.

Now, by the definition (16.7.24) of RN
ε (ξ) and the inequality (16.7.23), we get

0 < RN

ε (ξ) ⇔ KN

ε (ξ)e→C1ϱ⇓⇁⇓
2
,

where C1 is a positive universal constant. The proof is now completed by combining the
last two displays.

The main utility of Lemma 16.7.29 is that it shows that each term in the sum defining
31
N

is a positive function if ⇁ is large enough. This allows us to apply Jensen’s inequality in
a useful way. First, we need the following lemma.

Lemma 16.7.30. For any z ↑ [0, 1) and ⇀, ϖ ↑ R, we have

1 + z cos(⇀↓ ϖ)

1 + z cos⇀
→ exp

(
E(⇀, ϖ) +O(⇀, ϖ)↓

2z2ϖ2

(1↓ z)2

)
,

where

E(⇀, ϖ) :=
z(cos⇀)(cos ϖ ↓ 1)

1 + z cos⇀
, O(⇀, ϖ) :=

z sin⇀ sin ϖ

1 + z cos⇀
.

Moreover, we have the bound

|E(⇀, ϖ)| ⇔
zϖ2

2(1↓ z)
.

Proof. Fix z ↑ [0, 1) and ⇀, ϖ ↑ R. Set

R :=
1 + z cos(⇀↓ ϖ)

1 + z cos⇀
.

Since z ↑ [0, 1) and cosx → ↓1, we have 1 + z cosx → 1↓ z > 0 for all x ↑ R, hence R > 0.
Using cos(⇀↓ ϖ) = cos⇀ cos ϖ + sin⇀ sin ϖ, we obtain

1 + z cos(⇀↓ ϖ) = 1 + z cos⇀+ z cos⇀(cos ϖ ↓ 1) + z sin⇀ sin ϖ.

Dividing by 1 + z cos⇀ gives

R = 1 +
z cos⇀(cos ϖ ↓ 1)

1 + z cos⇀
+

z sin⇀ sin ϖ

1 + z cos⇀
= 1 + E(⇀, ϖ) +O(⇀, ϖ),
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where E and O are as in the statement of the lemma. Next, recall the elementary inequality

log x → 1↓
1

x
(x > 0). (16.7.26)

(Indeed, for f(x) := log x +
1
x
↓ 1 we have f ⇒

(x) = x→1
x2 , so f is minimized at x = 1 and

f(1) = 0.) Applying (16.7.26) with x = R yields

logR → 1↓
1

R
=

R↓ 1

R
= (R↓ 1)↓

(R↓ 1)
2

R
.

Since R↓ 1 = E +O, this becomes

logR → E(⇀, ϖ) +O(⇀, ϖ)↓
(R↓ 1)

2

R
. (16.7.27)

Now, observe that

R↓ 1 =
z(cos(⇀↓ ϖ)↓ cos⇀)

1 + z cos⇀
.

Therefore,

(R↓ 1)
2

R
=

z2(cos(⇀↓ ϖ)↓ cos⇀)2

(1 + z cos⇀)2
·

1 + z cos⇀

1 + z cos(⇀↓ ϖ)

=
z2(cos(⇀↓ ϖ)↓ cos⇀)2

(1 + z cos⇀) (1 + z cos(⇀↓ ϖ))
.

Since 1 + z cosx → 1↓ z for all x ↑ R, we get

(R↓ 1)
2

R
⇔

z2(cos(⇀↓ ϖ)↓ cos⇀)2

(1↓ z)2
. (16.7.28)

Next, using the trigonometric identity

cos(⇀↓ ϖ)↓ cos⇀ = cos

(
⇀↓

ϖ

2
↓

ϖ

2

)
↓ cos

(
⇀↓

ϖ

2
+

ϖ

2

)

= cos

(
⇀↓

ϖ

2

)
cos

(
ϖ

2

)
+ sin

(
⇀↓

ϖ

2

)
sin

(
ϖ

2

)

↓

[
cos

(
⇀↓

ϖ

2

)
cos

(
ϖ

2

)
↓ sin

(
⇀↓

ϖ

2

)
sin

(
ϖ

2

)]

= 2 sin

(
⇀↓

ϖ

2

)
sin

(
ϖ

2

)
,

we obtain

(cos(⇀↓ ϖ)↓ cos⇀)2 ⇔ 4 sin
2

(
ϖ

2

)
⇔ 4

(
ϖ

2

)2

= ϖ2,

where we used | sinu| ⇔ |u|. Combining this with (16.7.28) gives

(R↓ 1)
2

R
⇔

z2ϖ2

(1↓ z)2
⇔

2z2ϖ2

(1↓ z)2
. (16.7.29)
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Substituting (16.7.29) into (16.7.27) yields

logR → E(⇀, ϖ) +O(⇀, ϖ)↓
2z2ϖ2

(1↓ z)2
.

Exponentiating both sides proves the first claim of the lemma. For the second, recall that

E(⇀, ϖ) =
z cos⇀(cos ϖ ↓ 1)

1 + z cos⇀
= z(1↓ cos ϖ)

↓ cos⇀

1 + z cos⇀
.

Since z ↑ [0, 1) and cos⇀ → ↓1, we have 1 + z cos⇀ → 1 ↓ z > 0. Therefore, the above
identity shows that

|E(⇀, ϖ)| ⇔
z(1↓ cos ϖ)

1↓ z
.

Finally,

1↓ cos ϖ = 2 sin
2

(
ϖ

2

)
⇔ 2

(
ϖ

2

)2

=
ϖ2

2
,

using | sinx| ⇔ |x|. Combining the last two displays yields

|E(⇀, ϖ)| ⇔
z

1↓ z
·
ϖ2

2
=

zϖ2

2(1↓ z)
.

This completes the proof.

Lemma 16.7.31. Let C0 and C1 be as in Lemma 16.7.29, and let ⇁0 := C0/C1. Suppose
that ⇁ > ⇁0. Let ϱ0 and 10 be as in Lemma 16.7.23. Let

h(x) :=
x

2(1↓ x)
+

2x2

(1↓ x)2
.

Then for any N , there are positive weights (wN,ε)ε↗$N which add up to 1, and

E[31
N
(ϱ0 + 10)]

E[31
N
(ϱ0)]

→

∑

ε↗$N

wN,ε

∏

⇁↗E0
φ

e→h(RN
φ (⇁))ς2↼ ,

where ϖ⇁ := 2↼(10, ξ).

Proof. Take any N and any ε ↑ $N . For ⇀ ↑ U0, let

*N,ε(⇀) :=
∏

⇁↗E0
φ

(1 +RN

ε (ξ) cos(2↼(⇀, ξ))). (16.7.30)

Since ⇁ > ⇁0, Lemma 16.7.29 shows that *N,ε is a positive function. Also, clearly, it
is a bounded function (although the bound may depend on N and ε). Thus, there is a
probability measure ◁N,ε on U0 that has density proportional to *N,ε with respect to the
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law of ϱ0. Let ( be a random variable with law ◁N,ε . Then note that

E[*N,ε(ϱ0 + 10)] = ZN,εE
[
*N,ε((+ 10)

*N,ε(()

]
,

where ZN,ε := E[*N,ε(ϱ0)]. By Jensen’s inequality, this shows that

E[*N,ε(ϱ0 + 10)] → ZN,ε exp

(
E
[
log

*N,ε((+ 10)

*N,ε(()

])

= ZN,ε

∏

⇁↗E0
φ

exp

(
E
[
log

1 +RN
ε (ξ) cos(2↼((+ 10, ξ))

1 +RN
ε (ξ) cos(2↼((, ξ))

])
.

Define
⇀⇁ := 2↼((, ξ), ϖ⇁ := 2↼(10, ξ),

noting that ⇀⇁ is a random variable and ϖ⇁ is deterministic. Then by Lemma 16.7.30,

log
1 +RN

ε (ξ) cos(2↼((+ 10, ξ))

1 +RN
ε (ξ) cos(2↼((, ξ))

→ E(⇀⇁, ϖ⇁) +O(⇀⇁, ϖ⇁)↓
2RN

ε (ξ)2ϖ2
⇁

(1↓RN
ε (ξ))2

.

Thus, we arrive at the lower bound

E[*N,ε(ϱ0 + 10)] → ZN,ε

∏

⇁↗E0
φ

exp

(
E[E(⇀⇁, ϖ⇁)] + E[O(⇀⇁, ϖ⇁)]↓

2RN
ε (ξ)2ϖ2

⇁

(1↓RN
ε (ξ))2

)
.

Since ϱ0 has the same law as ↓ϱ0, and *N,ε(⇀) = *N,ε(↓⇀), we see that ( has the same law
as ↓(. From this it follows that O(⇀⇁, ϖ⇁) has the same law as ↓O(⇀⇁, ϖ⇁). Consequently,
E(O(⇀⇁, ϖ⇁)) = 0. Next, by the bound on |E(⇀, ϖ)| from Lemma 16.7.30, we have

|E(⇀⇁, ϖ⇁)| ⇔
RN

ε (ξ)ϖ2
⇁

2(1↓RN
ε (ξ))

.

Combining, we get

E[*N,ε(ϱ0 + 10)] → ZN,ε

∏

⇁↗E0
φ

e→h(RN
φ (⇁))ς2↼ ,

where h is as in the statement of the lemma. Recalling the formula (16.7.25) for 31
N

and
the formula (16.7.30) for *N,ε , and applying the above inequality, we see that

E[31N (ϱ0 + 10)] =
∑

ε↗$N

cεE[*N,ε(ϱ0 + 10)]

=

∑

ε↗$N

cεZN,ε

∏

⇁↗E0
φ

e→h(RN
φ (⇁))ς2↼ .
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But again, by the formulas (16.7.25) and (16.7.30),

E[31N (ϱ0)] =
∑

ε↗$N

cεE[*N,ε(ϱ0)] =
∑

ε↗$N

cεZN,ε .

Clearly, this completes the proof.
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Appendix A

Measure Theory and Analysis

A.1 Basics of measure theory

A.1.1 Measure spaces

Let ” be a set. A ▷-algebra F on ” is a collection of subsets such that

• ℑ ↑ F (where ℑ denotes the empty set),

• if A ↑ F , then Ac
↑ F (where Ac denotes the complement of A in ”), and

• if A1, A2, . . . is a countable collection of sets in F , then

↑

n=1

An ↑ F .

A pair (”,F), where ” is a set and F is a ▷-algebra on ”, is called a measurable space. If
the countable union condition is replaced by a finite union condition, then F is called an
algebra instead of a ▷-algebra. Note that ▷-algebras are also closed under finite unions,
since we can append empty sets to convert a finite collection into a countable collection.

Let ” be a set and A be a collection of subsets of ”. It is easy to show that the
intersection of any arbitrary collection of ▷-algebras is a ▷-algebra. The intersection of
all ▷-algebras containing A is therefore a ▷-algebra (because there is at least one, namely,
the power set of ”), which is the smallest ▷-algebra containing A. The smallest ▷-algebra
containing A is called the ▷-algebra generated by A, and is denoted by ▷(A). The following
is an important class of ▷-algebras. Let ” be a set endowed with a topology. The Borel
▷-algebra on ” is the ▷-algebra generated by the collection of open subsets of ”. It is
sometimes denoted by B(”). In particular, the Borel ▷-algebra of the real line R is the
▷-algebra generated by all open subsets of R.

Let (”,F) be a measurable space and take any ”
⇒
↑ F . Consider the set F ⇒

:= {A≃”
⇒
:

A ↑ F}. It is easy to see that this is a ▷-algebra. The ▷-algebra F
⇒ is called the restriction

of F to ”
⇒. The following lemma is sometimes useful.
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Lemma A.1.1. Let F ⇒ be as above. If F is generated by a collection of sets A, then F
⇒ is

generated by the collection A
⇒
:= {A ≃ ”

⇒
: A ↑ A}.

Proof. Since F
⇒ is a ▷-algebra and it contains A⇒, we have that ▷(A⇒

) ↗ F
⇒. For the reverse

inclusion, take any ▷-algebra G
⇒ on ”

⇒ that contains A
⇒. Define

G := {B ↗ ” : B ≃ ”
⇒
↑ G

⇒
}.

An easy check shows that G is a ▷-algebra on ”. Moreover, G B A since A ≃ ”
⇒
↑ A

⇒
↗ G

⇒

for all A ↑ A. Thus, G B F . This means that for all B ↑ F , B ≃ ”
⇒
↑ G

⇒. This implies
that F

⇒
↗ G

⇒. Thus, F ⇒
↗ ▷(A⇒

).

Let (”,F) be a measurable space. A measure µ on this space is a function from F into
[0,⇑] such that

• µ(ℑ) = 0, and

• if A1, A2, . . . is a countable sequence of disjoint sets in F , then

µ

( ↑

n=1

An

)
=

↑∑

n=1

µ(An).

The triple (”,F , µ) is called a measure space. The second condition above is known as the
countable additivity condition. Note that finite additivity is also valid, since we can append
empty sets to a finite collection to make it countable. If a measure µ on a measurable space
(”,F) satisfies µ(”) = 1, then it is called a probability measure, and the triple (”,F , µ) is
called a probability space. In this case, elements of F are often called ‘events’.

A.1.2 Dynkin’s ε-ϑ theorem

Let ” be a set. A collection P of subsets of ” is called a ↼-system if it is closed under
finite intersections. A collection L of subsets of ” is called a 0-system (or Dynkin system)
if ” ↑ L and L is closed under taking complements and countable disjoint unions. The
following theorem is a cornerstone of measure theory.

Theorem A.1.2 (Dynkin’s ↼-0 theorem). Let ” be a set. Let P be a ↼-system of subsets
of ”, and let L B P be a 0-system of subsets of ”. Then L B ▷(P).

We need a small lemma for the proof.

Lemma A.1.3 (Dynkin’s ↼-0 theorem). If a 0-system is also a ↼-system, then it is a
▷-algebra.

Proof. Let L be a 0-system which is also a ↼-system. Then L is closed under complements
by definition, and clearly, ℑ ↑ L. Suppose that A1, A2, . . . ↑ L. Let B1 = A1, and for each
i → 2, let

Bi = Ai ≃Ac

1 ≃Ac

2 ≃ · · · ≃Ac

i→1.
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Since L is a 0-system, each Ac

i
is in L. Therefore, since L is also a ↼-system, each Bi ↑ L.

By construction, B1, B2, . . . are disjoint sets and

↑

i=1

Ai =

↑

i=1

Bi.

Thus ∪Ai ↑ L. This shows that L is a ▷-algebra.

We are now ready to prove Theorem A.1.2.

Proof of Theorem A.1.2. Since the intersection of all 0-systems containing P is again a
0-system, we may assume that L is the smallest 0-system containing P.

Take any A ↑ P . Let

GA := {B ↑ L : A ≃B ↑ L}. (A.1.1)

Then GA B P since P is a ↼-system and P ↗ L. Clearly, ” ↑ GA. If B ↑ GA, then Bc
↑ L

and
A ≃Bc

= (Ac
∪ (A ≃B))

c
↑ L,

since Ac and A ≃ B are disjoint elements of L and L is a 0-system. Thus, Bc
↑ GA. If

B1, B2, . . . are disjoint sets in GA, then

A ≃ (B1 ∪B2 ∪ · · · ) = (A ≃B1) ∪ (A ≃B2) ∪ · · · ↑ L,

again since L is a 0-system. Thus, GA is a 0-system containing P . By the minimality of L,
this shows that GA = L. In particular, if A ↑ P and B ↑ L, then A ≃B ↑ L.

Next, for A ↑ L, let GA be defined as in (A.1.1). By the deduction in the previous
paragraph, GA B P. As before, GA is a 0-system. Thus, GA = L. In particular, L is a
↼-system. By Lemma A.1.3, this completes the proof.

A.1.3 Uniqueness of measures

An important corollary of the ↼-0 theorem is the following result about uniqueness of
measures.

Theorem A.1.4. Let P be a ↼-system. If µ1 and µ2 are measures on ▷(P) that agree on
P, and there is a sequence A1, A2, . . . ↑ P such that An increases to ” and µ1(An) and
µ2(An) are finite for every n, then µ1 = µ2 on ▷(P).

Proof. Take any A ↑ P such that µ1(A) = µ2(A) < ⇑. Let

L := {B ↑ ▷(P) : µ1(A ≃B) = µ2(A ≃B)}.
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Clearly, ” ↑ L. If B ↑ L, then

µ1(A ≃Bc
) = µ1(A)↓ µ1(A ≃B)

= µ2(A)↓ µ2(A ≃B) = µ2(A ≃Bc
),

and hence Bc
↑ L. If B1, B2, . . . ↑ L are disjoint and B is their union, then

µ1(A ≃B) =

↑∑

i=1

µ1(A ≃Bi)

=

↑∑

i=1

µ2(A ≃Bi) = µ2(A ≃B),

and therefore B ↑ L. This shows that L is a 0-system. Therefore by the ↼-0 theorem,
L = ▷(P). In other words, for every B ↑ ▷(P) and A ↑ P such that µ1(A) < ⇑,
µ1(A ≃B) = µ2(A ≃B). By the given condition, there is a sequence A1, A2, . . . ↑ P such
that µ1(An) < ⇑ for every n and An ⊤ ”. Thus, for any B ↑ ▷(P),

µ1(B) = lim
n↓↑

µ1(An ≃B) = lim
n↓↑

µ2(An ≃B) = µ2(B).

This completes the proof of the theorem.

A.1.4 An approximation theorem for measurable sets

Let (”,F , µ) be a measure space. In measure theory, µ(A) is thought of as a measure of
the ‘size’ of A. When µ(A) is small, we think of A as a ‘small’ set. Following this line of
thought, we think of µ(A#B) as a kind of distance between two sets A and B (where A#B

is the symmetric di!erence of A and B). If this is small, then A and B are ‘almost the
same set’. The following useful result shows that if µ is a finite measure space (meaning
that µ(”) < ⇑), then any element of F can be arbitrarily well-approximated by elements
of any generating algebra.

Theorem A.1.5. Let (”,F , µ) be a finite measure space, and let A be an algebra of
sets generating F . Then for any A ↑ F and any ς > 0, there is some B ↑ A such that
µ(A#B) < ς, where A#B is the symmetric di"erence of A and B.

Proof. Let G be the collection of all A ↑ F for which the stated property holds. Clearly,
A ↗ G. In particular, ” ↑ G. Take A ↑ G and any ς > 0. Find B ↑ A such that
µ(A#B) < ς. Since Ac

#Bc
= A#B, we get µ(Ac

#Bc
) < ς. Thus, Ac

↑ G. Finally, take
any A1, A2, . . . ↑ G. Let A := ∪

↑

i=1Ai and take any ς > 0. Since µ is a probability measure,
there is some n large enough such that

µ

(
A \

n

i=1

Ai

)
<

ς

2
.

For each i, find Bi ↑ A such that µ(Ai#Bi) < 2
→i→1ς. Let A⇒

:= ∪
n

i=1Ai and B⇒
:= ∪

n

i=1Bi.
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It is not hard to see that

A⇒
#B⇒

↗

n

i=1

(Ai#Bi).

Thus,

µ(A⇒
#B⇒

) ⇔

n∑

i=1

µ(Ai#Bi) ⇔
ς

2
.

Again, it is not hard to check that A#B⇒
↗ (A \A⇒

) ∪ (A⇒
#B⇒

). Therefore

µ(A#B⇒
) ⇔ µ(A \A⇒

) + µ(A⇒
#B⇒

) < ς.

Thus, A ↑ G. This proves that G is a ▷-algebra, and hence contains ▷(A) = F .

A.1.5 Outer measures

Let ” be any set and let 2
% denote its power set. A function ↽ : 2

%
⇒ [0,⇑] is called an

outer measure if it satisfies the following conditions:

• ↽(ℑ) = 0.

• ↽(A) ⇔ ↽(B) whenever A ↗ B.

• For any A1, A2, . . . ↗ ”,

↽

( ↑

i=1

Ai

)
⇔

↑∑

i=1

↽(Ai).

Note that there is no ▷-algebra in the definition of an outer measure. In fact, we will show
below that an outer measure generates its own ▷-algebra. If ↽ is an outer measure on a set
”, a subset A ↗ ” is called ↽-measurable if for all B ↗ ”,

↽(B) = ↽(B ≃A) + ↽(B ≃Ac
).

Note that A is ↽-measurable if and only if

↽(B) → ↽(B ≃A) + ↽(B ≃Ac
)

for every B, since the opposite inequality follows by subadditivity. The following result is
the most important fact about outer measures.

Theorem A.1.6. Let ” be a set and ↽ be an outer measure on ”. Let F be the collection
of all ↽-measurable subsets of ”. Then F is a ▷-algebra and ↽ is a measure on F .

The proof of Theorem A.1.6 is divided into a sequence of lemmas.

Lemma A.1.7. The collection F is an algebra.
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Proof. Clearly, ℑ ↑ F , since ↽(ℑ) = 0. If A ↑ F , then Ac
↑ F by the definition of F . If

A,B ↑ F , let D := A ∪B and note that by subadditivity of ↽, for any E we have

↽(E ≃D) + ↽(E ≃Dc
)

= ↽((E ≃A) ∪ (E ≃B ≃Ac
)) + ↽(E ≃Ac

≃Bc
)

⇔ ↽(E ≃A) + ↽(E ≃B ≃Ac
) + ↽(E ≃Ac

≃Bc
).

But since B ↑ F ,

↽(E ≃B ≃Ac
) + ↽(E ≃Ac

≃Bc
) = ↽(E ≃Ac

).

Thus,
↽(E ≃D) + ↽(E ≃Dc

) ⇔ ↽(E ≃A) + ↽(E ≃Ac
).

But since A ↑ F , the right side equals ↽(E). This completes the proof.

Lemma A.1.8. If A1, . . . , An ↑ F are disjoint and E ↗ ”, then

↽(E ≃ (A1 ∪ · · · ∪An)) =

n∑

i=1

↽(E ≃Ai).

Proof. For each j, let Bj := A1 ∪ · · · ∪Aj . Since An ↑ F ,

↽(E ≃Bn) = ↽(E ≃Bn ≃An) + ↽(E ≃Bn ≃Ac

n).

But since A1, . . . , An are disjoint, Bn ≃Ac
n = Bn→1 and Bn ≃An = An. Thus,

↽(E ≃Bn) = ↽(E ≃An) + ↽(E ≃Bn→1).

The proof is now completed by induction.

A consequence of the last two lemmas is the following.

Lemma A.1.9. If A1, A2, . . . is a sequence of sets in F increasing to a set A ↗ ”, then
for any E ↗ ”,

↽(E ≃A) = lim
n↓↑

↽(E ≃An).

Proof. By monotonicity of ↽, the left side dominates the right. For the opposite inequality,
let Bn := An ≃ (A1 ∪ · · · ∪An→1)

c for each n, so that the sets B1, B2, . . . are disjoint and
An = B1∪ · · ·∪Bn for each n. By Lemma A.1.7, Bn ↑ F for each n. Thus, by Lemma A.1.8,

↽(E ≃An) =

n∑

i=1

↽(E ≃Bi).

Consequently,

lim
n↓↑

↽(E ≃An) =

↑∑

i=1

↽(E ≃Bi).
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Since ↽ is countably subadditive, this completes the proof of the lemma.

We are now ready to prove Theorem A.1.6.

Proof of Theorem A.1.6. Let A1, A2, . . . ↑ F and let A := ∪Ai. For each n, let

Bn :=

n

i=1

Ai.

Take any E ↗ ” and any n. By Lemma A.1.7, Bn ↑ F and hence

↽(E) = ↽(E ≃Bn) + ↽(E ≃Bc

n).

By monotonicity of ↽, ↽(E ≃Bc
n) → ↽(E ≃Ac

). Thus,

↽(E) → ↽(E ≃Bn) + ↽(E ≃Ac
).

By Lemma A.1.9,
lim
n↓↑

↽(E ≃Bn) = ↽(E ≃A).

Thus, A ↑ F . Together with Lemma A.1.7, this shows that F is a ▷-algebra. To show that
↽ is a measure on F , take any disjoint collection of sets A1, A2, . . . ↑ F . Let B be the union
of these sets, and let Bn = A1 ∪ · · · ∪An. By the monotonicity of ↽ and Lemma A.1.8,

↽(B) → ↽(Bn) =

n∑

i=1

↽(Ai).

Letting n ⇒ ⇑, we get ↽(B) →
∑

↽(Ai). On the other hand, subadditivity of ↽ gives the
opposite inequality. This shows that ↽ is a measure on F and completes the proof.

A.1.6 Carathéodory’s extension theorem

Let ” be a set and A be an algebra of subsets of ”. A function µ : A ⇒ [0,⇑] is called a
measure on A if

• µ(ℑ) = 0, and

• if A1, A2, . . . is a countable collection of disjoint elements of A such that their union
is also in A, then

µ

( ↑

i=1

Ai

)
=

↑∑

i=1

µ(Ai).

A measure µ on an algebra A is called ▷-finite if there is a countable family of sets
A1, A2, . . . ↑ A such that µ(Ai) < ⇑ for each i, and ” = ∪

↑

i=1Ai.

Theorem A.1.10 (Carathéodory’s extension theorem). If A is an algebra of subsets of a
set ” and µ is a measure on A, then µ has an extension to ▷(A). Moreover, if µ is ▷-finite
on A, then the extension is unique.
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The plan of the proof is to construct an outer measure on ” that agrees with µ on A.
Then Theorem A.1.6 will give the required extension. The outer measure is defined as
follows. For each A ↗ ”, let

µ⇑
(A) := inf

{ ↑∑

i=1

µ(Ai) : A1, A2, . . . ↑ A, A ↗

↑

i=1

Ai

}
. (A.1.2)

The next lemma establishes that µ⇑ is an outer measure on ”.

Lemma A.1.11. The functional µ⇑ is an outer measure on ”.

Proof. It is obvious from the definition of µ⇑ that µ⇑
(ℑ) = 0 and µ⇑ is monotone. For

proving subadditivity, take any sequence of sets {Ai}i↘1 and let A := ∪Ai. Fix some ς > 0,
and for each i, let {Aij}

↑

j=1 be a collection of elements of A such that Ai ↗ ∪jAij and

↑∑

j=1

µ(Aij) ⇔ µ⇑
(Ai) + 2

→iς.

Then {Aij}
↑

i,j=1 is a countable cover for A, and so

µ⇑
(A) ⇔

↑∑

i,j=1

µ(Aij)

⇔

↑∑

i=1

(µ⇑
(Ai) + 2

→iς) = ς+
↑∑

i=1

µ⇑
(Ai).

Since ς is arbitrary, this completes the proof of the lemma.

The next lemma shows that µ⇑ is a viable candidate for an extension.

Lemma A.1.12. For A ↑ A, µ⇑
(A) = µ(A).

Proof. Take any A ↑ A. By definition, µ⇑
(A) ⇔ µ(A). Conversely, take any A1, A2, . . . ↑ A

such that A ↗ ∪Ai. Then A = ∪(A ≃Ai). Note that each A ≃Ai ↑ A, and their union is
A, which is also in A. It is easy to check that countable subadditivity continues to be valid
for measures on algebras, provided that the union belongs to the algebra. Thus, we get

µ(A) ⇔
↑∑

i=1

µ(A ≃Ai) ⇔

↑∑

i=1

µ(Ai).

This shows that µ(A) ⇔ µ⇑
(A).

We are now ready to prove Carathéodory’s extension theorem.

Proof of Theorem A.1.10. Let A
⇑ be the set of all µ⇑-measurable sets. By Theorem A.1.6,

we know that A⇑ is a ▷-algebra and that µ⇑ is a measure on A
⇑. We now claim that A ↗ A

⇑.
To prove this, take any A ↑ A and E ↗ ”. Let A1, A2, . . . be any sequence of elements of
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A that cover E. Then {A ≃ Ai}
↑

i=1 is a cover for E ≃ A and {Ac
≃ Ai}

↑

i=1 is a cover for
E ≃Ac. Consequently,

µ⇑
(E ≃A) + µ⇑

(E ≃Ac
) ⇔

↑∑

i=1

(µ(A ≃Ai) + µ(Ac
≃Ai))

=

↑∑

i=1

µ(Ai).

Taking infimum over all choices of {Ai}
↑

i=1, this shows that µ⇑
(E≃A)+µ⇑

(E≃Ac
) ⇔ µ⇑

(E),
which means that A ↑ A

⇑. Thus, A ↗ A
⇑. This proves the existence part of the theorem.

If µ is ▷-finite on A, then the uniqueness of the extension follows from Theorem A.1.4.

A.1.7 Construction of Lebesgue measure

Let A be the set of all subsets of R that are finite disjoint unions of half-open intervals
of the form (a, b] ≃ R, where ↓⇑ ⇔ a ⇔ b ⇔ ⇑. Here we write (a, b] ≃ R to ensure that
the interval is (a,⇑) if b = ⇑. If a = b, the interval is empty. It is easy to show that A

is an algebra of sets, and that it generates the Borel ▷-algebra of R. Define a functional
0 : A ⇒ R as:

0

( n

i=1

(ai, bi] ≃ R
)

:=

n∑

i=1

(bi ↓ ai),

where remember that (a1, b1], . . . , (an, bn] are disjoint. In other words, 0 measures the
length of an element of A, as understood in the traditional sense. It is obvious that 0 is
finitely additive on A (that is, 0(A1 ∪ · · · ∪ An) = 0(A1) + · · ·+ 0(An) when A1, . . . , An

are disjoint elements of A). It is also obvious that 0 is monotone, that is, 0(A) ⇔ 0(B)

when A ↗ B (just observe that B is the disjoint union of A and B \ A, and apply finite
additivity).

Lemma A.1.13. For any A1, . . . , An ↑ A and any A ↗ A1 ∪ · · · ∪An, 0(A) ⇔
∑

0(Ai).

Proof. Let B1 = A1 and Bi = Ai \ (A1 ∪ · · · ∪ Ai→1) for 2 ⇔ i ⇔ n. Then B1, . . . , Bn are
disjoint and their union is the same as the union of A1, . . . , An. Therefore by the finite
additivity and monotonicity of 0,

0(A) =

n∑

i=1

0(A ≃Bi) ⇔

n∑

i=1

0(Bi) ⇔

n∑

i=1

0(Ai),

where the last inequality holds because Bi ↗ Ai for each i.

Proposition A.1.14. The functional 0 defined above is a ▷-finite measure on A.

Proof. Suppose that an element A ↑ A is a countable disjoint union of elements A1, A2, . . . ↑

A. We have to show that

0(A) =

↑∑

i=1

0(Ai). (A.1.3)
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It su"ces to show this when A = (a, b] ≃ R and Ai = (ai, bi] ≃ R for each i, since each
element of A is a finite disjoint union of such intervals. There is nothing to prove if a = b,
so assume that a < b.

First suppose that ↓⇑ < a < b < ⇑. Take any δ > 0 such that a+ δ < b, and take
any ς > 0. Then the closed interval [a + δ, b] is contained in the union of (ai, bi + 2

→iς),
i → 1. To see this, take any x ↑ [a+ δ, b]. Then x ↑ (a, b], and hence x ↑ (ai, bi] for some i.
Thus, x ↑ (ai, bi + 2

→iς).
Since [a + δ, b] is compact, it is therefore contained in the union of finitely many

(ai, bi + 2
→iς). Consequently, there exists k such that

(a+ δ, b] ↗
k

i=1

(ai, bi + 2
→iς].

Thus, by Lemma A.1.13,

b↓ a↓ δ ⇔

k∑

i=1

(bi + 2
→iς↓ ai) ⇔ ς+

↑∑

i=1

(bi ↓ ai).

Since this holds for any ς and δ, we get

b↓ a ⇔

↑∑

i=1

(bi ↓ ai). (A.1.4)

On other hand, for any k, finite additivity and monotonicity of 0 implies that

b↓ a = 0(A) →
k∑

i=1

0(Ai) =

k∑

i=1

(bi ↓ ai).

Thus,

b↓ a →

↑∑

i=1

(bi ↓ ai), (A.1.5)

which proves (A.1.3) when a and b are finite. If either a or b is infinite, we find finite a⇒, b⇒

such that (a⇒, b⇒] ↗ (a, b] ≃ R. Repeating the above steps, we arrive at the inequality

b⇒ ↓ a⇒ ⇔
↑∑

i=1

(bi ↓ ai).

Since this hold for any finite a⇒ > a and b⇒ < b, we recover (A.1.4), and (A.1.5) continues
to hold as before. This completes the proof of countable additivity of 0. The ▷-finiteness is
trivial.

Corollary A.1.15. The functional 0 has a unique extension to a measure on B(R).

Proof. It is easy to check that the algebra A generates the Borel ▷-algebra. The existence

306



APPENDIX A. MEASURE THEORY AND ANALYSIS

and uniqueness of the extension now follows by Proposition A.1.14 and Carathéodory’s
extension theorem.

The unique extension of 0 given by Corollary A.1.15 is called the Lebesgue measure
on the real line. The outer measure defined by the formula (A.1.2) in this case is called
Lebesgue outer measure, and the ▷-algebra induced by this outer measure is called the
Lebesgue ▷-algebra. Lebesgue measure is the measure that corresponds to our intuitive
notion of the ‘length’ of a set, because 0((a, b]) = b↓ a for any interval (a, b], and the same
holds for closed and open intervals.

A.1.8 Measurable functions

Let (”,F) and (”
⇒,F ⇒

) be two measurable spaces. A function f : ” ⇒ ”
⇒ is called

measurable if f→1
(A) ↑ F for every A ↑ F

⇒. Here, as usual, f→1
(A) denotes the set of all

x ↑ ” such that f(x) ↑ A. The main way to check that a function is measurable is the
following lemma.

Lemma A.1.16. Let (”,F) and (”
⇒,F ⇒

) be two measurable spaces and f : ” ⇒ ”
⇒ be a

function. Suppose that there is a set A ↗ F
⇒ that generates F ⇒, and suppose that f→1

(A) ↑ F

for all A ↑ A. Then f is measurable.

Proof. It is easy to verify that the set of all B ↗ ”
⇒ such that f→1

(B) ↑ F is a ▷-algebra.
Since this set contains A, it must also contains the ▷-algebra generated by A, which is F

⇒.
Thus, f is measurable.

Essentially all functions that arise in practice are measurable. Let us now see why that
is the case by identifying some large classes of measurable functions.

Proposition A.1.17. Suppose that ” and ”
⇒ are topological spaces, and F and F

⇒ are
their Borel ▷-algebras. Then any continuous function from ” into ”

⇒ is measurable.

Proof. Use Lemma A.1.16 with A = the set of all open subsets of ”⇒.

It is easy to show that compositions of measurable functions are measurable. Combining
this with Proposition A.1.17 shows, for example, that sums and products of real-valued
measurable functions are measurable, since addition and multiplication are continuous maps
from R2 to R, and if f, g : ” ⇒ R are measurable, then (f, g) : ” ⇒ R2 is measurable with
respect to B(R2

) (easy to show).
Often, we will have occasion to consider measurable functions that take value in the

set R⇑
= R ∪ {↓⇑,⇑}, equipped with the ▷-algebra generated by all intervals of the form

[a, b] where ↓⇑ ⇔ a ⇔ b ⇔ ⇑.

Proposition A.1.18. Let (”,F) be a measurable space and let {fn}n↘1 be a sequence of
measurable functions from ” into R⇑. Let g(2) := infn↘1 fn(2) and h(2) := supn↘1 fn(2)

for 2 ↑ ”. Then g and h are also measurable functions. As a consequence, the functions
lim infn↓↑ fn and lim supn↓↑ fn are also measurable.

307



APPENDIX A. MEASURE THEORY AND ANALYSIS

Proof. For any t ↑ R⇑, g(2) → t if and only if fn(2) → t for all n. Thus,

g→1
([t,⇑]) =

↑⋂

n=1

f→1
n ([t,⇑]),

which shows that g→1
([t,⇑]) ↑ F . It is straightforward to verify that sets of the form [t,⇑]

generate the ▷-algebra of R⇑. Thus, g is measurable. The proof for h is similar. For lim sup

and lim inf, simply recall that

lim sup
n↓↑

fn(x) = inf
n↘1

sup
k↘1

fk(x), lim inf
n↓↑

fn(x) = sup
n↘1

inf
k↘1

fk(x),

and iterate the results for sup and inf.

The above result shows that if {fn}n↘1 is a sequence of real-valued measurable functions
converging pointwise to a limit f , then f is measurable. For functions that take values in
more abstract spaces, the following result is often useful.

Proposition A.1.19. Let (”,F) be a measurable space and let S be a separable metric
space endowed with its Borel ▷-algebra. If {fn}n↘1 is a sequence of measurable functions
from ” into S that converge pointwise to a limit function f , then f is also measurable.

Proof. Let B(x, r) denote the open ball with center x and radius r in S. Since S is separable,
any open set is a countable union of open balls. Therefore by Lemma A.1.16 it su"ces to
check that f→1

(B) ↑ F for any open ball B. Take such a ball B(x, r). For any 2 ↑ ”, if
f(2) ↑ B(x, r), then there is some large enough integer k such that f(2) ↑ B(x, r ↓ k→1

).
Since fn(2) ⇒ f(2), this implies that fn(2) ↑ B(x, r ↓ k→1

) for all large enough n. On
the other hand, if there exists k → 1 such that fn(2) ↑ B(x, r ↓ k→1

) for all large enough
n, then f(2) ↑ B(x, r). Thus, we have shown that f(2) ↑ B(x, r) if and only if there is
some integer k → 1 such that fn(2) ↑ B(x, r ↓ k→1

) for all large enough n. In set theoretic
notation, this statement can be written as

f→1
(B(x, r)) =

↑

k=1

↑

N=1

↑⋂

n=N

f→1
n (B(x, r ↓ k→1

)).

Since each fn is measurable, and ▷-algebras are closed under countable unions and intersec-
tions, this shows that f→1

(B(x, r)) ↑ F , completing the proof.

Measurable maps generate ▷-algebras of their own, which are important for various
purposes. Let (”,F) and (”

⇒,F ⇒
) be two measurable spaces and let f : ” ⇒ ”

⇒ be a
measurable function. The ▷-algebra generated by f is defined as

▷(f) := {f→1
(A) : A ↑ F

⇒
}.
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A.1.9 Lebesgue integration

Let (”,F , µ) be a measure space. This space will be fixed throughout this section. Let
f : ” ⇒ R⇑ be a measurable function, where R⇑

= R∪ {↓⇑,⇑}, as defined in the previous
section. Our goal in this section is to define the Lebesgue integral

∫

%
f(2)dµ(2).

The definition comes in several steps. For A ↑ F , define the indicator function 1A as

1A(2) =





1 if 2 ↑ A,

0 if 2 ⇓↑ A.

Suppose that

f =

n∑

i=1

ai1Ai (A.1.6)

for some a1, . . . , an ↑ [0,⇑) and disjoint sets A1, . . . , An ↑ F . Such functions are called
‘nonnegative simple functions’. For a nonnegative simple function f as above, define

∫

%
f(2)dµ(2) :=

n∑

i=1

aiµ(Ai). (A.1.7)

A subtle point here is that the same simple function can have many di!erent representations
like (A.1.6). It is not di"cult to show that all of them yield the same answer in (A.1.7).

Next, take any measurable f : ” ⇒ [0,⇑]. Let SF+
(f) be the set of all nonnegative

simple functions g such that g(2) ⇔ f(2) for all 2. Define
∫

%
f(2)dµ(2) := sup

g↗SF+(f)

∫

%
g(2)dµ(2).

It is not di"cult to prove that if f is a nonnegative simple function, then this definition
gives the same answer as (A.1.7), so there is no inconsistency.

Finally, take any measurable f : ” ⇒ R⇑. Define f+
(2) = max{f(2), 0} and f→

(2) =

↓min{f(2), 0}. Then f+ and f→ are nonnegative measurable functions (easy to show),
and f = f+

↓ f→. We say that the integral of f is defined when the integrals of at least
one of f+ and f→ is finite. In this situation, we define

∫

%
f(2)dµ(2) :=

∫

%
f+

(2)dµ(2)↓

∫

%
f→

(2)dµ(2).

Often, we will simply write
∫
fdµ for the integral of f .

A measurable function f : ” ⇒ R⇑ is called integrable if
∫
f+dµ and

∫
f→dµ are both

finite. Note that for the integral
∫
fdµ to be defined, the function f need not be integrable.

As defined above, it su"ces to have at least one of
∫
f+dµ and

∫
f→dµ finite.
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Sometimes, we will need to integrate a function f over a measurable subset S ↗ ” rather
than the whole of ”. This is defined simply by making f zero outside S and integrating
the resulting function. That is, we define

∫

S

fdµ :=

∫

%
f1Sdµ,

provided that the right side is defined. Here and everywhere else, we use the convention
⇑ · 0 = 0, which is a standard convention in measure theory and probability. The integral
over S can also be defined in a di!erent way, by considering S itself as a set endowed with
a ▷-algebra and a measure. To be precise, let FS be the restriction of F to S, that is, the
set of all subsets of S that belong to F . Let µS be the restriction of µ to FS . Let fS be
the restriction of f to S. It is easy to see that (S,FS , µS) is a measure space and fS is a
measurable function from this space into R⇑. The integral of f over the set S can then be
defined as the integral of fS on the measure space (S,FS , µS), provided that the integral
exists. When S = ℑ, the integral can be defined to be zero.

A.1.10 The monotone convergence theorem

The following fundamental result of measure theory is known as the monotone convergence
theorem.

Theorem A.1.20 (Monotone convergence theorem). Suppose that {fn}n↘1 is a sequence of
measurable functions from ” into [0,⇑], which are increasing pointwise to a limit function
f . Then f is measurable, and

∫
fdµ = lim

∫
fndµ.

We need two lemmas. Throughout, (”,F , µ) denotes a measure space.

Lemma A.1.21. If f, g : ” ⇒ [0,⇑] are two measurable functions such that f ⇔ g

everywhere, then
∫
fdµ ⇔

∫
gdµ.

Proof. If s ↑ SF+
(f), then s is also in SF+

(g). Thus, the definition of
∫
gdµ takes supremum

over a larger set than
∫
fdµ. This proves the inequality.

Lemma A.1.22. Let s : ” ⇒ [0,⇑) be a measurable simple function. For each S ↑ F , let
◁(S) :=

∫
S
sdµ. Then ◁ is a measure on (”,F).

Proof. Suppose that

s =
n∑

i=1

ai1Ai .

Since ◁(ℑ) = 0 by definition, it su"ces to show countable additivity of ◁. Let S1, S2, . . . be
a sequence of disjoint sets in F , and let S be their union. Then

◁(S) =
n∑

i=1

aiµ(Ai ≃ S)

=

n∑

i=1

ai

( ↑∑

j=1

µ(Ai ≃ Sj)

)
.
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Since an infinite series with nonnegative summands may be rearranged any way we like
without altering the result, this gives

◁(S) =
↑∑

j=1

n∑

i=1

aiµ(Ai ≃ Sj) =

↑∑

j=1

◁(Sj).

This proves the countable additivity of ◁.

We are now ready to prove Theorem A.1.20.

Proof of Theorem A.1.20. The measurability of f follows from Proposition A.1.18. Since
f → fn for every n, Lemma A.1.21 gives

∫
fdµ → lim

∫
fndµ, where the limit on the right

exists because the integrals on the right are increasing with n. For the opposite inequality,
take any s ↑ SF+

(f). Define

◁(S) :=

∫

S

sdµ,

so that by Lemma A.1.22, ◁ is a measure on ”. Take any ⇀ ↑ (0, 1). Let

Sn := {2 : ⇀s(2) ⇔ fn(2)}.

It is easy to see that these sets are measurable and increasing with n. Moreover, note that
any 2 ↑ ” belongs to Sn for all su"ciently large n, because fn(2) increases to f(2) and
⇀s(2) < f(2) (unless f(2) = 0, in which case ⇀s(2) = fn(2) = 0 for all n). Thus, ” is the
union of the increasing sequence S1, S2, . . .. Since ◁ is a measure, this shows that

∫
sdµ = ◁(”) = lim

n↓↑
◁(Sn) = lim

n↓↑

∫

Sn

sdµ.

But ⇀s ⇔ fn on Sn. Moreover, it is easy to see that
∫

Sn

⇀sdµ = ⇀

∫

Sn

sdµ

since s is a simple function. Thus, by Lemma A.1.21,

⇀

∫

Sn

sdµ =

∫

Sn

⇀sdµ ⇔

∫

Sn

fndµ ⇔

∫

%
fndµ.

Combining the last two steps, we get ⇀
∫
sdµ ⇔ lim

∫
fndµ. Since ⇀ ↑ (0, 1) is arbitrary,

this shows that
∫
sdµ ⇔ lim

∫
fndµ. Taking supremum over s, we get the desired result.

A.1.11 An approximation theorem for measurable functions

The following result is often useful in applications of the monotone convergence theorem.

Theorem A.1.23. Given any measurable f : ” ⇒ [0,⇑], there is a sequence of nonnegative
simple functions increasing pointwise to f .
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Proof. Take any n. If k2→n
⇔ f(2) < (k + 1)2

→n for some integer 0 ⇔ k < n2n, let
fn(2) = k2→n. If f(2) → n, let fn(2) = n. It is easy to check that the sequence {fn}n↘1 is
a sequence of nonnegative simple functions that increase pointwise to f .

An important corollary is the following fact about about Lebesgue integration on the
real line, which will be needed later.

Corollary A.1.24. Let f : R ⇒ R be a Lebesgue integrable function. Take any a ↑ R and
let g(x) := f(x+ a). Then

∫
gd0 =

∫
fd0, where 0 is Lebesgue measure.

Proof. For indicator functions, this follows from translation invariance of Lebesgue measure.
This implies the claim for simple functions. We can then use Theorem A.1.23 and the
monotone convergence theorem to pass to nonnegative measurable functions. Finally, for
integrable functions, we break it into positive and negative parts, and apply the result for
nonnegative functions.

A.1.12 Linearity of the Lebesgue integral

A basic result about Lebesgue integration, which is not quite obvious from the definition,
is that the map f ⇐⇒

∫
fdµ is linear. This is a little surprising, because the Lebesgue

integral is defined as a supremum, and functionals that are defined as suprema or infima
are rarely linear. In the following, when defining the sum of two functions, we adopt the
convention that ⇑↓⇑ = 0. Typically such a convention can lead to inconsistencies, but if
the functions are integrable then such occurrences will only take place on sets of measure
zero and will not cause any problems.

Proposition A.1.25. If f and g are two integrable functions from ” into R⇑, then for
any ⇀,⇁ ↑ R, the function ⇀f + ⇁g is integrable and

∫
(⇀f + ⇁g)dµ = ⇀

∫
fdµ+ ⇁

∫
gdµ.

Moreover, if f and g are measurable functions from ” into [0,⇑] (but not necessarily
integrable), then

∫
(f + g)dµ =

∫
fdµ+

∫
gdµ, and for any ⇀ ↑ R,

∫
⇀fdµ = ⇀

∫
fdµ.

Proof. It is easy to check that additivity of the integral holds for nonnegative simple
functions. Take any measurable f, g : ” ⇒ [0,⇑]. Then by Theorem A.1.23, there exist
sequences of nonnegative simple functions {un}n↘1 and {vn}n↘1 increasing to f and g

pointwise. Then un + vn increases to f + g pointwise. Thus, by the linearity of integral for
nonnegative simple functions and the monotone convergence theorem,

∫
(f + g)dµ = lim

n↓↑

∫
(un + vn)dµ

= lim
n↓↑

(∫
undµ+

∫
vndµ

)
=

∫
fdµ+

∫
gdµ.

Next, take any ⇀ → 0 and any measurable f : ” ⇒ [0,⇑]. Any element of SF+
(⇀f) must

be of the form ⇀g for some g ↑ SF+
(f). Thus

∫
⇀fdµ = sup

g↗SF+(f)

∫
⇀gdµ = ⇀ sup

g↗SF+(f)

∫
gdµ = ⇀

∫
fdµ.
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If ⇀ ⇔ 0, then (⇀f)+ ∞ 0 and (⇀f)→ = ↓⇀f . Thus,
∫

⇀fdµ = ↓

∫
(↓⇀f)dµ = ⇀

∫
fdµ.

This completes the proofs of the assertions about nonnegative functions. Next, take any
integrable f and g. It is easy to see that a consequence of integrability is that set where
f or g take infinite values is a set of measure zero. The only problem in defining the
function f + g is that at some 2, it may happen that one of f(2) and g(2) is ⇑ and the
other is ↓⇑. At any such point, define (f + g)(2) = 0. Then f + g is defined everywhere,
is measurable, and (f + g)+ ⇔ f+

+ g+. Therefore, by the additivity of integration for
nonnegative functions and the integrability of f and g,

∫
(f + g)+dµ is finite. Similarly,∫

(f + g)→dµ is finite. Thus, f + g is integrable. Now,

(f + g)+ ↓ (f + g)→ = f + g = f+
↓ f→

+ g+ ↓ g→,

which can be written as

(f + g)+ + f→
+ g→ = (f + g)→ + f+

+ g+.

Note that the above identity holds even if one or more of the summands on either side are
infinity. Thus, by additivity of integration for nonnegative functions,

∫
(f + g)+dµ+

∫
f→dµ+

∫
g→dµ =

∫
(f + g)→dµ+

∫
f+dµ+

∫
g+dµ,

which rearranges to give
∫
(f + g)dµ =

∫
fdµ +

∫
gdµ. Finally, if f is integrable and

⇀ → 0, then (⇀f)+ = ⇀f+ and (⇀f)→ = ⇀f→, which shows that ⇀f is integrable and∫
⇀fdµ = ⇀

∫
fdµ. Similarly, ⇀ ⇔ 0, then (⇀f)+ = ↓⇀f→ and (⇀f)→ = ↓⇀f+, and the

proof can be completed as before.

An immediate consequence of Proposition A.1.25 is that if f and g are measurable
real-valued functions such that f → g everywhere, then

∫
fdµ →

∫
gdµ. This can be seen

easily by writing f = (f ↓ g) + g, and observing that f ↓ g is nonnegative. Another
immediate consequence is that integrability of f is equivalent to the condition that

∫
|f |dµ

is finite, since |f | = f+
+ f→. Finally, another inequality that we will often use, which

is an easy consequence of the triangle inequality, the definition of the Lebesgue integral,
and the fact that |f | = f+

+ f→, is that for any f : ” ⇒ R⇑ such that
∫
fdµ is defined,

|
∫
fdµ| ⇔

∫
|f |dµ.

A.1.13 Fatou’s lemma and dominated convergence

In this section we will establish two results about sequences of integrals that are widely
used in probability theory. Throughout, (”,F , µ) is a measure space.
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Theorem A.1.26 (Fatou’s lemma). Let {fn}n↘1 be a sequence of measurable functions
from ” into [0,⇑]. Then

∫
(lim inf fn)dµ ⇔ lim inf

∫
fndµ.

Proof. For each n, let gn := infm↘n fm. Then, as n ⇒ ⇑, gn increases pointwise to
g := lim infn↓↑ fn. Moreover, gn ⇔ fn everywhere and gn and g are measurable by
Proposition A.1.18. Therefore by the monotone convergence theorem,

∫
gdµ = lim

n↓↑

∫
gndµ ⇔ lim inf

n↓↑

∫
fndµ,

which completes the proof.

Theorem A.1.27 (Dominated convergence theorem). Let {fn}n↘1 be a sequence of mea-
surable functions from ” into R⇑ that converge pointwise to a limit function f . Suppose
that there exists an integrable function h such that for each n, |fn| ⇔ h everywhere. Then
lim

∫
fndµ =

∫
fdµ. Moreover, we also have the stronger result lim

∫
|fn ↓ f |dµ = 0.

Proof. We know that f is measurable since it is the limit of a sequence of measurable
functions (Proposition A.1.18). Moreover, |f | ⇔ h everywhere. Thus, fn + h and f + h are
nonnegative integrable functions and fn+h ⇒ f+h pointwise. Therefore by Fatou’s lemma,∫
(f + h)dµ ⇔ lim inf

∫
(fn + h)dµ. Since all integrals are finite (due to the integrability of

h and the fact that |fn| and |f | are bounded by h), this gives
∫
fdµ ⇔ lim inf

∫
fndµ.

Now replace fn by ↓fn and f by ↓f . All the conditions still hold, and therefore the
same deduction shows that

∫
(↓f)dµ ⇔ lim inf

∫
(↓fn)dµ, which is the same as

∫
fdµ →

lim sup
∫
fndµ. Thus, we get

∫
fdµ = lim

∫
fndµ.

Finally, to show that lim
∫
|fn ↓ f |dµ = 0, observe that |fn ↓ f | ⇒ 0 pointwise, and

|fn↓f | is bounded by the integrable function 2h everywhere. Then apply the first part.

A.1.14 The concept of almost everywhere

Let (”,F , µ) be a measure space. An event A ↑ F is said to ‘happen almost everywhere’
if µ(Ac

) = 0. Almost everywhere is usually abbreviated as a.e. Sometimes, in probability
theory, we say ‘almost surely (a.s.)’ instead of a.e. When the measure µ may not be specified
from the context, we say µ-a.e. If f and g are two functions such that the {2 : f(2) = g(2)}

is an a.e. event, we say that f = g a.e. Similarly, if {fn}n↘1 is a sequence of functions such
that {2 : limn↓↑ fn(2) = f(2)} is an a.e. event, we say fn ⇒ f a.e. The following lemma
is a basic fact.

Proposition A.1.28. Let f : ” ⇒ [0,⇑] be a measurable function. Then
∫
fdµ = 0 if

and only if f = 0 a.e.

Proof. First suppose that µ({2 : f(2) > 0}) = 0. Take any nonnegative measurable
simple function g such that g ⇔ f everywhere. Then g = 0 whenever f = 0. Thus,
µ({2 : g(2) > 0}) = 0. Since g is a simple function, this implies that

∫
gdµ = 0. Taking
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supremum over all such g gives
∫
fdµ = 0. Conversely, suppose that µ({2 : f(2) > 0}) > 0.

Then

µ({2 : f(2) > 0}) = µ

( ↑

n=1

{2 : f(2) > n→1
}

)

= lim
n↓↑

µ({2 : f(2) > n→1
}) > 0,

where the second equality follows from the observation that the sets in the union form an
increasing sequence. Therefore for some n, µ(An) > 0, where An := {2 : f(2) > n→1

}. But
then ∫

fdµ →

∫
f1Andµ →

∫
n→1

1Andµ = n→1µ(An) > 0.

This completes the proof of the proposition.

Broadly speaking, the idea is that ‘almost everywhere’ and ‘everywhere’ can be treated
as basically the same thing. There are some exceptions to this rule of thumb, but in most
situations it is valid. Often, when a function or a limit is defined almost everywhere, we
will treat it as being defined everywhere by defining it arbitrarily (for example, equal to
zero) on the set where it is undefined.

A.1.15 Finite dimensional product spaces

Let (”1,F1), . . . , (”n,Fn) be measurable spaces. Let ” = ”1 ′ · · ·′ ”n be the Cartesian
product of ”1, . . . ,”n. The product ▷-algebra F on ” is defined as the ▷-algebra generated
by sets of the form A1 ′ · · ·′An, where Ai ↑ Fi for i = 1, . . . , n. It is usually denoted by
F1 ′ · · ·′ Fn.

Proposition A.1.29. Let ” and F be as above. If each ”i is endowed with a ▷-finite
measure µi, then there is a unique measure µ on ” which satisfies

µ(A1 ′ · · ·′An) =

n∏

i=1

µi(Ai) (A.1.8)

for each A1 ↑ F1, . . . , An ↑ Fn.

Proof. It is easy to check that the collection of finite disjoint unions of sets of the form
A1′ · · ·′An (sometimes called ‘rectangles’) form an algebra. Therefore by Carathéodory’s
theorem, it su"ces to show that µ defined through (A.1.8) is a countably additive measure
on this algebra.

We will prove this by induction on n. It is true for n = 1 by the definition of a measure.
Suppose that it holds for n↓ 1. Take any rectangular set A1 ′ · · ·′An. Suppose that this
set is a disjoint union of Ai,1 ′ · · ·′Ai,n for i = 1, 2, . . ., where Ai,j ↑ Fj for each i and j.
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It su"ces to show that

µ(A1 ′ · · ·′An) =

↑∑

i=1

µ(Ai,1 ′ · · ·′Ai,n).

Take any x ↑ A1′ · · ·′An→1. Let I be the collection of indices i such that x ↑ Ai,1′ · · ·′

Ai,n→1. Take any y ↑ An. Then (x, y) ↑ A1′ · · ·′An, and hence (x, y) ↑ Ai,1 · · ·′ · · ·Ai,n

for some i. In particular, x ↑ Ai,1 ′ · · ·′Ai,n→1 and hence i ↑ I. Also, y ↑ Ai,n. Thus,

An ↗



i↗I

Ai,n.

On the other hand, if y ↑ Ai,n for some i ↑ I, then (x, y) ↑ Ai,1 ′ · · · ′ Ai,n. Thus,
(x, y) ↑ A1 ′ · · · ′ An, and therefore y ↑ An. This shows that An is the union of Ai,n

over i ↑ I. Now, if y ↑ Ai,n ≃ Aj,n for some distinct i, j ↑ I, then since x ↑ (Ai,1 ′ · · ·′

Ai,n→1) ≃ (Aj,1 ′ · · ·′Aj,n→1), we get that (x, y) ↑ (Ai,1 ′ · · ·′Ai,n) ≃ (Aj,1 ′ · · ·′Aj,n),
which is impossible. Thus, the sets Ai,n, as i ranges over I, are disjoint. This gives

µn(An) =

∑

i↗I

µn(Ai,n).

Finally, if x ⇓↑ A1′· · ·′An→1 and x ↑ Ai,1′· · ·′Ai,n→1 for some i, then Ai,n must be empty,
because otherwise (x, y) ↑ Ai,1 ′ · · ·′Ai,n for any y ↑ Ai,n and so (x, y) ↑ A1 ′ · · ·′An,
which implies that x ↑ A1 ′ · · ·′An→1. Therefore we have proved that

1A1′···′An↑1(x)µn(An) =

↑∑

i=1

1Ai,1′···′Ai,n↑1(x)µn(Ai,n).

Let µ⇒
:= µ1 ′ · · ·′ µn→1, which exists by the induction hypothesis. Integrating both sides

with respect to the measure µ⇒ on ”1 ′ · · ·′”n→1, and applying the monotone convergence
theorem to the right, we get

µ⇒
(A1 ′ · · ·′An→1)µn(An) =

↑∑

i=1

µ⇒
(Ai,1 ′ · · ·′Ai,n→1)µn(Ai,n).

The desired result now follows by applying the induction hypothesis to µ⇒ on both sides.

The measure µ of Proposition A.1.15 is called the product of µ1, . . . , µn, and is usually
denoted by µ1 ′ · · ·′ µn.

A.1.16 Fubini’s theorem

We will now learn how to integrate with respect to product measures. The natural idea is to
compute an integral with respect to a product measure as an iterated integral, integrating
with respect to one coordinate at a time. This works under certain conditions. The
conditions are given by Fubini’s theorem, stated below.
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Theorem A.1.30 (Fubini’s theorem). Let (”1,F1, µ1) and (”2,F2, µ2) be two ▷-finite
measure spaces. Let µ = µ1 ′ µ2, and let f : ”1 ′ ”2 ⇒ R⇑ be a measurable function. If f
is either nonnegative or integrable, then the map x ⇐⇒

∫
%2

f(x, y)dµ2(y) on ”1 and the map
y ⇐⇒

∫
%1

f(x, y)dµ1(x) on ”2 are well-defined and measurable (when set equal to zero if the
integral is undefined). Moreover, we have

∫

%1′%2

f(x, y)dµ(x, y) =

∫

%1

∫

%2

f(x, y)dµ2(y)dµ1(x)

=

∫

%2

∫

%1

f(x, y)dµ1(x)dµ2(y),

Finally, if either of
∫

%1

∫

%2

|f(x, y)|dµ2(y)dµ1(x) or
∫

%2

∫

%1

|f(x, y)|dµ1(x)dµ2(y)

is finite, then f is integrable.

We need a preparatory lemma.

Lemma A.1.31. Let (”i,Fi) be measurable spaces for i = 1, 2, 3. Let f : ”1 ′”2 ⇒ ”3 be
a measurable function. Then for each x ↑ ”1, the map y ⇐⇒ f(x, y) is measurable on ”2.

Proof. Take any A ↑ F3 and x ↑ ”1. Let B := f→1
(A) and

Bx := {y ↑ ”2 : (x, y) ↑ B} = {y ↑ ”2 : f(x, y) ↑ A}.

We want to show that Bx ↑ F2. For the given x, let G be the set of all E ↑ F1 ′ F2 such
that Ex ↑ F2, where Ex := {y ↑ ”2 : (x, y) ↑ E}. An easy verification shows that G is a
▷-algebra. Moreover, it contains every rectangular set. Thus, G B F1 ′ F2, which shows
in particular that Bx ↑ F2 for every x ↑ ”1, since B ↑ F1 ′ F2 due to the measurability
of f .

We are now ready to prove Fubini’s theorem.

Proof of Fubini’s theorem. First, suppose that f = 1A for some A ↑ F1 ′ F2. Then notice
that for any x ↑ ”1,

∫

%2

f(x, y)dµ2(y) = µ2(Ax),

where Ax := {y ↑ ”2 : (x, y) ↑ A}. The integral is well-defined by Lemma A.1.31. We will
first prove that x ⇐⇒ µ2(Ax) is a measurable map, and its integral equals µ(A). This will
prove Fubini’s theorem for this f .

Let L be the set of all E ↑ F1 ′ F2 such that the map x ⇐⇒ µ2(Ex) is measurable and
integrates to µ(E). We will now show that L is a 0-system. We will first prove this under
the assumption that µ1 and µ2 are finite measures. Clearly ”1 ′”2 ↑ L. If E1, E2, . . . ↑ L
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are disjoint, and E is their union, then for any x, Ex is the disjoint union of (E1)x, (E2)x, . . .,
and hence

µ2(Ex) =

↑∑

i=1

µ2((Ei)x).

This shows that x ⇐⇒ µ2(Ex) is measurable. The monotone convergence theorem and the
fact that Ei ↑ L for each i show that

∫

%1

µ2(Ex)dµ1(x) =
↑∑

i=1

∫

%1

µ2((Ei)x)dµ1(x) =
↑∑

i=1

µ(Ei) = µ(E).

Thus, E ↑ L, and therefore L is closed under countable disjoint unions.
Finally, take any E ↑ L. Since µ1 and µ2 are finite measures, we have

µ2((E
c
)x) = µ2((Ex)

c
) = µ2(”2)↓ µ2(Ex),

which proves that x ⇐⇒ µ2((Ec
)x) is measurable. It also proves that

∫

%1

µ2((E
c
)x)dµ1(x) = µ1(”1)µ2(”2)↓

∫

%1

µ2(Ex)dµ1(x)

= µ(”)↓ µ(E) = µ(Ec
).

Thus, L is a 0-system. Since it contains the ↼-system of all rectangles, which generates
F1′F2, we have now established the claim that for any E ↑ F1′F2, the map x ⇐⇒ µ2(Ex)

is measurable and integrates to µ(E), provided that µ1 and µ2 are finite measures.
Now let µ1 and µ2 be ▷-finite measures. Let {En,1}n↘1 and {En,2}n↘2 be sequences

of measurable sets of finite measure increasing to ”1 and ”2, respectively. For each n,
let En := En,1 ′ En,2, and define the functionals µn,1(A) := µ1(A ≃ En,1), µn,2(B) :=

µ2(B ≃ En,2) and µn(E) := µ(E ≃ En) for A ↑ F1, B ↑ F2 and E ↑ F1 ′ F2. It is easy to
see that these are finite measures, increasing to µ1, µ2 and µ.

If f : ”1 ⇒ [0,⇑] is a measurable function, it is easy see that
∫

%1

f(x)dµn,1(x) =

∫

%1

f(x)1En,1(x)dµ1(x), (A.1.9)

where we use the convention ⇑ · 0 = 0 on the right. To see this, first note that it holds for
indicator functions by the definition of µn,1. From this, pass to simple functions by linearity
and then to nonnegative measurable functions by the monotone convergence theorem and
Theorem A.1.23.

Next, note that for any E ↑ F1 ′ F2 and any x ↑ ”1, µ2(Ex) is the increasing limit
of µn,2(Ex)1En,1(x) as n ⇒ ⇑. Firstly, this shows that x ⇐⇒ µ2(Ex) is a measurable map.
Moreover, for each n, µn = µn,1 ′ µn,2, as can be seen by verifying on rectangles and
using the uniqueness of product measures on ▷-finite spaces. Therefore by the monotone
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convergence theorem and equation (A.1.9),
∫

%1

µ2(Ex)dµ1(x) = lim
n↓↑

∫

%1

µn,2(Ex)1En,1(x)dµ1(x)

= lim
n↓↑

∫

%1

µn,2(Ex)dµn,1(x)

= lim
n↓↑

µn(E) = µ(E).

This completes the proof of Fubini’s theorem for all indicator functions. By linearity,
this extends to all simple functions. Using the monotone convergence theorem and The-
orem A.1.23, it is straightforward the extend the result to all nonnegative measurable
functions.

Now take any integrable f : ”1 ′ ”2 ⇒ R⇑. Applying Fubini’s theorem to f+ and f→,
we get

∫
fdµ =

∫

%1

∫

%2

f+
(x, y)dµ2(y)dµ1(x)↓

∫

%1

∫

%2

f→
(x, y)dµ2(y)dµ1(x)

=

∫

%1

g(x)dµ1(x)↓

∫

%1

h(x)dµ1(x),

where
g(x) :=

∫

%2

f+
(x, y)dµ2(y), h(x) :=

∫

%2

f→
(x, y)dµ2(y).

By Fubini’s theorem for nonnegative functions and the integrability of f , it follows that g

and h are integrable functions. Thus,
∫

fdµ =

∫

%1

(g(x)↓ h(x))dµ1(x),

where we have adopted the convention that ⇑↓⇑ = 0, as in Proposition A.1.25.
Now, at any x where at least one of g(x) and h(x) is finite,

g(x)↓ h(x) =

∫

%2

(f+
(x, y)↓ f→

(x, y))dµ2(y) =

∫

%2

f(x, y)dµ2(y). (A.1.10)

On the other hand, the set where g(x) and h(x) are both infinite is a set of measure zero,
and therefore we may define ∫

%2

f(x, y)dµ2(y) = 0

on this set, so that again (A.1.10) is valid under the convention ⇑ ↓ ⇑ = 0. (The
construction ensures, among other things, that x ⇐⇒

∫
%2

f(x, y)dµ2(y) is a measurable
function.) This concludes the proof of Fubini’s theorem for integrable functions. The final
assertion of the theorem follows easily from Fubini’s theorem for nonnegative functions.
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A.1.17 Infinite dimensional product spaces

Suppose now that {(”i,Fi, µi)}
↑

i=1 is a countable sequence of ▷-finite measure spaces. Let
” = ”1′”2′ · · · . The product ▷-algebra F = F1′F2′ · · · is defined to be the ▷-algebra
generated by all sets of the form A1 ′A2 ′ · · · , where Ai = ”i for all but finitely many i.
Such sets generalize the notion of rectangles to infinite product spaces.

Although the definition of the product ▷-algebra is just as before, the existence of a
product measure is a slightly trickier question. In particular, we need that each µi is a
probability measure to even define the infinite product measure on rectangles in a meaningful
way. To see why this condition is necessary, suppose that the measure spaces are all the
same. Then if µi(”i) > 1, each rectangle must have measure ⇑, and if µi(”i) < 1, each
rectangle must have measure zero. To avoid these trivialities, we need to have µi(”i) = 1.

Theorem A.1.32. Let all notation be as above. Suppose that {µi}
↑

i=1 are probability
measures. Then there exists a unique probability measure µ on (”,F) that satisfies

µ(A1 ′A2 ′ · · · ) =

↑∏

i=1

µi(Ai)

for every A1 ′A2 ′ · · · such that Ai = ”i for all but finitely many i.

Proof. First note that by the existence of finite dimensional product measures, the measure
◁n := µ1 ′ · · ·′ µn is defined for each n.

Next, define ”
(n)

:= ”n+1 ′ ”n+2 ′ · · · . Let A ↑ F be called a cylinder set if it is of
the form B ′ ”

(n) for some n and some B ↑ F1 ′ · · ·′ Fn. Define µ(A) := ◁n(B). It is
easy to see that this is a well-defined functional on A, and that it satisfies the product
property for rectangles.

Let A be the collection of all cylinder sets. It is not di"cult to check that A is an algebra,
and that µ is finitely additive and ▷-finite on A. Therefore by Carathéodory’s theorem, we
only need to check that µ is countably additive on A. Suppose that A ↑ A is the union of
a sequence of disjoint sets A1, A2, . . . ↑ A. For each n, let Bn := A \ (A1 ∪ · · · ∪An). Since
A is an algebra, each Bn ↑ A. Since µ is finitely additive on A, µ(A) = µ(Bn) + µ(A1) +

· · ·+ µ(An) for each n. Therefore we have to show that limµ(Bn) = 0. Suppose that this
is not true. Since {Bn}n↘1 is a decreasing sequence of sets, this implies that there is some
ς > 0 such that µ(Bn) → ς for all n. Using this, we will now get a contradiction to the fact
that ≃Bn = ℑ.

For each n, let A
(n) be the algebra of all cylinder sets in ”

(n), and let µ(n) be defined
on A

(n) using µn+1, µn+2, . . . , the same way we defined µ on A. For any n, m, and
(x1, . . . , xm) ↑ ”1 ′ · · ·′ ”m, define

Bn(x1, . . . , xm) := {(xm+1, xm+2, . . .) ↑ ”
(m)

: (x1, x2, . . .) ↑ Bn}.

Since Bn is a cylinder set, it is of the form Cn′”
(m) for some m and some Cn ↑ F1′· · ·′Fm.

Therefore by Lemma A.1.31, Bn(x1) ↑ A
(1) for any x1 ↑ ”1, and by Fubini’s theorem, the
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map x1 ⇐⇒ µ(1)
(Bn(x1)) is measurable. (Although we have not yet shown that µ(1) is a

measure on the product ▷-algebra of ”(1), it is evidently a measure on the ▷-algebra G of
all sets of the form D ′ ”

(m)
↗ ”

(1), where D ↑ F2 ′ · · ·′ Fm. Moreover, Bn ↑ F1 ′ G.
This allows us to use Fubini’s theorem to reach the above conclusion.) Thus, the set

Fn := {x1 ↑ ”1 : µ
(1)

(Bn(x1)) → ς/2}

is an element of F1. But again by Fubini’s theorem,

µ(Bn) =

∫
µ(1)

(Bn(x1))dµ1(x1)

=

∫

Fn

µ(1)
(Bn(x1))dµ1(x1) +

∫

F c
n

µ(1)
(Bn(x1))dµ1(x1)

⇔ µ1(Fn) +
ς

2
.

Since µ(Bn) → ς, this shows that µ1(Fn) → ς/2. Since {Fn}n↘1 is a decreasing sequence of
sets, this shows that ≃Fn ⇓= ℑ. Choose a point x⇑1 ↑ ≃Fn.

Note that {Bn(x⇑1)}n↘1 is a decreasing sequence of sets in F
(1), such that µ(1)

(Bn(x⇑1)) →

ς/2 for each n. Repeating the above argument for the product space ”
(1) and the sequence

{Bn(x⇑1)}n↘1, we see that there exists x⇑2 ↑ ”2 such that µ(2)
(Bn(x⇑1, x

⇑

2)) → ς/4 for every n.
Proceeding like this, we obtain a point x = (x⇑1, x

⇑

2, . . .) ↑ ” such that for any m and n,

µ(m)
(Bn(x

⇑

1, . . . , x
⇑

m)) → 2
→mς.

Take any n. Since Bn is a cylinder set, it is of the form Cn ′ ”
(m) for some m and some

Cn ↑ F1′· · ·′Fm. Since µ(m)
(Bn(x⇑1, . . . , x

⇑
m)) > 0, there is some (xm+1, xm+2, . . .) ↑ ”

(m)

such that (x⇑1, . . . , x
⇑
m, xm+1, xm+2, . . .) ↑ Bn. But by the form of Bn, this implies that

x ↑ Bn. Thus, x ↑ ≃Bn. This completes the proof.

A.1.18 Cylinder ϖ-algebras

Having constructed products of countably many probability spaces, one may now wonder
about uncountable products. Surprisingly, this is quite simple, given that we know how
to handle the countable case. Suppose that {(”i,Fi, µi)}i↗I is an arbitrary collection of
probability spaces. Let ” := ′i↗I”i, and let F := ′i↗IFi be defined using rectangles as in
the countable case. Now take any countable set J ↗ I, and let FJ := ′j↗JFj . Consider a
set A ↑ F of the form {(2i)i↗I : (2j)j↗J ↑ B}, where B is some element of FJ . Let G be
the collection of all such A, as B varies in FJ and J varies over all countable subsets of I.
It is not hard to check that G is in fact a ▷-algebra. Moreover, it is contained in F , and it
contains all rectangles. Therefore G = F . Thus, we can define µ on this ▷-algebra simply
using the definition of the product measure on countable product spaces. The ▷-algebra G

is sometimes called the cylinder ▷-algebra on ”. We will see later that cylinder ▷-algebras
and probability measures on cylinder ▷-algebras are important in probabilistic constructions
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of quantum field theories.

A.2 Lp spaces

A.2.1 Markov’s inequality and Jensen’s inequality

The following simple but important inequality is called Markov’s inequality in the probability
literature.

Theorem A.2.1 (Markov’s inequality). Let (”,F , µ) be a measure space and f : ” ⇒ [0,⇑]

be a measurable function. Then for any t > 0,

µ({2 : f(2) → t}) ⇔
1

t

∫
fdµ.

Proof. Take any t > 0. Define a function g as

g(2) :=





1 if f(2) → t,

0 if f(2) < t.

Then g ⇔ t→1f everywhere. Thus,
∫

gdµ ⇔
1

t

∫
fdµ.

The proof is completed by observing that
∫
gdµ = µ({2 : f(2) → t}) by the definition of

Lebesgue integral for simple functions.

Jensen’s inequality is another basic tool in probability theory. Unlike Markov’s inequality,
this inequality holds for probability measures only. First, recall that a function ↽ : R ⇒ R
is called convex if for all x, y ↑ R and t ↑ [0, 1],

↽(tx+ (1↓ t)y) ⇔ t↽(x) + (1↓ t)↽(y). (A.2.1)

A simple criterion that is often used to prove convexity is that ↽⇒⇒ is continuous and
nonnegative everywhere. Indeed, if this holds, then a simple application of second order
Taylor expansion at x immediately implies the above inequality.

The inequality (A.2.1) implies that for y > x and t ↑ (0, 1),

↽(tx+ (1↓ t)y)↓ ↽(x)

(tx+ (1↓ t)y)↓ x
⇔

↽(y)↓ ↽(x)

y ↓ x
,

and for y < x, the inequality is reversed. Thus, the fraction (↽(y)↓↽(x))/(y↓x) decreases
as y decreases to x, and increases as y increases to x. Thus, the left and right derivatives
exist at x:

ϑL↽(x) := lim
y▽x

↽(y)↓ ↽(x)

y ↓ x
, ϑR↽(x) := lim

y≃x

↽(y)↓ ↽(x)

y ↓ x
.
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(This proves, in particular, that ↽ is continuous.) Now, for x < y and t ↑ (0, 1), the
inequality (A.2.1) can also be rewritten as

↽(tx+ (1↓ t)y)↓ ↽(x)

(tx+ (1↓ t)y)↓ x
⇔

↽(y)↓ ↽(tx+ (1↓ t)y)

y ↓ (tx+ (1↓ t)y)
.

This shows that for x < y < z, (↽(z)↓ ↽(y))/(z ↓ y) → (↽(y)↓ ↽(x))/(y ↓ x). This shows,
in particular, that ϑL↽(x) ⇔ ϑR↽(x) for any x.

Now, take any x and a number a ↑ [ϑL↽(x), ϑR↽(x)]. Then for any y > y⇒ > x,

↽(y)↓ ↽(y⇒)

y ↓ y⇒
→

↽(y⇒)↓ ↽(x)

y⇒ ↓ x
,

as we deduced above. Taking y⇒ C x, and recalling that ↽ is continuous, we get

↽(y)↓ ↽(x)

y ↓ x
→ ϑR↽(x) → a.

By a similar argument, for any y < x,

↽(y)↓ ↽(x)

y ↓ x
⇔ a.

Thus, ↽(y) → ↽(x) + a(y ↓ x) for all y ↑ R. This is a fundamental fact about convex
functions that we will use in the proof of Jensen’s inequality below.

Theorem A.2.2 (Jensen’s inequality). Let X be an integrable random variable, and let
↽ : R ⇒ R be a convex function such that ↽(X) is also integrable. Then E(↽(X)) → ↽(E(X)).

Proof. Let x := E(X). Choose a ↑ [ϑL↽(x), ϑR↽(x)]. Then by the above deduction,

↽(X) → ↽(x) + a(X ↓ x).

Taking expectation on both sides completes the proof.

A function ↽ is called concave if ↓↽ is convex. Clearly, the opposite of Jensen’s
inequality holds for concave functions. An important concave function is the logarithm,
whose concavity can be verified by simply noting that its second derivative is negative
everywhere on the positive real line. A consequence of the concavity of the logarithm is
Young’s inequality: If x and y are positive real numbers, and p, q ↑ (1,⇑) are number such
that 1/p+ 1/q = 1, then

xy ⇔
xp

p
+

yq

q
.

To show this, simply take the logarithm of the right side and apply the definition of concavity.
We will use Young’s inequality later in the proof of Hölder’s inequality.
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A.2.2 The first Borel–Cantelli lemma

The first Borel–Cantelli lemma is an important tool for proving limit theorems in probability
theory. We will use it in the next section to prove the completeness of Lp spaces.

Theorem A.2.3 (The first Borel–Cantelli lemma). Let (”,F , µ) be a measure space,
and let A1, A2, . . . ↑ F be events such that

∑
↑

n=1 µ(An) < ⇑. Then µ({2 : 2 ↑

infinitely many An’s}) = 0.

Proof. It is not di"cult to see that in set theoretic notation,

{2 : 2 ↑ infinitely many An’s} =

↑⋂

n=1

↑

k=n

Ak.

Since the inner union on the right is decreasing in n,

µ({2 : 2 ↑ infinitely many An’s}) ⇔ inf
n↘1

µ

( ↑

k=n

Ak

)

⇔ inf
n↘1

↑∑

k=n

µ(Ak) = lim
n↓↑

↑∑

k=n

µ(Ak).

The finiteness of
∑

µ(An) shows that the limit on the right equals zero, completing the
proof.

A.2.3 Lp spaces and inequalities

Let (”,F , µ) be a measure space, to be fixed throughout this section. Let f : ” ⇒ C be a
measurable function. Given any p ↑ [1,⇑), the Lp norm of f is defined as

↔f↔Lp :=

(∫
|f |pdµ

)1/p

.

The space Lp
(”,F , µ) (or simply Lp

(”) or Lp
(µ)) is the set of all measurable f : ” ⇒ C

such that ↔f↔Lp is finite. In addition to the above, there is also the L↑ norm, defined as

↔f↔L↓ := inf{K ↑ [0,⇑] : |f | ⇔ K a.e.}.

The right side is called the ‘essential supremum’ of the function |f |. It is not hard to see
that |f | ⇔ ↔f↔L↓ a.e. As before, L↑

(”,F , µ) is the set of all f with finite L↑ norm.
It turns out that for any 1 ⇔ p ⇔ ⇑, Lp

(”,F , µ) is actually a vector space and the
Lp is actually a norm on this space, provided that we first quotient out the space by
the equivalence relation of being equal almost everywhere. Moreover, these norms are
complete (that is, Cauchy sequences converge). The only thing that is obvious is that
↔⇀f↔Lp = |⇀|↔f↔Lp for any ⇀ ↑ C and any p and f . Proving the other claims, however,
requires some work, which we do below.
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Theorem A.2.4 (Hölder’s inequality). Take any measurable f, g : ” ⇒ C, and any
p ↑ [1,⇑]. Let q be the solution of 1/p+ 1/q = 1. Then ↔fg↔L1 ⇔ ↔f↔Lp↔g↔Lq .

Proof. If p = 1, then q = ⇑. The claimed inequality then follows simply as
∫

|fg|dµ ⇔ ↔g↔L↓

∫
|f |dµ = ↔f↔L1↔g↔L↓ .

If p = ⇑, then q = 1 and the proof is exactly the same. So assume that p ↑ (1,⇑), which
implies that q ↑ (1,⇑). Let ⇀ := 1/↔f↔Lp and ⇁ := 1/↔g↔Lq , and let u := ⇀f and v := ⇁g.
Then ↔u↔Lp = ⇀↔f↔Lp = 1 and ↔v↔Lq = ⇁↔g↔Lq = 1. Now, by Young’s inequality,

|uv| ⇔
|u|p

p
+

|v|q

q

everywhere. Integrating both sides, we get

↔uv↔L1 ⇔
↔u↔p

Lp

p
+

↔v↔q
Lq

q
=

1

p
+

1

q
= 1.

It is now easy to see that this is precisely the inequality that we wanted to prove.

Using Hölder’s inequality, it is now easy to prove that the Lp norms satisfy the triangle
inequality.

Theorem A.2.5 (Minkowski’s inequality). For any 1 ⇔ p ⇔ ⇑ and any measurable
f, g : ” ⇒ C, ↔f + g↔Lp ⇔ ↔f↔Lp + ↔g↔Lp .

Proof. If the right side is infinite, there is nothing to prove. So assume that the right side
is finite. First, consider the case p = ⇑. Since |f | ⇔ ↔f↔L↓ a.e. and |g| ⇔ ↔g↔L↓ a.e., it
follows that |f + g| ⇔ ↔f↔L↓ + ↔g↔L↓ a.e., which completes the proof by the definition
of essential supremum. On the other hand, if p = 1, then the claimed inequality follows
trivially from the triangle inequality and the additivity of integration. So, let us assume
that p ↑ (1,⇑). Then by Hölder’s inequality,

∫
|f + g|pdµ =

∫
|f + g||f + g|p→1dµ

⇔

∫
|f ||f + g|p→1dµ+

∫
|g||f + g|p→1dµ

⇔ ↔f↔Lp↔|f + g|p→1
↔Lq + ↔g↔Lp↔|f + g|p→1

↔Lq ,

where q solves 1/p+ 1/q = 1. But

↔|f + g|p→1
↔Lq =

(∫
|f + g|(p→1)qdµ

)1/q

=

(∫
|f + g|pdµ

)1/q

.
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Combining, and using the finiteness of ↔f + g↔Lp , we get

↔f + g↔Lp =

(∫
|f + g|pdµ

)1→1/q

⇔ ↔f↔Lp + ↔g↔Lp ,

which is what we wanted to prove.

Minkowski’s inequality shows, in particular, that Lp
(”,F , µ) is a vector space, and the

Lp norm satisfies two of the three required properties of a norm on this space. The only
property that it does not satisfy is that f may be nonzero even if ↔f↔Lp = 0. But this is
not a serious problem, since by Proposition A.1.28, the vanishing of the Lp norm implies
that f = 0 a.e. More generally, ↔f ↓ g↔Lp = 0 if and only if f = g a.e. This shows that if
we quotient out Lp

(”,F , µ) by the equivalence relation of being equal a.e., the resulting
quotient space is a vector space where the Lp norm is indeed a norm. Since we already
think of two functions which are equal a.e. as e!ectively the same function, we will not
worry about this technicality too much and continue to treat our definition of Lp space as
a vector space with Lp norm.

The fact that is somewhat nontrivial, however, is that the Lp norm is complete. That is,
any sequence of functions that is Cauchy in the Lp norm converges to a limit in Lp space.
A first step towards the proof is the following lemma, which is important in its own right.

Lemma A.2.6. If {fn}n↘1 is a Cauchy sequence in the Lp norm for some 1 ⇔ p ⇔ ⇑,
then there is function f ↑ Lp

(”,F , µ), and a subsequence {fnk}k↘1, such that fnk ⇒ f

a.e. as k ⇒ ⇑.

Proof. First suppose that p ↑ [1,⇑). It is not di"cult to see that using the Cauchy
criterion, we can extract a subsequence {fnk}k↘1 such that ↔fnk ↓ fnk+1↔Lp ⇔ 2

→k for every
k. Define the event

Ak := {2 : |fnk(2)↓ fnk+1(2)| → 2
→k/2

}.

Then by Markov’s inequality,

µ(Ak) = µ({2 : |fnk(2)↓ fnk+1(2)|
p
→ 2

→kp/2
})

⇔ 2
kp/2

∫
|fnk ↓ fnk+1 |

pdµ

= 2
kp/2

↔fnk ↓ fnk+1↔
p

Lp ⇔ 2
→kp/2.

Thus,
∑

µ(Ak) < ⇑. Therefore by the first Borel–Cantelli lemma, µ(B) = 0, where
B := {2 : 2 ↑ infinitely many Ak’s}. If 2 ↑ Bc, then 2 belongs to only finitely many of
the Ak’s. This means that |fnk(2) ↓ fnk+1(2)| ⇔ 2

→k/2 for all su"ciently large k. From
this, it follows that {fnk(2)}k↘1 is a Cauchy sequence of complex numbers. Define f(2)

to be the limit of this sequence. For 2 ↑ B, define f(2) = 0. Then f is measurable and
fnk ⇒ f a.e. Moreover, by the a.e. version of Fatou’s lemma,

∫
|f |pdµ ⇔ lim inf

k↓↑

∫
|fnk |

pdµ = lim inf
k↓↑

↔fnk↔
p

Lp < ⇑,
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since a Cauchy sequence of real numbers must be bounded. Thus, f has finite Lp norm.
Next, suppose that p = ⇑. Extract a subsequence {fnk}k↘1 as before. Then for each k,

|fnk ↓ fnk+1 | ⇔ 2
→k a.e. Therefore, if we define

E := {2 : |fnk(2)↓ fnk+1(2)| ⇔ 2
→k for all k},

then µ(Ec
) = 0. For any 2 ↑ E, {fnk(2)}k↘1 is a Cauchy sequence of complex numbers.

Define f(2) to be the limit of this sequence. For 2 ↑ Ec, define f(2) = 0. Then f is
measurable and fnk ⇒ f a.e. Moreover, on E,

|f | ⇔ |fn1 |+

↑∑

k=1

|fnk+1 ↓ fnk | ⇔ |fn1 |+

↑∑

k=1

2
→k,

which shows that f has finite L↑ norm.

Theorem A.2.7 (Riesz–Fischer theorem). For any 1 ⇔ p ⇔ ⇑, the Lp norm on Lp
(”,F , µ)

is complete.

Proof. Take any sequence {fn}n↘1 that is Cauchy in Lp. Then note that by Lemma A.2.6,
there is a subsequence {fnk}k↘1 that converges a.e. to a function f which is also in Lp.
First, suppose that p ↑ [1,⇑). Take any ς > 0, and find N such that for all m,n → N ,
↔fn ↓ fm↔Lp < ς. Take any n → N . Then by the a.e. version of Fatou’s lemma,

∫
|fn ↓ f |pdµ =

∫
lim
k↓↑

|fn ↓ fnk |
pdµ

⇔ lim inf
k↓↑

∫
|fn ↓ fnk |

pdµ ⇔ ςp.

This shows that fn ⇒ f in the Lp norm. Next, suppose that p = ⇑. Take any ς > 0 and
find N as before. Let

E := {2 : |fn(2)↓ fm(2)| ⇔ ς for all m,n → N},

so that µ(Ec
) = 0. Take any n → N . Then for any 2 such that 2 ↑ E and fnk(2) ⇒ f(2),

|fn(2)↓ f(2)| = lim
k↓↑

|fn(2)↓ fnk(2)| ⇔ ς.

This shows that ↔fn ↓ f↔L↓ ⇔ ς, completing the proof that fn ⇒ f in the L↑ norm.

The following fact about Lp spaces of probability measures is very important in proba-
bility theory. It does not hold for general measures.

Theorem A.2.8 (Monotonicity of Lp norms for probability measures). Suppose that µ

is a probability measure. Then for any measurable f : ” ⇒ C and any 1 ⇔ p ⇔ q ⇔ ⇑,
↔f↔Lp ⇔ ↔f↔Lq .
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Proof. If p = q = ⇑, there is nothing to prove. So let p be finite. If q = ⇑, then
∫

|f |pdµ ⇔ ↔f↔p
L↓µ(”) = ↔f↔p

L↓ ,

which proves the claim. So let q be also finite. First assume that ↔f↔Lp and ↔f↔Lq are
both finite. Applying Jensen’s inequality with the convex function ↽(x) = |x|q/p, we get
the desired inequality (∫

|f |pdµ

)
q/p

⇔

∫
|f |qdµ.

Finally, let us drop the assumption of finiteness of ↔f↔Lp and ↔f↔Lq . Take a sequence
of nonnegative simple functions {gn}n↘1 increasing pointwise to |f | (which exists by
Theorem A.1.23). Since µ is a probability measure, ↔gn↔Lp and ↔gn↔Lq are both finite.
Therefore ↔gn↔Lp ⇔ ↔gn↔Lq for each n. We can now complete the proof by applying the
monotone convergence theorem to both sides.

The space L2 holds a special status among all the Lp spaces, because it has a natural
rendition as a Hilbert space with respect to the inner product

↖f, g↙ :=

∫
fgdµ, (A.2.2)

where g denotes the complex conjugate of g. It is easy to verify that this is indeed an inner
product on L2

(”,F , µ), and the norm generated by this inner product is the L2 norm (after
quotienting out by the equivalence relation of a.e. equality, as usual). The completeness of
the L2 norm guarantees that this is indeed a Hilbert space. The Cauchy–Schwarz inequality
on this Hilbert space is a special case of Hölder’s inequality with p = q = 2.

A.2.4 Approximation theorems for Lp functions

For p, q → 1 and a measure µ, define the Lp,q
(µ) norm as

↔f↔Lp,q(µ) := ↔f↔Lp(µ) + ↔f↔Lq(µ).

Note that convergence happens in Lp,q if and only if it happens in both Lp and Lq. Recall the
approximation theorem that we proved for measurable sets in Section A.1.4 (Theorem A.1.5).
The following is an analogous result for functions in Lp and in Lp,q.

Theorem A.2.9. Let (”,F , µ) be a probability space and f be a function in Lp
(”,F , µ)

for some p ↑ [1,⇑). Let A be an algebra that generates F . Then there is a sequence of
A-measurable complex-valued simple functions {fn}n↘1 converging to f in Lp. The same
holds for Lp,q, for any p, q ↑ [1,⇑).

Proof. Breaking up into real and imaginary parts, it is clear that it su"ces to prove the
theorem for real-valued f . Let f+ and f→ denote the positive and negative parts of f .
By Theorem A.1.23, we know that there is a sequence of nonnegative simple functions
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{gn}n↘1 that are increasing to f+. Since f+ is in Lp and |f+
(x)↓ gn(x)| ⇔ f+

(x) for each
n and x, the dominated convergence theorem implies that gn ⇒ f in Lp. Similarly, there
is a sequence of nonnegative simple functions converging to f→ in Lp. Thus, it su"ces to
prove the theorem under the assumption that f is a nonnegative simple function. Clearly,
we can further reduce this to the case that f is an indicator function. But for indicator
functions, this is a simple consequence of Theorem A.1.5. Exactly the same proof goes
through for Lp,q.

The following is an important corollary of Theorem A.2.9.

Corollary A.2.10. Take any p → 1. Let {(”i,Fi)}i↗I be an arbitrary collection of measure
spaces, and let ” be the product space with cylinder ▷-algebra F . Let µ be a probability
measure on (”,F). Then for any f ↑ Lp

(”,F , µ), there is a sequence of function {fn}n↘1

converging to f in Lp, such that for each n, fn is measurable with respect to the sub-▷-algebra
generated by a finite collection of coordinate maps.

Proof. For any finite set J ↗ I, let FJ be the ▷-algebra generated by the coordinate maps
(xi)i↗I ⇐⇒ xj , j ↑ J . Let A be the union of FJ over all finite subsets J ↗ I. It is easy
to see that A is algebra, and that it generates F . Thus, we get the claimed result by
Theorem A.2.9, because any A-measurable simple function is necessarily a function of
finitely many coordinates. The same holds for Lp,q for any p, q ↑ [1,⇑).

A function f : Rn
⇒ R is said to be rapidly decaying if for any ⇀ > 0, there is some

C such that |f(x)| ⇔ C(1 + ↔x↔)→ϖ for all x ↑ Rn. Let S(Rn,R) denote the space of
real-valued Schwartz functions on Rn, that is, infinitely di!erentiable functions f such that
f and all its derivatives of all orders are rapidly decaying functions. Let S(Rn,C) denote
the space of all complex-valued functions on Rn, that is, functions whose real and imaginary
parts are Schwartz functions. We use di!erent notations for real- and complex-valued
Schwartz functions because Schwartz functions are typically assume to be real-valued; but
we will need complex-valued Schwartz functions for certain purposes, such as the following
approximation theorem.

Theorem A.2.11. Let Lp
(Rn

) denote the Lp space of Lebesgue measure on Rn. Then
S(Rn,C) is a dense subspace of Lp

(Rn
) for each p ↑ [1,⇑). The same holds for Lp,q

(Rn
),

for any p, q ↑ [1,⇑).

Proof. As already observed in the proof of Theorem A.2.9, it is a consequence of Theo-
rem A.1.23 that simple functions are dense in Lp

(Rn
). Thus, it su"ces to prove that for

any A ↑ B(Rn
) with finite Lebesgue measure, there is a sequence {fn}n↘1 in S(Rn,R)

converging to 1A in Lp. But if A has finite Lebesgue measure, it is easy to see by the
dominated convergence theorem that we can construct a sequence of bounded Borel sets
{An}n↘1 such that 1An ⇒ 1A in Lp. Thus, it su"ces to prove the above claim when A is a
bounded Borel set.

Let A be a bounded Borel subset of Rn. Let A be the collection of subsets of Rn that
are disjoint unions of sets of the form [a1, b1)′ · · ·′ [an, bn) for some finite a1, . . . , an and
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R0

Re→iς/2

Figure A.1: The contour C from the proof of Lemma A.3.2.

b1, . . . , bn. As we observed earlier in our construction of Lebesgue measure, A is an algebra
of sets. Therefore by Theorem A.1.5 applied to the restriction of Lebesgue measure to a
large enough cube that contains A (and recalling Lemma A.1.1), we can find a sequence
of sets {An}n↘1 in A such that 1An ⇒ 1A in Lp. This allows us to further reduce to the
case where A is of the form [a1, b1)′ · · ·′ [an, bn). But for sets of this form, it is easy to
construct a sequence in S(Rn,R) that converges to 1A in Lp. The proof for Lp,q

(Rn
) is

exactly the same.

A.3 Fourier transforms

A.3.1 The inversion formula

Let C(Rn
) denote the space of continuous complex-valued functions on Rn. For f ↑

C(Rn
) ≃ L1

(Rn
), define

f̂(t) :=

∫

Rn
eit·xf(x)dx

to be the Fourier transform of f , where the integral on the right is the sum of the integrals
of the real and imaginary parts of the integrand. The following results is known as the
Fourier inversion theorem.

Theorem A.3.1. For any f ↑ C(Rn
) ≃ L1

(Rn
), f̂(t) is well-defined, continuous and

integrable on Rn, and satisfies the Fourier inversion formula

f(x) = lim
ϑ↓0

1

(2↼)n

∫

Rn
f̂(t)e→it·x→ϑ⇓x⇓

2
dt.

Moreover, if f ↑ S(Rn,C), then f̂ ↑ S(Rn,C), and the inversion formula reduces to

f(x) =
1

(2↼)n

∫

Rn
f̂(t)e→it·xdt.

We need the following lemma, which will also have other uses later.
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Lemma A.3.2. Let a and b be two complex numbers such that a = reiς for some r > 0

and ϖ ↑ (↓↼/2,↼/2). Then

∫
↑

→↑

e→ax
2
→bxdx = eb

2
/4ae→iς/2


↼

r
.

Proof. First of all, note that the integral is absolutely convergent since Re(a) > 0. Next, let
L be the line in the complex plane that is parallel to the real line and passes through ↓b/2a.
Since Re(a) > 0, it is easy to justify that the contour of integration can be shifted from the
real line to the line L without changing the value of the integral. The value, therefore, is
equal to

∫
↑

→↑

e→a(x→b/2a)2→b(x→b/2a)dx = eb
2
/4a

∫
↑

→↑

e→ax
2
dx.

Again, the integral on the right is absolutely convergent because Re(a) > 0. Moreover, by
symmetry, it is equal to

2

∫
↑

0
e→ax

2
dx.

Recall that a = reiς for some r > 0 and ϖ ↑ (↓↼/2,↼/2). Take any R > 0. Let C denote
the closed contour which goes from 0 to R, then along a circular arc from R to Re→iς/2,
and then along a straight line from Re→iς/2 back to 0 (see Figure A.1). Since the function
e→az

2 is analytic on C, we have that
∮

C

e→az
2
dz = 0.

Let C1, C2 and C3 denote the three parts of C described above. Then

∫

C1

e→az
2
dz =

∫
R

0
e→ax

2
dx,

and ∫

C3

e→az
2
dz = ↓

∫
R

0
e→a(xe↑i↽/2)2e→iς/2dx = ↓e→iς/2

∫
R

0
e→rx

2
dx.

Next, note that

∫

C2

e→az
2
dz =

∫
ς/2

0
e→a(Re

↑is)2
(↓iRe→is

)ds.

331



APPENDIX A. MEASURE THEORY AND ANALYSIS

Thus, if ϖ ↑ [0,↼/2), then

∣∣∣∣
∫

C2

e→az
2
dz

∣∣∣∣ ⇔
∫

ς/2

0
|e→a(Re

↑is)2
(↓iRe→is

)|ds

= R

∫
ς/2

0
e→Re(aR2

e
↑2is)ds

= R

∫
ς/2

0
e→R

2
r cos(ς→2s)ds.

Now, since ϖ ↑ [0,↼/2), it follows that for all s ↑ [0, ϖ/2], cos(ϖ ↓ 2s) → cos ϖ > 0. Using
this in the above expression, we get

∣∣∣∣
∫

C2

e→az
2
dz

∣∣∣∣ ⇔
1

2
Rϖe→R

2
r cos ς.

If ϖ ↑ (↓↼/2, 0], a similar argument shows that
∣∣∣∣
∫

C2

e→az
2
dz

∣∣∣∣ ⇔
1

2
R|ϖ|e→R

2
r cos ς.

Thus, in either case, the integral over C2 tends to zero as R ⇒ ⇑. Combining this with
the expressions for the integrals over C1 and C3 obtained above, we get that

∫
↑

0
e→ax

2
dx = e→iς/2

∫
↑

0
e→rx

2
dx =

e→iς/2

2


↼

r
,

where the last identity follows by a standard formula for Gaussian integrals. Together with
the computation at the beginning of the proof, this completes the argument.

We are now ready to prove Theorem A.3.1.

Proof of Theorem A.3.1. First, note that since f ↑ L1
(Rn

), |f̂ | is uniformly bounded. Thus,
for any ς > 0, it makes sense to write

1

(2↼)n

∫

Rn
f̂(t)e→it·x→ϑ⇓t⇓

2
dt =

1

(2↼)n

∫

Rn

(∫

Rn
f(y)eit·ydy

)
e→it·x→ϑ⇓t⇓

2
dt. (A.3.1)

Now, since f ↑ L1
(Rn

) and ς > 0,
∫

Rn

∫

Rn
|f(x)|e→ϑ⇓t⇓

2
dxdt < ⇑.

Thus, we can apply Fubini’s theorem to the right side in (A.3.1) and get

1

(2↼)n

∫

Rn
f̂(t)e→it·x→ϑ⇓t⇓

2
dt =

1

(2↼)n

∫

Rn

∫

Rn
f(y)eit·(y→x)→ϑ⇓t⇓

2
dtdy.
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By Lemma A.3.2,
∫

Rn
eit·(y→x)→ϑ⇓t⇓

2
dt = (2↼)n/2(2ς)→n/2e→

1
4ω⇓y→x⇓

2
.

Thus,

1

(2↼)n

∫

Rn

∫

Rn
f(x)eit·(y→x)→ϑ⇓t⇓

2
dtdx =

1

(2↼)n/2(2ς)n/2

∫

Rn
f(y)e→

1
4ω⇓y→x⇓

2
dy

=
1

(2↼)n/2

∫

Rn
f(x+

↘

2ςz)e→
1
2⇓z⇓

2
dz.

Since f is continuous and in L1, the above identity and the dominated convergence theorem
imply that

lim
ϑ↓0

1

(2↼)n

∫

Rn
f̂(t)e→it·x→ϑ⇓t⇓

2
dt =

1

(2↼)n/2

∫

Rn
f(x)e→

1
2⇓z⇓

2
dz = f(x).

This completes the proof of the first claim. For the second claim, note that if f ↑ S(Rn,C),
then we can apply integration by parts to deduce that for any 1 ⇔ i ⇔ n and for any t such
that ti ⇓= 0,

f̂(t) =
1

↓iti

∫

Rn
e→it·xϑif(x)dx,

where ϑi denotes the partial derivative in coordinate i. Iterating this, it is easy to show
that f̂ decays faster than any polynomial in 1/↔t↔ as ↔t↔ ⇒ ⇑. Iterating this argument,
one can show that f̂ is a Schwartz function. The second claim follows from this observation
and the dominated convergence theorem.

A.3.2 The Plancherel identity

The inversion formula yields, among other things, the Plancherel identity.

Theorem A.3.3. For f, g ↑ S(Rn,C),
∫

Rn
f(x)g(x)dx =

1

(2↼)n

∫

Rn
f̂(t)ĝ(t)dt.

Proof. For ς > 0, define

fϑ(x) :=
1

(2↼)n

∫

Rn
f̂(t)e→it·x→ϑ⇓x⇓

2
dt,

gϑ(x) :=
1

(2↼)n

∫

Rn
ĝ(t)e→it·x→ϑ⇓x⇓

2
dt.

By the decay rates of f̂ and ĝ from Theorem A.3.1, we can apply Fubini’s theorem to
deduce that

∫

Rn
fϑ(x)gϑ(x)dx =

1

(2↼)2n

∫

Rn

∫

Rn
f̂(t)ĝ(s)

(∫

Rn
e→i(t→s)·x→2ϑ⇓x⇓2dx

)
dsdt.
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By Lemma A.3.2,

∫

Rn
e→i(t→s)·x→2ϑ⇓x⇓2dx = e→(t→s)2/8ϑ

(
↼

2ς

)
n/2

.

Combining the above displays and applying a change of variable, we get

∫

Rn
fϑ(x)gϑ(x)dx =

1

(2↼)2n

∫

Rn

∫

Rn
f̂(t)ĝ(s)e→(t→s)2/8ϑ

(
↼

2ς

)
n/2

dsdt

=
1

(2↼)2n

∫

Rn

∫

Rn
f̂(t)ĝ(t+

↘

8ςu)e→u
2
(4↼)n/2dudt.

By the decay properties of f̂ and ĝ, the right side tends to

1

(2↼)2n

∫

Rn

∫

Rn
f̂(t)ĝ(t)e→u

2
(4↼)n/2dudt =

1

(2↼)n

∫

Rn

∫

Rn
f̂(t)ĝ(t)dt

as ς ⇒ 0. On the other hand, by Theorem A.3.1 and the dominated convergence theorem,
it is easy to see that

lim
ϑ↓0

∫

Rn
fϑ(x)gϑ(x)dx = lim

ϑ↓0

∫

Rn
lim
ϑ↓0

fϑ(x)gϑ(x)dx =

∫

Rn
f(x)g(x)dx.

This completes the proof.

A consequence of Theorem A.3.3 is that for all f, g ↑ S(Rn,C),

↔f ↓ g↔2
L2 =

1

(2↼)n
↔f̂ ↓ ĝ↔2

L2 .

Since S(Rn,C) is dense in L2
(Rn

) by Theorem A.2.11, this allows us to extend the definition
of the Fourier transform to all of L2

(Rn
), as follows. For any f ↑ L2

(Rn
), take a sequence

{fk}k↘1 of Schwartz functions converging to f in L2. By the above identity, the sequence
{f̂k}k↘1 is Cauchy in L2. Thus, there is some function f̂ ↑ L2

(Rn
) such that f̂k ⇒ f̂ in L2.

We declare f̂ to be the Fourier transform of f . It is easy to see by the above identity that
f̂ does not depend on the choice of the approximating sequence. Moreover, Theorem A.3.3
strengthens to the following, whose proof is obvious from the above construction.

Theorem A.3.4. For f, g ↑ L2
(Rn

),
∫

Rn
f(x)g(x)dx =

1

(2↼)n

∫

Rn
f̂(t)ĝ(t)dt.

Although the Fourier transform does not always have an explicit form for functions in
L2, it does have the usual form for functions that are both in L1 and L2.

Theorem A.3.5. For f ↑ L1
(Rn

) ≃ L2
(Rn

) and almost every t ↑ Rn, we have

f̂(t) =

∫

Rn
f(x)eit·xdx.
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Proof. By Theorem A.2.11, we can choose a sequence {fk}k↘1 of Schwartz functions
converging to f in both L1 and L2. From L1 convergence, it is clear that for each t,

lim
k↓↑

f̂k(t) =

∫

Rn
f(x)eit·xdx.

But f̂k ⇒ f̂ in L2, since fk ⇒ f in L2. Thus, by Lemma A.2.6, there is a subsequence that
converges pointwise a.e. to f̂ . This completes the proof.

A.3.3 Fourier transforms in Minkowski space

For various reasons, we will need to work with the notion of Fourier transforms under the
Minkowski inner product. The Minkowski inner product on R4 is defined as

(x, y) := x0y0 ↓ x1y1 ↓ x2y2 ↓ x3y3.

The norm of a vector x under this inner product is defined as

x2 := (x, x) = x20 ↓ x21 ↓ x22 ↓ x23.

Note that this norm is not positive definite. For a function f ↑ S(R4,C), one defines its
Fourier transform under the Minkowski inner product as

f(p) :=
∫

R4
ei(x,p)f(x)dx.

Clearly, this is well-defined since f is a Schwartz function. Moreover, it has its own version
of the inversion formula, as follows.

Theorem A.3.6. Let f ↑ S(R4,C) and f be its Fourier transform under the Minkowski
inner product. Then f ↑ S(R4,C), and

f(x) =
1

(2↼)4

∫

R4
e→i(x,p) f(p)dp.

Proof. Let g(x0, x1, x2, x3) := f(x0,↓x1,↓x2,↓x3). Then g is a Schwartz function, and

ĝ(p) =

∫∫∫∫
ei(x0p0+x1p1+x2p2+x3p3)f(x0,↓x1,↓x2,↓x3)dx0dx1dx2dx3

=

∫∫∫∫
ei(y0p0→y1p1→y2p2→y3p3)f(y0, y1, y2, y3)dy0dy1dy2dy3

= f(p).

This shows that f ↑ S(R4,C). Moreover, by the inversion formula for the ordinary Fourier
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transform, this gives

f(x0, x1, x2, x3) = g(x0,↓x1,↓x2,↓x3)

=
1

(2↼)4

∫
e→i(x,p)ĝ(p)dp =

1

(2↼)4

∫
e→i(x,p) f(p)dp.

This completes the proof.

The Minkowski space Fourier transform has its own version of the Plancherel identity:

Theorem A.3.7. For f, g ↑ S(R4,C),
∫

R4
f(x)g(x)dx =

1

(2↼)4

∫

R4

f(p)g(p)dp.

Proof. As in the proof of Theorem A.3.6, if we take u(x0, x1, x2, x3) := f(x0,↓x1,↓x2,↓x3)

and v(x0, x1, x2, x3) := g(x0,↓x1,↓x2,↓x3), then f = û and g = v̂. Thus, by the
Plancherel identity for the ordinary Fourier transform (Theorem A.3.3),

∫

R4
f(x)g(x)dx =

∫

R4
u(x)v(x)dx

=
1

(2↼)4

∫

R4
û(t)v̂(t)dt

=
1

(2↼)4

∫

R4

f(p)g(p)dp,

which completes the proof.

Theorem A.3.7 yields the following corollary.

Corollary A.3.8. For f ↑ S(R4,R),
∫

R4
(∋f(x))2dx =

1

(2↼)2

∫

R4
p2| f(p)|2dp.

Proof. Let ϑj denote partial derivative in coordinate j. Then by integration by parts,

ϑ̃jf(p) = ↓iϱjpj f(p),

where ϱ0 = 1, ϱ1 = ϱ2 = ϱ3 = ↓1. Thus, by Theorem A.3.7,
∫

R4
(ϑjf(x))

2dx =
1

(2↼)4

∫

R4
p2j | f(p)|2dp.

336



APPENDIX A. MEASURE THEORY AND ANALYSIS

This gives

∫

R4
(∋f(x))2dx =

3∑

j=0

ϱj

∫

R4
(ϑjf(x))

2dx

=
1

(2↼)4

3∑

j=0

ϱj

∫

R4
p2j | f(p)|2dp

=
1

(2↼)4

∫

R4
p2| f(p)|2dp,

which completes the proof.

A.3.4 Fourier transforms on the unit circle

Let S1
:= {x ↑ R2

: ↔x↔ = 1} denote the unit circle in R2, equipped with its natural
Riemannian metric and the corresponding volume form. It is not hard to see that if we
identify S1 as [↓↼,↼) through the correspondence ϖ ⇐⇒ (cos ϖ, sin ϖ), then integration with
respect to the volume form on S1 corresponds to integration with respect to Lebesgue
measure on [↓↼,↼). A function f ↑ C↑

(S1,C) corresponds to a map f : [↓↼,↼) ⇒ C
which is infinitely di!erentiable in (↓↼,↼), and for each k → 0,

lim
x≃→π

f (k)
(x) = lim

x▽π

f (k)
(x) ↑ C,

where f (k) denotes the kth derivative of f (with f (0)
:= f).

For a function f : [↓↼,↼) ⇒ C that is integrable with respect to Lebesgue measure, the
nth Fourier coe"cient of f , for n ↑ Z, is defined as

f̂(n) :=

∫
π

→π

f(x)einxdx.

The following lemma shows that the coe"cients are rapidly decaying if f is smooth.

Lemma A.3.9. If f ↑ C↑
(S1,C), then for any ⇀ > 0, |f̂(n)| = o(|n|→ϖ

) as |n| ⇒ ⇑.

Proof. Since f(x) has the same limit as x ⇒ ±↼, integration by parts gives

f̂(n) =

[
f(x)einx

in

]
π

→π

↓
1

in

∫
π

→π

f ⇒
(x)einxdx

= ↓
1

in

∫
π

→π

f ⇒
(x)einxdx.

Thus, |f̂(n)| = O(|n|→1
) as |n| ⇒ ⇑. Since for each k, f̂ (k)

(x) has the same limit as
x ⇒ ±↼, we can iterate the above argument to show that |f̂(n)| = O(|n|→k

) for any k. This
completes the proof.
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For f ↑ C↑
(S1,C), the above lemma allows us to define

g(x) :=
1

2↼

∑

n↗Z
f̂(n)e→inx,

and deduce that g is also in C↑
(S1,C). It turns out that g is equal to f . This is the

Fourier inversion lemma for the unit circle:

Lemma A.3.10. Let f and g be as above. Then f = g.

Proof. For N → 0, define

gN (x) :=
1

2↼

N∑

n=→N

f̂(n)e→inx,

and then define

hN (x) :=
1

N + 1

N∑

k=0

gk(x).

We know that gN (x) ⇒ g(x) as N ⇒ ⇑. This implies that hN (x) also converges to g(x) as
N ⇒ ⇑. Thus, it su"ces to prove that hN (x) ⇒ f(x). Moreover, by the continuity of f
and g, it su"ces to prove this for |x| < ↼. Fix some x ↑ (↓↼,↼), and note that

hN (x) =
1

2↼(N + 1)

N∑

k=0

k∑

n=→k

f̂(n)e→inx

=
1

2↼(N + 1)

N∑

n=→N

N∑

k=|n|

f̂(n)e→inx

=
1

2↼

N∑

n=→N

f̂(n)
N ↓ |n|+ 1

N + 1
e→inx.

Plugging in the expression for f̂(n), we get

hN (x) =

∫
π

→π

f(y)FN (x↓ y)dy, (A.3.2)

where

FN (u) :=
1

2↼(N + 1)

N∑

n=→N

(N ↓ |n|+ 1)e→inu.

Now, by the formula for the sum of a geometric series, we have, for u ⇓∞ 0 (mod 2↼),

N∑

n=0

e→inu
=

1↓ e→i(N+1)u

1↓ e→iu
= e→

1
2 iNu

sin(
1
2(N + 1)u)

sin(
1
2u)

.
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This gives

sin
2
(
1
2(N + 1)u)

sin
2
(
1
2u)

=

∣∣∣∣
N∑

n=0

e→inu

∣∣∣∣
2

=

N∑

m,n=0

e→i(m→n)u
=

N∑

n=→N

(N ↓ |n|+ 1)e→inu.

Thus, we get

FN (u) =
sin

2
(
1
2(N + 1)u)

2↼(N + 1) sin
2
(
1
2u)

.

Plugging this into equation (A.3.2) gives

hN (x) =

∫
π

→π

f(y)
sin

2
(
1
2(N + 1)(x↓ y))

2↼(N + 1) sin
2
(
1
2(x↓ y))

dy.

Making the change of variable z :=
1
2(N + 1)(x↓ y), we get

hN (x) =

∫ 1
2 (N+1)(x+π)

1
2 (N+1)(x→π)

f

(
x↓

2z

N + 1

)
sin

2 z

↼(N + 1)2 sin2(
z

N+1)
dz.

As N ⇒ ⇑, the integrand converges to

f(x)
sin

2 z

↼z2
.

Moreover, within the range of integration we have

|z|

N + 1
=

1

2
|x↓ y| ⇔

1

2
(↼ + |x|) < ↼,

by our assumption that |x| < ↼. Thus, there is a positive constant C depending on x such
that throughout the range of integration, we have

∣∣∣∣sin
(

z

N + 1

)∣∣∣∣ →
C|z|

N + 1
.

Thus, the absolute value of the integrand is bounded above by

C ⇒
sin

2 z

z2
,

where C ⇒ is a finite constant depending on f and x. This allows us to apply the dominated
convergence theorem and conclude that

lim
N↓↑

hN (x) =

∫
↑

→↑

f(x)
sin

2 z

↼z2
dz = f(x),

where the last identity follows by considering the case f ∞ 1, where hN ∞ 1 for each N .
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We will now extend this result to smooth functions on (S1
)
d for arbitrary d. Let

f : [↓↼,↼)d ⇒ R

A.3.5 The Poisson summation formula

The following important result is known as the Poisson summation formula.

Theorem A.3.11. For f ↑ S(Rd,C), we have

∑

n↗Zd

f(n) =
∑

n↗Zd

f̂(2↼n).

Proof. Define a function g : [↓↼,↼)d ⇒ C as

g(x) :=
∑

n↗Zd

f((2↼)→1x+ n).

This is well-defined since f is a Schwartz function. Moreover, the Schwartzian nature of f
allows us to di!erentiate g as many times as we want, by taking the derivatives inside the
sum. If g(k) and f (k) denote the kth derivatives of g and f , then we get

g(k)(x) := (2↼)→k
∑

n↗Z
f (k)

((2↼)→1x+ n).

This shows, in particular, that

lim
x▽π

g(k)(x) = lim
x≃→π

g(k)(x)

for each k. Thus, by Lemma A.3.10,

∑

n↗Z
f(n) = g(0) =

1

2↼

∑

n↗Z
ĝ(n). (A.3.3)

Now note that by the dominated convergence theorem,

ĝ(n) =

∫
π

→π

(∑

m↗Z
f((2↼)→1x+m)

)
einxdx

=

∑

m↗Z

∫
π

→π

f((2↼)→1x+m)einxdx

= 2↼
∑

m↗Z

∫ 1
2

→
1
2

f(y +m)e2πinydy.
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But, we have

∫ 1
2

→
1
2

f(y +m)e2πinydy =

∫ 1
2

→
1
2

f(y +m)e2πin(y+m)dy

=

∫
m+ 1

2

m→
1
2

f(y)e2πinydy.

Plugging this into the previous display and again applying the dominated convergence
theorem, we get

ĝ(n) = 2↼
∑

m↗Z

∫
m+ 1

2

m→
1
2

f(y)e2πinydy = 2↼

∫
↑

→↑

f(y)e2πinydy = 2↼f̂(2↼n).

By equation (A.3.3), this completes the proof.
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Appendix B

Probability Theory

B.1 Basics of probability theory

B.1.1 Random variables

If (”,F) is a measurable space, a measurable function X from ” into R or R⇑
= R∪{↓⇑,⇑}

is called a random variable. More generally, if (”⇒,F ⇒
) is another measurable space, then a

measurable function X from ” into ”
⇒ is called a ”

⇒-valued random variable defined on ”.
In particular, if ”⇒

= Rn, we say that X is a random vector.
Let (”,F ,P) be a probability space and let X be a random variable defined on ”. It

is the common convention in probability theory to write P(X ↑ A) instead of P({2 ↑

” : X(2) ↑ A}). Similarly, we write {X ↑ A} to denote the set {2 ↑ ” : X(2) ↑ A}.
Similarly, if X and Y are two random variables, the event {X ↑ A, Y ↑ B} is the set
{2 : X(2) ↑ A, Y (2) ↑ B}.

Another commonly used convention is that if f : ”
⇒
⇒ R is a measurable function and

X is an ”-valued random variable, f(X) denotes the real-valued random variable f ∈X.
The ▷-algebra generated by a random variable X is denoted by ▷(X), and if {Xi}i↗I is a
collection of random variables defined on the same probability space, then the ▷-algebra
▷({Xi}i↗I) generated by the collection {Xi}i↗I is defined to be the ▷-algebra generated by
the union of the sets ▷(Xi), i ↑ I. We will have use for the following result.

Proposition B.1.1. Let {Xi}i↗I be a collection of (R⇑
)
I-valued random variables defined

on a probability space (”,F ,P). Define a map X : ” ⇒ (R⇑
)
I as X(2) := (Xi(2))i↗I .

Suppose we endow (R⇑
)
I with its cylinder ▷-algebra. Then X is a measurable map, and

▷(X) = ▷({Xi : i ↑ I}). Moreover, two (R⇑
)
I-valued random variables X and Y have the

same law if and only if for every finite set J ↗ I, the random vectors (Xj)j↗J and (Yj)j↗J

have the same distribution

Proof. To prove that X is measurable, it su"ces to show that X→1
(A) ↑ F for every

rectangular set A. This follows easily from the fact that each Xi is measurable. This also
implies that ▷(X) ↗ ▷({Xi : i ↑ I}). The reverse inclusion follows from the measurability
(with respect to the cylinder ▷-algebra) of coordinate maps on (R⇑

)
I . The second assertion
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follows by Theorem A.1.4, the measurability of the coordinate maps, and the fact that the
coordinate maps generate the cylinder ▷-algebra.

We will have use for the following result about real-valued random variables that are
measurable with respect to the ▷-algebra generated by a random variable taking value in
some measurable space.

Proposition B.1.2. Let (”,F ,P) be a probability space, and let X be an ”
⇒-valued random

variable, where (”,F ⇒
) is a measurable space. Let Y be an R⇑-valued random variable

defined on ” that is measurable with respect to ▷(X). Then there exists a measurable map
F : ”

⇒
⇒ R⇑ such that Y = F (X). Moreover, if F and G are two such maps, then F = G

a.e. with respect to the law of X.

Proof. First, suppose that Y = 1A for some A ↑ ▷(X). Then A = X→1
(B) for some B ↑ F

⇒.
Define F := 1B . Then F is a measurable map, and Y (2) = 1A(2) = 1B(X(2)) = F (X(2)).
Thus, Y = F (X). This proves the result when Y is an indicator function. Clearly, this
extends to nonnegative simple functions. Next, let Y be any [0,⇑]-valued random variable
defined on ” that is ▷(X)-measurable. By Theorem A.1.23, we can find an increasing
sequence of nonnegative simple ▷(X)-measurable random variables {Yn}n↘1 increasing to
Y . For each n, let Fn : ”

⇒
⇒ R⇑ be a measurable map such that Yn = Fn(X). Define

F := lim supn↓↑ Fn pointwise. Then F is measurable. Note that for all 2 ↑ ”,

F (X(2)) = lim sup
n↓↑

Fn(X(2))

= lim sup
n↓↑

Yn(2) = lim
n↓↑

Yn(2) = Y (2).

This completes the proof when Y is nonnegative. Lastly, for a general R⇑-valued ▷(X)-
measurable random variable Y , let Y + and Y → denote the positive and negative parts of Y .
Let F1 and F2 denote measurable functions on ”

⇒ such that Y +
= F1(X) and Y →

= F2(X),
constructed as above. The construction guarantees that F1 and F2 cannot be simultaneously
⇑ at any point in ”

⇒. It is easy to argue from this that F := F1 ↓ F2 is a well-defined
measurable map. Clearly, we have Y = F (X). For the last assertion, note that if Y = F (X)

and Y = G(X), then F (X) = G(X) and hence

P(X→1
({2⇒

↑ ”
⇒
: F (2⇒

) = G(2⇒
)})) = P({2 ↑ ” : F (X(2)) = G(X(2))}) = 1.

Thus, F = G a.e. with respect to the law of X.

Let X be a random variable defined on a probability space (”,F ,P) and taking values
in some measurable space (”

⇒,F ⇒
). Then X induces a probability measure µX on this space,

defined as
µX(A) := P(X ↑ A).

The probability measure µX is called the law of X or the distribution of X.
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The expected value (or expectation, or mean) of an R⇑-valued random variable X,
denoted by E(X), is simply the integral

∫
XdP, provided that the integral exists. A

random variable X is called integrable if it is integrable as a measurable function, that is,
if E|X| < ⇑. A notation that is often used is that if X is a random variable and A is an
event (defined on the same space), then

E(X;A) := E(X1A).

The variance of X is defined as

Var(X) := E(X2
)↓ (E(X))

2,

provided that E(X2
) is finite (such random variables are called ‘square integrable’). Note

that by the monotonicity of Hölder norms for probability measures, the finiteness of E(X2
)

automatically implies the finiteness of E|X| and in particular the existence of E(X). The
covariance of two random variables X and Y defined on the same probability space is
defined as

Cov(X,Y ) := E(XY )↓ E(X)E(Y ),

provided that both X, Y and XY are integrable. Notice that Var(X) = Cov(X,X). It is
easy to see that covariance is a bilinear form on square integrable random variables.

B.1.2 Independence

Let (”,F ,P) be a probability space, and suppose that G1, . . . ,Gn are sub-▷-algebras of F .
We say that G1, . . . ,Gn are independent if for any A1 ↑ G1, A2 ↑ G2, . . . , An ↑ Gn,

P(A1 ≃ · · · ≃An) =

n∏

i=1

P(Ai).

More generally, an arbitrary collection {Gi}i↗I of sub-▷-algebras are called independent if
any finitely many of them are independent.

The independence of ▷-algebras is used to define the independence of random variables
and events. A collection of events {Ai}i↗I in F are said to be independent if the ▷-algebras
Gi := {ℑ, Ai, Ac

i
,”} generated by the Ai’s are independent. Moreover, an event A is said to

be independent of a ▷-algebra G is the ▷-algebras {ℑ, A,Ac,”} and G are independent.
A collection of random variables {Xi}i↗I defined on ” are said to be independent

if {▷(Xi)}i↗I are independent sub-▷-algebras of F . A random variable X is said to be
independent of a ▷-algebra G if the ▷-algebras ▷(X) and G are independent.

A particularly important definition in probability theory is the notion of an independent
and identically distributed (i.i.d.) sequence of random variables. A sequence {Xi}

↑

i=1 is
said to be i.i.d. if the Xi’s are independent and all have the same distribution.

An important property of independent random variables is the following.
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Proposition B.1.3. If X and Y are independent random variables such that X and Y are
integrable, then the product XY is also integrable and E(XY ) = E(X)E(Y ). The identity
also holds if X and Y are nonnegative but not necessarily integrable.

Proof. First, suppose that X =
∑

k

i=1 ai1Ai and Y =
∑

m

j=1 bj1Bj for some nonnegative ai’s
and bj ’s, and measurable Ai’s and Bj ’s. Without loss of generality, assume that all the
ai’s are distinct and all the bj ’s are distinct. Then each Ai ↑ ▷(X) and each Bj ↑ ▷(Y ),
because Ai = X→1

({ai}) and Bj = Y →1
({bj}). Thus, for each i and j, Ai and Bj are

independent. This gives

E(XY ) =

k∑

i=1

m∑

j=1

aibjE(1Ai1Bj ) =

k∑

i=1

m∑

j=1

aibjP(Ai ≃Bj)

=

k∑

i=1

m∑

j=1

aibjP(Ai)P(Bj) = E(X)E(Y ).

Next take any nonnegative X and Y that are independent. Construct nonnegative simple
random variables Xn and Yn increasing to X and Y , using the method from the proof of
Theorem A.1.23. From the construction, it is easy to see that each Xn is ▷(X)-measurable
and each Yn is ▷(Y )-measurable. Therefore Xn and Yn are independent, and hence
E(XnYn) = E(Xn)E(Yn), since we have already proved this identity for nonnegative simple
random variables. Now note that since Xn ⊤ X and Yn ⊤ Y , we have XnYn ⊤ XY . Therefore
by the monotone convergence theorem,

E(XY ) = lim
n↓↑

E(XnYn) = lim
n↓↑

E(Xn)E(Yn) = E(X)E(Y )

Finally, take any independent X and Y . It is easy to see that X+ and X→ are ▷(X)-
measurable, and Y + and Y → are ▷(Y )-measurable. Therefore

E|XY | = E((X+
+X→

)(Y +
+ Y →

))

= E(X+Y +
) + E(X+Y →

) + E(X→Y +
) + E(X→Y →

)

= E(X+
)E(Y +

) + E(X+
)E(Y →

) + E(X→
)E(Y +

) + E(X→
)E(Y →

)

= E|X|E|Y |.

Since E|X| and E|Y | are both finite, this shows that XY is integrable. Repeating the steps in
the above display starting with E(XY ) instead of E|XY |, we get E(XY ) = E(X)E(Y ).

The next result is often useful for proving independence of ▷-algebras.

Theorem B.1.4. Let {Xi}i↗I and {Yj}j↗J be two collections of random variables defined
on the same probability space. Suppose that for any finite F ↗ I and G ↗ J , the collections
{Xi}i↗F and {Yj}j↗G are independent. Then ▷({Xi}i↗I) and ▷({Yj}j↗J) are independent.

To prove the theorem, we need the following lemma.
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Lemma B.1.5. If A is a ↼-system of sets and B is an event such that B and A are
independent for every A ↑ A, show that B and ▷(A) are independent.

Proof. Let L be the set of all A ↑ ▷(A) such that B and A are independent. By assumption,
A ↗ L. Since A is a ↼-system, Dynkin’s theorem tells us that it su"ces to prove that L is
a 0-system. Since ” ↑ ▷(A) and P(B ≃”) = P(B) = P(B)≃ P(”), we conclude that ” ↑ L.
Next, take any A ↑ L. Note that

P(B ≃Ac
) = P(B)↓ P(B ≃A)

= P(B)↓ P(B)P(A) = P(B)(1↓ P(A)) = P(B)P(Ac
).

Thus, L is closed under taking complements. A similar argument shows that L is closed
under taking countable disjoint unions.

We are now ready to prove Theorem B.1.4.

Proof of Theorem B.1.4. Let A be the union of ▷({Xi}i↗F ) over all finite sets F ↗ I, and
let B be the union of ▷({Yi}i↗G) over all finite sets G ↗ J . It is easy to see that A and
B are algebras; in particular, they are ↼-systems. Take any B ↑ B. Then B and A are
independent for every A ↑ A. Thus, by Lemma B.1.5, B and A are independent for every
A ↑ ▷(A) = ▷({Xi}i↗I). Next, take any A ↑ ▷({Xi}i↗I). We have already established that
A and B are independent for any B ↑ B. By another application of Dynkin’s theorem, we
conclude that A and B are independent for all B ↑ ▷(B).

B.1.3 Probability densities

Let (”,F , µ) be a measure space and let ◁ be another measure on (”,F). We say that ◁

has a density 3 with respect to µ if 3 : ” ⇒ [0,⇑) is a measurable function such that for
all A ↑ F ,

◁(A) =

∫

A

3(x)dµ(x).

We sometimes denote this relation by

d◁(x) = 3(x)dµ(x), or
d◁

dµ
= 3.

If ◁ is a probability measure, we say that 3 is its probability density function (p.d.f.).
Conversely, if 3 : ” ⇒ [0,⇑) is any measurable function such that

∫

%
3(x)dµ(x) = 1,

then it is easy to check that the functional

◁(A) :=

∫

A

3(x)dµ(x)
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defines a probability measure on (”,F).

Lemma B.1.6. Let (”,F , µ) be a measure space and let ◁ be a probability measure (”,F)

that has density 3 with respect to µ. Then for any measurable g : ” ⇒ R that is integrable
with respect to ◁, we have

∫

%
g(x)d◁(x) =

∫

%
g(x)3(x)dµ(x).

Proof. When g is an indicator function, the result follows from the definition of p.d.f.
Therefore, the result holds when g is a simple function, by the linearity of Lebesgue
integrals. We can now pass to nonnegative measurable g using Theorem A.1.5 and the
monotone convergence theorem, and finally to integrable g by decomposing into positive
and negative parts.

B.1.4 Total variation distance

Let (”,F) be a measurable space and ◁1, ◁2 be two probability measures on this space.
The total variation distance between ◁1, ◁2 is defined as

dTV(◁1, ◁2) = inf P(X ⇓= Y ),

where the infimum is take over all pairs of ”-valued random variables (X,Y ) defined on
the same probability space, such that X ∝ ◁1 and Y ∝ ◁2. Another way to say this is that
dTV(◁1, ◁2) is the infimum of ε({(x, y) ↑ ”

2
: x ⇓= y}) over all probability measures ε on

(”
2,F2

) that has marginals ◁1 and ◁2 (meaning that ◁1(A) = ε(A′”) and ◁2(A) = ε(”′A)

for all A ↑ F). The following lemma gives a useful alternative formula for the total variation
distance.

Lemma B.1.7. Let ◁1, ◁2 be as above, and let µ be a measure on (”,F) such that ◁1 has
density 31 with respect to µ and ◁2 has density 32 with respect to µ. Then

dTV(◁1, ◁2) =
1

2

∫

%
|31(x)↓ 32(x)|dµ(x).

Moreover, the infimum in the definition of total variation distance is attained at some
probability measure on ”

2.

Proof. Let ⇀(x) := min{31(x), 32(x)}, and let p :=
∫
% ⇀(x)dµ(x). Construct a pair of

”-valued random variables (X,Y ) as follows. If p = 0, generate X ∝ ◁1 and Y ∝ ◁2

independently. If p = 1, generate X ∝ ◁1 and let Y = X. If 0 < p < 1, let ⇁ be the
probability density function ⇀/p, and let ϖ1 and ϖ2 be the probability density functions
(31 ↓ ⇀)/(1 ↓ p) and (32 ↓ ⇀)/(1 ↓ p). With probability p, generate X from ⇁ and let
Y = X. With probability 1↓ p, generate X and Y independently from ϖ1 and ϖ2. Note
that ϖ1 and ϖ2 cannot be simultaneously nonzero anywhere. This implies that

P(X ⇓= Y ) = 1↓ p. (B.1.1)
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We claim that X ∝ ◁1 and Y ∝ ◁2. To see this, note that if 0 < p < 1, then for any A ↑ F ,

P(X ↑ A) = p

∫

A

⇀(x)

p
dµ(x) + (1↓ p)

∫

A

31(x)↓ ⇀(x)

1↓ p
dµ(x)

=

∫

A

31(x)dµ(x) = ◁1(A),

and by a similar argument P(Y ↑ A) = ◁2(A). If p = 0, then ⇀ = 0 a.e., which again
implies the above identity. Finally, if p = 1, then

∫
(3j ↓ ⇀)dµ = 0 for j = 1, 2. Since

3j → ⇀, this implies that ⇀ = 31 = 32, which ensures that X ∝ ◁1 and Y ∝ ◁2.
Next, note that

1

2

∫

%
|31(x)↓ 32(x)|dµ(x)

=
1

2

∫

%
(31(x) + 32(x)↓ 2min{31(x), 32(x)})dµ(x)

= 1↓

∫

%
⇀(x)dµ(x) = 1↓ p.

Combining this with equation (B.1.1) and the observation from the previous paragraph, we
get that

dTV(◁1, ◁2) ⇔ P(X ⇓= Y ) = 1↓ p =
1

2

∫

%
|31(x)↓ 32(x)|dµ(x).

For the reverse inequality, let A := {x ↑ ” : 31(x) → 32(x)}. Take any (X,Y ) such that
X ∝ ◁1 and Y ∝ ◁2. Since

0 =

∫

%
(31(x)↓ 32(x))dµ(x)

=

∫

%
(31(x)↓ 32(x))

+dµ(x)↓

∫

%
(31(x)↓ 32(x))

→dµ(x),

we get
∫

%
|31(x)↓ 32(x)|dµ(x) =

∫

%
(31(x)↓ 32(x))

+dµ(x) +

∫

%
(31(x)↓ 32(x))

→dµ(x)

= 2

∫

%
(31(x)↓ 32(x))

+dµ(x)

= 2

∫

A

(31(x)↓ 32(x))dµ(x) = 2(P(X ↑ A)↓ P(Y ↑ A)).

But, we have

P(X ↑ A)↓ P(Y ↑ A) ⇔ P(X ↑ A)↓ P(X ↑ A, Y ↑ A)

= P(X ↑ A, Y /↑ A) ⇔ P(X ⇓= Y ).
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Thus, we get
∫

%
|31(x)↓ 32(x)|dµ(x) ⇔ P(X ⇓= Y ).

Taking infimum over (X,Y ) proves the reverse inequality.

B.2 Gaussian random variables

B.2.1 Real-valued Gaussian random variables

It is common to say that a real-valued random variable has a p.d.f. if its law has a density
with respect to Lebesgue measure. An important example of such a p.d.f. is the density
function for the normal (or Gaussian) distribution with mean parameter µ ↑ R and standard
deviation parameter ▷ > 0, given by

f(x) =
1

↘
2↼▷

exp

(
↓
(x↓ µ)2

2▷2

)
.

If a random variable X has this distribution, we write X ∝ N(µ,▷2
). The special case of

µ = 0 and ▷ = 1 is known as the standard normal (or standard Gaussian) distribution. It
is easy to check that the above function is indeed a probability density function, and that
its expected value is µ and variance is ▷2.

B.2.2 Gaussian random vectors

Recall that a random vector X is simply an Rn-valued random variable for some positive
integer n. The probability density function of X, if it exists, is a measurable function
f : Rn

⇒ [0,⇑) such that for any A ↑ B(Rn
),

P(X ↑ A) =

∫

A

f(x1, . . . , xn)dx1 · · · dxn,

where dx1 · · · dxn denotes integration with respect to Lebesgue measure on Rn. The law
µX of X the probability measure on Rn induced by X, that is, µX(A) := P(X ↑ A). The
mean vector of a random vector X = (X1, . . . , Xn) is the vector µ = (µ1, . . . , µn), where
µi = E(Xi), assuming that the means exist. The covariance matrix of a random vector
X = (X1, . . . , Xn) is the n′ n matrix ! = (▷ij)ni,j=1, where ▷ij = Cov(Xi, Xj), provided
that these covariances exist. The covariance matrix is sometimes denoted by Cov(X).

The higher dimensional analogues of normal random variables are multivariate normal
(or multivariate Gaussian) random vectors. Given µ ↑ Rn and a strictly positive definite
matrix ! of order n, the multivariate normal distribution with mean µ and covariance
matrix ! is the probability measure on Rn with probability density function

1

(2↼)n/2(det!)1/2
exp

(
↓
1

2
(x↓ µ)T!→1

(x↓ µ)

)
.
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If X has this law, we write X ∝ Nn(µ,!). An easy computation shows that if X ∝

Nn(µ,!), then E(X) = µ and Cov(X) = !. The Nn(0, I) distribution is called the n-
dimensional standard normal distribution (where I denotes the identity matrix). Note
that if X ∝ Nn(0, I), the probability density function of X factorizes into the product of
N(0, 1) densities, one for each coordinate. From this, it follows that the coordinates of X
are i.i.d. N(0, 1) random variables.

B.2.3 Gaussian fields

A Gaussian field or a Gaussian process is any collection of Gaussian random variables
X = (Xi)i↗I such that for any finite set J ↗ I, the random vector (Xj)j↗J has a multivariate
Gaussian distribution. Recall that X can be viewed as an RI -valued random variable, and
by Proposition B.1.1, that its distribution is completely determined by its finite-dimensional
distributions (i.e., the distributions of (Xj)j↗J for finite subsets J ↗ I). We will make
frequent use of the following result.

Proposition B.2.1. Let X = (Xi)i↗I be a Gaussian field. Suppose that J and K are
disjoint subsets of I such that Cov(Xj , Xk) = 0 for every j ↑ J and k ↑ K. Then the
Gaussian fields (Xj)j↗J and (Xk)k↗K are independent.

Proof. If J ∪K is finite, then this is easy to see that this is true simply by writing down the
probability density of (Xl)l↗J∈K and observing that the density factorizes into a product
of two densities. For the general case, the same argument establishes that (Xj)j↗J → and
(Xk)k↗K→ are independent for any finite J ⇒

↗ J and any finite K ⇒
↗ K. By Theorem B.1.4,

the result follows.

B.2.4 Characteristic functions of Gaussian random variables

An important function associated with an n-dimensional random vector X is its characteristic
function ↽X : Rn

⇒ C, defined as

↽X(t) := E(eit·X),

where i =
↘
↓1 and t · X is the inner product of t and X. The right side of the above

expression is defined as

E(eit·X) := E(cos t ·X) + iE(sin t ·X),

and the two expectations on the right always exist because cos and sin are bounded functions.
In fact, the expected value of any complex random variable can be defined in the same
manner, provided that the expected values of the real and imaginary parts exist and are
finite.

Proposition B.2.2. If X and Y are integrable random variables and Z = X + iY , and
E(Z) is defined as E(X) + iE(Y ), then |E(Z)| ⇔ E|Z|.
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Proof. Let ⇀ := E(Z) and ⇀ denote the complex conjugate of ⇀. It is easy to check the
linearity of expectation holds for complex random variables. Thus,

|E(Z)|
2
= ⇀E(Z) = E(⇀Z)

= E(Re(⇀Z)) + iE(Im(⇀Z)),

where Re(z) and Im(z) denote the real and imaginary parts of a complex number z. Since
|E(Z)|

2 is real, the above identity show that |E(Z)|
2
= E(Re(⇀Z)). But Re(⇀Z) ⇔ |⇀Z| =

|⇀||Z|. Thus, |E(Z)|
2
⇔ |⇀|E|Z|, which completes the proof.

The above result shows, in particular, that |↽X(t)| ⇔ 1 for any random vector X and
any t. The next result shows that the characteristic function characterizes the law of X.

Theorem B.2.3. If two n-dimensional random vectors X and Y have the same character-
istic function, then they have the same law.

Proof. Take any Schwartz function f on Rn. By Theorem A.3.1 and Fubini’s theorem,

E(f(X)) = E
(

1

(2↼)n

∫

Rn
f̂(t)e→it·Xdt

)

=
1

(2↼)n

∫

Rn
f̂(t)↽X(t)dt

=
1

(2↼)n

∫

Rn
f̂(t)↽Y (t)dt = E(f(Y )).

Now, it is easy to see that the indicator function of any set of the form [a1, b1)′ · · ·′ [an, bn)

can be approach pointwise almost everywhere by a sequence of uniformly bounded Schwartz
functions. Thus, the above identity shows that P(X ↑ A) = P(Y ↑ A) for any such set A.
By Theorem A.1.4, this proves that X and Y have the same law.

We now compute the characteristic function of the Nn(µ,!) distribution. Let X be a
random vector with this distribution. Let !1/2 denote the positive definite square-root of !
and !

→1/2 denote its inverse. Then applying the change of variable y = !
→1/2

(x↓ µ), we
get

↽X(t) =

∫

Rn

1

(2↼)n/2
↘
det!

exp

(
it · x↓

1

2
(x↓ µ)T!→1

(x↓ µ)

)
dx

=

∫

Rn

1

(2↼)n/2
exp

(
it · (µ+ !

1/2y)↓
↔y↔2

2

)
dy

= eit·µ
∫

Rn

1

(2↼)n/2
exp

(
ia · y ↓

↔y↔2

2

)
dy,
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where a := !
1/2t. Thus, by Lemma A.3.2,

↽X(t) = eit·µ
n∏

i=1

∫

R

1
↘
2↼

exp

(
iaiy ↓

y2

2

)
dy

= eit·µ→
1
2⇓a⇓

2
= eit·µ→

1
2 t

T&t.

An important consequence of the above calculation is the following fact. Suppose that
X ∝ Nn(µ,!), and A is an m ′ n real matrix for some positive integer m. Let b ↑ Rm,
and let Y := AX + b. Then

↽Y (t) = E(eit·Y )

= E(eit·(AX+b)
)

= eit·bE(ei(AT
t)·X

)

= eit·(Aµ+b)→ 1
2A&A

T
.

Thus, by Theorem B.2.3, we deduce that if A has rank m, then Y ∝ Nm(Aµ+ b, A!AT
).

But even if A does not have full rank, the above formula for the characteristic function of
Y is still valid. This allows us to define the Nn(µ,!) distribution even if ! is only positive
semidefinite and not positive definite. Namely, for any µ ↑ Rn and any n ′ n positive
semidefinite matrix !, the Nn(µ,!) is the unique probability distribution on Rn that has
characteristic function eiµ·t→

1
2 t

T&t.
The most important consequence of the above discussion is that if we have a Gaussian

random vector, and take any linear transformation of it, possibly mapping to a di!erent
dimension, the result is still a Gaussian random vector. Its distribution is determined
simply by calculating its mean vector and covariance matrix.

A result about Gaussian random vectors that we will use later is the following.

Theorem B.2.4. Let X ∝ Nn(µ,!), where µ ↑ Rn and ! is an n′n positive semidefinite
matrix. Let ◁ be the law of X. Then the span of the functions x ⇐⇒ eit·x, as t ranges over
Rn, is a dense subspace of L2

(Rn,B(Rn
), ◁).

Proof. Let m be the rank of !. Then there is an n ′ m matrix A of rank m such
that ! = AAT . Thus, if Y ∝ Nm(0, I), then µ+ AY ∝ Nn(µ,!). So let us assume that
X = µ+AY . Take any f ↑ L2

(Rn,B(Rn
), ◁,C), so that E|f(X)|

2 < ⇑. Define g : Rm
⇒ R

as
g(x) := f(µ+Ax).

Suppose we can show that for any ς > 0, there exist some k → 1, some s1, . . . , sk ↑ Rm,
and some a1, . . . , ak ↑ C such that

E
∣∣∣∣g(Y )↓

k∑

j=1

aje
isj ·Y

∣∣∣∣
2

< ς.
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Since rank(A) = m and m ⇔ n, there exist t1, . . . , tk ↑ Rn such that AT tj = sj for
j = 1, . . . , k. Thus,

E
∣∣∣∣f(X)↓

k∑

j=1

aje
→itj ·µeitj ·X

∣∣∣∣
2

= E
∣∣∣∣g(Y )↓

k∑

j=1

aje
isj ·Y

∣∣∣∣
2

< ς.

This shows that it su"ces to prove the following: The span of the functions x ⇐⇒ eis·x,
as t ranges over Rm, is a dense subspace of L2

(Rm,B(Rm
), ε,C), where ε is the standard

Gaussian measure on Rm. Let us denote this L2 space by L2
(ε), and let L2

(Rm
) denote

the L2 space of complex-valued functions on Rm under Lebesgue measure. Let S denote
the closure of the span of the functions x ⇐⇒ eis·x in L2

(ε). Take any g ↑ L2
(ε). Let

gN (x) := g(x)1|x|↔N . Then by the dominated convergence theorem, gN ⇒ g in L2
(ε) as

N ⇒ ⇑. Thus, it su"ces to prove that any g ↑ L2
(ε) that vanishes outside a bounded

region is in S.
Now, any g ↑ L2

(ε) that vanishes outside a bounded region is in L2
(Rm

), and conver-
gence in L2

(Rm
) implies convergence in L2

(ε). By Theorem A.2.11, Schwartz functions are
dense in L2

(Rm
). Combining these observations, we see that it su"ces to prove that any

Schwartz function is in S.
Take any Schwartz function h. Recall that by Theorem A.3.1, its Fourier transform ĥ is

also a Schwartz function, and the Fourier inversion formula holds. Using smoothness and
decay properties of Schwartz functions and their derivatives, it is now easy to approximate
the inversion formula by a finite linear combination of functions of the form eis·x up to any
desired degree of accuracy in the L2

(ε) norm.

We will also use the following corollary of Theorem B.2.4.

Corollary B.2.5. Let X ∝ Nn(µ,!), where µ ↑ Rn and ! is an n′n positive semidefinite
matrix. Let ◁ be the law of X. Then the span of polynomial functions of X (with complex
coe!cients) is a dense subspace of L2

(Rn,B(Rn
), ◁).

Proof. A straightforward calculation using the classical gamma integral shows that if Z ∝

N(0, 1), then E|Z|
p grows like pp/2+o(1) as p ⇒ ⇑. Using this and various applications of

Hölder’s inequality, it follows that any function like eit·X can be arbitrarily well-approximated
in L2 by a polynomial, simply by truncating the power series for eit·X . By Theorem B.2.4,
this completes the proof.

B.2.5 The Wick product formula

The Wick product formula is an important fact about Gaussian random variables that is
widely used in quantum field theory. In the following theorem and elsewhere, we will say
that Gaussian random variable is ‘centered’ if it has expected value zero. Recall that a
perfect matching of a vertex set V is a set of undirected edges E on V such that every
vertex has degree exactly equal to 1. A perfect matching exists if and only if the size of V
is even.
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Theorem B.2.6 (Wick product formula). Suppose that X1, . . . , Xn are jointly centered
Gaussian random variables, where n is even. Then

E(X1X2 · · ·Xn) =

∑

all perfect matchings
E of 1, . . . , n

∏

{i,j}↗E

E(XiXj).

If n is odd, the above expectation is equal to zero.

Proof. We will prove the Wick product formula by induction on n. For n = 1 and n = 2,
the result is trivial. Let us take n → 3 and assume that the claim is true for smaller values
of n. Note that for Z ∝ N(0, 1) and any integer k → 2, integration by parts gives

E(Zk
) =

1
↘
2↼

∫
↑

→↑

xke→
1
2x

2
dx

=
1

↘
2↼

∫
↑

→↑

(k ↓ 1)xk→2e→
1
2x

2
dx = E((k ↓ 1)Zk→2

).

In other words, E(Zf(Z)) = E(f ⇒
(Z)) for any monomial f . Taking linear combinations, we

see that this holds for any polynomial f . By Fubini’s theorem, this implies that if Z1, . . . , Zn

are independent N(0, 1) random variables, then for any polynomial f in n variables and
any j,

E(Zjf(Z1, . . . , Zn)) = E(ϑjf(Z1, . . . , Zn)), (B.2.1)

where ϑjf is the partial derivative of f in coordinate j.
Let ! = (▷ij)1↔i,j↔n denote the covariance matrix of X = (X1, . . . , Xn), so that

▷ij = E(XiXj). Let A = (aij)1↔i,j↔n be an n ′ n matrix such that ! = AAT . (Such a
matrix exists because ! is positive semidefinite.) Then we can express X as AZ, where
Z ∝ Nn(0, I). Take any polynomial f in n variables. Then f(X) = f(AZ) is also a
polynomial in Z, and by an abuse of notation,

ϑ

ϑZj

f(X) =

n∑

i=1

ϑif(X)
ϑXi

ϑZj

=

n∑

i=1

aijϑif(X).

Thus, by equation (B.2.1),

E(Xif(X)) =

n∑

j=1

aijE(Zjf(X))

=

n∑

j=1

aijE
(

ϑ

ϑZj

f(X)

)

=

n∑

j,k=1

aijakjE(ϑkf(X)) =

n∑

k=1

▷ikE(ϑkf(X)). (B.2.2)
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In particular, taking i = 1 and f(X) = X2X3 · · ·Xn, we get

E(X1X2 · · ·Xn) =

n∑

k=1

▷1kE
( ∏

1↔j↔n,

j ∝=1,k

Xj

)
.

It is now easy to see how the claim follows from the induction hypothesis.

The Wick product formula stated in the above theorem is for products of real Gaussian
random variables. We will need a generalization of that to complex Gaussian random
variables. A complex Gaussian random variable is simply a complex random variable whose
real and imaginary parts are jointly Gaussian. The Wick product formula has exactly the
same form in the complex case as in the real case.

Theorem B.2.7 (Wick product formula, complex case). Suppose that X1, . . . , Xn are
jointly centered complex Gaussian random variables, where n is even. Then

E(X1X2 · · ·Xn) =

∑

all perfect matchings
E of 1, . . . , n

∏

{i,j}↗E

E(XiXj).

If n is odd, the above expectation is equal to zero.

Proof. Let P denote the set of perfect matchings of 1, . . . , n. Let X0
i

and X1
i

denote the
real and imaginary parts of Xi. Then

E(X1X2 · · ·Xn) = E((X0
1 + iX1

1 )(X
0
2 + iX1

2 ) · · · (X
0
n + iX1

n))

=

∑

s↗{0,1}n

i
s1+···+snE(Xs1

1 Xs2
2 · · ·Xsn

n ).

If n is odd, Theorem B.2.6 shows that each term on the right is zero. If n is even, then
again by Theorem B.2.6, this gives

E(X1X2 · · ·Xn) =

∑

s↗{0,1}n

i
s1+···+sn

(∑

E↗P

∏

{i,j}↗E

E(Xsi
i
X

sj

j
)

)
.

Exchanging the order of summation, we get

E(X1X2 · · ·Xn) =

∑

E↗P

∑

s↗{0,1}n

i
s1+···+sn

∏

{i,j}↗E

E(Xsi
i
X

sj

j
)

=

∑

E↗P

∏

{i,j}↗E

E((X0
i + iX1

i )(X
0
j + iX1

j ))

=

∑

E↗P

∏

{i,j}↗E

E(XiXj).

This completes the proof.

The following corollary is sometimes useful.
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Corollary B.2.8. Suppose that X1, . . . , Xm+n are jointly centered complex Gaussian
random variables, where m+n is even and m ⇔ n. Let P ⇒ be the set of all perfect matchings
of 1, . . . ,m+ n where at least one i ⇔ m is matched with some j > m. Then

Cov(X1 · · ·Xm, Xm+1 · · ·Xm+n) =

∑

E↗P →

∏

{i,j}↗E

E(XiXj).

If m+ n is odd, the covariance is zero.

Proof. Writing E(X1 · · ·Xm+n) using the Wick product formula, and subtracting o!
E(X1 · · ·Xm)E(Xm+1 · · ·Xm+n), where both expectations are written using the Wick prod-
uct formula, we see that terms corresponding to matchings outside P

⇒ cancel out.

B.2.6 Wick ordered monomials of Gaussian random variables

Let {Xi}i↗I be a centered complex Gaussian field — that is, a collection of jointly centered
complex Gaussian random variables. Given any i1, . . . , in ↑ I (not necessarily distinct), we
say that the product Xi1Xi2 · · ·Xin is a monomial of degree n. The Wick ordered version
of this monomial is defined as follows. For any finite set V , let P(V ) denote the set of
perfect matchings of V . Denoting V := {1, . . . , n}, we define the Wick ordered version of
the monomial Xi1Xi2 · · ·Xin as

:Xi1Xi2 · · ·Xin : =

∑

U̸V,

|U | even

(↓1)
|U |/2

( ∑

E↗P(U)

∏

{a,b}↗E

E(XiaXib)

)( ∏

a↗V \U

Xia

)
.

To understand this definition, let us look at the case n = 4. Then V = {1, 2, 3, 4} has 8

subsets of even size. Therefore, we have 8 choices of U . The term corresponding to U = ℑ

is equal to Xi1Xi2Xi3Xi4 . Next, let us look at the case U = {1, 2}. This U has exactly one
perfect matching, which implies that the contribution from this term is ↓E(Xi1Xi2)Xi3Xi4 .
Similar contributions come from the other subsets of size 2. Finally, the contribution from
U = {1, 2, 3, 4} is ∑

E↗P(V )

∏

{a,b}↗E

E(XiaXib).

Putting it all together, we have

:Xi1Xi2Xi3Xi4 :

= Xi1Xi2Xi3Xi4 ↓ E(Xi1Xi2)Xi3Xi4 ↓ E(Xi1Xi3)Xi2Xi4 ↓ E(Xi1Xi4)Xi2Xi3

↓ E(Xi2Xi3)Xi1Xi4 ↓ E(Xi2Xi4)Xi1Xi3 ↓ E(Xi3Xi4)Xi1Xi2

+ E(Xi1Xi2)E(Xi3Xi4) + E(Xi1Xi3)E(Xi2Xi4) + E(Xi1Xi4)E(Xi2Xi3)

+ E(Xi2Xi3)E(Xi1Xi4) + E(Xi2Xi4)E(Xi1Xi3) + E(Xi3Xi4)E(Xi1Xi2).
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So, for example, for a single centered Gaussian random variable X,

:X4
: = X4

↓ 6E(X2
)X2

+ 6(E(X2
))

2.

The key property of Wick ordered monomials is captured by the following result.

Theorem B.2.9. Let {Xi}i↗I be a centered complex Gaussian field. Any Wick ordered
monomial associated with this field has mean zero, and the expected value of the product of
two Wick ordered monomials of di"erent degrees is equal to zero. Lastly, for any n and any
i1, . . . , in ↑ I and j1, . . . , jn ↑ I,

E(:Xi1 · · ·Xin ::Xj1 · · ·Xjn :) =

∑

↼↗Sn

n∏

a=1

E(XiaXjε(a)
).

Proof. Take any n → 1, m → 0, and i1, . . . , im+n ↑ I, not necessarily distinct. Let
V := {1, . . . , n} and W := {1, . . . ,m+ n}. Then note that

:Xi1 · · ·Xin : Xin+1 · · ·Xin+m =

∑

U̸V,

|U | even

(↓1)
|U |/2

( ∑

E↗P(U)

∏

{a,b}↗E

E(XiaXib)

)( ∏

a↗W\U

Xia

)
.

By the Wick product formula for complex Gaussian random variables,

E
( ∏

a↗W\U

Xia

)
=

∑

F↗P(W\U)

∏

{c,d}↗F

E(XicXid).

Combining the last two displays, we get

E(:Xi1 · · ·Xin : Xin+1 · · ·Xin+m) =

∑

U̸V,

|U | even

(↓1)
|U |/2

∑

E↗P(U), F↗P(W\U)

∏

{a,b}↗E∈F

E(XiaXib).

The right side can be rewritten as

∑

G↗P(W )

c(G)

∏

{a,b}↗G

E(XiaXib),

where the coe"cient c(G) is given by

c(G) =

∑

U̸V,

|U | even

(↓1)
|U |/2c(G,U),

where c(G,U) = 1 if G can be decomposed as E∪F for some E ↑ P(U) and F ↑ P(W \U),
and 0 otherwise.

Take any G ↑ P(W ). Let G⇒ be the subset of edges in G whose endpoints are both in V .
If G⇒ is empty, then no nonempty U ↗ V can have c(G,U) = 1. Also, trivially, c(G, ℑ) = 1.
Therefore in this case, c(G) = 1. Next, suppose that |G⇒

| = k > 0. Then c(G,U) = 1 if and

358



APPENDIX B. PROBABILITY THEORY

only if U consists of the endpoints of some subset of edges in G⇒. This shows that

c(G) =

k∑

j=0

(
k

j

)
(↓1)

j
= 0.

Thus, we conclude that

E(:Xi1 · · ·Xin : Xin+1 · · ·Xin+m) =

∑

G↗P →(W )

∏

{a,b}↗G

E(XiaXib), (B.2.3)

where P
⇒
(W ) consists of all G ↑ P(W ) such that every edge in G connects a vertex in V to

a vertex in W \ V . Note that P ⇒
(W ) is empty if m < n. In particular, it is empty if m = 0.

This proves that E(:Xi1 · · ·Xin :) = 0. Moreover, it shows that

E(:Xi1 · · ·Xin : Xin+1 · · ·Xin+m) = 0

whenever m < n, which implies that

E(:Xi1 · · ·Xin ::Xin+1 · · ·Xin+m :) = 0

when m < n, and that

E(:Xi1 · · ·Xin ::Xin+1 · · ·Xi2n :) = E(:Xi1 · · ·Xin : Xin+1 · · ·Xi2n).

But by equation (B.2.3), it is easy to see that the right side is equal to the claimed value.

B.3 Some other distributions

B.3.1 Convolutions

Given two probability measures µ1 and µ2 on R, their convolution µ1∅µ2 is defined to be the
push-forward of µ1 ′ µ2 under the addition map from R2 to R. That is, if ↽(x, y) := x+ y,
then for any A ↑ B(R),

µ1 ∅ µ2(A) := µ1 ′ µ2(↽
→1

(A)).

It is not hard to show that in the language of random variables, the convolution of two
probability measures has the following description: If X and Y are independent random
variables with laws µ1 and µ2, then µ1 ∅ µ2 is the law of X + Y .

Proposition B.3.1. Let X and Y be independent random variables. Suppose that Y has
probability density function g. Then the sum Z := X + Y has probability density function
h(z) = Eg(z ↓X). Consequently, if X has probability density function f , then

h(z) =

∫
↑

→↑

f(x)g(z ↓ x)dx.
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Proof. Let µ1 be the law of X and µ2 be the law of Y . Let µ := µ1 ′ µ2. Then the
discussion preceding the statement of the proposition shows that for any A ↑ B(R),

P(Z ↑ A) = µ1 ∅ µ2(A) = µ(↽→1
(A))

=

∫

R2
1⇀↑1(A)(x, y)dµ(x, y).

By Fubini’s theorem, this integral equals
∫

R

∫

R
1⇀↑1(A)(x, y)dµ2(y)dµ1(x).

But for any x,
∫

R
1⇀↑1(A)(x, y)dµ2(y) =

∫

R
1A(x+ y)dµ2(y)

=

∫

R
1A(x+ y)g(y)dy

=

∫

R
1A(z)g(z ↓ x)dz =

∫

A

g(z ↓ x)dz,

where the last step follows by the translation invariance of Lebesgue measure (Corol-
lary A.1.24). Thus again by Fubini’s theorem,

P(Z ↑ A) =

∫

R

∫

A

g(z ↓ x)dzdµ1(x)

=

∫

A

∫

R
g(z ↓ x)dµ1(x)dz

=

∫

A

Eg(z ↓X)dz.

This proves the first claim. The second claim follows by combining the first claim and
Lemma B.1.6.

B.3.2 The Cauchy distribution

The standard Cauchy distribution is the probability measure on the real line that has
probability density function

1

↼(1 + x2)
, x ↑ R.

Note that this is a probability density since it is the derivative of 1
π
arctanx, which goes

from ↓
1
2 to 1

2 as x goes from ↓⇑ to ⇑. We will now compute the characteristic function
of the standard Cauchy distribution.

Take any t ↑ R. First, suppose that t > 0. Take any R > 1. Consider the semicircular
contour C on the upper half-plane with vertices at ↓R and R. Let

f(z) :=
eitz

↼(1 + z2)
, z ↑ C \ {↓i, i}.
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The contour C encloses the pole i of f . Therefore, by the residue theorem,

∮

C

f(z)dz = 2↼i lim
z↓i

(z ↓ i)f(z) = 2↼i lim
z↓i

eitz

↼(z + i)
= e→t.

Now, it is easy to see that the contribution to integral from the circular part is of order
1/R. Thus, ∮

C

f(z)dz =

∫
R

→R

f(x)dx+O(1/R).

Taking R ⇒ ⇑, we see that for t > 0,

∫
↑

→↑

eitx

↼(1 + x2)
dx = e→t.

A similar argument using the semicircular contour in the lower half-plane with vertices at
↓R and R shows that for t < 0,

∫
↑

→↑

eitx

↼(1 + x2)
dx = et.

Combining, we see that the characteristic function of the standard Cauchy distribution is
given by ↽(t) = e→|t|. We will need this fact at a later point.

B.3.3 The Lévy distribution

The standard Lévy distribution is the probability measure on (0,⇑) with probability density
function

e→
1
2x

↘
2↼x3/2

, x > 0.

To see that this is indeed a p.d.f., note that by the change of variable y = x→1/2, we get

∫
↑

0

e→
1
2x

↘
2↼x3/2

dx =

∫
↑

0

2e→
1
2y

2

↘
2↼

dy = 1.

Let us now calculate the characteristic function of this distribution. The characteristic
function is given by

↽(t) =

∫
↑

0

eitx→
1
2x

↘
2↼x3/2

dx =

∫
↑

0

2
↘
2↼

exp

(
it

y2
↓

y2

2

)
dy, (B.3.1)

where again, we used the change of variable y = x→1/2.
When t = 0, we already know that ↽(t) = 0. So let us take nonzero t. The imaginary

number ↓2it has two square-roots. One square-root has positive real part, and the other
has negative real part. Let

↘
↓2it denote the square-root that has positive real part, and

let (↓2it)1/4 denote the square-root of this
↘
↓2it that has positive real part. A simple

argument shows that in the rightmost integral in equation (B.3.1), the integration can be
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shifted to any ray from the origin that goes rightward. In particular, we can choose the ray
that passes through (↓2it)1/4. This gives

↽(t) =


2

↼
(↓2it)1/4

∫
↑

0
exp

(
it

↘
↓2ity2

↓

↘
↓2ity2

2

)
dy

=


2

↼
(↓2it)1/4

∫
↑

0
exp

(
↓

↘
↓2it

2

(
y2 +

1

y2

))
dy

=


2

↼
(↓2it)1/4e→

⇐
→2it

∫
↑

0
exp

(
↓

↘
↓2it

2

(
y ↓

1

y

)2)
dy.

Let I denote the integral in the last line. Then the change of variable z = 1/y shows that

I =

∫
↑

0

1

z2
exp

(
↓

↘
↓2it

2

(
z ↓

1

z

)2)
dz.

Averaging this new expression for I with the original expression, we get

I =
1

2

∫
↑

0

(
1 +

1

y2

)
exp

(
↓

↘
↓2it

2

(
y ↓

1

y

)2)
dy.

Doing the change of variable z = y ↓ 1
y

in the above integral, we get

I =
1

2

∫
↑

→↑

exp

(
↓

↘
↓2it

2
z2
)
dz

By Lemma A.3.2, the above integral is equal to
↘
2↼/(↓2it)1/4. Substituting this value, we

get
↽(t) = e→

⇐
→2it.

The above form of the characteristic function implies that if X and Y are independent
random variables from the Lévy distribution, then for any a, b > 0, a2X + b2Y has the
same law as (a+ b)2X. This is because

↽a2X+b2Y (t) = E(eit(a2X+b
2
Y )
)

= E(eita2X)E(eitb2Y )

= ↽(ta2)↽(tb2) = e→a
⇐
→2ite→b

⇐
→2it

= e→(a+b)
⇐
→2it

= ↽(a+b)2X(t).

It is easy to see that the p.d.f. of a2X is the function

pa(x) =
a

↘
2↼x3/2

e→
a2

2x

on the nonnegative axis. Thus, the convolution of pa and pb is pa+b. We will need this fact
later.
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B.4 Conditional probability

B.4.1 Conditional expectation

Let (”,F ,P) be a probability space and let X be a real-valued random variable defined on
this space. Suppose that X is integrable (that is, E|X| is finite). Let G be a sub-▷-algebra
of F . The conditional expectation of X given G, denoted by E(X|G), is a G-measurable
integrable random variable Y such that for any B ↑ G, E(X;B) = E(Y ;B).

It is not clear from the above definition whether such a random variable exists, but if it
does, then almost sure uniqueness is not di"cult to prove.

Lemma B.4.1. If Y and Z are two random variables that qualify as E(X|G), then Y = Z

a.s.

Proof. Let B := {2 : Y (2) > Z(2)}. Note that B ↑ G. Since E(X;B) = E(Y ;B) =

E(Z;B), we get E((Y ↓ Z);B) = 0. But (Y ↓ Z)1B is a nonnegative random variable.
Thus, (Y ↓ Z)1B = 0 a.s., which implies that Y ⇔ Z a.s. Similarly, Y → Z a.s.

We will now show that conditional expectation always exists. To do this, we will follow
the usual route — that is, first show it for simple random variables, then use monotonicity
to show it for all nonnegative random variables, and finally use positive and negative parts
to cover all integrable random variables.

Lemma B.4.2. If X is a simple random variable, then E(X|G) exists.

Proof. Since X is simple, it is square-integrable. Let H denote the Hilbert space L2
(”,G,P).

Let {Yn}n↘1 be a sequence of elements of H such that

lim
n↓↑

E(X ↓ Yn)
2
= s := inf

Y ↗H

E(X ↓ Y )
2. (B.4.1)

Take any m and n. Let Z := (Ym + Yn)/2. Recall the parallelogram identity (a↓ b)2 + (a+

b)2 = 2a2 + 2b2. Taking a = (X ↓ Ym)/2 and b = (X ↓ Yn)/2, we get

E(X ↓ Z)
2
+

1

4
E(Ym ↓ Yn)

2
=

1

2
E(X ↓ Ym)

2
+

1

2
E(X ↓ Yn)

2.

Since Z ↑ H, E(X ↓ Z)
2
→ s. Thus,

1

4
E(Ym ↓ Yn)

2
⇔

1

2
E(X ↓ Ym)

2
+

1

2
E(X ↓ Yn)

2
↓ s.

By (B.4.1), this proves that {Yn}n↘1 is a Cauchy sequence in H. Since H is a Hilbert space,
this sequence has a G-measurable L2 limit Y . Clearly,

E(X ↓ Y )
2
= lim

n↓↑
E(X ↓ Yn)

2
= s.

Now take any Z ↑ H. Then for any 0 ↑ R, Y + 0Z ↑ H, and so by the above property of
Y , E(X ↓ Y ↓ 0Z)2 is minimized when 0 = 0. But this is just a quadratic polynomial in
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0, and so the condition that it is minimized at 0 implies that the coe"cient of 0, namely
E((X ↓ Y )Z), is zero. Taking Z = 1B for any B ↑ G proves that Y = E(X|G).

Lemma B.4.3. If X1 and X2 are simple random variables and a, b ↑ R, then E(aX1 +

bX2|G) = aE(X1|G) + bE(X2|G) a.s.

Proof. It is easy to see from the definition that aE(X1|G) + bE(X2|G) is a valid candidate
for E(aX1 + bX2|G), and therefore the result follows by the uniqueness of conditional
expectation.

Lemma B.4.4. If X is a nonnegative simple random variable, then E(X|G) is also a
nonnegative random variable.

Proof. Let Y = E(X|G). Let B := {2 : Y (2) < 0}. Then B ↑ G, and hence E(Y ;B) =

E(X;B). Since X is nonnegative, E(X;B) → 0. Thus, E(Y ;B) → 0. But this implies that
Y → 0 a.s.

Lemma B.4.5. If X is [0,⇑]-valued, E(X|G) exists and is [0,⇑]-valued. If X is integrable,
then so is E(X|G), and these random variables have the same expected value. Lastly, if
X1 and X2 are [0,⇑]-valued random variables and a, b → 0, then E(aX1 + bX2|G) =

aE(X1|G) + bE(X2|G) a.s.

Proof. By Theorem A.1.23, we can find a sequence of nonnegative simple functions {Xn}n↘1

increasing to X. By Lemma B.4.2, Yn := E(Xn|G) exists for every n. By Lemma B.4.3,
E(Xn ↓Xn→1|G) = Yn ↓ Yn→1 for every n. Therefore by Lemma B.4.4, {Yn}n↘1 is also an
increasing sequence of nonnegative random variables. Let Y be the pointwise limit of this
sequence. Then for any B ↑ G, the monotone convergence theorem gives us

E(X;B) = lim
n↓↑

E(Xn;B)

= lim
n↓↑

E(Yn;B) = E(Y ;B).

Thus, Y = E(X|G). Clearly, Y is [0,⇑]-valued. If E(X) < ⇑, then E(Y ) = E(Y ;”) =

E(X;”) = E(X) is also finite. Linearity is proved exactly as in Lemma B.4.3.

Finally, we arrive at the main result of this section.

Theorem B.4.6. For any integrable random variable X, E(X|G) exists and is unique
almost everywhere. Moreover, |E(X|G)| ⇔ E(|X||G) a.s.

Proof. We have already established uniqueness in Lemma B.4.1. To prove existence, let X+

and X→ denote the positive and negative parts of X. Then by Lemma B.4.5, Y1 := E(X+
|G)

and Y2 := E(X→
|G) exist. Let Y := Y1 ↓ Y2. Since X is integrable, so are X+ and X→. So

by the last assertion of Lemma B.4.5, Y1 and Y2 are integrable, and thus, so is Y . Therefore
for any B ↑ G,

E(X;B) = E(X+
;B)↓ E(X→

;B)

= E(Y1;B)↓ E(Y2;B) = E((Y1 ↓ Y2);B) = E(Y ;B).
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Thus, Y qualifies as E(X|G). Finally, by the linearity of conditional expectation for
nonnegative random variables, |Y | ⇔ Y1 + Y2 = E(X+

|G) + E(X→
|G) = E(|X||G) a.s.

Thus, we have established the existence and uniqueness of the conditional expectation
of an integrable random variable given a ▷-algebra. One can similarly define the conditional
probability of an event, as P(A|G) := E(1A|G). Another common notation is that if X
and Y are two random variables, then E(Y |▷(X)) is written as E(Y |X). Recall that by
Proposition B.1.2, any ▷(X)-measurable random variable can be expressed as F (X) for
some function F that is unique up to a.e. equivalences with respect to the law of X. We
can use this function F to write

E(Y |X = x) = F (x), (B.4.2)

with the understanding that both sides are equivalence classes of functions (equivalent up
to a.e. equality under the law of X) rather than actual functions. A case where F can be
easily computed is the following.

Lemma B.4.7. Let X1 and X2 be independent random variables defined on a probability
space (”,F ,P) and taking values in some measurable spaces (”1,F1) and (”2,F2), re-
spectively. Let F : ”1 ′ ”2 ⇒ R⇑ be a measurable map such that the random variable
Y := F (X1, X2) is integrable. Then

E(Y |X1 = x) =

∫

%2

F (x, y)dµX2(y).

Proof. Let g(x) denote the integral displayed in the statement of the lemma. The in-
tegrability of Y means that F is an integrable map. Therefore g is well-defined and
integrable with respect to the law of X1, and by Fubini’s theorem, we have that for any
B = X→1

1 (A) ↑ ▷(X1),

E(g(X1);B) =

∫

A

g(x)dµX1(x)

=

∫

A

∫

%2

F (x, y)dµX2(y)dµX1(x) = E(Y ;X1 ↑ B).

This shows that g(X1) = E(Y |X1).

It is clear from the definition that if conditional expectation exists, it must be linear.
That is,

E(aX1 + bX2|G) = aE(X1|G) + bE(X2|G) a.s.

This holds because the right side is easily seen to be a valid candidate for the conditional
expectation of aX1 + bX2 given G, and we know that conditional expectation is unique. By
Lemma B.4.5, the conditional expectation of a nonnegative random variable is a nonnegative
random variable. Together with linearity, this implies that conditional expectation is
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monotone. That is, if X ⇔ Y a.s., then E(X|G) ⇔ E(Y |G). This implies Jensen’s inequality
for conditional expectation:

Theorem B.4.8 (Jensen’s inequality for conditional expectation). Let X be an integrable
random variable defined on some probability space (”,F ,P) and let ↽ : R ⇒ R be a convex
function such that ↽(X) is also integrable. Then for any ▷-algebra G ↗ F , E(↽(X)|G) →

↽(E(X|G)) a.s.

Proof. Let r1, r2, . . . be an enumeration of the rationals on the real line. For each n, choose
an ↑ [ϑL↽(rn), ϑR↽(rn)]. Then, as observed earlier,

↽(X) → ↽(rn) + an(X ↓ rn).

Thus, by the monotonicity of conditional expectation,

E(↽(X)|G) → ↽(rn) + an(E(X|G)↓ rn) a.s.

Since the intersection of countably many event of probability one has probability one, we
get that

E(↽(X)|G) → sup
n↘1

(↽(rn) + an(E(X|G)↓ rn)) a.s.

Since there are rational numbers arbitrarily close to E(X|G), and ↽ is continuous, the above
inequality implies that E(↽(X)|G) → ↽(E(X|G)) a.s.

We end this section with two further properties of conditional expectation.

Proposition B.4.9 (Tower property of conditional expectation). Let X be a random
variable defined on a probability space (”,F ,P) and let G⇒

D G be two sub-▷-algebras of F .
Then

E(X|G
⇒
) = E(E(X|G)|G

⇒
) a.s.

Proof. Take any B ↑ G
⇒. Then B ↑ G, and hence

E(E(X|G);B) = E(X;B) = E(E(X|G
⇒
);B).

Thus, E(X|G
⇒
) satisfies the defining property of the conditional expectation of E(X|G) given

G
⇒, which proves the claim.

Proposition B.4.10. If Y is G-measurable and XY is integrable (in addition to X being
integrable), then

E(XY |G) = Y E(X|G) a.s.

Proof. Let us first prove the weaker statement

E(XY ) = E(Y E(X|G)). (B.4.3)
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Note that this follows from the definition of conditional expectation if Y = 1B for some
B ↑ G. Therefore it holds for any simple G-measurable Y . Next, if X and Y are both
nonnegative, we can take a sequence of nonnegative, simple, G-measurable random variables
increasing to Y and apply the monotone convergence theorem on both sides to get (B.4.3).
In particular, this shows that if X and Y are nonnegative and XY is integrable, then so is
Y E(X|G).

Finally, in the general case, note that the integrability of XY implies that X+Y +,
X+Y →, X→Y + and X→Y → are all integrable. By linearity, this gives us (B.4.3) for any X

and Y such that X and XY are integrable, and Y is G-measurable.
Next, replace Y by Y 1B in (B.4.3), where B ↑ G. Since the integrability of XY implies

that of XY 1B, we get
E(XY ;B) = E(Y E(X|G);B).

Since this holds for any B ↑ G, this completes the proof.

B.4.2 Conditional independence

Let (”,F ,P) be a probability space. We say that two sub-▷-algebras G1 and G2 of F are
conditionally independent given a third sub-▷-algebra G0 if for every A ↑ G1 and B ↑ G2,
we have

P(A ≃B|G0) = P(A|G0)P(B|G0) a.s.

In the same spirit, we say that two random variables X and Y are conditionally independent
given a third random variable Z if ▷(X) and ▷(Y ) are conditionally independent given ▷(Z).
The following lemma gives a useful criterion for proving conditional independence.

Lemma B.4.11. Let X0, X1 and X2 be three random variables defined on a probability
space (”,F ,P) and taking values in some measurable spaces (”0,F0), (”1,F1) and (”2,F2),
respectively. Suppose that X2 can be expressed as F (X0, Z), where Z is an (”3,F3)-valued
random variable (which is another measurable space), Z is independent of (X0, X1), and
F : ”0 ′ ”3 ⇒ ”2 is a measurable map. Then X2 is conditionally independent of X1

given X0.

Proof. Take any A ↑ F1 and B ↑ F2. Then for any C ↑ F0, we have

E(P(X1 ↑ A, X2 ↑ B|X0);X0 ↑ C) = P(X1 ↑ A, X2 ↑ B, X0 ↑ C)

= P(X1 ↑ A, F (X0, Z) ↑ B, X0 ↑ C)

=

∫

A′C

∫

{z:F (x0,z)↗B}

dµZ(z)dµ(X0,X1)(x0, x1).

But by Lemma B.4.7, the function

G(x0) :=

∫

{z:F (x0,z)↗B}

dµZ(z)
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is a representation of P(X2 ↑ B|X0 = x0). Thus, we get

E(P(X1 ↑ A, X2 ↑ B|X0);X0 ↑ C) = P(P(X2 ↑ B|X0);X1 ↑ A, X0 ↑ C)

= P(P(X2 ↑ B|X0)P(X1 ↑ A|X0);X0 ↑ C)

This proves the claim.

B.4.3 A criterion for independence

Conditional distributions can be used to give the following useful criterion for two random
variables to be independent.

Lemma B.4.12. Let X and Y be two random variables defined on the same probability
space, but possibly taking values in di"erent spaces. Suppose that the conditional law of Y
given X does not depend on the value of X, in the sense that for any f such that f(Y ) is
integrable, we have E(f(Y )|X) is a constant almost surely. Then X and Y are independent.

Proof. Since E(E(f(Y )|X)) = E(f(Y )), the given condition implies that E(f(Y )|X) =

E(f(Y )) almost surely. Thus, for any A and B,

P(X ↑ A, Y ↑ B) = E(1A(X)1B(Y ))

= E(1A(X)E(1B(Y )|X)) = E(1A(X)E(1B(Y )))

= E(1A(X))E(1B(Y )) = P(X ↑ A)P(Y ↑ B).

Therefore, X and Y are independent.

B.4.4 Conditional probability densities

Let (”i,Fi), i = 1, 2, be two measurable spaces. Let µ1, µ2 be measures on ”1,”2. Suppose
that we have a probability measure ◁ on ”1′”2 that has density 3 with respect to µ1′µ2.
Let (X1, X2) be a ”1 ′ ”2-valued random variable, so that 3 is the p.d.f. of (X1, X2) with
respect to µ1 ′ µ2. Then it is an easy consequence of Fubini’s theorem that the p.d.f. of X1

with respect to µ1 is given by

31(x) =

∫

%2

3(x1, x2)dµ2(x2).

Similarly, the p.d.f. of X2 with respect to µ2 is

32(x) =

∫

%1

3(x1, x2)dµ1(x1).

The densities 31 and 32 are called the marginal densities of 3. The conditional probability
density of X1 given X2 = x2 is defined as

31|2(x1|x2) :=
3(x1, x2)

32(x2)
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if 3(x2) > 0, and arbitrarily if 3(x2) = 0. The reason why we call this the conditional
density is because of the following fact (recalling the definition of E(Y |X = x) from
Subsection B.4.1).

Lemma B.4.13. Take any bounded measurable function f : ”1 ′ ”2 ⇒ R. For x2 ↑ ”2,
define

g(x2) :=

∫

%1

f(x1, x2)31|2(x1|x2)dµ1(x1).

Then g is well-defined, and g(X2) = P(f(X1, X2)|X2) a.s.

Proof. Take any B ↑ F2. Then by Fubini’s theorem,

E(1B(X2)g(X2)) =

∫

%2

1B(x2)g(x2)32(x2)dµ2(x2)

=

∫

%2

1B(x2)

(∫

%1

f(x1, x2)3(x1, x2)dµ1(x1)

)
dµ2(x2)

=

∫

%1′%2

1B(x2)f(x1, x2)d◁(x1, x2).

This proves that g(X2) = P(f(X1, X2)|X2) a.s.

B.5 Markov chains and Markov processes

B.5.1 Markov chains

A Markov chain is defined by its transition kernel. A transition kernel, or transition
probability, is defined as follows. Let (S,S) be a measurable space. A function K : S′S ⇒ R
is called a ‘Markov transition probability’ or ‘Markov transition kernel’ if

1. for each x ↑ S, A ⇐⇒ K(x,A) is probability measure on (S,S), and

2. for each A ↑ S, x ⇐⇒ K(x,A) is a measurable function.

Let (S,S) be a measurable space. Let {Xn}n↘0 be a sequence of S-valued random variables
adapted to a filtration of ▷-algebras {Fn}n↘0. Let K be a Markov transition kernel on S

and ▷ be a probability measure on ▷. We say that {Xn}n↘0 is a time-homogeneous Markov
chain with kernel K and initial distribution ▷ if X0 ∝ ▷, and for all n → 0 and B ↑ S,
P(Xn+1 ↑ B|Fn) = K(Xn, B) a.s.

The n-step transition kernel of the above Markov chain is a kernel Kn such that

Kn
(X0, B) = P(Xn ↑ B|F0).

An easy inductive argument via the tower property of conditional expectation shows that

Kn
(x0, B) =

∫

S

∫

S

· · ·

∫

B

K(xn→1, dxn) · · ·K(x1, dx2)K(x0, dx1),
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where
∫
· · ·K(x, dy) denotes integration with respect to the measure K(x, ·).

Suppose that we have a measure µ on (S,S) such that for each x ↑ S, the probability
measure K(x, ·) has a probability density p(x, ·) with respect to µ. That is, for all A ↑ S,

K(x,A) =

∫

A

p(x, y)dµ(y).

In this case, we say that p is the transition probability density function of our Markov chain.
One can show that in this case, Kn

(x, ·) also has a density with respect to µ, given by

pn(x, y) =

∫

S

· · ·

∫

S

p(x, x1)p(x1, x2) · · · p(xn→1, y)dµ(x1) · · · dµ(xn→1).

A probability measure ◁ on (S,S) is said to be an invariant measure for the Markov chain
if for any A ↑ S, ∫

S

K(x,A)d◁(x) = ◁(A).

In case there is a measure µ as above, and ◁ has a density f with respect to µ, we say
that f is an invariant probability density for the Markov chain. We will need the following
special case of a theorem of Doeblin.

Theorem B.5.1 (Special case of Doeblin’s theorem). Consider a Markov chain on a
state space (S,S) that has transition probability density p with respect to some measure µ.
Suppose also that it has an invariant probability measure ◁ that has density f with respect
to µ. Suppose that there is some ς > 0 such that for all x, y ↑ S,

p(x, y) → ςf(y). (B.5.1)

Then for any n → 1, x ↑ S,
∫

S

|pn(x, y)↓ f(y)| ⇔ 2(1↓ ς)n.

Proof. Define

q(x, y) :=
p(x, y)↓ ςf(y)

1↓ ς
.

Then note that q(x, y) → 0, and
∫

S

q(x, y)dµ(y) =
1

1↓ ς

(∫

S

p(x, y)dµ(y)↓ ς

∫

S

f(y)dµ(y)

)
= 1. (B.5.2)

Next, define

qn(x, y) :=

∫

S

· · ·

∫

S

q(x, x1)q(x1, x2) · · · q(xn→1, y)dµ(x1) · · · dµ(xn→1).
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Iterating (B.5.2) gives
∫

S

qn(x, y)dµ(y) = 1. (B.5.3)

Now, note that since f is an invariant density, we have
∫

S

f(x)q(x, y)dµ(x) =
1

1↓ ς

(∫

S

f(x)p(x, y)dµ(x)↓ ς

∫

S

f(x)f(y)dµ(x)

)

=
1

1↓ ς
(f(y)↓ ςf(y)) = f(y). (B.5.4)

Next, we claim that for each n,

pn(x, y) = (1↓ ς)nqn(x, y) + (1↓ (1↓ ς)n)f(y). (B.5.5)

We will prove this by induction on n. Since

p(x, y) = (1↓ ς)q(x, y) + ςf(y),

the claim is true for n = 1. Suppose that it holds for n↓ 1. Then

pn(x, y) =

∫

S

pn→1
(x, z)p(z, y)dµ(z)

=

∫

S

((1↓ ς)n→1qn→1
(x, z) + (1↓ (1↓ ς)n→1

)f(z))((1↓ ς)q(z, y) + ςf(y))dµ(z).

Let us expand the brackets and evaluate the terms one by one. First, note that
∫

S

qn→1
(x, z)q(z, y)dµ(z) = qn(x, y).

Next, by equation (B.5.4),
∫

S

f(z)q(z, y)dµ(z) = f(y).

Lastly, by equation (B.5.3) and the fact that f is a probability density,
∫

S

qn→1
(x, z)f(y)dµ(z) = f(y),

∫

S

f(z)f(y)dµ(z) = f(y).

By the above calculations, we get

pn(x, y) = (1↓ ς)nqn(x, y) + (1↓ (1↓ ς)n→1
)(1↓ ς)f(y)

+ (1↓ ς)n→1ςf(y) + (1↓ (1↓ ς)n→1
)ςf(y)

= (1↓ ς)nqn(x, y) + (1↓ (1↓ ς)n)f(y).
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This completes the induction step, proving the claim (B.5.5). Now, equation (B.5.5) gives
∫

S

|pn(x, y)↓ f(y)|dµ(y) = (1↓ ς)n
∫

S

|qn(x, y)↓ f(y)|dµ(y)

⇔ (1↓ ς)n
∫

S

(|qn(x, y)|+ |f(y)|)dµ(y).

But qn and f are both nonnegative functions and integrate to 1. This completes the
proof.

A corollary of Doeblin’s theorem is that Markov chains that satisfy the Doeblin con-
dition (B.5.1) have exponentially decaying correlations, as given by the following result.

Corollary B.5.2. Let {Xn}n↘0 be a Markov chain satisfying the conditions of Theo-
rem B.5.1, and suppose that X0 has a probability density with respect to µ. Let g1 be
the joint probability density of X0, . . . , Xi, and g2 be the joint probability density func-
tion of Xj , . . . , Xk, where i < j < k. Let g be the joint probability density function of
X0, . . . , Xi, Xj , . . . , Xk. Then

∫
|g(x0, . . . , xi, xj , . . . , xk)↓ g1(x0, . . . , xi)g2(xj , . . . , xk)|

· dµ(x0) · · · dµ(xi)dµ(xj) · · · dµ(xk) ⇔ 4(1↓ ς)j→i.

Consequently, if F is a measurable [↓1, 1]-valued function of X0, . . . , Xi and G is a mea-
surable [↓1, 1]-valued function of Xj , . . . , Xk, then

|E(FG)↓ E(F )E(G)| ⇔ 4(1↓ ς)j→i.

Proof. Let h be the probability density function of X0. Then note that

g1(x0, . . . , xi) = h(x0)p(x0, x1) · · · p(xi→1, xi).

Similarly,

g(x0, . . . , xi, xj , . . . , xk)

= h(x0)p(x0, x1) · · · p(xi→1, xi)p
j→i

(xi, xj)p(xj , xj+1) · · · p(xk→1, xk),

and

g2(xj , . . . , xk) = w(xj)p(xj , xj+1) · · · p(xk→1, xk),

where w is the probability density of Xj , given by

w(x) =

∫
h(x0)p

j
(x0, x)dµ(x0).
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These expressions show that
∫

|g(x0, . . . , xi, xj , . . . , xk)↓ g1(x0, . . . , xi)g2(xj , . . . , xk)|

· dµ(x0) · · · dµ(xi)dµ(xj) · · · dµ(xk)

⇔

∫
h(x0)p(x0, x1) · · · p(xi→1, xi)|p

j→i
(xi, xj)↓ w(xj)|p(xj , xj+1) · · · p(xk→1, xk)

· dµ(x0) · · · dµ(xi)dµ(xj) · · · dµ(xk).

Now, we can successively integrate out xk, xk→1, . . . , xj+1, and reduce the above expression
to

∫
h(x0)p(x0, x1) · · · p(xi→1, xi)|p

j→i
(xi, xj)↓ w(xj)|dµ(x0) · · · dµ(xi)dµ(xj). (B.5.6)

For a fixed xi, Theorem B.5.1 gives
∫

|pj→i
(xi, xj)↓ f(xj)|dµ(xj) ⇔ 2(1↓ ς)j→i,

and
∫

|w(xj)↓ f(xj)|dµ(xj) =

∫ ∣∣∣∣
∫

h(x0)(p
j
(x0, xj)↓ f(xj))dµ(x0)

∣∣∣∣dµ(xj)

⇔

∫ ∫
h(x0)|p

j
(x0, xj)↓ f(xj)|dµ(x0)dµ(xj)

⇔ 2(1↓ ς)j
∫

h(x0)dµ(x0) = 2(1↓ ς)j .

Combining the last two displays and applying the triangle inequality, we get
∫

|pj→i
(xi, xj)↓ w(xj)|dµ(xj) ⇔ 4(1↓ ς)j→i.

Using this in equation (B.5.6), we get
∫

|g(x0, . . . , xi, xj , . . . , xk)↓ g1(x0, . . . , xi)g2(xj , . . . , xk)|

· dµ(x0) · · · dµ(xi)dµ(xj) · · · dµ(xk)

⇔ 4(1↓ ς)j→i

∫
h(x0)p(x0, x1) · · · p(xi→1, xi)dµ(x0) · · · dµ(xi)

= 4(1↓ ς)j→i.

This completes the proof.

B.5.2 The Gibbs sampling algorithm

Let (”,F) be a measurable space and let ◁ be a probability measure on (”
n,Fn

) for some
n → 1. The Gibbs sampler is an algorithm for generating a random vector X = (X1, . . . , Xn)
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with law ◁ if we know how to generate, for each i, from the conditional distribution of Xi

given (Xj)j ∝=i. The algorithm produces a Markov chain X0, X1, . . . on ”
n, as follows. For

simplicity, let us work under the assumption that ◁ has a density 3 with respect to some
product measure µn on ”

n. Then the marginal density of (Xj)j ∝=i is

3→i((xj)j ∝=i) =

∫
3(x1, . . . , xn)dµ(xi), (B.5.7)

and the conditional density of Xi given (Xj)j ∝=i is

3i(xi|(xj)j ∝=i) =
3(x1, . . . , xn)

3→i((xj)j ∝=i)
(B.5.8)

if 3→i((xj)j ∝=i) ⇓= 0, and defined arbitrarily (for example, zero) if the denominator is zero.
(See Subsection B.4.4 for a discussion on conditional probability densities.) The transition
kernel of the Gibbs sampler is given by

K(x,A) =
1

n

n∑

i=1

∫

%
3i(y|(xj)j ∝=i)1A(x1, . . . , xi→1, y, xi+1, . . . , xn)dµ(y)

for x = (x1, . . . , xn) ↑ ”
n and A ↑ F

n. In words, this means that to transition from Xk to
Xk+1, we choose a coordinate i ↑ {1, . . . , n} uniformly at random, draw Xk+1

i
from the

conditional distribution of Xk

i
given (Xk

j
)j ∝=i, and let Xk+1

j
= Xk

j
for all j ⇓= i.

Proposition B.5.3. The probability measure ◁ is an invariant measure for the Gibbs
sampler defined above.

Proof. Note that for any A ↑ F
m,

∫

%n
3(x)K(x,A)dµn

(x)

=
1

n

n∑

i=1

∫

%n

∫

%
3(x)3i(y|(xj)j ∝=i)1A(x1, . . . , xi→1, y, xi+1, . . . , xn)dµ(y)dµ

n
(x).

Since the integrand on the right depends on xi only through 3(x), integrating out xi leaves
us with

∫

%n
3(x)K(x,A)dµn

(x)

=
1

n

n∑

i=1

∫

%n↑1

∫

%
3→i((xj)j ∝=i)3i(y|(xj)j ∝=i)

· 1A(x1, . . . , xi→1, y, xi+1, . . . , xn)dµ(y)dµ
n→1

((xj)j ∝=i). (B.5.9)

Now, note that

3→i((xj)j ∝=i)3i(y|(xj)j ∝=i) = 3(x1, . . . , xi→1, y, xi+1, . . . , xn) (B.5.10)
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for µ-a.e. y. This follows from the definition (B.5.8) of 3i(y|(xj)j ∝=i) if 3→i((xj)j ∝=i) ⇓= 0. On
the other hand, if 3→i((xj)j ∝=i) = 0, then the definition (B.5.7) of 3→i((xj)j ∝=i) shows that
3(x1, . . . , xi→1, y, xi+1, . . . , xn) = 0 for µ-a.e. y. Thus, equation (B.5.10) holds for µ-a.e. y.
Using this in equation (B.5.9), we get

∫

%n
3(x)K(x,A)dµn

(x)

=
1

n

n∑

i=1

∫

%n↑1

∫

%
3(x1, . . . , xi→1, y, xi+1, . . . , xn)

· 1A(x1, . . . , xi→1, y, xi+1, . . . , xn)dµ(y)dµ
n→1

((xj)j ∝=i).

But each term on the right is equal to ◁(A). This completes the proof.

B.5.3 Markov processes

Let {Xt}t↗R be random variables defined on a probability space (”,F ,P) and taking values
in some measurable space (”

⇒,F ⇒
). For each t, let Ft := ▷(Xt), F↔t := ▷({Xs}s↔t), and

F↘t := ▷({Xs}s↘t). We say that {Xt}t↗R is a Markov process if for every t, the ▷-algebras
F↘t and F↔t are conditionally independent given Ft. The following lemma is often useful.

Lemma B.5.4. Let {Xt}t↗R be a Markov process as above. Then for any t ↑ R, and any
integrable random variable Z that is F↘t-measurable, we have

E(Z|F↔t) = E(Z|Ft) a.s.

Proof. By the Markov property, we have that for any A ↑ F↔s,

E(Z1A|Ft) = E(Z|Ft)P(A|Ft).

By Proposition B.4.10, this shows that

E(Z1A) = E[E(Z|Ft)P(A|Ft)] = E[E(Z|Fs)1A].

This proves the claim.

A Markov process as above is called stationary if for any s ↑ R, the process {Xt+s}t↗R,
as an (”

⇒
)
R-valued random variable, has the same law as the original process {Xt}t↗R. Note

that by Proposition B.1.1, this simply means that for any n and any t1, t2, . . . , tn ↑ R, the
random vector (Xt1+s, . . . , Xtn+s) has the same law as the random vector (Xt1 , . . . , Xtn).
Note that, in particular, the law of Xt is the same for all t if {Xt}t↗R is a stationary process.

The Markov process {Xt}t↗R is called reversible if it has the same law as the time-
reversed process {X→t}t↗R.

Let {Xt}t↗R be a stationary, reversible Markov process as above and µ be the law of
X0. Let H denote the Hilbert space L2

(”
⇒,F ⇒, µ,C) (where the C denotes that we are
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considering complex-valued L2 functions), with inner product

↖F,G↙ :=

∫

%→
F (x)G(x)dµ(x).

For F ↑ H and t → 0, define

P (t)F (x) := E(F (Xt)|X0 = x).

By the definition of conditional expectation and Theorem B.4.6, we know that P (t)F is an
integrable function on (”

⇒,F ⇒, µ). The following theorem establishes some properties that
will be useful later.

Theorem B.5.5. For each t → 0, P (t) is a linear map from H into H, with norm ⇔ 1,
which is symmetric, meaning that ↖P (t)F,G↙ = ↖F, P (t)G↙ for all F,G ↑ H. Moreover, for
all s, t → 0, P (s+ t) = P (s)P (t).

Proof. The fact that P (t)F ↑ H follows from Jensen’s inequality for conditional expectation,
which also shows that ↔P (t)↔ ⇔ 1, because for any F ↑ H,

↔P (t)F↔
2
L2 = E[(E(F (Xt)|X0))

2
] ⇔ E[E(F (Xt)

2
|X0)] = E(F (Xt)

2
) = ↔F↔

2
L2 .

Linearity of P (t) follows from linearity of conditional expectation. To see that P (t) is a
symmetric operator, notice that by reversibility, (X0, Xt) has the same law as (X0, X→t);
and by stationarity, (X0, X→t) has the same law as (Xt, X0). Thus, (X0, Xt) has the same
law as (Xt, X0). By Proposition B.4.10, this shows that

↖P (t)F,G↙ = E(P (t)F (X0)G(X0))

= E(F (Xt)G(X0)) = E(F (X0)G(Xt)) = E(F (X0)P (t)G(X0)) = ↖F, P (t)G↙.

It remains to prove the last assertion. Take any F ↑ H and any s, t → 0. Let G := P (t)F .
We claim that

G(Xs) = E(F (Xs+t)|Fs). (B.5.11)

To see this, note that for any H ↑ H, two applications of stationarity give

E(F (Xs+t)H(Xs)) = E(F (Xt)H(X0))

= E(G(X0)H(X0))

= E(G(Xs)H(Xs)).

This proves equation (B.5.11). Therefore, by the tower property of conditional expectation
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and Lemma B.5.4,

P (s+ t)F (X0) = E(F (Xs+t)|F0)

= E(F (Xs+t)|F↔0)

= E[E(F (Xs+t)|F↔s)|F↔0]

= E[G(Xs)|F↔0] = E[G(Xs)|F0] = P (s)G(X0).

This proves that P (s+ t)F = P (s)P (t)F .

B.6 Brownian motion

We define a random curve on the time interval [0, t] to be a measurable map B : (”,F) ⇒

(C[0, t],B(C[0, t])), where C[0, t] is the set of continuous functions from [0, t] into R, and
B(C[0, t]) is the Borel ▷-algebra of C[0, t], defined as follows. First, we define a norm on
C[0, t] as

↔f↔ := sup
0↔s↔t

|f(s)|.

This is sometimes called the supremum norm of the sup-norm. This norm induces a metric
on C[0, t] in the usual way, that is, the distance between f and g is ↔f ↓ g↔. The metric
defines a topology on C[0, t], that is, the topology generated by the open balls of this metric.
Finally, the Borel ▷-algebra of C[0, t] is the ▷-algebra generated by the open sets in this
topology.

A C[0, t]-valued random curve B is called standard Brownian motion on the time
interval [0, t] if for any n and any 0 ⇔ s1, . . . , sn ⇔ t, the random vector (B(s1), . . . , B(sn))

is multivariate normal with E(B(si)) = 0 for each i and E(B(si)B(sj)) = min{si, sj} for
each 1 ⇔ i, j ⇔ n. It is a simple consequence of Theorem A.1.4 that these finite-dimensional
distributions uniquely determine the law of Brownian motion.

It is not immediately clear that one can indeed construct Brownian motion as described
above. We now show that this is possible, by an explicit construction due to Paul Lèvy.
Let ξ and {ξk,j : k → 1, j = 1, 3, 5, . . . , 2k ↓ 1} be independent N(0, 1) random variables, all
defined on a probability space (”,F ,P). Standard facts from probability theory show that
such a construction is possible. We will now define a sequence of random curves {Bk}k↘0

on the time interval [0, t] using these random variables, and then show that this sequence
converges to Brownian motion as k ⇒ ⇑.

Let B0(0) = 0 and B0(t) =
↘
tξ, and define B0(s) for all s ↑ (0, t) by linear interpolation.

That is, B0(s) = (s/t)B0(t) for all s ↑ [0, t]. Then define Bk inductively as follows, such that
for each k, the random curve Bk is continuous on [0, t] and piecewise linear in each interval
of the form [t(j ↓ 1)2

→k, tj2→k
] for j = 1, . . . , 2k. Note that this is true for k = 0. Suppose

we have constructed up to Bk→1. Take any 0 ⇔ j ⇔ 2
k. Let Bk(tj2→k

) = Bk→1(tj2→k
) if j
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is even. If j is odd, let

Bk(tj2
→k

) := Bk→1(tj2
→k

) +
↘

t2→(k+1)/2ξk,j . (B.6.1)

This defines Bk(s) at every s of the form tj2→k for j = 0, 1, . . . , 2k. Within each interval of
the form (t(j↓1)2

→k, tj2→k
), define Bk by linearly interpolating the values at the endpoints

of the interval. That is, if s = ⇀t(j ↓ 1)2
→k

+ (1↓ ⇀)tj2→k for some ⇀ ↑ (0, 1), we define

Bk(s) := ⇀Bk(t(j ↓ 1)2
→k

) + (1↓ ⇀)Bk(tj2
→k

).

The following lemma shows that Bk converges to a limiting random curve B as k goes to
infinity.

Lemma B.6.1. With probability one, the sequence {Bk}k↘1 is Cauchy in the supremum
norm on C[0, t]. Consequently, there is a C[0, t]-valued random curve B defined on (”,F ,P)
such that with probability one, ↔Bk ↓B↔ ⇒ 0 as k ⇒ ⇑.

Proof. Take any even number j between 0 and 2
k. Then note that by construction, Bk→1

is linear in the interval [tj2→k, t(j + 2)2
→k

]. Also by construction, Bk is equal to Bk→1 at
the endpoints of this interval, and linear in each half of the interval. This shows that the
maximum value of |Bk(s)↓ Bk→1(s)| for s in this interval is attained at the midpoint of
the interval, that is, at s = t(j + 1)2

→k. Now, by equation (B.6.1),

Bk(t(j + 1)2
→k

)↓Bk→1(t(j + 1)2
→k

) =
↘

t2→(k+1)/2ξk,j .

Thus, we conclude that

sup

s↗[tj2↑k,t(j+2)2↑k]
|Bk(s)↓Bk→1(s)| =

↘

t2→(k+1)/2
|ξk,j+1|.

Taking supremum over all even j between 0 and 2
k, we get

↔Bk ↓Bk→1↔ =
↘

t2→(k+1)/2
max

j=1,3,5,...,2k→1
|ξk,j |. (B.6.2)

Now, if ξ ∝ N(0, 1), then for any x → 0,

P(|ξ| → x) = P(e⇁2/4 → ex
2
/4
) ⇔

E(e⇁2/4)
ex2/4

= Ce→x
2
/4, (B.6.3)

where C is a finite constant that does not depend on x. Thus,

P
(

max
j=1,3,5,...,2k→1

|ξk,j | > k

)
⇔

∑

j=1,3,5,...,2k→1

P(|ξk,j | > k) ⇔ C2
ke→k

2
/4.

Thus, we conclude that

P(↔Bk ↓Bk→1↔ >
↘

t2→(k+1)/2k) ⇔ C2
ke→k

2
/4.
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Note that the bound on the right is summable in k. Thus, by the first Borel–Cantelli lemma
from basic probability theory,

P(↔Bk ↓Bk→1↔ >
↘

t2→(k+1)/2k for only finitely many k) = 1.

But if ↔Bk ↓Bk→1↔ >
↘
t2→(k+1)/2k for only finitely many k, then the sequence {Bk}k↘1 is

Cauchy in the supremum norm. Let B denote the limit of Bk on the set where this sequence
is Cauchy, and let B ∞ 0 on the set where it is not. Note that B is a C[0, t]-valued random
curve, since the uniform limit of a limit of continuous functions on [0, t] is continuous. It is
a standard exercise to show that the random curve B so constructed is a measurable map
from (”,F) into (C[0, t],B(C[0, t])). This completes the proof.

The following lemma shows that the random continuous function B constructed in
Lemma B.6.1 is standard Brownian motion on the time interval [0, t].

Lemma B.6.2. For any 0 ⇔ s1, . . . , sn ⇔ t, the random vector (B(s1), . . . , B(sn)) is
multivariate normal with E(B(si)) = 0 for each i and E(B(si)B(sj)) = min{si, sj} for each
1 ⇔ i, j ⇔ n.

Proof. First, let us assume that s1, . . . , sn are of the form tj12→k, . . . , tjn2→k for some k

and some 0 ⇔ j1, . . . , jn ⇔ 2
k. Then note that by construction, for each i, the value of

Bl(si) remains the same for all l → k. Consequently, B(si) = Bk(si) for each i.
Again, from construction and the fact that a"ne transformations preserve normality, it

is clear that (Bk(s1), . . . , Bk(sn)) is a normal random vector and that E(Bk(si)) = 0 for
each i. We will now show by induction on k that each Bk has the covariance structure of
Brownian motion in the sense that for each k and each 0 ⇔ i, j ⇔ 2

k,

E(Bk(ti2
→k

)Bk(tj2
→k

)) = t2→k
min{i, j}. (B.6.4)

This true for k = 0 because B0(0) = 0 and B0(t) ∝ N(0, t). Suppose that this holds up to
k ↓ 1. Take any 0 ⇔ i, j ⇔ 2

k. If i and j are both even, then

Bk(ti2
→k

) = Bk→1(ti2
→k

) = Bk→1(t(i/2)2
→(k→1)

),

Bk(tj2
→k

) = Bk→1(tj2
→k

) = Bk→1(t(j/2)2
→(k→1)

),

and thus, by the induction hypothesis,

E(Bk(ti2
→k

)Bk(tj2
→k

)) = E(Bk→1(t(i/2)2
→(k→1)

)Bk(t(j/2)2
→(k→1)

))

= t2→(k→1)
min{i/2, j/2} = t2→k

min{i, j}.
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Next, suppose that i is even and j is odd. Then by equation (B.6.1),

Bk(tj2
→k

) = Bk→1(tj2
→k

) +
↘

t2→k/2ξk,j

=
1

2
(Bk→1(t(j ↓ 1)2

→k
) +Bk→1(t(j + 1)2

→k
)) +

↘

t2→(k+1)/2ξk,j

=
1

2
(Bk→1(t((j ↓ 1)/2)2→(k→1)

) +Bk→1(t((j + 1)/2)2→(k→1)
)) +

↘

t2→(k+1)/2ξk,j . (B.6.5)

The formula for Bk(ti2→k
) remains the same as before. Thus,

E(Bk(ti2
→k

)Bk(tj2
→k

)) =
1

2
t2→(k→1)

(min{i/2, (j ↓ 1)/2}+min{i/2, (j + 1)/2}).

If j > i, then the right side is t2→ki, whereas if j < i, then the right side is t2→kj. This
takes care of this case. Next, suppose that i and j are both odd, and not equal. Then by
the above calculations.

E(Bk(ti2
→k

)Bk(tj2
→k

)) =
1

4
t2→(k→1)

(min{(i↓ 1)/2, (j ↓ 1)/2}+min{(i+ 1)/2, (j ↓ 1)/2}

+min{(i↓ 1)/2, (j + 1)/2},min{(i+ 1)/2, (j + 1)/2}).

Again, separately considering the cases i < j and i > j, we see that equation (B.6.4) holds
for both. The final possibility is that i is odd and j = i. Then by the formula (B.6.5) and
the induction hypothesis, we get that

E(Bk(tj2
→k

)
2
) =

1

4
(3t((j ↓ 1)/2)2→(k→1)

+ t((j + 1)/2)2→(k→1)
) + t2→(k+1)

=
1

4
t(4j ↓ 2)2

→k
+ t2→(k+1)

= tj2→k.

This completes the induction step and validates the claim of the theorem when s1, . . . , sn

are of the form tj12→k, . . . , tjn2→k for some k and some 0 ⇔ j1, . . . , jn ⇔ 2
k. Now, given

s1, . . . , sn ↑ [0, t], one can find sequence (sm1 , . . . , smn ), for m = 1, 2, . . ., such that each
(sm1 , . . . , smn ) is of the above form and sm

i
⇒ si as m ⇒ ⇑ for each i. Since B is a

continuous function, this means that the random vector (B(sm1 ), . . . , B(smn )) converges to
the random vector (B(s1), . . . , B(sn)) as m ⇒ ⇑. Computing the characteristic function
of (B(s1), . . . , B(sn)) immediately shows that it has the claimed distribution.

We will need the following property of standard Brownian motion later.

Lemma B.6.3. Let B be standard Brownian motion on [0, t]. Let M(t) := max0↔s↔t |B(s)|.
There are positive universal constants C1 and C2 such that for any x → 0,

P(M(t) > x) ⇔ C1e
→C2x

2
/t.

Proof. Since P(M → x) ⇔ 1, it su"ces to prove the claim for x →
↘
t. So let us assume
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henceforth that x →
↘
t. Since Bk ⇒ B in the supremum norm, it is easy to see that

M(t) ⇔ ↔B0↔+

↑∑

k=1

↔Bk ↓Bk→1↔.

Therefore,

P(M(t) > x) ⇔ P(↔B0↔ > C0x) +
↑∑

k=1

P(↔Bk ↓Bk→1↔ > 2
→(k+1)/4x),

where

C0 := 1↓

↑∑

k=1

2
→(k+1)/4.

Thus, by the inequalities (B.6.2) and (B.6.3), and the fact that ↔B0↔ =
↘
t|ξ|, we get

P(M(t) > x) ⇔ P(|ξ| > t→1/2C0x) +
↑∑

k=1

P
(

max
j=1,3,5,...,2k→1

|ξk,j | > t→1/2
2
(k+1)/4x

)

⇔ P(|ξ| > t→1/2C0x) +
↑∑

k=1

2
kP(|ξ| > t→1/2

2
(k+1)/4x)

⇔ Ce→t
↑1

C
2
0x

2
/4

+

↑∑

k=1

2
ke→t

↑12(k+1)/2
x
2
/4. (B.6.6)

Since x →
↘
t, we have

x2

t
→

1

2

(
1 +

x2

t

)
.

Using this, we get

↑∑

k=1

2
ke→t

↑12(k+1)/2
x
2
/4

⇔

↑∑

k=1

2
ke→2(k+1)/2

/8→t
↑12(k+1)/2

x
2
/8

⇔ e→x
2
/8t

↑∑

k=1

2
ke→2(k+1)/2

/8.

Plugging this into equation (B.6.6) completes the proof.

We will now construct Brownian motion on the time interval [0,⇑). Let C[0,⇑) be
the space of all continuous functions from [0,⇑) into R, with the metric

3(f, g) :=
↑∑

j=0

2
→j

↔f ↓ g↔[j,j+1]

1 + ↔f ↓ g↔[j,j+1]
,

where
↔f ↓ g↔[j,j+1] := sup

x↗[j,j+1]
|f(x)↓ g(x)|.

It is easy to show that this is a Polish space, and moreover, that fn ⇒ f on this space if
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and only if fn ⇒ f uniformly on compact sets.
Let B1, B2, . . . be a sequence of i.i.d. Brownian motions on the time interval [0, 1].

Define a C[0,⇑)-valued random variable B as follows. If k ⇔ t < k + 1 for some integer
k → 0, define

B(t) :=
k→1∑

j=1

Bj
(1) +Bk

(t↓ k).

The random function B is called standard Brownian motion on the time interval [0,⇑).
It is easy to check that the process B defined above is indeed a C[0,⇑)-valued random
variable, and that for any n and any 0 ⇔ t1 ⇔ · · · ⇔ tn < ⇑, the vector (B(t1), . . . , B(tn))

is a multivariate Gaussian random vector with mean vector zero and covariance structure
given by Cov(B(ti), B(tj)) = min{ti, tj}.
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Di!erential Geometry

C.1 Review of topics from linear algebra

C.1.1 Tensor products of vector spaces

Let V1, . . . , Vk be vector spaces over a field F. The tensor product V1 E V2 E · · ·E Vk is a
vector space over F defined as follows. Consider the Cartesian product V1 ′ · · ·′ Vk. Let
L be the vector space of F with V1 ′ · · ·′ Vk as its basis. That is, the elements of L are
finite linear combinations of the form

n∑

i=1

ai(vi,1, . . . , vi,k),

where n is arbitrary, a1, . . . , an ↑ F, and (vi,1, . . . , vi,k) ↑ V1 ′ · · ·′ Vk for each i. Let R be
the subspace of L spanned by the following elements:

1. Elements of the form

(u1, . . . , ui→1, ui + vi, ui+1, . . . , uk)↓ (u1, . . . , uk)↓ (u1, . . . , ui→1, vi, ui+1, . . . , uk),

for each 1 ⇔ i ⇔ k and u1, . . . , uk, vi ↑ V .

2. Elements of the form

(u1, . . . , ui→1, aui, ui+1, . . . , uk)↓ a(u1, . . . , uk),

for each 1 ⇔ i ⇔ k, a ↑ F, and u1, . . . , uk ↑ V .

We define V1 E · · ·E Vk to be the quotient space L/R. We denote the image of (v1, . . . , vk)
in this quotient space by

v1 E · · ·E vk.
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The construction implies that

u1 E · · ·E ui→1 E (ui + vi)E ui+1 · · ·E uk

= u1 E · · ·E uk + u1 E · · ·E ui→1 E vi E ui+1 E · · ·E uk,

and

u1 E · · ·E ui→1 E (aui)E ui+1 · · ·E uk = a(u1 E · · ·E uk).

As an example, consider Rn as a vector space over R. We claim that for any k → 1, the
tensor power (Rn

)
∀k (that is, the k-fold tensor product of Rn with itself) can be identified

with the space of k-tensors of order n, that is, arrays of the form

(ai1,...,ik)1↔i1,...,ik↔n.

To see this, let e1, . . . , en denote the standard basis vectors of Rn. It is easy to check that
the vectors

ei1 E · · ·E eik , 1 ⇔ i1, . . . , ik ⇔ n

form a basis of (Rn
)
∀k. Thus, any element of (Rn

)
∀k can be uniquely represented as

∑

1↔i1,...,ik↔n

ai1,...,ikei1 E · · ·E eik

for some coe"cients ai1,...,ik ↑ R. This gives the required isomorphism. Note that this
shows, in particular, that dim((Rn

)
∀k

) = nk.
A useful way to think about the tensor product of two finite dimensional vector spaces

U and V is the following. Let u1, . . . , um be a basis of U and v1, . . . , vn be a basis of V .
Then the vectors uiEvj form a basis of U EV . Thus, any element of U EV can be uniquely
written as a linear combination

m∑

i=1

n∑

j=1

aijui E vj ,

which can be rewritten as
n∑

j=1

xj E vj ,

where

xj =
n∑

i=1

aijui ↑ U.

Seen this way, each element of U E V is sort of a linear combination of the basis elements
of V , but with coe"cients in U instead of in F.

We use V ∀k to denote the tensor product of V with itself k times. It is the convention
to let V ∀ denote the vector space F over itself.
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C.1.2 Exterior powers of a vector space

Let V be a vector space over a field F. For an integer k → 1, the kth exterior power of
V , denoted %

k
(V ), is a vector space over F defined as follows. Let V ∀k be the kth tensor

power of V . Let R be the subspace of V ∀k spanned by elements of the form v1 E · · ·E vk

with vi = vi+1 for some 1 ⇔ i ⇔ k ↓ 1. We define %
k
(V ) to be the quotient space V ∀k/R.

The image of v1 E · · ·E vk in this quotient space is denoted by

v1 ¬ v2 ¬ · · · ¬ vk.

The quotienting by R has the following consequence. With k = 2, note that by the definition
of R, we have

0 = (v1 + v2) ¬ (v1 + v2)

= v1 ¬ v1 + v1 ¬ v2 + v2 ¬ v1 + v2 ¬ v2

= v1 ¬ v2 + v2 ¬ v1.

Thus, for any v1, v2 ↑ V ,
v1 ¬ v2 = ↓v2 ¬ v1.

This extends more generally to

vπ(1) ¬ · · · ¬ vπ(k) = sign(↼)v1 ¬ · · · ¬ vk (C.1.1)

for any k and any permutation ↼ ↑ Sk, where Sk is the group of all permutations of 1, . . . , k,
and sign(↼) is the sign of ↼. Lastly, by convention, %0

(V ) denotes the vector space F over
itself.

As an example, consider Rn as a vector space over R. We claim that for 1 ⇔ k ⇔ n, the
exterior power %

k
(Rn

) can be identified with the space of antisymmetric k-tensors of order
n, that is, arrays of the form

(ai1,...,ik)1↔i1,...,ik↔n

satisfying

aiϑ(1),...,iϑ(k)
= sign(↼)ai1,...,ik (C.1.2)

for all ↼ ↑ Sn. To see this, let e1, . . . , en denote the standard basis vectors of Rn. It is easy
to check that the vectors

ei1 ¬ · · · ¬ eik , 1 ⇔ i1 < · · · < ik ⇔ n

form a basis of %k
(Rn

). Thus, any element of %k
(Rn

) can be uniquely represented as

∑

1↔i1<···<ik↔n

ai1,...,ikei1 ¬ · · · ¬ eik
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for some coe"cients ai1,...,ik ↑ R. The definition of ai1,...,ik can then be extended to all
1 ⇔ i1, . . . , ik ⇔ n using the relation (C.1.2). This gives the required isomorphism. Note
that this shows, in particular, that dim(%

k
(Rn

)) =
(
n

k

)
(which coheres the convention that

%
0
(V ) = F). For k > n, %k

(Rn
) = {0}.

C.1.3 Exterior algebra of a vector space

Let V be a vector space over a field F. The exterior algebra %(V ) of V , also known as the
Grassmann algebra, is an algebra obtained by ‘putting together’ all the exterior powers in
a certain way. First, we define the tensor algebra of V as the direct sum

T (V ) :=

↑

k=0

V ∀k,

where V ∀0
:= F (meaning that the elements of T (V ) are formal linear combinations of

elements from V ∀k, k = 0, 1, . . ., with coe"cients from F, only finitely many of which are
nonzero), and the product that makes this an algebra, denoted by E, is defined via the
prescription

(v1 E · · ·E vk)E (w1 E · · ·E wl) := v1 E · · ·E vk E w1 E · · ·E wl. (C.1.3)

It is not hard to show that this gives a well-defined product on T (V ) that makes T (V )

an algebra. A consequence of this definition is that if v ↑ V ∀k and w ↑ V ∀l, then
vEw ↑ V ∀(k+l). Now, let I be the two-sided ideal of this algebra generated by elements of
the form v E v, v ↑ V . Explicitly,

I =

{ m∑

i=1

si E vi E vi E ti : m → 0, si, ti ↑ T (V ), vi ↑ V for i = 1, . . . ,m

}
.

Definition C.1.1. Let V be a vector space over a field F, and let T (V ) and I be defined as
above. We define the exterior algebra of V , denoted %(V ), to be the quotient T (V )/I.

The product of two elements v, w ↑ %(V ), induced from the product (C.1.3) on T (V ),
is denoted by v ¬w. This is called the exterior product or the wedge product. The exterior
algebra decomposes — as a vector space — as the direct sum

%(V ) =

↑

k=0

%
k
(V ), (C.1.4)

where %
0
(V ) = F. It is not hard to check that if v ↑ %

k
(V ) and w ↑ %

l
(V ), then

v ¬ w ↑ %
k+l

(V ). An important observation is that w ¬ v is also in %
k+l

(V ), and it is
related to v ¬ w by the relation

w ¬ v = (↓1)
klv ¬ w. (C.1.5)
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This can be easily verified by decomposing v and w as linear combinations of basis elements.

C.2 Review of basic di!erential geometry

C.2.1 Smooth manifolds

Let us recall some basic definitions from di!erential geometry. We assume that the reader
is familiar with basic topological terminology. A smooth n-dimensional manifold is a set
which locally looks like an open subset of Rn. More precisely:

Definition C.2.1. An n-dimensional smooth manifold M with an atlas {(Uϖ,ωϖ)}ϖ↗A is
a second countable Hausdor" topological space, such that

1. Each Uϖ is an open subset of M .

2. Each ωϖ is a homeomorphism between Uϖ and an open set ωϖ(Uϖ) ↗ Rn.

3. The union of Uϖ over all ⇀ ↑ A is equal to M .

4. If Uϖ≃Uϱ ⇓= ℑ for some ⇀,⇁ ↑ A, then the map ωϖ∈ω
→1
ϱ

: ωϱ(Uϖ≃Uϱ) ⇒ ωϖ(Uϖ≃Uϱ)

is smooth (i.e., infinitely di"erentiable).

For example, Rn is an n-dimensional smooth manifold, with one possible atlas being
just the pair consisting of Rn and the identity map on Rn. The unit sphere Sn→1

= {x ↑

Rn
: ↔x↔ = 1} is an (n↓ 1)-dimensional smooth manifold.
The elements of an atlas are called charts. A chart (U,ω) is said to be ‘around’ a point

x ↑ M if x ↑ U .
The atlas of a manifold is not unique. Two atlases are said to be compatible if their

union is also an atlas. The union of all atlases that are compatible with a given atlas is
called a maximal atlas. The maximal atlas is unique and determines the structure of the
manifold.

Recall that a map f from a smooth manifold M into a smooth manifold N is said to be
smooth if it is smooth in local neighborhoods of points of M , viewing them as subsets of
Rn. More precisely:

Definition C.2.2. Let M and N be two smooth manifolds. A map f : M ⇒ N is said to
be smooth if for any x ↑ M , there is a chart (U,ω) around x and a chart (V,φ) around
f(x) such that φ ∈ f ∈ ω→1

: ω(U ≃ f→1
(V )) ⇒ φ(V ) is smooth. A smooth map f : M ⇒ N

is called a di"eomorphism if f is a bijection and f→1 is also smooth. The set of all smooth
maps from M into R is denoted by C↑

(M). The set of all smooth maps from M into N is
denoted by C↑

(M,N).

Let {(Uϖ,ωϖ)}ϖ↗A be an atlas for a manifold M . For any ⇀,⇁ ↑ A, let ωϖ ′ ωϱ :

Uϖ ′ Uϱ ⇒ R2n denote the map

(ωϖ ′ ωϱ)(x, y) := (ωϖ(x),ωϱ(y)).
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Then, endowing M ′ M with the atlas {(Uϖ ′ Uϱ ,ωϖ ′ ωϱ)}ϖ,ϱ↗A makes it a smooth
2n-dimensional manifold. We can similarly endow manifold structures to the Cartesian
product of any finite number of manifolds.

We will need the concept of an orientable manifold later. The definition is as follows.
Recall that the Jacobian of a smooth map f = (f1, . . . , fn) : U ⇒ Rn, where U is an open
subset of Rn, is defined as

J(x) := det

((
ϑfi
ϑxj

)

1↔i,j↔n

)
.

Definition C.2.3. Let M be a smooth n-dimensional manifold. We say that M is orientable
if there is an atlas {(Uϖ,ωϖ)}ϖ↗A of M such that for any ⇀,⇁ ↑ A such that Uϖ ≃ Uϱ ⇓= ℑ,
the map ωϖ ∈ ω→1

ϱ
: ωϱ(Uϖ ≃ Uϱ) ⇒ ωϖ(Uϖ ≃ Uϱ) has a positive Jacobian everywhere on

ωϱ(Uϖ ≃ Uϱ).

An orientable manifold has the notion of an ‘outward direction’ everywhere. The Möbius
strip, for example, is not orientable.

C.2.2 Fiber bundles and vector bundles

Let M and F be two smooth manifolds. A fiber bundle is essentially a smooth varying
collection of manifolds (called ‘fibers’), each having the same structure as F , and indexed
by elements of M . The formal definition is as follows.

Definition C.2.4. A smooth fiber bundle is a 4-tuple (E,B,↼, F ), where

1. the ‘total space’ E, the ‘base space’ B, and the ‘typical fiber’ F are smooth manifolds,

2. the ‘projection map’ ↼ is a smooth surjective map from E onto B, and

3. for each x ↑ B, there is an open neighborhood U containing x and a di"eomorphism
ω : ↼→1

(U) ⇒ U ′ F such that ↼(ω→1
(z, y)) = z for all z ↑ U and y ↑ F .

The pair (U,ω) in the above definition is called a ‘local trivialization’ of the fiber bundle.
Note that the condition ↼(ω→1

(z, y)) = z implies that if u ↑ ↼→1
({z}) for some z ↑ U , then

ω(u) must be of the form (z, v) for some v ↑ F . We will sometimes denote this v by ω(u).
The inverse images ↼→1

({x}), for x ↑ B, are called the ‘fibers’ of the fiber bundle. The
simplest kind of fiber bundle is just the Cartesian product E = B ′ F (endowed with the
product manifold structure), with ↼(x, y) = x, U = B, and ω(x, y) = (x, y). These are
called ‘trivial’ bundles.

Definition C.2.5. Given a fiber bundle (E,B,↼, F ), a smooth section of the bundle is a
smooth map s : B ⇒ E such that ↼(s(x)) = x for all x ↑ B.

388



APPENDIX C. DIFFERENTIAL GEOMETRY

In other words, a smooth section is simply a way of choosing one element from each
fiber in a ‘smooth’ way. Often, we simply refer to the total space E, instead of the 4-tuple
(E,B,↼, F ), as a fiber bundle.

Vector bundles are special kinds of fiber bundles where the typical fibers are finite
dimensional vector spaces over R. The precise definition is as follows.

Definition C.2.6. A fiber bundle is called a vector bundle if

1. there is some n such that each fiber ↼→1
({x}) is a vector space of dimension n over R,

2. the typical fiber is Rn, and

3. each local trivialization ω : ↼→1
(U) ⇒ U ′ Rn has the property that ω→1

(x, ·) is a
linear isomorphism between the vector spaces Rn and ↼→1

({x}), for each x ↑ U .

Let M be a smooth n-dimensional manifold and V be an m-dimensional vector space
over R. The trivial bundle M ′ V is defined as follows. Take any linear isomorphism
↽ : V ⇒ Rm. Then ↽ can be used to define a topology and a manifold structure on V . It is
easy to see that this structure does not depend on the choice of the isomorphism. Once
that is defined, one can define the bundle M ′ V as we defined trivial fiber bundles above.

Besides trivial vector bundles, two other important examples of vector bundles are the
tangent and cotangent bundles of a manifold. We will encounter them in the next section.

We will sometimes need to work with tensor products of vector bundles. The tensor
product of two vector bundles is defined as follows.

Definition C.2.7. Let (E1, B,↼1,Rm
) and (E2, B,↼2,Rn

) be two vector bundles over the
same base space B. We define the tensor product (E,B,↼,Rm

E Rn
) as:

1. The total space E consists of all pairs (x,w), where x ↑ B, w ↑ ↼→1
1 ({x})E ↼→1

2 ({x}).

2. The projection map ↼ is given by ↼(x,w) = x.

3. Take any x ↑ B, an open neighborhood U of x, and local trivializations ω1 and ω2 of
E1 and E2 on U . A local trivialization ω : ↼→1

(U) ⇒ U ′ (Rm
E Rn

) is defined as
ω(y, uE v) := (y, ω1(u)E ω2(v)), where y ↑ U , u ↑ ↼→1

1 ({y}), v ↑ ↼→1
2 ({y}), and for

i = 1, 2, ωi is the map defined through ωi(u) = (↼i(u), ωi(u)).

We denote the total space E by E1 E E2.

C.2.3 Tangent and cotangent bundles

Let M be an n-dimensional smooth manifold. A tangent vector at a point x ↑ M is defined
as follows. Let ε : (↓ς, ς) ⇒ M be a smooth map (considering (↓ς, ς) as a 1-dimensional
smooth manifold). We will refer to ε as a ‘curve’ in M . Suppose that ε(0) = x. Take any
f ↑ C↑

(M). The derivative of f at x in the direction ε is the real number

d

dt
f(ε(t))

∣∣∣∣
t=0

.
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(It is not hard to verify from the given conditions that this derivative exists.) Let us say
that two curves ε1 and ε2 are equivalent if the derivatives of any f at x in the directions ε1
and ε2 are the same. The set of equivalence classes is known as the tangent space of M at
x, denoted by TxM . For any v ↑ TxM and any f ↑ C↑

(M), we define

v(f) :=
d

dt
f(ε(t))

∣∣∣∣
t=0

, (C.2.1)

where ε is any element of the equivalence class v.
Recall that for any x ↑ M , TxM is an n-dimensional vector space, isomorphic to Rn.

Indeed, given a chart (U,ω) around x, TxM has the following explicit description. For
1 ⇔ i ⇔ n, let εi : R ⇒ M be the curve εi(t) = ω→1

(ω(x) + tei), where e1, . . . , en denote
the standard basis vectors of Rn. Note that εi(0) = x for each i. The element of TxM that
contains εi is denoted by

ϑ

ϑxi
,

and we denote derivative of t ⇐⇒ f(εi(t)) at t = 0 by

ϑf

ϑxi
(x).

It is not hard to verify using the above definition that

ϑf

ϑxi
(x) =

ϑ

ϑyi
(f ∈ ω→1

)(y)

∣∣∣∣
y=1(x)

. (C.2.2)

where f ∈ ω→1 is from ω(U) ↗ Rn into R.
Then TxM is a vector space with basis ω

ωxi
, i = 1, . . . , n. That is, for any v ↑ TxM

represented by a curve ε, there exist unique a1, . . . , an ↑ R such that for any f ,

d

dt
f(ε(t))

∣∣∣∣
t=0

=

n∑

i=1

ai
ϑf

ϑxi
(x),

or in other words,

v =

n∑

i=1

ai
ϑ

ϑxi
.

Conversely, given any a1, . . . , an ↑ R, the curve ε(t) = ω→1
(ta1, . . . , tan) satisfies the above

identity. Note that the basis ω

ωxi
, i = 1, . . . , n is dependent on the choice of chart (U,ω),

but the definition of TxM is not dependent on the choice of the chart.
The cotangent space at a point x, denoted T ⇑

xM , is the dual of the vector space TxM

(that is the space of all linear maps from TxM into R). Given a chart (U,ω) around x, a
canonical basis of T ⇑

xM is given by dx1, . . . , dxn, where dxi : TxM ⇒ R is the linear map
defined by

dxi

(
ϑ

ϑxj

)
= δij ,
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where δij = 1 if i = j and 0 if i ⇓= j.

Definition C.2.8. The tangent bundle of M , denoted TM , is the set of all pairs (x, v)

where x ↑ M and v ↑ TxM . Similarly, the cotangent bundle of M , denoted T ⇑M , is the
set of all pairs (x,w) where x ↑ M and w ↑ T ⇑

xM .

The sets TM and T ⇑M the total spaces of two vector bundles, which we now define.
First, we give manifold structures to TM and T ⇑M . Let {(Uϖ,ωϖ)}ϖ↗A be an atlas of M .
We use this atlas to define atlases for TM and T ⇑M . For TM , the set of neighborhoods
are {Vϖ}ϖ↗A, where

Vϖ := {(x, v) : x ↑ Uϖ, v ↑ TxM}.

Take any x ↑ Uϖ and v ↑ TxM . Then there is a unique set of coe"cients a1, . . . , an ↑ R
such that

v =

n∑

i=1

ai
ϑ

ϑxi
.

Define (ωϖ)⇑(v) := (a1, . . . , an) ↑ Rn, and let

φϖ(x, v) := (ωϖ(x), (ωϖ)⇑(v)) ↑ R2n.

The collection {(Vϖ,φϖ)}ϖ↗A gives the required atlas for TM . Similarly, for T ⇑M , let

Wϖ := {(x,w) : x ↑ Uϖ, w ↑ T ⇑

xM}.

For any x ↑ Uϖ and w ↑ T ⇑
xM , there is a unique set of coe"cients b1, . . . , bn such that

w =

n∑

i=1

bidxi.

Define ω⇑
ϖ(w) := (b1, . . . , bn), and let

ξϖ(x,w) := (ωϖ(x),ω
⇑

ϖ(w)) ↑ R2n.

The collection {(Wϖ, ξϖ)}ϖ↗A gives the required atlas for T ⇑M .
The projection maps, fibers and local trivializations should now be obvious. For the

tangent bundle, the projection map is simply the map that takes (x, v) ↑ TM to x. Similarly,
the projection map for the cotangent bundle takes (x,w) ↑ T ⇑M to x. The typical fibers
in both cases is just Rn, and the fibers are tangent and cotangent spaces at points of M ,
which are n-dimensional vector spaces over R. The pairs (Uϖ, (ωϖ)⇑) and (Uϖ,ω⇑

ϖ) are local
trivializations of TM and T ⇑M .

For 1 ⇔ k ⇔ n, the kth exterior power of the cotangent bundle, denoted %
kT ⇑M , is

defined to be the set of all pairs of the form (x,w), where x ↑ M and w ↑ %
kT ⇑

xM . We
make this a smooth manifold in the same way that did for T ⇑M above. Namely, for each ⇀,
define

Zϖ := {(x,w) : x ↑ Uϖ, w ↑ %
kT ⇑

xM}.
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Take any x ↑ M and w ↑ %
kT ⇑

xM . Then by the discussion at the end of Section C.1.2, it is
easy to see that w can be represented as

w =

∑

1↔i1<···<ik↔n

ai1,...,ikdxi1 ¬ · · · ¬ dxik

for a unique set of coe"cients ai1,...,ik . This gives us a natural way to define a homeomor-
phism ϱϖ from Zϖ into an open subset of Rn+(

n
k). The collection {(Zϖ, ϱϖ)}ϖ↗A gives an

atlas for %
kT ⇑M .

As before, we can construct a fiber bundle with %
kT ⇑M as the total space and M as the

base space. For example, the projection map ↼ : %
kT ⇑M ⇒ M is defined as ↼(x,w) = x.

It is not hard to show that ↼ is a smooth map between the two manifolds.

C.2.4 Vector fields on a manifold

A vector field X on a smooth manifold is a map that assigns an element of TxM to each
x ↑ M , in such a way that X(x) varies smoothly with x. The precise definition is as follows.

Definition C.2.9. Let M be a smooth manifold. A smooth vector field X on M is a smooth
section of the tangent bundle TM . The space of all vector fields on M is denoted by X (M).

A vector field on M acts on C↑
(M) in a natural way. Given f ↑ C↑

(M) and a smooth
vector field X on M , we define X(f) ↑ C↑

(M) as

X(f)(x) := X(x)(f),

where the action of the tangent vector X(x) on the function f is defined as in equation
(C.2.1). It is easy to verify that X(f) is indeed an element of C↑

(M).
Let n be the dimension of M . Let (U,ω) be a chart on M . With respect to

the coordinates given by this chart, we can write X at a point x ↑ U as a vector
(X1(x), . . . , Xn(x)) ↑ Rn. Then

X(f) =
n∑

i=1

Xi

ϑf

ϑxi
, (C.2.3)

where we are suppressing the argument x on both sides. Thus, locally, a vector field X can
be viewed as a smooth map from U into Rn. But the abstract definition is necessary for
defining vector fields in a coordinate-free manner.

Given two smooth vectors fields X and Y on a smooth manifold M , we define the Lie
bracket of X and Y as the map [X,Y ] : C↑

(M) ⇒ C↑
(M) given by

[X,Y ](f) := X(Y (f))↓ Y (X(f)).

Recall the following fundamental lemma. Its proof gives the explicit formula for [X,Y ] in
coordinates.
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Lemma C.2.10. For any two smooth vector field X,Y on a smooth manifold M , there is
a smooth vector field Z on M such that Z = [X,Y ] as a map on C↑

(M).

Proof. Let (U,ω) be a chart on M . In the coordinates defined by this chart, the formula
(C.2.3) shows that we can write

[X,Y ](f) = X(Y (f))↓ Y (X(f))

=

n∑

i=1

Xi

ϑ

ϑxi
(Y (f))↓

n∑

i=1

Yi
ϑ

ϑxi
(X(f))

=

n∑

i=1

Xi

ϑ

ϑxi

( n∑

j=1

Yj
ϑf

ϑxj

)
↓

n∑

i=1

Yi
ϑ

ϑxi

( n∑

j=1

Xj

ϑf

ϑxj

)

=

n∑

j=1

[ n∑

i=1

(
Xi

ϑYj
ϑxi

↓ Yi
ϑXj

ϑxi

)]
ϑf

ϑxj
,

where the last identity holds because

ϑ2f

ϑxiϑxj
=

ϑ2f

ϑxjϑxi
,

which causes the terms involving second derivatives of f to cancel out. Thus, if we define
the field

Z :=

n∑

i=1

(
Xi

ϑYj
ϑxi

↓ Yi
ϑXj

ϑxi

)

on the neighborhood U , then Z(f) = [X,Y ](f) on U . It is not hard to verify that the
above definition of Z remains invariant under any local change of coordinates, and if we
define Z like this on every chart, then Z is a smooth vector field on M and Z = [X,Y ] as
a map on C↑

(M).

C.3 Lie groups and Lie algebras

C.3.1 Lie groups

Recall the following definition of Lie group.

Definition C.3.1. Let G be a group that is also a smooth n-dimensional manifold. We say
that G is a Lie group if the following hold:

1. The map (g, h) ⇐⇒ gh from G′G into G is smooth.

2. The map g ⇐⇒ g→1 from G into G is smooth.

Lie groups are central to gauge theory. Some Lie groups that will be important for us
are the following:

1. The group GL(n,C) of all n′n invertible complex matrices, with the group operation
of matrix multiplication.
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2. The group U(n) of all n′ n unitary matrices.

3. The group SU(n) of all n′ n unitary matrices with determinant 1.

It is not entirely trivial to verify that the above groups are indeed Lie groups. Proofs can
be found in any standard textbook on Lie theory. It is important to note that although
GL(n,C), U(n) and SU(n) are groups of matrices with complex entries, as manifolds they
are still viewed as locally like Rm, where m is the dimension of the manifold (m = 2n2 for
GL(n,C), m = n2 for U(n) and m = n2

↓ 1 for SU(n)).
For example, to see that GL(n,C) has dimension 2n2, observe that by considering the

real and complex parts of the entries of a matrix in GL(n,C), the matrix can be identified
with a collection of 2n2 real numbers. Moreover, since any matrix that is su"ciently close to
an invertible matrix is also invertible, it is easy to show that the single chart (GL(n,C),ω)
gives an atlas for GL(n,C), where ω takes a matrix to a point in R2n2 as above.

C.3.2 Lie algebras

In general, one can compute the dimension of a Lie group by identifying its Lie algebra,
which is defined as follows.

Definition C.3.2. Let G be a Lie group. The Lie algebra g of G is the tangent space of G
at the identity element.

We will mostly be concerned with Lie groups that are subgroups of GL(n,C) and
inherit the manifold structure from GL(n,C). These groups are sometimes called ‘matrix
Lie groups’. Let G be such a group, of dimension m ⇔ 2n2. For g ↑ G, the tangent
space TgG can be represented as a subspace of the vector space M(n,C) of all n ′ n

complex matrices, as follows. Let ε : (↓ς, ς) ⇒ G be a smooth curve such that ε(0) = g.
One can show that the element v ↑ TgG corresponding to ε is determined by the matrix
X = (ε⇒

ij
(0))1↔i,j↔n ↑ M(n,C). Moreover, the mapping v ⇐⇒ X is injective and linear. Thus,

one can use the matrix X to represent the tangent space element v. In particular, g can be
represented as an m-dimensional subspace of M(n,C). For example, it turns out that the
Lie algebra u(n) of U(n) is the space of all n′ n complex skew-Hermitian matrices, and
the Lie algebra su(n) of SU(n) is the space of all n′ n complex skew-Hermitian matrices
with trace zero.

For example, to see that u(n) is the space of all n′ n skew-Hermitian matrices, observe
that for any curve ε in U(n) with ε(0) = I (where I is the identity matrix), we must have
ε(t)ε(t)⇑ = I for all t, where ε(t)⇑ denotes the adjoint of ε(t). Di!erentiating on both sides,
we get

ε⇒(t)ε(t)⇑ + ε(t)ε⇒(t)⇑ = 0

for all t. Since ε(0) = I, this implies that

ε⇒(0) + ε⇒(0)⇑ = 0.
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That is, ε⇒(0) is skew-Hermitian. Therefore, every element of u(n) is skew-Hermitian. To
show that every skew-Hermitian matrix is in u(n), the simplest way is to consider the curve
ε(t) := exp(tX) (see below for the definition of exp), where X is a skew-Hermitian matrix,
and deduce that ε is a curve in U(n) satisfying ε(0) = I and ε⇒(0) = X.

Next, let G be any Lie group and g denote its Lie algebra. A Lie algebra element X ↑ g

defines a smooth vector field on G, which we also denote by X, as follows. Let e be the
identity element of G, and take any g ↑ G. Take any smooth curve ε : (↓ς, ς) ⇒ G with
ε(0) = e, representing the vector X. We ‘push forward’ ε to a curve ϱ passing through g

by defining
ϱ(t) := gε(t).

The tangent vector X is then pushed forward to a tangent vector X(g) at g corresponding
to the equivalence class of the curve ϱ. It is not hard to show that X(g) does not depend on
the choice of the curve ε representing X. If G is a matrix Lie group, then X(g) is explicitly
given by gε⇒(0) = gX.

Given X,Y ↑ g, and viewing them as vector fields on M in the above manner, we can
define the Lie bracket [X,Y ] as in Section C.2.4. The value of this field at e is an element of
g, which is also denoted by [X,Y ]. The mapping (X,Y ) ⇐⇒ [X,Y ] is bilinear and satisfies
the Jacobi identity

[X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0.

This defines an algebraic structure on g, which is why g is called an algebra instead of
just a vector space. When G is a matrix Lie group, the element [X,Y ] ↑ g turns out to
be simply the commutator of the matrices X and Y , that is, [X,Y ] = XY ↓ Y X. The
following definition generalizes this observation.

Definition C.3.3. Let V be a vector space over a field F. The Lie algebra gl(V ) is the
vector space GL(V ) endowed with the Lie product [X,Y ] := XY ↓ Y X for X,Y ↑ GL(V ).

Take a Lie group G with Lie algebra g and identity element e. Given X ↑ g, there is a
natural curve through e that represents X, given by the exponential map ε(t) = exp(tX).
This is the unique smooth curve from R into G such that ε(0) = e, ε(t)ε(s) = ε(t+ s) for
all t, s ↑ R, and ε represents X. It can be shown that for any X ↑ g, exp(tX) exists and is
unique. When G is a matrix Lie group, the exponential map is explicitly given by

exp(tX) =

↑∑

k=0

tk

k!
Xk. (C.3.1)

Note that in this case, the derivative of exp(tX) with respect to t is equal to X at t = 0.

C.3.3 Representations of Lie groups and Lie algebras

Representations of Lie groups and Lie algebras are central to the study of Yang–Mills
theories. Recall the following definition of representation of a Lie group.
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Definition C.3.4. Let G be a Lie group and V be a vector space over R or C. Let GL(V )

denote the group of invertible linear maps from V into V . A representation of G in V is a
group homomorphism 3 : G ⇒ GL(V ), that is, a map satisfying

1. 3(e) = I, where e is the identity of G and I is the identity of GL(V ), and

2. 3(gh) = 3(g)3(h) for all g, h ↑ G.

A representation is called finite-dimensional if the vector space is finite-dimensional.
Henceforth, we will assume that all representations are finite-dimensional unless otherwise
stated. Two kinds of representations will occur frequently:

1. Let G be a Lie group that is a subgroup of GL(n,C) for some n. The fundamental
representation (or standard representation) of G is the map 3 : G ⇒ GL(n,C) that
takes g ↑ G to the the linear map x ⇐⇒ gx on Cn, where gx is the product of the
matrix g and the column vector x.

2. Let G be a Lie group with identity element e, and let g be its Lie algebra. The adjoint
representation of G is the map Ad : G ⇒ GL(g) defined as follows. Take any g ↑ G

and X ↑ g. Let ε : (↓ς, ς) ⇒ G be a smooth curve representing X in g = TeG. Let
ϱ(t) := gε(t)g→1, so that ϱ is also a smooth curve with ϱ(0) = e. We define Ad(g)(X)

to be the element of TeG corresponding to the curve ϱ. When G is a matrix Lie
group, we simply have Ad(g)(X) = gXg→1. Usually, we write Adg instead of Ad(g).

We will also need to deal with representations of Lie algebras. Let V be a finite-dimensional
vector space over R or C. Recall that the Lie algebra gl(V ) of the Lie group GL(V ) is simply
the vector space (over R) of all linear maps from V into V . Lie algebra representations are
defined as follows.

Definition C.3.5. Let G be a Lie group with Lie algebra g. A representation of g in a
vector space V is an algebra homomorphism from g into gl(V ), meaning that it is linear,
and for any X,Y ↑ g, 3([X,Y ]) = [3(X), 3(Y )].

An important example is the adjoint representation of a Lie algebra. This is defined as
follows. Let G be a Lie group with Lie algebra g. The adjoint representation of g, denoted
ad, is the map from g into gl(g) given by

ad(X)(Y ) := [X,Y ].

(Note that gl(g) is the real vector space of all linear maps from g into g, and ad(X), as
defined above, is an element of this space.) Usually, we write adX instead of ad(X). Note
that this is a representation of g because it is obviously linear, and by the Jacobi identity
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for the Lie product,

ad[X,Y ](Z) = [[X,Y ], Z]

= [X, [Y, Z]]↓ [Y, [X,Z]]

= adX([Y, Z])↓ adY ([Z,X])

= adX(adY (Z))↓ adY (adX(Z)),

which shows that ad[X,Y ] = [adX , adY ].
The adjoint representation is used to define a certain symmetric bilinear form on g,

known as the Killing form. It is defined as

B(X,Y ) := Tr(adXadY ).

Let g⇑ denote the dual space g, that is, the space of all linear maps from g into R. The
Killing form B can be alternatively viewed as a linear map B : g ⇒ g⇑, defined as

B(X)(Y ) := B(X,Y ).

For any X ↑ g, we define a linear map ad
⇑

X
: g⇑ ⇒ g⇑ as

ad
⇑

X(↽)(Y ) := ↽(adX(Y )) = ↽([X,Y ]),

where ↽ ↑ g⇑. The following lemma establishes an important ‘intertwining’ property of the
Killing form.

Lemma C.3.6. In the above setting, we have that for any X ↑ g, the Killing form B

satisfies BadX = ↓ad
⇑

X
B.

Proof. Note that for any X,Y, Z ↑ g,

B([X,Y ], Z) = Tr(ad[X,Y ]adZ)

= Tr([adX , adY ]adZ)

= Tr(adXadY adZ)↓ Tr(adY adXadZ).

But Tr(adXadY adZ) = Tr(adY adZadX). Thus, we get

B([X,Y ], Z) = Tr(adY adZadX)↓ Tr(adY adXadZ)

= ↓Tr(adY [adX , adZ ]) = ↓Tr(adY ad[X,Z])

= ↓Tr(ad[X,Z]adY ) = ↓B([X,Z], Y ).

Now, for any X,Y, Z ↑ g,

(BadX(Y ))(Z) = B([X,Y ])(Z) = B([X,Y ], Z),
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and

(ad
⇑

XB(Y ))(Z) = B(Y )([X,Z]) = B([X,Z], Y ).

Combining the last three displays completes the proof.

C.3.4 Structure constants of a Lie algebra

Let r be the dimension of a Lie algebra g. A set of generators Ta, a = 1, 2, . . . , r of g is
simply any basis of the vector space g. The structure constants of a given set of generators
are real numbers f c

ab
such that for any a, b, c,

[Ta, Tb] =

r∑

c=1

f c

ab
Tc.

For example, consider the Lie algebra su(2). This is the space of all 2′ 2 skew-Hermitian
matrices with trace zero. A well-known basis of su(2) is the set i▷1, i▷2, i▷3, where ▷1,▷2,▷3

are the three Pauli matrices

▷1 =

(
0 1

1 0

)
, ▷2 =

(
0 ↓i

i 0

)
, ▷3 =

(
1 0

0 ↓1

)
.

An easy verification shows that [▷a,▷a] = 0 for each a, and

[▷1,▷2] = 2i▷3, [▷2,▷3] = 2i▷1, [▷3,▷1] = 2i▷2.

Thus, in this example, f c

ab
= ↓2 sign(↼), where ↼ ↑ S3 is the permutation given by ↼(1) = a,

↼(2) = b, ↼(3) = c.
It is clear that f c

ab
is antisymmetric in a, b; that is, f c

ba
= ↓f c

ab
. There is a special

situation in which f c

ab
also changes sign upon exchanging c and a, or c and b. If this holds,

then we say that the structure constants are totally antisymmetric. A su"cient condition
for total antisymmetry of the structure constants is given by the following lemma.

Lemma C.3.7. Suppose that G is a compact Lie subgroup of U(n) for some n. Let g be its
Lie algebra, so that the elements of g are skew-Hermitian matrices of order n. Define an
inner product on g as

↖X,Y ↙ := Tr(XY ⇑
).

Let T1, . . . , Tr be an orthonormal basis of g with respect to this inner product. Then the
structure constants for this basis are totally antisymmetric.

Proof. It is easy to see that the inner product defined above is indeed a positive definite
inner product on g. Since T1, . . . , Tr is an orthonormal basis and the elements of g are
skew-Hermitian, we have

f c

ab
= ↖[Ta, Tb], Tc↙ = Tr([Ta, Tb]T

⇑

c ) = ↓Tr([Ta, Tb]Tc).
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Thus,

f c

ab
= ↓Tr(TaTbTc) + Tr(TbTaTc)

= ↓Tr(TbTcTa) + Tr(TcTbTa)

= ↓Tr([Tb, Tc]Ta) = ↖[Tb, Tc]Ta↙ = fa

bc
= ↓fa

cb
.

Thus, f c

ab
changes sign upon exchanging c and a. Consequently, we also have

f b

ac = ↓f b

ca = f c

ba
= ↓f c

ab
.

We conclude that the structure constants are totally antisymmetric.

C.3.5 Structure constants of simple Lie algebras

Let g be the Lie algebra of a Lie group G. An ideal of g is a subspace I such that for any
x ↑ I and y ↑ g, [x, y] is an element of I. A Lie algebra is called ‘simple’ if it is non-Abelian
and the only ideals of g are {0} and g. For example, it is well known that su(n) is simple
for every n → 2. The following lemma is a basic property of simple Lie algebras, which says
that the adjoint representation of a simple Lie algebra is irreducible.

Lemma C.3.8. Let g be a simple Lie algebra. If a subspace h of g is mapped into itself by
adX for every X ↑ g, then h is either {0} or g.

Proof. Take any Y ↑ h and X ↑ g. Then [X,Y ] = adX(Y ) ↑ h. Thus, h is an ideal. This
proves the claim.

Let us now specialize to the following setting. Let g be a simple matrix Lie algebra
contained in U(n) for some n. Let fa

bc
be its structure constants in a basis T1, . . . , Tm that

is orthonormal with respect to the inner product ↖X,Y ↙ = Tr(XY ⇑
). Then note that the

dual space g⇑ can be identified with g via the map X ⇐⇒ ↖X, ·↙, and each element of g can
be viewed as an element of Rm by identifying it with its coe"cients in the above basis.
Under this correspondence, the Killing for B is a symmetric m′m real matrix, and for
each X ↑ g, adX is an m′m real matrix. We claim that ad

⇑

X
is the transpose of adX . To

see this, take any ↽ ↑ g⇑ and X,Y ↑ g. Let u, v, w ↑ Rm be the representatives of ↽, X, Y ,
respectively, and let M be the matrix representing adX . Then

ad
⇑

X(↽)(Y ) = ↽(adX(Y )) = uTMw,

where uT denotes the transpose of the column vector u. This shows that ad
⇑

X
(↽) is

represented by the vector MTu. Thus, ad
⇑

X
is represented by the matrix MT . This

observation lets us prove the following lemma.

Lemma C.3.9. In the above setting, the matrix representing the Killing form is a constant
multiple of the identity matrix.
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Proof. For simplicity, let B denote the m ′ m matrix that represents the Killing form,
and for any X, let adX denote the m′m matrix that represents adX . Since B is a real
symmetric matrix, it has a spectral decomposition B = UDUT , where U is an orthogonal
matrix and D is a diagonal matrix. Lemma C.3.6 implies that BadX = ↓(adX)

TB, which
can be rewritten as

UDUT
adX = ↓(adX)

TUDUT .

Multiplying both sides by UT on the left and U on the right, we get

DVX = ↓V T

XD,

where VX := UT
adXU . Let VX(i, j) be the (i, j)th entry of VX , and Di be the ith diagonal

entry of D. The above identity shows that for all i, j,

DiVX(i, j) = DjVX(i, j).

Define an undirected graph on {1, . . . ,m} by putting an edge between two distinct vertices
i and j whenever there exists some X ↑ g such that VX(i, j) ⇓= 0. The above identity
implies that whenever i and j are connected by an edge, Di must be equal to Dj . Thus, if
this graph is connected, then we can conclude that the Di’s are all equal, which implies
that B is a constant multiple of the identity matrix. We claim that the graph is indeed
connected. To see this, suppose that the graph is not connected. Then we can partition
{1, . . . ,m} into a pair of nonempty disjoint subsets A and B, such that there is no edge
from A to B. In other words, for any i ↑ A and j ↑ B, VX(i, j) = 0 for all X ↑ g. Since
VX = UT

adXU , this means that uT
i
adXuj = 0 for each i ↑ A, j ↑ B, and X ↑ g, where

u1, . . . , um are the columns of U . Let h be the span of uj , j ↑ B. Then the orthogonal
complement h∞ is the span of ui, i ↑ A. But by the above observation, adX maps h into
(h∞)∞ = h. Thus, by Lemma C.3.8, h is either {0} or g. But this contradicts the hypothesis
that A and B are both nonempty. This completes the proof.

The above lemma yields the following corollary, which is important in the study of
Yang–Mills theories.

Corollary C.3.10. In the above setting, we have

m∑

b,c=1

fa

bc
fa

→
bc

= Cδaa→

for some constant C that depends only on g.
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Proof. Note that

adTa

( m∑

b=1

xbTb

)
=

m∑

b=1

xb[Ta, Tb]

=

m∑

b=1

xb

( m∑

c=1

f c

ab
Tc

)

=

m∑

c=1

( m∑

b=1

f c

ab
xb

)
Tc.

Thus, the matrix representation of adTa is given by (f c

ab
)c,b=1,...,m. Since the (a, a⇒)th entry

of B is given by Tr(adTaadTa→ ), this shows that this entry is equal to

m∑

c,b=1

f c

ab
f b

a→c.

But by Lemma C.3.7, this is equal to

↓

m∑

c,b=1

fa

bc
fa

→
bc
.

By Lemma C.3.9, this completes the proof.

C.4 Di!erential forms

C.4.1 Di!erential forms on a smooth manifold

Recall the definition of smooth section of a vector bundle from Section C.2.2.

Definition C.4.1. Let M be an n-dimensional smooth manifold. A di"erential 0-form on
M is a smooth map from M into R. For 1 ⇔ k ⇔ n, a di"erential k-form 2 is a smooth
section of %kT ⇑M . The set of all k-forms is denoted by ”

k
(M).

Let 2 be a k-form for some 1 ⇔ k ⇔ n. Given a chart (U,ω), we can represent 2 on U

as
2(x) =

∑

1↔i1<···<ik↔n

2i1,...,ik(x)dxi1 ¬ · · · ¬ dxik ,

by a slight abuse of notation, because the right side is the second coordinate of 2(x), and
we are ignoring the first coordinate because it is simply x. The maps 2i1,...,ik are smooth
functions from U into R. (Note that dx1, . . . , dxn on the right are also dependent on x,
but we suppress that for simplicity of notation.) Thus, within a chart (U,ω), a di!erential
k-form can be viewed simply as a collection of smooth functions (2i1,...,ik)1↔i1<···<ik↔n. But
the abstract definition k-forms is necessary for defining them in a way that does not depend
on the choice of charts.
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We will also need to work with vector space-valued k forms, where 2i1,...,ik(x) is an
element of a vector space instead of being a real number. To make sense of this, let us recall
the discussion in Section C.1.1, where we observed that an element of a tensor product
space U E V can be viewed as a linear combination of basis elements of V with coe"cients
in U . In the same way, we define:

Definition C.4.2. Let M be an n-dimensional smooth manifold, and V be a finite-
dimensional vector space over R. For k → 0, a V -valued k-form is a smooth section
of the vector bundle (M ′ V )E%

kT ⇑M , where M ′ V is the trivial vector bundle with base
space M and typical fiber V . The set of all V -valued k-forms is denoted by ”

k
(M,V ).

On a chart (U,ω), an element of ”k
(M,V ) takes the form

A(x) =
∑

1↔i1<···<ik↔n

Ai1,...,ik(x)E (dxi1 ¬ · · · ¬ dxik),

for some smooth functions Ai1,...,ik : U ⇒ V . For simplicity of notation, we usually omit
the E symbol, and write

A =

∑

1↔i1<···<ik↔n

Ai1,...,ikdxi1 ¬ · · · ¬ dxik .

Of particular importance is the case V = g, where g is a Lie algebra. We will return to Lie
algebra-valued di!erential forms later.

C.4.2 Wedge product and exterior derivative

As noted in Section C.4, a di!erential k-form 2 on a smooth manifold M can be viewed as
a map that sends each x ↑ M to a vector 2(x) ↑ %kT ⇑

xM . In particular, 2(x) is an element
of the exterior algebra %(T ⇑

xM). As such, we can define the wedge product of a k-form 21

and an l-form 22 pointwise as

(21 ¬ 22)(x) := 21(x) ¬ 22(x) ↑ %
k+lT ⇑

xM.

It turns out that the object 21¬22 defined above is indeed a smooth di!erential (k+ l)-form
on M . Thus, the wedge product defined above is a valid operation on di!erential forms.
An important observation is that due to the relation (C.1.5), the wedge products 21 ¬ 22

and 22 ¬ 21 are related by the identity

22 ¬ 21 = (↓1)
kl21 ¬ 22. (C.4.1)

The exterior derivative df of a k-form f is a (k + 1)-form, defined as follows. Let n be the
dimension of M . Axiomatically, the mapping f ⇐⇒ df should have the following properties:

1. (Definition for 0-forms.) If f is a 0-form, df should be the di!erential of f , defined in
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local coordinates as

df =

n∑

i=1

ϑf

ϑxi
dxi,

where ωf

ωxi
is defined as in equation (C.2.2).

2. (Linearity.) If f and g are two k-forms, then d(af + bg) = adf + bdg for any a, b ↑ R.

3. (Leibniz rule.) If f is a k-form and g is an l-form, then d(f ¬g) = df ¬g+(↓1)
kf ¬dg.

4. (Poincaré lemma.) For any di!erential form f , ddf = 0.

It turns out that there is a unique definition of d that satisfies the above properties. Indeed,
if f is a k-form for some 1 ⇔ k ⇔ n↓ 1, let us write f as

f =

∑

1↔i1<···<ik↔n

fi1,...,ikdxi1 ¬ · · · ¬ dxik .

Let (U,ω) be a chart of M . We can consider U itself to be a manifold, with atlas {(U,ω)}.
Then the summand on the right side above is actually the wedge product of the 0-form
fi1,...,ik and the 1-forms dxi1 , . . . , dxik on this manifold. Thus, by the properties of d listed
above, we get

df =

∑

1↔i1<···<ik↔n

d(fi1,...,ikdxi1 ¬ · · · ¬ dxik)

=

∑

1↔i1<···<ik↔n

(dfi1,...,ik) ¬ dxi1 ¬ · · · ¬ dxik

=

∑

1↔i1<···<ik↔n

( n∑

i=1

ϑfi1,...,ik
ϑxi

dxi

)
¬ dxi1 ¬ · · · ¬ dxik .

Take any 1 ⇔ i1 < · · · < ik ⇔ n and any 1 ⇔ i ⇔ n. Note that if i ↑ {i1, . . . , ik}, then

dxi ¬ dxi1 ¬ · · · ¬ dxik = 0.

On the other hand, if ij < i < ij+1 for some j, then

dxi ¬ dxi1 ¬ · · · ¬ dxik = (↓1)
jdxi1 ¬ · · · ¬ dxij ¬ dxi ¬ dxij+1 ¬ · · · ¬ dxik .

Combining these observations, we get that

df =

∑

1↔i1<···<ik+1↔n

(k+1∑

j=1

(↓1)
j→1ϑfi1,...,ij↑1,ij+1,...,ik+1

ϑxij

)
dxi1 ¬ · · · ¬ dxik+1 . (C.4.2)

Equation (C.4.2) gives the formula for df in local coordinates. One can show that this is
an intrinsic definition, that is, independent of the choice of coordinates.
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As an example, let us explicitly write down the formula for df when f is the 1-form

f =

n∑

i=1

fidxi.

in local coordinates. Then by the formula (C.4.2), we get

df =

∑

1↔i<j↔n

(
ϑfj
ϑxi

↓
ϑfi
ϑxj

)
dxi ¬ dxj .

The exterior derivative can be defined also for vector space-valued di!erential forms, as
follows. Let V be a vector space over R. Let v1, . . . , vm be a basis of V . Then any V -valued
k-form 2 can be written as

2 =

m∑

i=1

vi2i,

where 21, . . . ,2m are real-valued k-forms. We define

d2 :=

m∑

i=1

vid2i.

To define wedge products of vector space-valued di!erential forms, we need a product on
the vector space. That is, we need V to be an algebra over R. Recall that the rank of such
an algebra is its dimension as a vector space. Let V be an algebra over R of rank m. Let
v1, . . . , vm be a linear basis of V . Let 2 be a V -valued k-form and ϱ be a V -valued l-form.
Let us write

2 =

m∑

i=1

vi2i, ϱ =

m∑

i=1

viϱi,

where 2i’s and ϱi’s are real-valued di!erential forms. Then we define

2 ¬ ϱ :=

m∑

i,j=1

vivj2i ¬ 2j .

An important example is the algebra M(m,C) of all m′m complex matrices under ordinary
matrix multiplication, which is an algebra of rank 2m2 over R.

C.4.3 Wedge products and exterior derivatives of Lie algebra-valued
di!erential forms

Recall the wedge product on matrix-valued di!erential forms defined in the previous section,
where the product on M(m,C) was taken to be the ordinary matrix product. One can
alternatively take the Lie product on this vector space, which also makes it an algebra over
R. If G is a matrix Lie group contained in GL(m,C), its Lie algebra g is a Lie sub-algebra
of M(m,C). The Lie product gives a definition of the wedge product of g-valued di!erential
forms that is di!erent than the one given by ordinary matrix multiplication. To distinguish
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the two, we use the notation [2 ¬ ϱ] or [2, ϱ] to denote the wedge product of two g-valued
di!erential forms when using the Lie product structure of g, and use the notation 2 ¬ ϱ

when using ordinary matrix multiplication.

Lemma C.4.3. Let g be a matrix Lie algebra. If 2 is a g-valued k-form and ϱ is a g-valued
l-form, then

[2 ¬ ϱ] = [2, ϱ] = 2 ¬ ϱ ↓ (↓1)
klϱ ¬ 2.

Proof. Let us write in local coordinates

2 =

∑

1↔i1<···<ik↔n

2i1,...,ikdxi1 ¬ · · · ¬ dxik

ϱ =

∑

1↔i1<···<il↔n

ϱi1,...,ildxi1 ¬ · · · ¬ dxil ,

where 2i1,...,ik and ϱi1,...,il are smooth matrix-valued functions defined locally. Then

[2, ϱ] =
∑

1↔i1<···<ik↔n

∑

1↔j1<···<jl↔n

[2i1,...,ik , ϱj1,...,jl ]dxi1 ¬ · · · ¬ dxik ¬ dxj1 ¬ · · · ¬ dxjl

=

∑

1↔i1<···<ik↔n

∑

1↔j1<···<jl↔n

2i1,...,ikϱj1,...,jldxi1 ¬ · · · ¬ dxik ¬ dxj1 ¬ · · · ¬ dxjl

↓

∑

1↔i1<···<ik↔n

∑

1↔j1<···<jl↔n

ϱj1,...,jl2i1,...,ikdxi1 ¬ · · · ¬ dxik ¬ dxj1 ¬ · · · ¬ dxjl .

Now note that for any 1 ⇔ i1 < · · · < ik ⇔ n and 1 ⇔ j1 < · · · < jl ⇔ n,

dxj1 ¬ · · · ¬ dxjl ¬ dxi1 ¬ · · · ¬ dxik = (↓1)
kldxi1 ¬ · · · ¬ dxik ¬ dxj1 ¬ · · · ¬ dxjl .

Plugging this into the previous expression gives the desired result.

When g is a matrix Lie algebra, the fact that [2¬ϱ] and 2¬ϱ are two di!erent objects is
admittedly quite confusing; but it is standard. An important point to observe is that while
[2 ¬ ϱ] is defined for an arbitrary Lie algebra, 2 ¬ ϱ is defined only for matrix Lie algebras.
Moreover, [2 ¬ ϱ] is a g-valued di!erential form, but 2 ¬ ϱ may not be g-valued. Lastly,
note that when 2 is a g-valued 1-forms and g is a matrix Lie algebra, 2 ¬ 2 =

1
2 [2 ¬ 2]. In

particular, 2 ¬ 2 is a g-valued 2-form. This will be important later.
Let g be a Lie algebra with generators Ta, a = 1, . . . , r. If 2 is a g-valued k-form on a

manifold M , we can write 2 as

2 =

r∑

a=1

Ta2a

for some real-valued k-forms 2a, a = 1, . . . , r. (Recall that the summand is actually TaE2a,
but we omit the E symbol.) The exterior derivative of 2 is defined as

d2 :=

r∑

a=1

Tad2a.
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When g is a matrix Lie algebra, it is not hard to verify that this is the same as the definition
of the exterior derivative of a matrix-valued k-form given in Section C.4.2. It can be shown
that the exterior derivative of Lie algebra-valued di!erential forms satisfies the Leibniz rule
and the Poincaré lemma, just like real-valued di!erential forms.

Let 2 be a g-valued k-form and ϱ be a g-valued l-form. From the definition of [2 ¬ ϱ]

and the identity (C.4.1), it follows that

[ϱ ¬ 2] =
r∑

a,b=1

[Tb, Ta](ϱb ¬ 2a)

=

r∑

a,b=1

(↓[Ta, Tb])((↓1)
kl2a ¬ ϱb)

= ↓(↓1)
kl
[2 ¬ ϱ]. (C.4.3)

Another identity that will be useful for us is the following.

Lemma C.4.4. Let g be a Lie algebra and M be a smooth manifold. Let 2 be a g-valued
k-form on M , for some 1 ⇔ k ⇔ n. Then [2 ¬ [2 ¬ 2]] = 0.

Proof. Let 2 =
∑

r

a=1 Ta2a be the decomposition of 2 in terms of a set of generators
T1, . . . , Tm of g. Then by the associativity of the wedge product on exterior algebras, the
relation (C.4.1), and the Jacobi identity for the Lie product, we get

[2 ¬ [2 ¬ 2]] =
r∑

a,b,c=1

[Ta, [Tb, Tc]](2a ¬ (2b ¬ 2c))

= ↓

r∑

a,b,c=1

[Tb, [Tc, Ta]](2a ¬ (2b ¬ 2c))↓

r∑

a,b,c=1

[Tc, [Ta, Tb]](2a ¬ (2b ¬ 2c))

= ↓

r∑

a,b,c=1

[Tb, [Tc, Ta]](2b ¬ (2c ¬ 2a))↓

r∑

a,b,c=1

[Tc, [Ta, Tb]](2c ¬ (2a ¬ 2b))

= ↓2[2 ¬ [2 ¬ 2]].

This proves the claim.

C.4.4 Integrals of di!erential forms

Let M be an orientable, smooth n-dimensional manifold. Let (U,ω) be a chart of M . Let 2
be an n-form on M which vanishes outside U . The integral of 2 on M is defined as follows.
Let us express 2 in the coordinates defined by (U,ω) as

2(x) = a(x)dx1 ¬ · · · ¬ dxn.

Then we define ∫

M

2 :=

∫

1(U)
a(ω→1

(x))dx,
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where the integral on the right is just an ordinary Riemann integral on Rn. It is instructive
the verify that this definition does not depend on the choice of the chart. Suppose that
(V,φ) is another chart such that 2 vanishes outside V and the Jacobian J of ω ∈ φ→1 is
positive everywhere. A simple calculation shows that the basis vectors dx1, . . . , dxn of T ⇑

xM

in the coordinates specified by (U,ω) are related to the basis vector dx⇒1, . . . , dx
⇒
n of T ⇑

xM

in the coordinates specified by (V,φ) through the relation

dxi =
n∑

j=1

ϑ(ω ∈ φ→1
)i

ϑxj
dx⇒j . (C.4.4)

Thus,

2(x) = a(x)dx1 ¬ · · · ¬ dxn

= a(x)

( n∑

j=1

ϑ(ω ∈ φ→1
)1

ϑxj
dx⇒j

)
¬ · · · ¬

( n∑

j=1

ϑ(ω ∈ φ→1
)n

ϑxj
dx⇒j

)

= a(x)
∑

1↔j1,...,jn↔n

( n∏

i=1

ϑ(ω ∈ φ→1
)i

ϑxji

)
dx⇒j1 ¬ · · · ¬ dx⇒jn .

Now, note that dx⇒
j1
¬ · · · ¬ dx⇒

jn
= sign(j)dx⇒1 ¬ · · · ¬ dx⇒n if j is a permutation of 1, . . . , n,

and 0 otherwise. Thus,

2(x) = a(x)J(x)dx⇒1 ¬ · · · ¬ dx⇒n. (C.4.5)

This shows that in the coordinates specified by (V,φ), 2 is expressed as b(x)dx⇒1 ¬ · · ·¬ dx⇒n,
where

b(x) = a(x)J(x).

But by the change of variable formula for Riemann integrals and the positivity of J ,
∫

1(U∋V )
a(ω→1

(x))dx =

∫

▷(U∋V )
a(ω→1

(ω ∈ φ→1
(x)))J(x)dx

=

∫

▷(U∋V )
a(φ→1

(x))J(x)dx =

∫

▷(U∋V )
b(x)dx.

This shows that
∫
M

2 does not depend on the choice of the chart, as long as 2 vanishes
outside the chart.

For a general n-form 2 on an orientable manifold,
∫
M

2 is defined as follows. Suppose
that it is possible to find a finite collection of charts {(Ui,ωi)}i=1,...,N such that 2 vanishes
outside U1 ∪ · · · ∪UN . This is always possible if M is compact, but may be possible even if
M is not compact — for example, for M = Rn. Suppose further that one can find a finite
collection of smooth maps 3i : M ⇒ [0, 1], i = 1, . . . , N , such that for each i, 3i is zero
outside Ui, and for each x,

∑
n

i=1 3i(x) = 1. Such a collection is known as a partition of
unity subordinate to the collection {(Ui,ωi)}i=1,...,N . Again, a partition of unity always
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exists when M is compact, but may exist even for non-compact manifolds, such as Rn.
Given a partition of unity, we define

∫

M

2 :=

N∑

i=1

∫

M

3i2,

where, for each x, 3i2(x) is the scalar multiple of 2(x) by 3i(x). It can be shown that the
choice of the partition of unity or the finite atlas does not a!ect the outcome.

An important fact about integrals of di!erential forms is Stokes’ theorem.

Theorem C.4.5 (Stokes’ theorem for manifolds without boundary). Let M be a smooth n

dimensional manifold, and let 2 be an (n↓ 1)-form on M . Suppose that 2 vanishes outside
U1 ∪ · · ·∪UN , where {(Ui,ωi)}i=1,...,N is a finite collection of charts that admits a partition
of unity {3i}i=1,...,N . Suppose that for each i, (3i2)(xm) ⇒ 0 for any sequence {xm}m↘1

that eventually exits any compact set contained in Ui. Further, assume that if

3i2 =

n∑

j=1

fjdx1 ¬ · · · ¬ dxj→1 ¬ dxj+1 ¬ · · · ¬ dxn (C.4.6)

in local coordinates on the chart (Ui,ωi), then for each j,
∫

1i(Ui)

∣∣∣∣
ϑ

ϑxj
(fj ∈ ω

→1
i

)(x)

∣∣∣∣dx < ⇑. (C.4.7)

Then we have that ∫

M

d2 = 0.

Proof. Let us prove the theorem when N = 1 and 312 = 2. The general case is similar.
Note that by the definition of exterior derivative,

d2 =

( n∑

j=1

(↓1)
j→1 ϑfj

ϑxj

)
dx1 ¬ · · · ¬ dxn.

Thus, by the identity (C.2.2), we get
∫

M

d2 =

∫

U1

d2

=

∫

11(U1)

n∑

j=1

(↓1)
j→1 ϑ

ϑxj
(fj ∈ ω

→1
1 )(x)dx

=

n∑

j=1

(↓1)
j→1

∫

11(U1)

ϑ

ϑxj
(fj ∈ ω

→1
1 )(x)dx.

Now take any j, and any x1, . . . , xj→1, xj+1, . . . , xn ↑ R. Let

V := {x ↑ R : (x1, . . . , xj→1, x, xj+1, . . . , xn) ↑ ω1(U1)}.

408



APPENDIX C. DIFFERENTIAL GEOMETRY

Then V is an open subset of R, and hence, a finite or countable disjoint union of open
intervals which are the connected components of V . By the fundamental theorem of calculus
and the fact that fj ∈ ω

→1
1 vanishes at the boundaries of these intervals (which is an easy

consequence of the assumption that ω1(xm) ⇒ 0 for any sequence {xm}m↘1 that eventually
exits any given compact set contained in U1), we get that

∫

V

ϑ

ϑxj
(fj ∈ ω

→1
1 )(x1, . . . , xj→1, x, xj+1, . . . , xn)dx = 0.

Since this holds for any x1, . . . , xj→1, xj+1, . . . , xn, and by the assumption (C.4.7) we can
apply Fubini’s theorem to integrate coordinate by coordinate, we get that

∫

11(U1)

ϑ

ϑxj
(fj ∈ ω

→1
1 )(x)dx = 0.

This completes the proof.

A simple situation where the assumptions of Theorem C.4.5 are satisfied for any (n↓ 1)-
form is when M is compact. In that case, one can always find a finite atlas {(Ui,ωi)}i=1,...,N ,
and a partition of unity 31, . . . , 3N such that each 3i is zero outside a compact set contained
in Ui.

Another simple case is when M = Rn with the usual manifold structure. In this case,
the following condition on 2 ensures that it satisfies the assumptions of Theorem C.4.5.
Suppose that 2 has the form displayed on the right side of equation (C.4.6), in the usual
local coordinates on Rn. Then we need that the condition (C.4.7) is satisfied (with ωi being
the identity map), and that each fj vanishes at infinity.

C.5 Principal bundles

C.5.1 Definition of a principal bundle

Principal bundles are special cases of fiber bundles where the typical fiber is a Lie group.
The precise definition is as follows.

Definition C.5.1. A smooth principal bundle (P,M,↼, G) is a smooth fiber bundle where
G is a Lie group, which has a smooth right action on P (that is, a smooth map from P ′G

into P which has the properties of a group action) that satisfies the following conditions:

1. The action preserves each fiber ↼→1
(x), x ↑ M , meaning that ↼(pg) = ↼(p) for all

p ↑ P .

2. The action is free, meaning that if g is not the identity element, then pg ⇓= p for all
p ↑ P .

3. The action is transitive on each fiber, meaning that for any p, q ↑ P such that
↼(p) = ↼(q), there exists g ↑ G such that pg = q.
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The simplest kinds of principal bundles are trivial bundles, where P = M ′ G, and
↼(x, g) = x for all x ↑ M and g ↑ G. For trivial bundles, local trivializations are obtained
by simply taking U = M and ω to be the identity map on M ′G. The group action for
a trivial bundle is also very simple: (x, g)h = (x, gh) for any x ↑ M and g, h ↑ G. Note
that for the trivial bundle, the tangent space TpP at a point p = (x, g) ↑ P is simply the
product vector space TxM ′ TgG. We will exclusively deal with trivial principal bundles in
these lectures.

C.5.2 Connections on a trivial principal bundle

The basic objects of study in quantum gauge theories are principal connections on principal
bundles. While the definition of a principal connection on a general principal bundle is
somewhat complicated, it reduces to something quite simple for trivial principal bundles.

Definition C.5.2. Let P = M ′G be a trivial principal bundle, and let g be the Lie algebra
of G. A principal G-connection on P is a g-valued di"erential 1-form on M .

Let P = M ′G be a a trivial principal bundle, and let g be the Lie algebra of G. Let
A ↑ ”

1
(M, g) be a principal G-connection on P . The curvature form of A is the g-valued

2-form defined as
F := dA+

1

2
[A ¬A],

where dA is the exterior derivative of A and [A ¬A] denotes the wedge product of A with
itself, as defined in Section C.4.3. Note that an alternative notation for [A ¬A] is [A,A].
Note also that when g is a matrix Lie algebra, then 1

2 [A ¬A] = A ¬A, where A ¬A is the
wedge product of A with itself when we view A as a matrix-valued di!erential form. Thus,
we may rewrite F as

F = dA+A ¬A

when g is a matrix Lie algebra.
As an illustration, let us now work out the explicit formula for the curvature form when

G is a matrix Lie group. Suppose that G is a Lie subgroup of GL(m,C), so that g is a
subspace of M(m,C). Let n be the dimension of M . In local coordinates, let us write

A =

n∑

i=1

Aidxi,

where A1, . . . , An are smooth g-valued maps. Then recall from the discussion at the end of
Section C.4.2 that

dA =

∑

1↔i<j↔n

(
ϑAj

ϑxi
↓

ϑAi

ϑxj

)
dxi ¬ dxj .
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Next, note that

A ¬A =

( n∑

i=1

Aidxi

)
¬

( n∑

j=1

Ajdxj

)

=

n∑

i,j=1

AiAjdxi ¬ dxj

=

∑

1↔i<j↔n

[Ai, Aj ]dxi ¬ dxj ,

where [Ai, Aj ] := AiAj ↓AjAi is the commutator of Ai and Aj . Combining, we get that

F =

∑

1↔i<j↔n

(
ϑAj

ϑxi
↓

ϑAi

ϑxj
+ [Ai, Aj ]

)
dxi ¬ dxj . (C.5.1)

The curvature form is crucial to the definition of Yang–Mills theories.

C.6 Riemannian manifolds

C.6.1 Definition of a Reimannian manifold

Let M be a smooth manifold. Let S be the set of all triples (x, u, v) where p ↑ M and
u, v ↑ TxM . We can give a manifold structure to S in the same way that we did for
%
kT ⇑M in Section C.2.3. Having done that, we define a Riemannian metric g on M to

be a smooth map from S into R satisfying the property that for each x ↑ M , the map
g(x, ·, ·) : TxM ′ TxM ⇒ R is a positive definite inner product on the vector space TxM .
A smooth manifold endowed with a Riemmanian metric is called a Riemannian manifold.

Given a coordinate chart on M , a Riemannian metric g can be described by an n′ n

matrix g(x) = (gij(x))1↔i,j↔n (called the metric tensor), where

gij(x) = g

(
x,

ϑ

ϑxi
,

ϑ

ϑxj

)
.

Note that although the inner product g(x, ·, ·) is an intrinsically defined object, the matrix
g(x) depends on the choice of a coordinate chart.

Recall the definition of orientability from Section C.2. Let M be an orientable compact
Riemannian manifold with a smooth Riemannian metric g and dimension n. The volume
form on M is the di!erential n-form given in local coordinates by

2(x) :=

det(g(x))dx1 ¬ · · · ¬ dxn. (C.6.1)

Using the calculation in (C.4.5), one can check that this is indeed a valid definition — that
is, it remains una!ected by a change of coordinates.

Definition C.6.1. Let M be a compact, orientable Riemannian manifold with metric g.
For f ↑ C↑

(M), the integral of f over M , denoted
∫
M

f , is defined to be the integral
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∫
M

f2, where 2 is the volume form of M and f2 is the di"erential form defined as
f2(x) := f(x)2(x).

If M = Rn, for instance, the tangent space at each point is a copy of Rn. The
standard inner product on this tangent space defines the standard Riemannian metric
on Rn. Integration with respect to the volume form of this metric is ordinary Riemann
integration on Rn.

C.6.2 Hodge duals of di!erential forms

Let (M, g) be an n-dimensional Riemannian manifold. Let ϱ be a k-form on M , for some
0 ⇔ k ⇔ n. The Hodge dual of ϱ, denoted ∅ϱ, is an (n ↓ k)-form defined as follows. For
any i1, . . . , in ↑ {1, . . . , n}, let ςi1,...,in denote the Levi-Civita symbol, defined as

ςi1,...,in =





sign(↼) if i1, . . . , in are distinct, and ↼ denote the permutation ↼(j) := ij ,

0 if i1, . . . , in are not distinct.

Take any coordinate chart (U,ω). Let g(x) = (gij(x))1↔i,j↔n denote the metric tensor at a
point x ↑ U , with respect to this coordinate chart. Let (gij(x))1↔i,j↔n denote the matrix
g(x)→1, following standard convention. Suppose that ϱ has the local representation

ϱ =

∑

1↔i1<···<ik↔n

ϱi1,...,ikdxi1 ¬ · · · ¬ dxik

=
1

k!

∑

1↔i1,...,ik↔n

ϱi1,...,ikdxi1 ¬ · · · ¬ dxik ,

where in the second line, we extended the definition of ϱi1,...,ik by defining

ϱiϑ(1),...,iϑ(k)
:= sign(↼)ϱi1,...,ik

when i1 < · · · < ik and ↼ ↑ Sk, and defining ϱi1,...,ik := 0 when i1, . . . , ik are not distinct.
Then ∅ϱ is locally given by

∅ϱ =
1

(n↓ k)!

∑

1↔jk+1,...,jn↔n

(∅ϱ)jk+1,...,jndxjk+1 ¬ · · · ¬ dxjn ,

where

(∅ϱ)jk+1,...,jn :=


det(g)

k!

∑

1↔i1,...,ik↔n

∑

1↔j1,...,jk↔n

ςj1,...,jng
i1j1 · · · gikjkϱi1,...,ik . (C.6.2)

It can be shown that this definition of ∅ϱ is intrinsic, that is, it does not depend on the
choice of the coordinate chart. When k = 0, the above notation simply means that ∅ϱ

is the n-form ϱ2, where 2 is the volume form defined in equation (C.6.1). The mapping
ϱ ⇐⇒ ∅ϱ is called the action of the Hodge star operator on ϱ.
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The Hodge dual of a matrix-valued di!erential form is defined in the same manner,
through the formula (C.6.2).

We now state and prove two lemmas about the Hodge dual that will be useful for us.

Lemma C.6.2. Let ϱ be a k-form or a matrix-valued k-form on an n-dimensional Rie-
mannian manifold (M, g). Then ∅∅ϱ = (↓1)

k(n→k)ϱ.

Proof. Let ε := ∅ϱ, so that ε is represented in local coordinates by the formula displayed
in equation (C.6.2). Let ϖ := ∅ε, and let its coordinate representation be

ϖ =

∑

1↔l1<···<lk↔n

ϖl1,...,lkdxl1 ¬ · · · ¬ dxlk .

Then again by equation (C.6.2), we see that for any 1 ⇔ l1 < · · · < lk ⇔ n,

ϖl1,...,lk =


det(g)

(n↓ k)!

∑

1↔jk+1,...,jn↔n

∑

1↔lk+1,...,ln↔n

ςlk+1,...,ln,l1,...,lk
gjk+1lk+1 · · · gjnlnεjk+1,...,jn

=
(↓1)

k(n→k)
det(g)

(n↓ k)!k!

∑

1↔jk+1,...,jn↔n

∑

1↔lk+1,...,ln↔n

∑

1↔i1,...,ik↔n

∑

1↔j1,...,jk↔n

ςl1,...,lnςj1,...,jn

· gjk+1lk+1 · · · gjnlngi1j1 · · · gikjkϱi1,...,ik .

Now, suppose that l1, . . . , ln are distinct, and i1, . . . , ik are distinct. It su"ces to work
under these conditions, because otherwise the summand in the above sum is zero. Note
that by the symmetric nature of g→1,

∑

1↔j1,...,jn↔n

ςj1,...,jng
jk+1lk+1 · · · gjnlngi1j1 · · · gikjk

=

∑

1↔j1,...,jn↔n

ςj1,...,jng
lk+1jk+1 · · · glnjngi1j1 · · · gikjk .

Now, if {i1, . . . , ik} ≃ {lk+1, . . . , ln} ⇓= ℑ, then the above sum is the determinant of a
matrix with repeated rows, and hence zero. If this is not the case, then i1, . . . , ik is a
permutation of l1, . . . , lk. Let us call this permutation ↼. Then the above sum equals
sign(↼)ςl1,...,ln det(g

→1
). But

sign(↼)ϱi1,...,ik = ϱl1,...,lk .

Putting it all together, we get ϖl1,...,lk = (↓1)
k(n→k)ϱl1,...,lk , which completes the proof.

Lemma C.6.3. Let ϱ and ε be two k-forms or matrix-valued k-forms on an n-dimensional
Riemannian manifold (M, g) with volume form 2. Then

ϱ ¬ ∅ε = ↖ϱ, ε↙2,
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where

↖ϱ, ε↙ :=
∑

1↔i1<···<ik↔n

ϱi1,...,ikε
i1,...,ik , (C.6.3)

with
εi1,...,ik :=

∑

1↔j1,...,jk↔n

gi1j1 · · · gikjkεj1,...,jk .

Proof. First, note that in local coordinates

ϱ ¬ ∅ε =
1

k!(n↓ k)!

∑

1↔i1,...,ik↔n

∑

1↔jk+1,...,jn↔n

ϱi1,...,ik(∅ε)jk+1,...,jn

dxi1 ¬ · · · ¬ dxik ¬ dxjk+1 ¬ · · · ¬ dxjn

=


det(g)

(k!)2(n↓ k)!

∑

1↔i1,...,ik↔n

∑

1↔i
→
1,...,i

→
k↔n

∑

1↔j1,...,jn↔n

gi
→
1j1 · · · gi

→
kjkϱi1,...,ikεi→1,...,i→kςj1,...,jn

dxi1 ¬ · · · ¬ dxik ¬ dxjk+1 ¬ · · · ¬ dxjn .

Now, observe that

dxi1 ¬ · · · ¬ dxik ¬ dxjk+1 ¬ · · · ¬ dxjn = ςi1,...,ik,jk+1,...,jndx1 ¬ · · · ¬ dxn.

Next, observe that if ςj1,...,jn and ςi1,...,ik,jk+1,...,jn are both nonzero, then j1, . . . , jk must be a
permutation of i1, . . . , ik. Moreover, in this case, the product of ςj1,...,jn and ςi1,...,ik,jk+1,...,jn

is equal to the sign of this permutation. Combining these observations, and further observing
that gij = gji, we get

ϱ ¬ ∅ε =

( ∑

1↔i1<···<ik↔n

∑

1↔i
→
1<···<i

→
k↔n

∑

π↗Sk

gi
→
1iϑ(1) · · · gi

→
kiϑ(k) sign(↼)ϱi1,...,ikεi→1,...,i→k

)
2

=

(
1

k!

∑

1↔i1<···<ik↔n

∑

π↗Sk

sign(↼)ϱi1,...,ikε
iϑ(1),...,iϑ(k)

)
2.

But for any ↼ ↑ Sk,

εiϑ(1),...,iϑ(k) =

∑

1↔j1,...,jk↔n

giϑ(1)j1 · · · giϑ(k)jkεj1,...,jk

=

∑

1↔j1,...,jk↔n

gi1jϑ↑1(1) · · · gikjϑ↑1(k)εjϑ↑1(1),...,jϑ↑1(k)
sign(↼→1

)

= sign(↼→1
)εi1,...,ik .

Plugging this into the previous display completes the proof.
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C.7 Haar measure on matrix Lie groups

Let G be a compact matrix Lie group, contained in U(n) for some n. The space M(n,C) of
all n′ n complex matrices has a natural inner product, given by

↖A,B↙ := Tr(AB⇑
), (C.7.1)

where B⇑ is the Hermitian conjugate of B. This inner product induces a Riemannian metric
3 on G, as follows. Recall from the discussion in Section C.3 that a tangent vector at
g ↑ G can be uniquely represented by a matrix X ↑ M(n,C), where X = ε⇒(0) for a curve
ε : (↓ς, ς) ⇒ G representing the tangent vector. For two tangent vectors at g represented
by matrices X and Y , we define 3(X,Y ) := ↖X,Y ↙.

Integration with respect to the volume form induced by the metric g, as defined in
Definition C.6.1, induces a measure on G that is called the (unnormalized) ‘Haar measure’.
It is not di"cult to show that this measure has finite total mass. Upon dividing by the
total mass, we get a probability measure on G, called the ‘normalized Haar measure’. Let
µ denote the unnormalized Haar measure.

The key property of the Haar measure is that it is invariant under left- and right-actions
of G on itself, as shown by the following lemma.

Lemma C.7.1. For any smooth f : G ⇒ C and any h ↑ G,
∫

f(hg)dµ(g) =

∫
f(gh)dµ(g) =

∫
f(g)dµ(g).

Proof. To see this, suppose that f is supported on a coordinate chart (U,ω), where ω maps
U homeomorphically onto an open subset of Rm, with m being the dimension of G. At a
point g ↑ U , the tangent vector ω

ωxi
is given by

ϑ

ϑxi
= ϑiω

→1
(ω(g)),

where ϑiω→1 is the partial derivative of the map ω→1
: ω(U) ⇒ G in coordinate i. Note

that the right side is an n′ n matrix. Thus,

3

(
ϑ

ϑxi
,

ϑ

ϑxj

)
= ↖ϑiω

→1
(ω(g)), ϑjω

→1
(ω(g))↙

= Tr(ϑiω
→1

(ω(g))ϑjω
→1

(ω(g))⇑).

For x ↑ ω(U), let 3(x) denote the m′m matrix whose (i, j)th element is

3ij(x) := Tr(ϑiω
→1

(x)ϑjω
→1

(x)⇑).

Then by the above calculation, the volume element of our Riemannian metric, in the local
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coordinate system of the chart (U,ω), is given by


det 3(x)dx1 ¬ · · · ¬ dxm.

Thus,
∫

f(g)dµ(g) =

∫

1(U)
f(ω→1

(x))

det 3(x)dx. (C.7.2)

Let V := h→1U = {h→1g : g ↑ U}, and define φ : V ⇒ Rm and φ(g) := ω(hg). Then
(V,φ) is a local coordinate chart of G, and the smooth function f1 : G ⇒ R given by
f1(g) := f(hg) is supported on V . The analogue of 3 on this chart is given by 1 , where

1ij(x) := Tr(ϑiφ
→1

(x)ϑjφ
→1

(x)⇑).

Then, as before,
∫

f1(g)dµ(g) =

∫

▷(V )
f1(φ

→1
(x))


det 1(x)dx

=

∫

▷(V )
f(hφ→1

(x))

det 1(x)dx.

But note that
φ(V ) = ω(hV ) = ω(hh→1U) = ω(U),

and for x ↑ ω(U),
φ→1

(x) = h→1ω→1
(x).

Consequently, ϑiφ→1
= h→1ϑiω→1, and hence,

1ij(x) = Tr(h→1ϑiφ
→1

(x)ϑjφ
→1

(x)⇑(h→1
)
⇑
)

= Tr(ϑiφ
→1

(x)ϑjφ
→1

(x)⇑) = 3ij(x),

where the second equality holds because G ↗ U(n). Combining the above displays, we get
∫

f(hg)dµ(g) =

∫

V

f1(g)dµ(g)

=

∫

▷(V )
f1(φ

→1
(x))


det 1(x)dx

=

∫

1(U)
f(ω→1

(x))

det 3(x)dx =

∫
f(g)dµ(g).

This proves the left-invariance of µ for functions supported on a single coordinate chart. It
is easy to extend this to all smooth functions. Right-invariance follows similarly.

We will now discuss a specific choice of chart. Take any g ↑ G. Recall from the
discussion in Section C.3 that since G is a matrix Lie group, the map X ⇐⇒ eX , where eX
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is simply the matrix exponential defined via series expansion, maps from g into G. Let
↔X↔ denote the Euclidean norm of X. The following lemma shows that X ⇐⇒ eX is a
homeomorphism when restricted to the set of all X ↑ g with ↔X↔ small enough.

Lemma C.7.2. For any X,Y ↑ g such that ↔X↔, ↔Y ↔ ⇔
1
2 , we have

(2↓ e1/2)↔X ↓ Y ↔ ⇔ ↔eX ↓ eY ↔ ⇔ e1/2↔X ↓ Y ↔.

Proof. The Cauchy–Schwarz inequality shows that the Euclidean norm on n′ n matrices
is a submultiplicative, that is, ↔XY ↔ ⇔ ↔X↔↔Y ↔. Thus, if ↔X↔, ↔Y ↔ ⇔

1
2 , then

↔eX ↓ eY ↔ ⇔

↑∑

k=0

1

k!
↔Xk

↓ Y k
↔

⇔

↑∑

k=0

1

k!

k→1∑

j=0

↔Xj
(X ↓ Y )Y k→j→1

↔

⇔

↑∑

k=0

1

k!
k2→(k→1)

↔X ↓ Y ↔ = e1/2↔X ↓ Y ↔.

This proves the upper bound. For the lower bound, observe that

↔eX ↓ eY ↔ =

∥∥∥∥X ↓ Y +

↑∑

k=2

1

k!
(Xk

↓ Y k
)

∥∥∥∥

→ ↔X ↓ Y ↔ ↓

∥∥∥∥
↑∑

k=2

1

k!
(Xk

↓ Y k
)

∥∥∥∥

→ ↔X ↓ Y ↔ ↓

↑∑

k=2

1

k!
↔Xk

↓ Y k
↔

→ ↔X ↓ Y ↔ ↓

↑∑

k=2

1

k!
k2→(k→1)

↔X ↓ Y ↔ = (2↓ e1/2)↔X ↓ Y ↔.

This completes the proof.

Let T1, . . . , Tm be a set of generators of g that are orthonormal with respect to the
inner product displayed in equation (C.7.1). Define

ξ(x1, . . . , xm) := exp

( m∑

a=1

xaTa

)

for (x1, . . . , xm) ↑ Rm, so that ξ is an isomorphism of the inner product spaces Rm and g.

Lemma C.7.3. There is local coordinate chart (V,φ) of G containing I, such that φ→1
= ξ

on φ(V ) and φ(V ) is a bounded open neighborhood of zero in g.

Proof. Take any chart (U,ω) of G that contains the identity. Since U is open and I ↑ U ,
U contains an open ball (with respect to the Euclidean metric on G) of some radius r > 0
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centered at I. Without loss, let us assume that r < 1
2 . If B denotes the open ball of radius

e→1/2r centered at the origin in Rm, then by Lemma C.7.2, the restriction of ξ to B is an
injective continuous map from B into U . Consequently, ω ∈ ξ is an injective continuous
map from B into ω(U) ↗ Rm. By Brouwer’s invariance of domain theorem, this implies
that ω ∈ ξ is an open map on B. Consequently,

V := ξ(B) = ω→1
(ω ∈ ξ(B))

is an open neighborhood of I. Again by Lemma C.7.2, φ := ξ→1 is a homeomorphism
between V and B. Lastly, note that V ↗ U and ω ∈ φ→1

= ω ∈ ξ is a smooth map. Thus,
(V,φ) is a local coordinate chart.

Lemma C.7.3 leads to the following result.

Theorem C.7.4. Let G be a compact matrix Lie group, contained in U(n) for some n.
Let g denote the Lie algebra of G. Then there is a smooth function J : g ⇒ [0,⇑) such
that J(0) = 1, and for any open neighborhood V of the identity in G with su!ciently small
diameter, there is a bounded open neighborhood U of zero in g such that

∫

V

f(g)dµ(g) =

∫

U

f(eX)J(X)dX

for any smooth function f : G ⇒ C, where µ is the unnormalized Haar measure on G and
dX denotes integration with respect to Lebesgue measure on g (upon identifying g with Rm

using an orthonormal basis, where m is the dimension of G). Moreover, the diameter of U
goes to zero as the diameter of V goes to zero.

Proof. Let (V,φ) be the chart from Lemma C.7.3. Recall the function 3 from the proof of
Lemma C.7.1, with (V,φ) in place of the chart (U,ω). Then

3ij(x) = Tr(ϑiξ(x)ϑjξ(x)
⇑
).

From the explicit form of ξ, it is clear that 3 is a smooth function, and by the identity (C.7.2),
we have that ∫

f(g)dµ(g) =

∫

▷(V )
f(ξ(x))


det 3(x)dx

for any f that vanishes outside V . Lastly, a simple calculation shows that

ϑiξ(0) = Ti

for i = 1, . . . ,m. By our choice of T1, . . . , Tm, this implies that 3(0) is the identity matrix.
The claim follows by combining all of the above observations.
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C.8 Discrete di!erential geometry

In this section, we develop the tools of discrete di!erential geometry that are needed for
analyzing Abelian lattice gauge theories via duality transformations.

C.8.1 The cell complex of Zn

Take any n → 1 and any x ↑ Zn. There are n edges coming out of x in the positive direction.
Let us denote these edges by dx1, . . . , dxn. For each 1 ⇔ k ⇔ n and 1 ⇔ i1 < i2 < · · · <

ik ⇔ n, the edges dxi1 , . . . , dxik define a positively oriented k-cell of Zn. (For example, a
plaquette is a 2-cell.) We will denote this k-cell by the wedge product

dxi1 ¬ dxi2 ¬ · · · ¬ dxik .

A 0-cell is simply a vertex. We will use ↓dxi1 ¬ · · ·¬ dxik to denote the negatively oriented
version of dxi1 ¬ · · ·¬ dxik . The collection of all oriented k-cells, as k ranges from 0 to n, is
called the cell complex of Zn.

Now take any arbitrary 1 ⇔ i1, . . . , ik ⇔ n. Following the usual conventions for wedge
products, dxi1 ¬ · · · ¬ dxik is defined to be equal to zero if i1, . . . , ik are not all distinct,
and to be equal to (↓1)

mdxj1 ¬ · · · ¬ dxjk otherwise, where j1, . . . , jk is the increasing
rearrangement of i1, . . . , ik and m is the sign of the permutation that takes i1, . . . , ik to
j1, . . . , jk. For example, dx1 ¬ dx1 = 0 and dx2 ¬ dx1 = ↓dx1 ¬ dx2.

C.8.2 Di!erential forms on Zn

Let R be a ring. An R-valued k-form on Zn is a R-valued function on the set of positively
oriented k-cells, which is zero everywhere except at a finite number of k-cells. An R-valued
k-form f will be denoted by the formal expression

f(x) =
∑

1↔i1<···<ik↔n

fi1···ik(x)dxi1 ¬ · · · ¬ dxik ,

where fi1···ik(x) is the value assigned to the positively oriented k-cell dxi1¬· · ·¬dxik . We will
use the convention that fj1···jk = 0 if j1, . . . , jk are not distinct, and for distinct j1, . . . , jk,
fj1···jk denotes sfi1···ik , where i1, . . . , ik is the increasing rearrangement of j1, . . . , jk and s

is the sign of the permutation that takes (j1, . . . , jk) to (i1, . . . , ik).
Note that a 0-form is simply a R-valued function on Zn. For k > n or k < 0, there is

only one k-form, which is denoted by 0. The support of a k-form f , denoted by supp f , is
the set of x ↑ Zn such that f(x) ⇓= 0.

If f is an R-valued k-form and c is the k-cell dxi1 ¬ · · · ¬ dxik , we will sometimes use
the notation f(c) to denote fi1···ik(x).
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C.8.3 Discrete exterior derivative

For any function h : Zn
⇒ R, any x ↑ Zn and any 1 ⇔ i ⇔ n, define the discrete derivative

of h in direction i at the point x as

ϑih(x) := h(x+ ei)↓ h(x),

where ei is the vector that has 1 in coordinate i and 0 in all other coordinates. For
0 ⇔ k ⇔ n↓ 1, the exterior derivative of a k-form f is the (k + 1)-form

df(x) :=
∑

1↔i1<···<ik↔n

∑

1↔i↔n

ϑifi1···ik(x)dxi ¬ dxi1 ¬ · · · ¬ dxik . (C.8.1)

In other words, if g = df , then for any 1 ⇔ i1 < · · · < ik+1 ⇔ n,

gi1···ik+1(x) =
∑

1↔j↔k+1

(↓1)
j→1ϑijfi1···îj ···ik+1

(x), (C.8.2)

where i1 · · · îj · · · ik+1 is the list obtained by omitting ij from i1i2 · · · ik+1. For example, if
n = 4 and

f(x) = f12(x)dx1 ¬ dx2 + f13(x)dx1 ¬ dx3, (C.8.3)

then

df(x) = (ϑ3f12(x)↓ ϑ2f13(x))dx1 ¬ dx2 ¬ dx3

+ ϑ4f12(x)dx1 ¬ dx2 ¬ dx4 + ϑ4f13(x)dx1 ¬ dx3 ¬ dx4.

The exterior derivative of any n-form is zero, consistent with our convention that 0 is the
only k-form when k > n. A di!erential form f is called closed if df = 0, and exact if f = dg

for some g.

Lemma C.8.1. For any R-valued di"erential form f on Zn, ddf = 0.

Proof. If f is a k-form for k → n ↓ 1, then ddf = 0 automatically, so there is nothing
to prove. Assume that k < n ↓ 1. Since the exterior derivative is a linear operator, the
formula (C.8.1) implies that

ddf(x) :=
∑

1↔i1<···<ik↔n

∑

1↔i,j↔n

ϑjϑifi1···ik(x)dxj ¬ dxi ¬ dxi1 ¬ · · · ¬ dxik .

Inside the sum, if i = j, the term is zero since dxi ¬ dxi = 0. If i ⇓= j, the (i, j)-term cancels
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the (j, i)-term, since dxj ¬ dxi = ↓dxi ¬ dxj and for any h,

ϑjϑih(x) = ϑih(x+ ej)↓ ϑih(x)

= (h(x+ ej + ei)↓ h(x+ ej))↓ (h(x+ ei)↓ h(x))

= (h(x+ ej + ei)↓ h(x+ ei))↓ (h(x+ ej)↓ h(x))

= ϑiϑjh(x).

Thus, all terms cancel, showing that ddf = 0.

C.8.4 Discrete Poincaré lemma

An important result about the discrete exterior derivative is the discrete Poincaré lemma,
which says that every closed form is exact. In the following, a hypercube B ↗ Zn is a set of
the form

([a1, b1]′ [a2, b2]′ · · ·′ [an, bn]) ≃ Zn,

where the ai’s and bi’s are integers.

Lemma C.8.2 (Discrete Poincaré lemma). Take any 1 ⇔ k ⇔ n ↓ 1. Let R be a ring.
Then for any R-valued closed k-form f on Zn, there is an R-valued (k↓ 1)-form g such that
dg = f . Moreover, supp g is contained in the smallest hypercube that contains supp f . The
result also holds for k = 0, in the sense that f = 0 is the only 0-form that satisfies df = 0.

Proof. First, let us do the case k = 0, since it is easy. Let f be a 0-form satisfying df = 0.
This means that f(x) = f(y) for any x, y that are neighbors on the lattice. Since f has
finite support, it follows that f = 0 everywhere.

Next, let us do the case 1 ⇔ k ⇔ n↓ 1. Let a1, . . . , an, b1, . . . , bn be integers such that
f(x) = 0 whenever x /↑ [a1, b1]′ · · ·′ [an, bn]. For each r ↑ Z, let

Sr := Zn→1
′ {r}.

We define g(x) = 0 if x ↑ Sr for some r < an. Then, starting from r = an, we define g

inductively on Sr, given that it has been defined on Sr→1, as follows. For 1 ⇔ i1 < · · · <

ik→1 ⇔ n and x ↑ Sr, let

gi1···ik↑1(x) := gi1···ik↑1(x↓ en) + (↓1)
k→1fi1···ik↑1n(x↓ en). (C.8.4)

Note that with this construction, g = 0 on Sr for all r ⇔ an, since f = 0 on Sr for all
r < an. The construction also ensures that gi1···ik↑1(x) = 0 for all x when ik→1 = n. Note
that g may not have finite support, but we will not worry about that yet.

Let h = dg. We claim that h = f . Take any x ↑ Z. Suppose that x ↑ Sr for some
r < an. Then f(x) = 0. On the other hand, h(x) depends only on the values of g on Sr

and Sr+1, which are all zero since r < an and g = 0 on Sr for all r ⇔ an, as noted in the
previous paragraph.
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Next, take any 1 ⇔ i1 < · · · < ik ⇔ n and x ↑ Sr for some r → an. We will prove by
induction on r that

hi1···ik(x) = fi1···ik(x). (C.8.5)

First, suppose that ik = n. Recall that

hi1···ik(x) =
∑

1↔j↔k

(↓1)
j→1ϑijgi1···îj ···ik(x).

Since gi1···ik↑1(x) = 0 when ik→1 = n, we see that ϑijgi1···îj ···ik(x) = 0 for j < k. Also, by
equation (C.8.4),

ϑngi1···ik↑1(x) = (↓1)
k→1fi1···ik↑1n(x).

Combining, we get

hi1···ik(x) = (↓1)
k→1ϑngi1···ik↑1(x) = fi1···ik↑1n(x).

This completes the induction step when ik = n.
Next, suppose that ik < n. Let y = x↓ en, so that y ↑ Sr→1. Let u = dh and v = df .

Then by Lemma C.8.1, u = 0, and by assumption, v = 0. Thus,

0 = ui1···ikn(y) = (↓1)
kϑnhi1···ik(y) +

∑

1↔j↔k

(↓1)
j→1ϑijhi1···îj ···ikn(y), (C.8.6)

and
0 = vi1···ikn(y) = (↓1)

kϑnfi1···ik(y) +
∑

1↔j↔k

(↓1)
j→1ϑijfi1···îj ···ikn(y). (C.8.7)

Take any 1 ⇔ j ⇔ k. Then

ϑijhi1···îj ···ikn(y)↓ ϑijfi1···îj ···ikn(y)

= (h
i1···îj ···ikn

(y + eij )↓ h
i1···îj ···ikn

(y))↓ (f
i1···îj ···ikn

(y + eij )↓ f
i1···îj ···ikn

(y)).

Since ik < n, the point z := y + eij belongs to Sr→1, just like y. Therefore by the
identity (C.8.5) for points in Sr→1, the above expression vanishes. Combining this with
equations (C.8.6) and (C.8.7), we get

ϑnfi1···ik(y) = ϑnhi1···ik(y).

But by the induction hypothesis, fi1···ik = hi1···ik on Sr→1. Since y + en = x, the above
identity therefore reduces to equation (C.8.5) for points in Sr. This completes the proof of
the claim that h = f .

It remains to show that g vanishes outside the hypercube B := ([a1, b1]′· · ·′[an, bn])≃Zn.
Take any x = (x1, . . . , xn) ↑ Zn. Then the inductive construction (C.8.4) ensures that if
xi /↑ [ai, bi] for some i < n, then g(x) = 0. Also, we have that g(x) = 0 if xn ⇔ an. Lastly,
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if g(x) = 0 for all x ↑ Sbn+1, then g(x) = 0 when xn > bn + 1, by equation (C.8.4) and the
fact that f vanishes outside B. Thus, it su"ces to show that g(x) = 0 if xn = bn + 1.

It turns out that this is true only if k = 1. For k → 2, we will have to replace g by a
di!erent (k ↓ 1)-form g⇒, also satisfying dg⇒ = f , which vanishes outside B. But first, let us
complete the proof for k = 1. Take any point x ↑ Sbn+1. Then dg(x) = f(x) = 0, which
implies that

0 = ϑig(x) = g(x+ ei)↓ g(x)

for all 1 ⇔ i ⇔ n ↓ 1. This shows that g is constant on Sbn+1. But, as observed above,
g(x) = 0 if xi /↑ [ai, bi] for some 1 ⇔ i ⇔ n↓ 1. Thus, g = 0 on Sbn+1. This completes the
proof of the lemma when k = 1, for any n → 2. This also completes the proof of the lemma
when n = 2, because k must be 1 if n = 2.

Next, take any n → 3 and suppose that the lemma has been proved for dimensions
⇔ n↓ 1. Let g and f be as above, with 2 ⇔ k < n. Define a (k ↓ 1)-form q on Zn→1 as

q(y) := (↓1)
kg(y, bn + 1), y ↑ Zn→1.

Since dg = f = 0 on Sbn+1, it follows that dq = 0. Moreover, q vanishes outside
[a1, b1]′ · · ·′ [an→1, bn→1]. Thus, by the induction hypothesis, there is a (k ↓ 2)-form p on
Zn→1 such that dp = q, and p vanishes outside [a1, b1]′ · · ·′ [an→1, bn→1].

Define a (k↓ 1)-form w on Zn as follows. Let w(x) = g(x) if x ↑ Sr for some r → bn+1,
and w(x) = 0 if x ↑ Sr for some r < bn. If x = (x1, . . . , xn→1, bn) ↑ Sbn , we define

wi1···ik↑2n(x) := pi1···ik↑2(x1, . . . , xn→1)

for 1 ⇔ i1 < · · · < ik→2 < n, and wi1···ik↑1(x) = 0 if ik→1 < n. We claim that dw = 0. To
see this, let s := dw. First, note that if x ↑ Sr for some r → bn + 1, then s(x) = dg(x) = 0.
Next, suppose that x ↑ Sr for some r < bn. Recall that for any 1 ⇔ i1 < · · · < ik ⇔ n,

si1···ik(x) =
n∑

j=1

(↓1)
j→1ϑijwi1···îj ···ik

(x)

If ik < n, this is zero, since x+ eij ↑ Sr for all j in this case, and w = 0 on Sr. For the
same reason, if ik = n, then

si1···ik↑1n(x) = (↓1)
n→1ϑnwi1···ik↑1(x)

= (↓1)
n→1

(wi1···ik↑1(x+ en)↓ wi1···ik↑1(x)).

But wi1···ik↑1(x) = 0 since x ↑ Sr, and wi1···ik↑1(x+ en) = 0 since x+ en ↑ Sr+1, r+1 ⇔ bn,
and ik→1 < n. This shows that s(x) = 0 if x ↑ Sr for some r < bn. Lastly, take x =

(x1, . . . , xn→1, bn) ↑ Sbn and 1 ⇔ i1 < · · · < ik ⇔ n. If ik < n, then ϑijwi1···îj ···ik
(x) = 0 for

any j, which implies that si1···ik(x) = 0. So, suppose that ik = n. Let x⇒ := (x1, . . . , xn→1).
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Then for 1 ⇔ j ⇔ k ↓ 1,

ϑijwi1···îj ···ik↑1n
(x) = w

i1···îj ···ik↑1n
(x+ eij )↓ w

i1···îj ···ik↑1n
(x)

= p
i1···îj ···ik↑1

(x⇒ + eij )↓ p
i1···îj ···ik↑1

(x⇒)

= ϑijpi1···îj ···ik↑1
(x⇒),

and

ϑnwi1···ik↑1(x) = wi1···ik↑1(x+ en)↓ wi1···ik↑1(x)

= gi1···ik↑1(x+ en).

Thus, we get

si1···ik↑1n(x) =
n→1∑

j=1

(↓1)
j→1ϑijpi1···îj ···ik↑1

(x⇒) + (↓1)
k→1gi1···ik↑1(x+ en)

= qi1···ik↑1(x
⇒
) + (↓1)

k→1gi1···ik↑1(x+ en)

= (↓1)
kgi1···ik↑1(x+ en) + (↓1)

k→1gi1···ik↑1(x+ en) = 0.

This completes the proof of the claim that dw = 0. Now define g⇒ := g ↓ w. Then
dg⇒ = dg ↓ dw = dg = f . Also, note that g⇒ vanishes outside the hypercube B, since
g(x) = w(x) for when x ↑ Sr for some r → bn + 1, w(x) = 0 when x ↑ Sr for some r < bn,
and w(x) = 0 if x ↑ Sbn but xi /↑ [ai, bi] for some 1 ⇔ i ⇔ n↓ 1.

C.8.5 Discrete coderivative

The exterior derivative operator d has an adjoint, denoted by δ and sometimes called the
‘codi!erential operator’ or simply ‘coderivative’. Letting

ϑih(x) := h(x)↓ h(x↓ ei),

the operator δ is defined as

δf(x) :=
∑

1↔i1<···<ik↔n

∑

1↔l↔k

(↓1)
lϑilfi1···ik(x)dxi1 ¬ · · · ¬ d̂xil ¬ · · · ¬ dxik . (C.8.8)

The operator δ takes k-forms to (k ↓ 1)-forms. If k = 0, then δf = 0 by definition. As an
example, suppose that n = 4 and f is the 2-form defined in equation (C.8.3). Then

δf(x) = (ϑ2f12(x) + ϑ3f13(x))dx1 ↓ ϑ1f12(x)dx2 ↓ ϑ1f13(x)dx3.

Note that on manifolds, ϑi and ϑi are the same. But in the discrete setting, the two
operators are not the same, and we need to define δ using ϑi as above.

The coderivative may be alternatively expressed as follows. Let g := δf . Then
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equation (C.8.8) shows that for any 1 ⇔ i1 < · · · < ik→1 ⇔ n,

gi1···ik↑1(x) = ↓

n∑

i=1

ϑifii1···ik↑1(x). (C.8.9)

C.8.6 Discrete Hodge dual

An important object for us is the dual of the lattice Zn, which we will denote by ∅Zn. This
is just another copy of Zn, whose vertices are the centers of the n-cells of the primal lattice.
This gives a correspondence between the n-cells of the primal lattice and the 0-cells of the
dual lattice. This correspondence extends to a correspondence between the cell complex of
the primal lattice and the cell complex of the dual lattice, where an oriented k-cell c of the
primal lattice is paired with an oriented (n↓ k)-cell ∅c of the dual lattice. The cell ∅c is
called the Hodge dual of the cell c. The duality is defined as follows.

Take any x in the primal lattice. Let y denote the center of the n-cell dx1 ¬ · · · ¬ dxn,
so that y = ∅(dx1 ¬ · · · ¬ dxn) according to our convention. The vertex y is sometimes
called the dual vertex of x. For any % ↗ Zn, ∅% denotes the set of duals of the vertices in
%. Explicitly, if

% = ′
n

i=1{ai, ai + 1, . . . , bi ↓ 1, bi},

then

∅% = ′
n

i=1

{
ai +

1

2
, ai +

3

2
, . . . , bi ↓

1

2
, bi +

1

2

}
. (C.8.10)

Let dy1, . . . , dyn be the edges coming out of y in the negative direction. Take any 1 ⇔ i1 <

· · · < ik ⇔ n. Let j1, . . . , jn→k be an enumeration of {1, . . . , n} \ {i1, . . . , ik}, and define

∅(dxi1 ¬ · · · ¬ dxik) := s dyj1 ¬ · · · ¬ dyjn↑k ,

where s is the sign of the permutation (i1, . . . , ik, j1, . . . , jn→k). It is easy to see that the
right side does not depend on our choice of j1, . . . , jn→k. By the same principle, define

∅(dyj1 ¬ · · · ¬ dyjn↑k) := (↓1)
k(n→k)s dxi1 ¬ · · · ¬ dxik ,

where (↓1)
k(n→k) is present because the sign of (j1, . . . , jn→k, i1, . . . , ik) is (↓1)

k(n→k)s.
With x, y, s and j1, . . . , jn→k as above, the Hodge dual of an R-valued k-form f is defined
as the following (n↓ k)-form on the dual lattice:

∅f(y) :=
∑

1↔i1<···<ik↔n

fi1···ik(x)s dyj1 ¬ · · · ¬ dyjn↑k .

(Note that s and j1, . . . , jn→k depend on i1, . . . , ik in the above sum, but this dependence
has been suppressed for notational clarity.) For example, if n = 4 and f is the 2-form
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defined in equation (C.8.3), then

∅f(y) = f12(x)dy3 ¬ dy4 ↓ f13(x)dy2 ¬ dy4.

One can similarly define the dual of a k-form on the dual lattice, which is an (n↓ k)-form
on the primal lattice. The prescription is exactly the same as above, except that now
x ↑ ∅Zn and y is the dual of x in Zn, defined to be the center of the n-cell dx1 ¬ · · · ¬ dxn.
It is easy to see that for a k-form f on the primal lattice,

∅∅f = (↓1)
k(n→k)f. (C.8.11)

The exterior derivative operator on the cell complex of the dual lattice is defined just the
same way as on the primal lattice, but with ϑi replaced by ϑi, since the edges in the dual
lattice are oriented in the opposite direction. The exterior derivative on the dual lattice
is also denoted by d. With this definition, the following lemma connects the Hodge star
operator with the adjoint of the exterior derivative on the dual lattice. This is a discrete
version of a well-known lemma about di!erential forms on manifolds.

Lemma C.8.3. For any R-valued k-form f on Zn,

δf(x) = (↓1)
n(k+1)+1

∅d∅f(y),

where y is center of the n-cell dx1 ¬ · · · ¬ dxn.

Proof. Note that if f is a R-valued k-form on the primal lattice, and x, y, s and j1, . . . , jn→k

are as in the paragraphs preceding the statement of the lemma, then

d∅f(y) =
∑

1↔i1<···<ik↔n

∑

1↔i↔n

ϑifi1···ik(x)s dyi ¬ dyj1 ¬ · · · ¬ dyjn↑k .

The summand on the right is zero unless i is one of i1, . . . , ik. If i = il for some l, then

∅(dyi ¬ dyj1 ¬ · · · ¬ dyjn↑k)

= (↓1)
k(n→k)+n→k+l→1s dxi1 ¬ · · · ¬ d̂xil ¬ · · · ¬ dxik ,

since the sign of (il, j1, . . . , jn→k, i1, . . . , îl, . . . , ik) equals

(↓1)
k(n→k)+n→k+l→1s.

Thus, putting r := k(n↓ k) + n↓ k ↓ 1, we get

∅d∅f(y)

= (↓1)
r

∑

1↔i1<···<ik↔n

∑

1↔l↔k

(↓1)
lϑilfi1···ik(x)dxi1 ¬ · · · ¬ d̂xil ¬ · · · ¬ dxik

= (↓1)
rδf(x).
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Since k(k + 1) is even, (↓1)
r
= (↓1)

n(k+1)+1.

C.8.7 Poincaré lemma for the coderivative

The following is a dual version of the Poincaré lemma. The proof is a combination of the
Poincaré lemma and Lemma C.8.3.

Lemma C.8.4 (Poincaré lemma for the coderivative). Take any 1 ⇔ k ⇔ n↓ 1. Let f be
an R-valued k-form on Zn with δf = 0. Then there is a (k + 1)-form h such that f = δh.
Moreover, supph is contained in the smallest hypercube containing supp f . The result also
holds for k = n, in the sense that f = 0 is the only n-form that satisfies δf = 0.

Proof. Since δf = 0, Lemma C.8.3 implies that d∅f = 0. Let B be the smallest hypercube
that contains supp f . Let ∅B be the hypercube in ∅Zn consisting of the centers of all
the k-cells in B. Then it is easy to check that ∅B contains the support of ∅f . Thus, by
Lemma C.8.2, there is an (n↓ k ↓ 1)-form g on ∅Zn such that dg = ∅f and supp g ↗ ∅B.
Let

h := (↓1)
→(k→1)(n→k+1)→k(n→k)→nk→1

∅g,

so that
∅h = (↓1)

→k(n→k)→nk→1g.

Thus, by Lemma C.8.3,

δh = (↓1)
nk+1

∅d∅h = (↓1)
→k(n→k)

∅dg = f.

Lastly, note that by the definition of h, it follows that h vanishes outside B.

C.8.8 Inner product of di!erential forms

Let f and g be two R-valued k-forms on Zn, where R is a ring and 0 ⇔ k ⇔ n. The inner
product of f and g is defined as

(f, g) :=
∑

x↗Zn

∑

1↔i1<···<ik↔n

fi1···ik(x)gi1···ik(x).

When R = R, this inner product induces the norm

↔f↔ := (f, f)1/2.

The above inner product satisfies the following ‘summation by parts’ identity.

Lemma C.8.5. Let R be a ring. For any R-valued (k + 1)-form f and k-form g on Zn,
where 0 ⇔ k ⇔ n↓ 1, we have

(f, dg) = (δf, g).
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Proof. Let h := δf . Recalling the formula for the coderivative from equation (C.8.9), we
see that

(h, g) = ↓

∑

x↗Zn

∑

1↔i1<···<ik↔n

n∑

i=1

ϑifii1···ik(x)gi1···ik(x).

This gives

(h, g) = ↓

∑

x↗Zn

∑

1↔i1<···<ik↔n

n∑

i=1

(fii1···ik(x)↓ fii1···ik(x↓ ei))gi1···ik(x)

= ↓

∑

x↗Zn

∑

1↔i1<···<ik↔n

n∑

i=1

fii1···ik(x)gi1···ik(x)

+

∑

x↗Zn

∑

1↔i1<···<ik↔n

n∑

i=1

fii1···ik(x↓ ei)gi1···ik(x).

But note that

∑

x↗Zn

∑

1↔i1<···<ik↔n

n∑

i=1

fii1···ik(x↓ ei)gi1···ik(x)

=

∑

x↗Zn

∑

1↔i1<···<ik↔n

n∑

i=1

fii1···ik(x)gi1···ik(x+ ei).

Plugging this back into the previous display, we get

(h, g) =
∑

x↗Zn

∑

1↔i1<···<ik↔n

n∑

i=1

fii1···ik(x)ϑigi1···ik(x).

Take any 1 ⇔ j1 < · · · < jk+1 ⇔ n. Then fj1···jk(x) occurs in the above sum as
(↓1)

l→1f
j1···ĵl···jk+1

(x) for l = 1, . . . , k + 1. For each l, this comes multiplied by the factor
ϑjlgj1···ĵl···jk+1

(x). Thus, we get

(h, g) =
∑

x↗Zn

∑

1↔j1<···<jk+1↔n

fj1···jk+1(x)

(k+1∑

l=1

(↓1)
l→1ϑjlgj1···ĵl···jk+1

(x)

)

=

∑

x↗Zn

∑

1↔j1<···<jk+1↔n

fj1···jk+1(x)uj1···jk+1(x),

where u := dg. This completes the proof.

C.8.9 Poincaré lemma for 0-forms

Recall that δf = 0 for any 0-form f , by definition. But it is not hard to see that not all
0-forms can be expressed as δg for some 1-form g. Can we still have some version of the
coderivative Poincaré lemma for 0-forms? The following result gives the necessary and
su"cient condition.
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Lemma C.8.6. Let R be a ring. An R-valued 0-form f on Zn satisfies f = δg for some
1-form g if and only if

∑
x↗Zn f(x) = 0. Moreover, if this criterion is satisfied and supp f

is connected in the usual graph structure on Zn, then it can be arranged that g(e) = 0 unless
both endpoints of e are in supp f .

Proof. First, suppose that f = δg for some 1-form g. Let h be the 0-form that is equal to 1

at any vertex that is an endpoint of some edge e with g(e) ⇓= 0, and 0 elsewhere. Note that
the support of h contains the support of f . Thus, by Lemma C.8.5,

∑

x↗Zn

f(x) = (f, h) = (δg, h) = (g, dh).

But by the definition of h, dh(e) = 0 for any edge e such that g(e) ⇓= 0. Thus, the right
side is zero. This proves one direction of the lemma.

For the other direction, suppose that
∑

x↗Zn f(x) = 0. For x ↑ Zn, let ςx denote the
0-form that is 1 at x and 0 everywhere else. For any distinct x, y ↑ Zn, let ςx,y := ςx ↓ ςy.
For any such pair (x, y), choose a path of distinct vertices x0, . . . , xk from x to y, with
x0 = x, xk = y, and xj+1 a neighbor of xj for each j. Define an R-valued 1-form 1x,y as

1x,y(e) :=





1 if e = (xj , xj+1) for some 0 ⇔ j ⇔ k ↓ 1,

0 otherwise.

A simple verification shows that

δ1x,y = ςx,y. (C.8.12)

Next, let S denote the support of f . If S = ℑ, we can simply take g = 0. Otherwise, let x0

be the smallest element of S in the lexicographic ordering. We claim that

f =

∑

x↗S\{x0}

f(x)ςx,x0 . (C.8.13)

To see this, note that by the condition
∑

x↗Zn f(x) = 0, we have

∑

x↗S\{x0}

f(x)ςx,x0 =

∑

x↗S\{x0}

f(x)(ςx ↓ ςx0)

=

∑

x↗S\{x0}

f(x)ςx ↓

( ∑

x↗S\{x0}

f(x)

)
ςx0

=

∑

x↗S\{x0}

f(x)ςx + f(x0)ςx0 = f.

This proves equation (C.8.13). Define

g :=

∑

x↗S\{x0}

f(x)1x,x0 .
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Then by equation (C.8.12) and equation (C.8.13), we get

δg =

∑

x↗S\{x0}

f(x)δ1x,x0 =

∑

x↗S\{x0}

f(x)ςx,x0 = f.

This completes the proof of the converse direction. Finally, if S is connected, then the path
between x and y for any x, y ↑ S can be chosen to lie entirely in S. Thus, 1x,y(e) = 0 for
any e whose endpoints are not both in S. Consequently, g inherits this property.

C.8.10 The discrete Hodge Laplacian

Let R be a ring, and consider R-valued di!erential forms on Zn. The discrete Hodge
Laplacian is the operator

# := dδ + δd

that takes k-forms to k-forms. Let us now see what this turns out to be more explicitly.
First, consider 0-forms. If f is a 0-form, then δf = 0 by definition. Let g := df and h := δg,
so that h = #f . Then gi(x) = f(x + ei) ↓ f(x) for x ↑ Zn and 1 ⇔ i ⇔ n, and by the
formula (C.8.9),

h(x) = ↓

n∑

i=1

ϑigi(x) = ↓

n∑

i=1

(gi(x)↓ gi(x↓ ei))

= ↓

n∑

i=1

(f(x+ ei)↓ f(x)↓ (f(x)↓ f(x↓ ei)))

= 2nf(x)↓
n∑

i=1

(f(x+ ei) + f(x↓ ei)).

Thus, for 0-forms, the Hodge Laplacian is the usual discrete Laplace operator. The following
lemma shows that this extends to k-forms in a simple way.

Lemma C.8.7. Let R be a ring and

f =

∑

1↔i1<···<ik↔n

fi1···ikdxi1 ¬ · · · ¬ dxik

be an R-valued k-form on Zn. Then

#f =

∑

1↔i1<···<ik↔n

#fi1···ikdxi1 ¬ · · · ¬ dxik ,

where the # on the right stands for the usual discrete Laplacian.

Proof. Since we have already proved the claim for k = 0 above, let us take 1 ⇔ k ⇔ n and
a k-form f . Let g := df and h := δg = δdf . If k = n, then df = 0 and therefore h = 0.
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Suppose that k < n. Then by the formula (C.8.2),

gi1···ik+1(x) =
k+1∑

j=1

(↓1)
j→1ϑijfi1···îj ···ik+1

(x).

Thus, by the formula (C.8.9),

hi1···ik(x) = ↓

n∑

i=1

ϑigii1···ik(x)

= ↓

n∑

i=1

ϑi

(
ϑifi1···ik(x) +

k∑

j=1

(↓1)
jϑijfii1···îj ···ik(x)

)

= #fi1···ik(x)↓
n∑

i=1

k∑

j=1

(↓1)
jϑiϑijfii1···îj ···ik(x).

Next, let u := δf and v := du = dδf . Then

ui1···ik↑1(x) = ↓

n∑

i=1

ϑifii1···ik↑1(x),

and therefore,

vi1···ik(x) =
k∑

j=1

(↓1)
j→1ϑijui1···îj ···ik(x)

= ↓

k∑

j=1

(↓1)
j→1ϑij

( n∑

i=1

ϑifii1···îj ···ik(x)

)

=

k∑

j=1

n∑

i=1

(↓1)
jϑijϑifii1···îj ···ik(x).

Now, an easy verification shows that the operators ϑi and ϑj commute for any i, j. Thus,
the above calculations show that #f = h+ v has the required form. Lastly, if k = n, then

v1···n(x) =
n∑

i,j=1

(↓1)
jϑjϑifi1···̂j···n(x).

But

f
i1···̂j···n =





0 if i ⇓= j,

(↓1)
i→1f1···n if i = j.

Thus,

v1···n(x) = ↓

n∑

i=1

ϑiϑif1···n(x) = #f1···n(x).

This completes the proof.
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Let % be a hypercube in Zn. Let ϑ% be the boundary of %, meaning the set of vertices
in % that have at least one neighbor outside %. We will say that a k-cell c is in % if all
of its vertices are in %. A k-cell of % will be called a ‘boundary k-cell’ if all of its vertices
are in ϑ%. The remaining k-cells of % will be called ‘interior k-cells’. Let ’! denote the
following operator on R-valued di!erential forms. For any k-form ⇀, ’!⇀ is the k-form

’!⇀(c) :=





⇀(c) if c is an interior k-cell of %,

0 otherwise.

It is not hard to see that for a given k, ’! is the orthogonal projection (with respect to
the inner product defined in Subsection C.8.8) on to the subspace of k-forms which vanish
on all k-cells that are not interior k-cells of %. Define the restriction of # to % under zero
boundary condition as

#! := ’!#.

It turns out that the #
→1
! is well-defined on the range of ’!, as shown by the following

lemma.

Lemma C.8.8. For any 0 ⇔ k ⇔ n, the operator #! is a linear bijection on the space of
all R-valued k-forms that are in the range of ’!.

Proof. Clearly, #! maps into the range of ’!. Since dim(range’!) is finite, it su"ces
to show that #! is injective. Suppose that #!⇀ = 0 for some ⇀ ↑ range’!. Then
(⇀,#!⇀) = 0. But

(⇀,#!⇀) = (⇀,’!#⇀)

= (⇀,#⇀) = (⇀, (dδ + δd)⇀)

= ↔δ⇀↔2 + ↔d⇀↔2,

where the identity holds even if k = 0 or k = n. Thus, δ⇀ = 0 and d⇀ = 0. Suppose that
1 ⇔ k ⇔ n↓ 1. By the Poincaré lemmas for d and δ, this means that there is a (k+1)-form
1 and a (k ↓ 1)-form ξ such that ⇀ = δ1 and ⇀ = dξ. Thus,

↔⇀↔2 = (δ1, dξ) = (1, ddξ) = 0,

which completes the proof. If k = 0, then the fact that d⇀ = 0 implies that ⇀ = 0 (by the
Poincaré lemma). Similarly, if k = n, then the fact that δ⇀ = 0 implies that ⇀ = 0.
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Functional Analysis

D.1 Some basic results

D.1.1 The Baire category theorem

Throughout this chapter, all Hilbert spaces and Banach spaces are over the field of complex
numbers. We will need the following basic fact about Banach spaces.

Theorem D.1.1 (Baire category theorem for Banach spaces). Let B be a Banach space.
Suppose that B is the union of a countable sequence of closed sets {Fn}n↘1. Then at least
one Fn has nonempty interior.

Proof. Let Un := B \ Fn. Then each Un is open. Suppose that each Fn has empty
interior. Then each Un is dense. Take any x1 ↑ U1 and a radius r1 ↑ (0, 1) so small that
B(x1, r1) ↗ U1 (where B(x, r) denotes the open ball of radius r and center x). Since U2

is dense, there exists a point x2 ↑ U2 ≃ B(x1, r1/2). Find r2 ↑ (0, r1/2) so small that
B(x2, r2) ↗ U2. Continuing this way, we find sequences {xn}n↘1 and {rn}n↘1 such that for
each n, xn+1 ↑ Un+1 ≃B(xn, rn/2), rn+1 ↑ (0, rn/2), and B(xn, rn) ↗ Un. It is easy to see
that {xn}n↘1 is a Cauchy sequence, and therefore, has a limit x ↑ B. Now, for each n,

↔xn ↓ x↔ ⇔

↑∑

k=n

↔xk ↓ xk+1↔

⇔
1

2

↑∑

k=n

rk ⇔
rn
2

↑∑

j=0

2
→j

=
rn
2
.

Consequently, x ↑ B(xn, rn) ↗ Un for each n. This contradicts the fact that the intersection
of the Un’s is empty.

D.1.2 The open mapping theorem

The Baire category theorem implies the following result.

Theorem D.1.2 (Open mapping theorem). Let B1,B2 be two Banach spaces and A : B1 ⇒

B2 be a continuous and surjective linear map. Then A maps open sets to open sets.
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Proof. Let Fn := A(B(0, n)) be the closure of the image of the open ball B(0, n) ↗ B1

under A. Since A is surjective, the union of the Fn’s equals B2. Thus, by the Baire
category theorem, there is some n, some y ↑ B2, and some δ > 0 such that B(y, δ) ↗ Fn.
This implies that B(0, δ) ↗ Fn ↓ y. Now, if x, x⇒ ↑ Fn, then there are sequences {zk}k↘1

and {zk}k↘1 in B1 such that zk, z⇒k ↑ B(0, n) for every n, and Azk ⇒ x, Az⇒
k
⇒ x⇒. But

zk ↓ z⇒
k
↑ B(0, 2n) for every k, and A(zk ↓ z⇒

k
) ⇒ x↓ x⇒. Thus, x↓ x⇒ ↑ F2n. In particular,

B(0, δ) ↗ Fn ↓ y ↗ F2n.
We claim that B(0, δ) ↗ A(B(0, 5n)). To see this, take any x ↑ B(0, δ). Since

B(0, δ) ↗ F2n, there is some y1 ↑ B(0, 2n) such that

↔x↓Ay1↔ <
δ

2
.

Now, the above display shows that 2(x↓A(y1)) ↑ B(0, δ). Thus, there is some y2 ↑ B(0, 2n)

such that
↔2(x↓Ay1)↓A(y2)↔ <

δ

2
.

Continuing like this, we find a sequence of points {yk}k↘1 in B(0, 2n) such that for each k,

↔2
kx↓ 2

kAy1 ↓ 2
k→1Ay2 ↓ · · ·↓Ayk+1↔ <

δ

2
.

Dividing both sides by 2
k and sending k ⇒ ⇑, we see that

x = lim
k↓↑

k∑

j=1

2
→j+1Ayj . (D.1.1)

But note that if we define

zk :=

k∑

j=1

2
→j+1yj ,

then {zk}k↘1 is a Cauchy sequence, since the yj ’s are all in B(0, 2n). Thus, zk ⇒ z for
some z. Moreover,

↔z↔ ⇔

↑∑

j=1

2
→j+1

↔yj↔ ⇔ 4n.

Consequently, z ↑ B(0, 5n). But since A is a continuous map, equation (D.1.1) shows that

x = lim
k↓↑

Azk = Az.

Thus, x ↑ A(B(0, 5n)). This proves the claim that B(0, δ) ↗ A(B(0, 5n)).
Now take any open set U ↗ B1. Take any x ↑ U and a radius r such that B(x, r) ↗ U .

We claim that B(Ax, δr/5n) ↗ A(B(x, r)) ↗ A(U). To see this, take any y ↑ B(Ax, δr/5n).
Then (5n/r)(y ↓ Ax) ↑ B(0, δ). Thus, there is some z ↑ B(0, 5n) ↗ B1 such that
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Az = (5n/r)(y ↓Ax). But then,

y = Ax+
r

5n
Az = A

(
x+

r

5n
z

)
↑ A(B(x, r)),

since z ↑ B(0, 5n). This proves that A(U) is open.

D.1.3 The closed graph theorem

An important consequence of the open mapping theorem is the following. Recall that for a
Banach space B, the graph of a linear map A : B ⇒ B is the set {(x,Ax) : x ↑ B} ↗ B′B.

Theorem D.1.3 (Closed graph theorem for Banach spaces). Let B be a Banach space and
A : B ⇒ B be a linear map whose graph is a closed set in the product topology of B ′ B.
Then A is continuous.

Proof. Let ↔ · ↔ denote the norm on B. Define a new norm

↔x↔⇒ := ↔x↔+ ↔Ax↔.

It is easy to see that this is a norm. We claim that this norm is complete. To see this, take
a sequence {xn}n↘1 that is Cauchy in the norm ↔ · ↔

⇒. Then {xn}n↘1 and {Axn}n↘1 are
both Cauchy in the norm ↔ · ↔. Since the graph of A is closed, it follows that there is some
x ↑ B such that xn ⇒ x and Axn ⇒ Ax. Thus, ↔xn ↓ x↔⇒ ⇒ 0.

Now, it is clear that the identity map I : (B, ↔ · ↔
⇒
) ⇒ (B, ↔ · ↔) is continuous and

surjective. Thus, by the open mapping theorem, its inverse I→1
: (B, ↔ · ↔) ⇒ (B, ↔ · ↔⇒) is

continuous. Since I→1 is a linear map, continuity implies that it is bounded. Thus, there is
some C → 0 such that ↔I→1x↔⇒ ⇔ C↔x↔ for all x ↑ B. But

↔I→1x↔⇒ = ↔x↔⇒ = ↔x↔+ ↔Ax↔.

This proves that A is bounded, and hence, continuous.

D.1.4 The uniform boundedness principle

Another basic tool that we will need is the following. The very short proof given here is
due to Alan Sokal.

Theorem D.1.4 (Uniform boundedness principle). Let {Tn}n↘1 be a sequence of bounded
operators from a Banach space B into itself. Suppose that for each x ↑ B, supn↘1 ↔Tnx↔ is
finite. Then supn↘1 ↔Tn↔ is finite.

Proof. Suppose that the hypothesis holds but supn↘1 ↔Tn↔ = ⇑. Then passing to a
subsequence if necessary, let us assume that ↔Tn↔ → 4

n for each n. Let x0 = 0, and
inductively define x1, x2, . . . as follows. Suppose we have chosen up to xn→1. Note that for
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any y,

↔Tny↔ =
1

2
↔Tn(xn→1 + y)↓ Tn(xn→1 ↓ y)↔

⇔
1

2
(↔Tn(xn→1 + y)↔+ ↔Tn(xn→1 ↓ y)↔)

⇔ max{↔Tn(xn→1 + y)↔, ↔Tn(xn→1 ↓ y)↔}.

But the supremum of the left side over all y with ↔y↔ ⇔ 3
→n is equal to ↔Tn↔3

→n. This shows
that there exists y with ↔y↔ ⇔ 3

→n and ↔Tn(xn→1 + y)↔ →
2
3↔Tn↔3

→n. Let xn := xn→1 + y.
Thus, we get a sequence {xn}n↘1 such that ↔xn ↓ xn→1↔ ⇔ 3

→n and ↔Tnxn↔ →
2
3↔Tn↔3

→n

for each n. Clearly, this is a Cauchy sequence. Let x denote its limit. Then for each n,

↔x↓ xn↔ ⇔

↑∑

k=n

↔xk+1 ↓ xk↔ ⇔

↑∑

k=n

3
→k

=
1

2
3
→n.

Thus, we get

↔Tnx↔ → ↔Tnxn↔ ↓ ↔Tn(x↓ xn)↔ →
2

3
↔Tn↔3

→n
↓

1

2
↔Tn↔3

→n
=

1

6
↔Tn↔3

→n.

Since ↔Tn↔ → 4
n for each n, this shows that supn↘1 ↔Tnx↔ = ⇑, contradicting the hypothesis.

D.1.5 Riesz representation theorem for Hilbert spaces

The following result is known as the Riesz representation theorem for Hilbert spaces.

Theorem D.1.5 (Riesz representation theorem). Let H be a Hilbert space and 0 : H ⇒ C
be a continuous linear map. Then there exists unique x ↑ H such that 0(y) = ↖y, x↙ for all
y ↑ H.

Proof. Let K := ker0. Since 0 is continuous, it is easy to see that K is a closed subspace of
H. If K = H, there is nothing more to prove, since we can simply take x = 0. Suppose that
K ⇓= H, and take any z ↑ H \K. Let d := infx↗K ↔z ↓ x↔. Since K is closed and z /↑ K, d
must be nonzero. Let {wn}n↘1 be a sequence of points in K such that ↔z ↓ wn↔ ⇒ d. By
the parallelogram identity,

↔wm ↓ wn↔
2
= 2↔z ↓ wm↔

2
+ 2↔z ↓ wn↔

2
↓ ↔2z ↓ (wm + wn)↔

2

for each m,n. Since 1
2(wm + wn) ↑ K, this implies that

↔wm ↓ wn↔
2
⇔ 2↔z ↓ wm↔

2
+ 2↔z ↓ wn↔

2
↓ 4d2.

Taking lim sup on both sides as m,n ⇒ ⇑, we get

lim sup
m,n↓↑

↔wm ↓ wn↔
2
⇔ 0.
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Thus, {wn}n↘1 is a Cauchy sequence, and therefore, has a limit w. Since K is closed,
w ↑ K. Let u := z ↓ w. We claim that ↖u, x↙ = 0 for all x ↑ K. To see this, take any
x ↑ K and note that for any ⇀ ↑ R, w + ⇀x ↑ K. Thus,

↔z ↓ (w + ⇀x)↔ → d = ↔z ↓ w↔.

But
↔z ↓ (w + ⇀x)↔2 = ↔z ↓ w↔2 ↓ 2⇀↖z ↓ w, x↙+ ⇀2

↔x↔2.

Therefore, the above quadratic polynomial in ⇀ is minimized at ⇀ = 0. This implies that
its derivative at zero must vanish. This is equivalent to the claim that ↖u, x↙ = 0.

Since z ⇓= w, we conclude that u is nonzero. Note that for any y ↑ H, the linearity of 0
implies that

0(0(u)y ↓ 0(y)u) = 0.

Thus, 0(u)y ↓ 0(y)u ↑ K. Consequently,

0 = ↖0(u)y ↓ 0(y)u, u↙ = 0(u)↖y, u↙ ↓ 0(y)↔u↔2.

Thus, if we take

x :=
0(u)

↔u↔2
u,

then for any y ↑ H,
0(y) = ↖y, x↙.

This proves the existence of x. To prove uniqueness, simply observe that if x⇒ is another
candidate, then the identities

↖x↓ x⇒, x↙ = 0(x↓ x⇒) = ↖x↓ x⇒, x⇒↙

imply that x = x⇒.

D.1.6 The Hellinger–Toeplitz theorem

We will also need the following less well-known result.

Theorem D.1.6 (Hellinger–Toeplitz theorem). Let H be a Hilbert space and A : H ⇒ H

be a symmetric linear operator. Then A is continuous.

Proof. Since A is defined everywhere on H and is symmetric, we see that A is self-adjoint
with domain H. But by Lemma D.2.2, A⇑ is a closed operator. Thus, A is a closed operator.
By the closed graph theorem, this implies that A is a bounded operator.
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D.2 Self-adjoint operators

D.2.1 Self-adjoint operators on a Hilbert space

Let H be a complex Hilbert space with inner product ↖·, ·↙ that is linear in the first argument
and conjugate linear in the second argument. (This needs to be spelled out, since physics
textbooks sometimes take the opposite convention.) A densely defined linear operator on H

is a linear map A : D(A) ⇒ H, where D(A) is a dense subspace of H, called the ‘domain of
A’. Given a densely defined operator A, the adjoint A⇑ of A is defined as follows. First, we
define the domain of A⇑. Let D(A⇑

) be the set of all x ↑ H such that there is some z ↑ H

satisfying the condition that for all y ↑ D(A),

↖Ay, x↙ = ↖y, z↙.

In case such a z exists (and hence, x ↑ D(A⇑
)), we define A⇑x := z, so that we have

↖Ay, x↙ = ↖y,A⇑x↙.

Note that A⇑x is well-defined, since if there exist z and z⇒ satisfying the above criterion,
then ↖y, z ↓ z⇒↙ = 0 for all y ↑ D(A). But D(A) is dense, and therefore z = z⇒. Similarly, it
is easy to verify that A⇑ is linear. Lastly, it is easy to see that D(A⇑

) is a subspace of H.
Note that if D(A) = H and A is continuous, then it is a simple consequence of the Riesz
representation theorem for Hilbert spaces that D(A⇑

) = H.
A densely defined operator A is called symmetric (or Hermitian) if for all x, y ↑ D(A),

we have
↖Ax, y↙ = ↖x,Ay↙.

Note that if A is symmetric, then D(A) ↗ D(A⇑
). This is because the above equation

shows that for any y ↑ D(A), the vector Ay can serve as A⇑y. In particular, Ay = A⇑y for
all y ↑ D(A) if A is symmetric.

Let A be a symmetric linear operator on a Hilbert space H, defined on a domain D(A)

that is a dense subspace of H. We say that A is self-adjoint if D(A⇑
) = D(A). A trivial

but important observation is that if the domain of a symmetric operator A is the whole of
H, the A is self-adjoint.

D.2.2 Criteria for an operator to be self-adjoint

For a densely defined operator A, let kerB to denote the kernel of A and rangeA denote
its range. For any subset S ↗ H, let

S∞
:= {x ↑ H : ↖x, y↙ = 0 for all y ↑ S}

denote its orthogonal complement. It is easy to see that for any subset S, the set S∞ is
closed subspace of H. The following lemma is basic.
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Lemma D.2.1. Let A be a densely defined linear operator on a Hilbert space H. Then

(rangeA)∞ = kerA⇑.

Proof. Take any x ↑ (rangeA)∞. Then ↖Ay, x↙ = 0 = ↖y, 0↙ for all y ↑ D(A). This shows
that x ↑ D(A⇑

) and A⇑x = 0. Thus, x ↑ kerA⇑. Conversely, take any x ↑ kerA⇑. Then
A⇑x = 0, and hence, ↖Ay, x↙ = ↖Ay, 0↙ = 0 for all y ↑ D(A). Thus, x ↑ (rangeA)

∞.

A linear operator A defined on a subspace D(A) of a Hilbert space H (which is not
necessarily dense in H) is said to be closed if for any sequence {xn}n↘1 in D(A) such that
xn ⇒ x ↑ H and Axn ⇒ y ↑ H, we have that x ↑ D(A) and y = Ax. Equivalently, A is
closed if its graph {(x,Ax) : x ↑ D(A)} is a closed subset of H′H in the product topology.
The following lemma shows that the adjoint of any densely defined operator is closed.

Lemma D.2.2. For any densely defined operator A on a Hilbert space H, its adjoint A⇑ is
a closed operator.

Proof. Define an inner product on H′H as

↖(x, y), (x⇒, y⇒)↙ := ↖x, x⇒↙+ ↖y, y⇒↙.

It is easy to verify that this is indeed an inner product and that H′H is a Hilbert space
under this inner product. Let S ↗ H′H be the set

S := {(↓Ax, x) : x ↑ D(A)}.

We claim that the graph of A⇑ is the set S∞. To see this, first take any (x, y) ↑ S∞. Then
for all z ↑ D(A), we have

0 = ↖(x, y), (↓Az, z)↙ = ↓↖x,Az↙+ ↖y, z↙.

Thus, for all z ↑ D(A),
↖Az, x↙ = ↖z, y↙.

Consequently, x ↑ D(A⇑
) and A⇑x = y. Thus, (x, y) is in the graph of A⇑. Conversely, if

(x, y) is in the graph of A⇑, then x ↑ D(A⇑
) and y = A⇑x. Thus, ↖Az, x↙ = ↖z, y↙ for all

x ↑ D(A), and we can retrace the steps backwards to deduce that (x, y) ↑ S∞. Since the
orthogonal complement of any set is closed, this shows that A⇑ is a closed operator.

The following theorem gives two criteria for checking that a densely defined symmetric
operator is self-adjoint. It is useful because it is usually not easy to directly verify using
only the definition that a given operator is self-adjoint. Below, I is used to denote the
identity operator.

Theorem D.2.3. Let A be a densely defined symmetric operator on a Hilbert space H.
Then the following are equivalent:
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1. A is self-adjoint.

2. A is closed, and ker(A⇑
± iI) = {0}.

3. range(A± iI) = H.

Proof. First, let us prove that 1 implies 2. Let A be self-adjoint. Since A = A⇑, Lemma
D.2.2 shows that A is closed. Next, if x ↑ D(A⇑

) = D(A) is such that A⇑x = ix, then

i↔x↔2 = ↖ix, x↙ = ↖A⇑x, x↙

= ↖Ax, x↙ = ↖x,A⇑x↙

= ↖x, ix↙ = ↓i↔x↔2.

Thus, x = 0. A similar argument shows that if A⇑x = ↓ix, then x = 0. Thus, 1 implies 2.
Next, suppose that condition 2 holds. Then by Lemma D.2.1,

range(A± iI)∞ = ker((A± iI)⇑).

Now, it is easy to show that (A± iI)⇑ = A⇑
F iI. Thus, range(A± iI)∞ = {0}. Therefore,

to prove condition 3, we only need to show that range(A± iI) is closed. Let us prove it for
range(A+ iI). The proof of the other case is similar.

Let {xn}n↘1 be a sequence in range(A + iI) converging to some x ↑ H. Choose
yn ↑ D(A) such that Ayn + iyn = xn. Now, note that for z ↑ D(A),

↔Az + iz↔2 = ↖Az + iz,Az + iz↙

= ↖Az,Az↙+ i↖z,Az↙ ↓ i↖Az, z↙ ↓ i
2
↖z, z↙.

Now, since A is a symmetric operator and z ↑ D(A), ↖Az, z↙ = ↖z,Az↙. Thus, the above
expression shows that

↔Az + iz↔2 = ↔Az↔2 + ↔z↔2.

In particular, for each m and n

↔xm ↓ xn↔
2
= ↔Aym ↓Ayn↔

2
+ ↔ym ↓ yn↔

2.

This shows that both {yn}n↘1 and {Ayn}n↘1 are Cauchy sequences, and hence, convergent.
Suppose that yn ⇒ y and Ayn ⇒ z. By condition 2, A is closed. Thus, y ↑ D(A) and
z = Ay. Consequently,

x = lim
n↓↑

(Ayn + iyn) = Ay + iy ↑ range(A+ iI).

This proves that 2 implies 3. Finally, let us show that 3 implies 1. Assume that condition
3 holds. Since A is symmetric, we only need to show that D(A⇑

) ↗ D(A). Take any
x ↑ D(A⇑

), and let y := A⇑x ↓ ix. By condition 3, there exists z ↑ D(A) such that
y = Az ↓ iz. Since A is symmetric and z ↑ D(A), we have that Az = A⇑z, by one of our
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previous observations. Combining, we get

A⇑x↓ ix = A⇑z ↓ iz.

Thus, x↓ z ↑ ker(A⇑
↓ iI). But by Lemma D.2.1 and condition 3,

ker(A⇑
↓ iI) = ker((A+ iI)⇑) = range(A+ iI)∞ = {0}.

Thus, x = z ↑ D(A). This completes the proof.

D.2.3 Spectrum of a self-adjoint operator

Let A be a densely defined linear operator on a Hilbert space H. We say that A is invertible
if A : D(A) ⇒ H is a bijection. The inverse of A is denoted by A→1. Clearly, A→1 is a
linear operator. A complex number ⇀ is said to be in the resolvent set 3(A) of a densely
defined linear operator A if the operator ⇀I ↓A : D(A) ⇒ H has a bounded inverse. The
complement of 3(A) in C, denoted ▷(A), is called the spectrum of A. If ⇀ ↑ 3(A) then the
inverse of ⇀I ↓A, often denoted by R(⇀), is called the resolvent of A at ⇀. Note that R(⇀)

is defined on the whole of H, and is bounded.

Theorem D.2.4. Let A be a self-adjoint linear operator on a Hilbert space H. Then
▷(A) ↗ R. Moreover, for any ⇀ ↑ C \ R, we have the bound

↔R(⇀)↔ ⇔
1

| Im(⇀)|
.

Proof. Take any 0 ↑ R \ {0}. It is easy to see that 0→1A is also self-adjoint. Thus, by
Theorem D.2.3, ker((0→1A)⇑ ↓ iI) = {0}. But (0→1A)⇑ = 0→1A. Thus,

ker(A+ i0I) = ker(0→1A↓ iI) = {0}.

Also by Theorem D.2.3,

H = range(0→1A↓ iI) = range(A↓ i0I).

This shows that A ↓ i0I : D(A) ⇒ H is invertible for any 0 ↑ R \ {0}. Now, for any
µ ↑ R, it is easy to see that the operator A↓ µI is self-adjoint. Thus, repeating the above
argument with A ↓ µI in place of A, we see that for any 0 ↑ R \ {0}, A ↓ (µ + i0)I is
invertible. Let ⇀ := µ+ i0 and R(⇀) := (⇀I ↓ A)→1. We claim that ↔R(⇀)↔ is finite and
satisfies the claimed upper bound. To see this, note that for any x ↑ D(A),

↔(⇀I ↓A)x↔2 = ↖(⇀I ↓A)x, (⇀I ↓A)x↙

= |⇀|2↔x↔2 ↓ ⇀↖Ax, x↙ ↓ ⇀↖x,Ax↙+ ↔Ax↔2.
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Since A is self-adjoint ↖Ax, x↙ = ↖x,Ax↙. Thus, we get

↔(⇀I ↓A)x↔2 = (µ2
+ 02

)↔x↔2 ↓ 2µ↖Ax, x↙+ ↔Ax↔2

→ (µ2
+ 02

)↔x↔2 ↓ 2|µ|↔x↔↔Ax↔+ ↔Ax↔2

= 02
↔x↔2 + (|µ|↔x↔ ↓ ↔Ax↔)2

→ 02
↔x↔2.

Thus, for any y ↑ H, taking x := R(⇀)y, we get

↔y↔2 = ↔(⇀I ↓A)x↔2 → 02
↔x↔2 = 02

↔R(⇀)y↔2.

This proves that ↔R(⇀)↔ ⇔ 1/|0|.

D.3 Stone’s theorem

Recall that a one parameter group of unitary operators on a Hilbert space H is a family
(U(t))t↗R such that U(t) is unitary for each t (meaning that U(t) : H ⇒ H is surjective, and
↖U(t)x, U(t)y↙ = ↖x, y↙ for all x, y ↑ H) and U(s+ t) = U(s)U(t) for all s, t ↑ R. Recall
also that such a group is called strongly continuous if t ⇐⇒ U(t)x is continuous for any x.
Stone’s theorem is an important result that says strongly continuous one parameter groups
of unitary operators are in a one-to-one correspondence with self-adjoint operators.

Theorem D.3.1 (Stone’s theorem). Let (U(t))t↗R be a strongly continuous one parameter
group of unitary operators on a Hilbert space H. Let

D :=

{
x ↑ H : lim

t↓0

U(t)x↓ x

↓it
exists

}
.

Then D is a dense subspace on H. Furthermore, if we define an operator H : D ⇒ H as
the limit displayed above, then H is self-adjoint. Conversely, given any densely defined
self-adjoint operator H on H, there is a unique strongly continuous one parameter group of
unitary operators (U(t))t↗R such that H and D arise from this group in the above manner,
with D = D(H).

The operator H, as obtained above, is called the ‘infinitesimal generator’ of the group
(U(t))t↗R. In physics language, it is the Hamiltonian of the group. We write U(t) = e→itH ,
to reflect that for any x ↑ H, U(t)x is in D and satisfies the di!erential equation

d

dt
U(t)x = ↓iHU(t)x. (D.3.1)

(The assertion U(t) = e→itH also has an equivalent meaning via the spectral theorem, but
we omit that discussion.) To see that the above equation holds, first note that if x ↑ D,
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then for any t,

lim
s↓0

U(s)U(t)x↓ U(t)x

↓is
= lim

s↓0

U(t)(U(s)x↓ x)

↓is

= U(t)

(
lim
s↓0

U(s)x↓ x

↓is

)
= U(t)Hx,

where U(t) could be brought outside the limit because U(t) is a unitary operator (which
implies that ↔U(t)x↔ = ↔x↔ for all x), and U(s)U(t) = U(t)U(s) because they are both
equal to U(s+ t). This shows that U(t)x ↑ D. Thus,

d

dt
U(t)x = lim

s↓0

U(t+ s)x↓ U(t)x

s

= lim
s↓0

U(s)U(t)x↓ U(t)x

s
= ↓iHU(t)x,

where the last identity follows from the definition of H.

Lemma D.3.2. The set D is a dense subspace of H and H is a linear operator on D.

Proof. Take any x ↑ H. First, we claim that t ⇐⇒ U(t)x is a uniformly continuous map on
any bounded interval. To see this, let {tn}n↘1 and {sn}n↘1 be two sequences in an interval
[a, b] such that tn ↓ sn ⇒ 0. Passing to a subsequence if necessary, let us assume that both
sequences converge to some t ↑ [a, b]. Then note that

U(tn)x↓ U(sn)x = (U(tn ↓ sn)↓ I)U(sn)x

= (U(tn ↓ sn)↓ I)U(s)x+ (U(tn ↓ sn)↓ I)(U(sn)↓ U(s))x

The first term on the right tends to zero because of strong continuity. For the second term,
note that

↔(U(tn ↓ sn)↓ I)(U(sn)↓ U(s))x↔ ⇔ 2↔(U(sn)↓ U(s))x↔ ⇒ 0,

again by strong continuity. Thus, (U(tn) ↓ U(sn))x ⇒ 0. This proves that t ⇐⇒ U(t)x is
uniformly continuous on any bounded interval.

Let f : R ⇒ R be a smooth function with compact support. Let [a, b] be a bounded
interval containing the support of f . For a partition P = {t0, . . . , tn} of [a, b] (where
a = t0 < t1 < · · · < tn = b), let

I(P , f) :=
1

n

n→1∑

i=0

(ti+1 ↓ ti)f(ti)U(ti)x.

By the uniform continuity of t ⇐⇒ U(t)x on [a, b], it is easy to show that I(P, f) has a limit
as we take a sequence of partitions with max0↔i↔n→1(ti+1 ↓ ti) tending to zero, just as in
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the construction of ordinary Riemann integrals. Let us denote this limit by

xf :=

∫
↑

→↑

f(t)U(t)xdt. (D.3.2)

Next, we claim that xf ↑ D for any compactly supported smooth f . To see this, first note
that by a simple argument involving the definition of the above integral, it follows that

U(s)xf =

∫
↑

→↑

f(t)U(s)U(t)xdt

=

∫
↑

→↑

f(t)U(s+ t)xdt =

∫
↑

→↑

f(t↓ s)U(t)xdt. (D.3.3)

By the above identity, we get that for any s ⇓= 0,

U(s)xf ↓ xf
↓is

=

∫
↑

→↑

f(t↓ s)↓ f(t)

↓is
U(t)xdt.

Again, using the definition of the integral and the above identity, it is not hard to show that

lim
s↓0

U(s)xf ↓ xf
↓is

=

∫
↑

→↑

lim
s↓0

(
f(t↓ s)↓ f(t)

↓is

)
U(t)xdt = ↓i

∫
↑

→↑

f ⇒
(t)U(t)xdt. (D.3.4)

Thus, xf ↑ D for any compactly supported smooth function f . Finally, using the uniformly
continuity of t ⇐⇒ U(t)x and the definition of the integral, one can show that for any
compactly supported nonnegative smooth function f which integrates to 1, we have xfn ⇒ x,
where fn(t) := nf(nt). This shows that D is dense in H.

We are now ready to prove the forward direction of Theorem D.3.1.

Proof of the forward direction of Theorem D.3.1. Let (U(t))t↗R be a strongly continuous
one parameter group of unitary operators on H. By Lemma D.3.2, D is dense in H and H

is a linear operator with domain D. We claim that H is self-adjoint. To show this, first
observe that for any x, y ↑ D,

↖Hx, y↙ =


lim
t↓0

U(t)x↓ x

↓it
, y


= lim

t↓0

1

↓it
(↖U(t)x, y↙ ↓ ↖x, y↙),

where the second identity holds because the map x ⇐⇒ ↖x, y↙ is continuous under the norm
topology on H. Since U(t) is unitary, it is invertible and U(t)→1

= U(t)⇑. Since U(0) =

U(0)
2, we see that U(0) = I. But then U(t)→1

= U(↓t), since U(t)U(↓t) = U(0) = I.
Thus, U(t)⇑ = U(↓t). This shows that

↖U(t)x, y↙ = ↖x, U(t)⇑y↙ = ↖x, U(↓t)y↙.

Plugging this into the previous display (and recalling that the inner product is conjugate
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linear in the second argument), we get

↖Hx, y↙ = lim
t↓0

1

↓it
(↖x, U(↓t)y↙ ↓ ↖x, y↙)

=


x, lim

t↓0

U(↓t)y ↓ y

it


= ↖x,Hy↙.

Thus, H is a symmetric operator. We will use Theorem D.2.3 to show that H is self-
adjoint. Specifically, we will use the criterion 3 from Theorem D.2.3, that is, show that
range(H ± iI) = H.

Recall that in the proof of Lemma D.3.2, we defined integrals of the form
∫

↑

→↑

f(t)U(t)dt,

for smooth compactly supported f : R ⇒ R. By the same argument (and using the unitary
nature of U(t)), it is easy to show that we can define a linear operator R : H ⇒ H as

R :=

∫
↑

0
e→tU(t)dt (D.3.5)

as a limit of Riemann sums. It is easy to justify the steps below to show that for any x ↑ H

and s ↑ R,

(U(s)↓ I)Rx =

∫
↑

0
e→tU(s)U(t)xdt↓

∫
↑

0
e→tU(t)xdt

=

∫
↑

0
e→tU(s+ t)xdt↓

∫
↑

0
e→tU(t)xdt

=

∫
↑

s

e→(t→s)U(t)xdt↓

∫
↑

0
e→tU(t)xdt

= (es ↓ 1)

(
Rx↓

∫
s

0
e→tU(t)xdt

)
↓

∫
s

0
e→tU(t)xdt, (D.3.6)

where
∫
s

0 means ↓
∫ 0
s

when s < 0. Let us now divide both sides by ↓is and take s ⇒ 0.
Then note that

es ↓ 1

↓is
⇒ i.

Since ↔U(t)x↔ = ↔x↔,
∥∥∥∥
∫

s

0
e→tU(t)xdt

∥∥∥∥ ⇔

∫
s

0
↔e→tU(t)x↔dt ⇔ s↔x↔.

Thus,

lim
s↓0

1

↓is
(es ↓ 1)

(
Rx↓

∫
s

0
e→tU(t)xdt

)
= iRx. (D.3.7)
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Next, note that

1

↓is

(∫
s

0
e→tU(t)xdt↓ sx

)
=

1

↓is

(∫
s

0
e→t

(U(t)x↓ x)dt+ (1↓ e→s
↓ s)x

)
.

Now, 1↓ e→s
↓ s = o(s) as s ⇒ 0, and by strong continuity,

sup
0↔t↔s

↔U(t)x↓ x↔ = o(1)

as s ⇒ 0. Using this in the previous display, we see that

lim
s↓0

1

↓is

∫
s

0
e→tU(t)xdt = ix. (D.3.8)

Using equations (D.3.7) and (D.3.8) in equation (D.3.6), we get

lim
t↓0

(U(s)↓ I)Rx

↓is
= iRx↓ ix.

Thus, Rx ↑ D, and HRx = iRx↓ ix. This can be rewritten as (H ↓ iI)R(ix) = x. This
proves that range(H ↓ iI) = H. Similarly, taking

S :=

∫
↑

0
e→tU(↓t)dt,

one can show that (H + iI)S(↓ix) = x, proving that range(H + iI) = H. This proves that
H is self-adjoint, thus completing the proof of the forward direction of the theorem.

The converse direction requires some preparation. Suppose we are given a self-adjoint
operator H with domain D. Our task is to show that there is a unique strongly continuous
one parameter group of unitary operators (U(t))t↗R such that H is the infinitesimal generator
of this group. We will construct U(t) through a sequence of approximations. For each
n → 1, define a linear operator Tn : H ⇒ H as

Tn := (I + in→1H)
→1. (D.3.9)

Note that this is well-defined on H by Theorem D.2.4, and moreover, by the same theorem,

↔Tn↔ = n↔((↓in)I +H)
→1

↔ ⇔ 1. (D.3.10)

For each n → 1 and t → 0, let

Un(t) = e→ntentTn := e→nt

↑∑

k=0

(nt)kT k
n

k!
. (D.3.11)

Note that the right side is well-defined because Tn is a bounded operator. Moreover, by
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equation (D.3.10), we have

↔Un(t)↔ ⇔ e→nt

↑∑

k=0

(nt)k

k!
↔T k

n↔

⇔ e→nt

↑∑

k=0

(nt)k

k!
↔Tn↔

k
⇔ e→nt

↑∑

k=0

(nt)k

k!
= 1. (D.3.12)

The idea is very simple. Since we can expect that Tn ▽ I ↓ in→1H when n is large, we can
also expect that

Un(t) = ent(Tn→I)
▽ e→itH .

However, making this precise takes a considerable amount of work. The starting point is
the following lemma.

Lemma D.3.3. For any k, m, n and t, the operators Tk, Tm and Un(t) commute with
each other. Moreover, these operators map D into D, and H commutes with these operators
on D.

Proof. Take any x ↑ H and any m,n. Let y := Tnx, so that y ↑ D and (I + in→1H)y = x.
Let z := Tmy, so that z ↑ D and (I + im→1H)z = y. Then note that z = TmTnx, and

x = (I + in→1H)y

= (I + in→1H)(I + im→1H)z

= (I + im→1H)(I + in→1H)z,

which shows that z = TnTmx. Thus, Tm and Tn commute for any m and n. From this and
the definition of Un(t), it follows that Tk, Tm and Un(t) commute for any k,m, n, t. Lastly,
take any x ↑ D. Let y := Hx and z := Tny. Then note that z ↑ D and y = (I ↓ in→1H)z,
so that

Hx = (I ↓ in→1H)z.

Now, let w := Tnx, so that w ↑ D (because Tn maps H into D) and (I + in→1H)w = x.
Thus, from the above equation, we get

(I + in→1H)z = H(I + in→1H)w = (I + in→1H)Hw.

Applying Tn on both sides, we get z = Hw. That is, TnHx = HTnx. This proves that for
any n, H commutes with Tn on D. To show that Un(t) maps D into D and H commutes
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with Un(t) on D, take any x ↑ D. Then note that since H commutes with Tn,

Un(t)Hx = e→nt

↑∑

k=0

(nt)kT k
nHx

k!

= e→nt

↑∑

k=0

(nt)kHT k
nx

k!

= lim
m↓↑

Hym,

where

ym := e→nt

m∑

k=0

(nt)kT k
nx

k!
.

By Theorem D.2.3, H is a closed operator. Since ym ⇒ Un(t)x and Hym ⇒ Un(t)Hx as
m ⇒ ⇑, this shows that Un(t)x ↑ D and Un(t)Hx = HUn(t)x. This completes the proof
of the lemma.

Since Tn(I + in→1H) = I, we have that for any x ↑ D,

Tn(I + in→1H)x = x.

This can be rewritten as

TnHx = in(Tn ↓ I)x. (D.3.13)

An immediate consequence of the above identity is the following.

Lemma D.3.4. For each x ↑ H, Tnx ⇒ x as n ⇒ ⇑.

Proof. From the identity (D.3.13) and the inequality (D.3.10), we have that for any y ↑ D,

↔(Tn ↓ I)y↔ = n→1
↔TnHy↔ ⇔ n→1

↔Hy↔,

and thus, Tny ⇒ y as n ⇒ ⇑. Since D is dense and ↔Tn↔ ⇔ 1 for all n, this allows us to
conclude that Tnx ⇒ x as n ⇒ ⇑ for every x ↑ H, as follows. For any x ↑ H and y ↑ D,
and any n,

↔Tnx↓ x↔ ⇔ ↔Tn(x↓ y)↔+ ↔Tny ↓ y↔+ ↔y ↓ x↔ ⇔ 2↔x↓ y↔+ ↔Tny ↓ y↔.

This implies that lim supn↓↑ ↔Tnx↓ x↔ ⇔ 2↔x↓ y↔. Taking y ⇒ x through D shows that
limn↓↑ ↔Tnx↓ x↔ = 0.

From the definition of Un(t), we have Un(t) = ent(Tn→I) (interpreted as a power series).
A simple calculation using the power series expansion shows that for any x ↑ H,

d

dt
Un(t)x = n(Tn ↓ I)Un(t)x. (D.3.14)
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Combining (D.3.14) and (D.3.13), and recalling from Lemma D.3.3 that Un(t)x ↑ D for
any x ↑ D, we get that for any x ↑ D,

d

dt
Un(t)x = ↓iTnHUn(t)x. (D.3.15)

This formula for the time derivative of Un(t)x allows us to construct U(t) as the limit of
Un(t) via the following lemma.

Lemma D.3.5. For each t → 0, there is a linear operator U(t) : H ⇒ H such that
↔U(t)↔ ⇔ 1, and for each x ↑ H, Un(t)x ⇒ U(t)x uniformly over t belonging to any
bounded interval in [0,⇑).

Proof. Take any x ↑ D. For any 0 ⇔ s ⇔ t and any m,n, it is easy to see from Lemma
D.3.3 and the identity (D.3.15) that

d

ds
Um(t↓ s)Un(s)x = iTmHUm(t↓ s)Un(s)x↓ iUm(t↓ s)TnHUn(s)x.

Lemma D.3.3 and the above identity imply that

d

ds
Um(t↓ s)Un(s)x = iUm(t↓ s)Un(s)TmHx↓ iUm(t↓ s)Un(s)TnHx

= iUm(t↓ s)Un(s)(Tm ↓ Tn)Hx. (D.3.16)

It is easy to justify rigorously (using that Un(0) = Um(0) = I) that

Um(t)x↓ Un(t)x = ↓

∫
t

0

d

ds
Um(t↓ s)Un(s)xds. (D.3.17)

Again, using this, it is easy to justify that

↔Um(t)x↓ Un(t)x↔ ⇔

∫
t

0

∥∥∥∥
d

ds
Um(t↓ s)Un(s)x

∥∥∥∥ds. (D.3.18)

But by (D.3.12) and (D.3.16),
∥∥∥∥
d

ds
Um(t↓ s)Un(s)x

∥∥∥∥ ⇔ ↔(Tm ↓ Tn)Hx↔.

Thus, we get

↔Um(t)x↓ Un(t)x↔ ⇔ t↔(Tm ↓ Tn)Hx↔. (D.3.19)

But by Lemma D.3.4, we have that for any x ↑ D, ↔(Tn ↓ Tm)Hx↔ ⇒ 0 as m,n ⇒ ⇑.
Together with equation (D.3.19), this shows that for any s → 0 and x ↑ D, there exists a
point U(s)x ↑ H such that

lim
n↓↑

sup
0↔s↔t

↔Un(s)x↓ U(s)x↔ = 0. (D.3.20)
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It is easy to see that the map x ⇐⇒ U(t)x is linear for any t, since each Un(t) is linear.
Now, since ↔Un(t)↔ ⇔ 1 for each n (by the inequality (D.3.12)), we have ↔U(t)x↔ ⇔ ↔x↔

for each x ↑ D. Since D is dense in H, it is now easy to argue that U(t) admits an extension
to H that satisfies ↔U(t)↔ ⇔ 1, and equation (D.3.20) holds for all x ↑ H.

Having constructed the family of operators (U(t))t↘0, we now want to show that it has
the required properties. The following lemma establishes some of the properties.

Lemma D.3.6. The family (U(t))t↘0 satisfies the following properties:

1. U(0) = I.

2. For each s, t → 0, U(s+ t) = U(s)U(t).

3. For each x ↑ H, the map t ⇐⇒ U(t)x is continuous.

Proof. Since Un(0) = I for each n, we have U(0) = I. It is easy to see from the definition
of Un(t) that Un(s+ t) = Un(s)Un(t) for all s, t → 0. From this and Lemma D.3.5, it follows
that U(s+ t) = U(s)U(t). Also, it is easy to verify that t ⇐⇒ Un(t)x is a continuous map
for any x and n. For any s, s⇒ ↑ [0, t), n → 1 and x ↑ H,

↔U(s)x↓ U(s⇒)x↔ ⇔ ↔U(s)x↓ Un(s)x↔+ ↔Un(s)x↓ Un(s
⇒
)x↔+ ↔Un(s

⇒
)x↓ U(s⇒)x↔

⇔ ↔Un(s)x↓ Un(s
⇒
)x↔+ 2 sup

0↔r↔t

↔Un(r)x↓ U(r)x↔.

Thus,
lim sup
s→↓s

↔U(s)x↓ U(s⇒)x↔ ⇔ 2 sup
0↔r↔t

↔Un(r)x↓ U(r)x↔.

Taking n ⇒ ⇑ on the right and using Lemma D.3.5, we see that U(s⇒)x ⇒ U(s)x as
s⇒ ⇒ s.

The next lemma shows that H is the infinitesimal generator of the family (U(t))t↘0.

Lemma D.3.7. The operator H is the infinitesimal generator of (U(t))t↘0, in the sense
that the set

D
⇒
:=

{
x ↑ H : lim

t≃0

U(t)x↓ x

↓it
exists

}
(D.3.21)

is equal to the set D, and the limit displayed above is equal to Hx.

Proof. For x ↑ D
⇒, let H ⇒x denote the limit displayed in equation (D.3.21). We have to

show that D = D
⇒ and H = H ⇒. Take any x ↑ D. The identity (D.3.15) and Lemma D.3.3
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imply that

U(t)x↓ x = lim
n↓↑

(Un(t)x↓ x)

= lim
n↓↑

∫
t

0

d

ds
(Un(s)x)ds

= ↓i lim
n↓↑

∫
t

0
TnHUn(s)xds

= ↓i lim
n↓↑

∫
t

0
Un(s)TnHxds.

Next, note that for any s ↑ [0, t],

↔Un(s)TnHx↓ U(s)Hx↔ ⇔ ↔Un(s)(Tn ↓ I)Hx↔+ ↔(Un(s)↓ U(s))Hx↔

⇔ ↔(Tn ↓ I)Hx↔+ sup
0↔r↔t

↔(Un(s)↓ U(s))Hx↔.

Since Tny ⇒ y for all y ↑ H (by Lemma D.3.4), and the second term on the right tends to
zero as n ⇒ ⇑ (by Lemma (D.3.5)), this shows that

U(t)x↓ x = ↓i

∫
t

0
U(s)Hxds.

Consequently,

↔U(t)x↓ x↓ (↓it)Hx↔ ⇔

∫
t

0
↔(U(s)↓ I)Hx↔ds.

Since U(s)Hx ⇒ Hx as s ⇒ 0, this proves that the point x is in D
⇒, and H ⇒x = Hx. To

summarize, we have shown that D ↗ D
⇒, and H = H ⇒ on D. So it only remains to show

that D
⇒
↗ D. To show this, take any y ↑ D

⇒. By Theorem D.2.3, I + iH is an invertible
map. In particular, there exists x ↑ D such that (I + iH ⇒

)y = (I + iH)x, which can be
rewritten as

x = (I + iH)
→1

(I + iH ⇒
)y = T1(I + iH ⇒

)y. (D.3.22)

Now, since T1 is bounded, we have

T1H
⇒y = T1

(
lim
t≃0

U(t)y ↓ y

↓it

)

= lim
t≃0

T1U(t)y ↓ T1y

↓it
.

But by Lemma D.3.3, T1 commutes with each Un(t). Since T1 is continuous, this shows
that T1 commutes with U(t). Consequently, the above expression shows that

T1H
⇒y = lim

t≃0

U(t)T1y ↓ T1y

↓it
.
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In particular, T1y ↑ D
⇒ and T1H ⇒y = H ⇒T1y. But we also know that T1 maps into D (by

Lemma D.3.3), and we have proved that H = H ⇒ on D. Thus, T1H ⇒y = HT1y. Using this
in equation (D.3.22), we get that

x = (I + iH)T1y.

But T1 = (I + iH)
→1. Thus, x = y. This shows that y ↑ D, and completes the proof.

The next lemma shows that U(t) preserves inner products.

Lemma D.3.8. For each t, the operator U(t) preserves inner products, and hence,
U(t)⇑U(t) = I.

Proof. It is easy to check that the properties of (U(t))t↘0 established so far are su"cient to
prove, using the same argument as the one used to prove equation (D.3.1), that equation
(D.3.1) holds (provided that we interpret the derivative at 0 to be the right derivative).
The only ingredient we do not have is that U(t) is unitary, but we know from Lemma D.3.6
that ↔U(t)↔ ⇔ 1 for each t, and this su"ces for the proof. Using equation (D.3.1), we get
that for any x, y ↑ H,

d

dt
↖U(t)x, U(t)y↙ =


d

dt
U(t)x, U(t)y


+


U(t)x,

d

dt
U(t)y



= ↖↓iHU(t)x, U(t)y↙+ ↖U(t)x,↓iHU(t)y↙

= ↓i↖HU(t)x, U(t)y↙+ i↖U(t)x,HU(t)y↙.

Since H is a self-adjoint operator and U(t)x, U(t)y ↑ D, the last expression is zero. Since
U(0) = I, this shows that

↖U(t)x, U(t)y↙ = ↖U(0)x, U(0)y↙ = ↖x, y↙.

Thus, U(t) preserves inner products. This can be alternately written as

↖x, U(t)⇑U(t)y↙ = ↖x, y↙

for all x, y. From this, we conclude that U(t)⇑U(t) = I.

So, we have established all required properties except that U(t)U(t)⇑ = I (which would
complete the proof that U(t) is unitary), and that U(t) is yet undefined for t < 0. Towards
achieving both of these goals, we define (U(↓t))t↘0 using ↓H exactly in the same way that
we defined (U(t))t↘0 using H. It is then easy to see that the family of bounded operators
(U(t))t↗R is strongly continuous, satisfies U(0) = I and U(t)⇑U(t) = I for each t, and the
limit

lim
t↓0

U(t)x↓ x

↓it

exists if and only if x ↑ D, and in that case, the limit is equal to Hx. Now, we need to
verify that U(s+ t) = U(s)U(t) for all s, t ↑ R. We already know this when s and t have
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the same sign. For proving that this holds for all s, t, a moment’s thought shows that it
su"ces to prove that U(t) is invertible and U(↓t) = U(t)→1. To prove this, take any t → 0,
and consider the sequences {Un(t)}n↘1 and {Un(↓t)}n↘1 approximating U(t) and U(↓t).
Recall that for t → 0,

Un(±t) = e→nt

↑∑

k=0

(nt)k(I ± in→1H)
→k

k!
. (D.3.23)

Since H is self-adjoint, it is easy to see that the domain of the adjoint of I ↓ in→1H is equal
to D, and on this domain, we have

(I ↓ in→1H)
⇑
= I + in→1H.

This implies that for any x, y ↑ H,

↖(I + in→1H)
→1x, y↙ = ↖(I + in→1H)

→1x, (I ↓ in→1H)(I ↓ in→1H)
→1y↙

= ↖(I + in→1H)(I + in→1H)
→1x, (I ↓ in→1H)

→1y↙

= ↖x, (I ↓ in→1H)
→1y↙.

Thus, the adjoint of (I+in→1H)
→1 is (I↓ in→1H)

→1, with domain H. By equation (D.3.23),
this shows that for any x ↑ H,

Un(t)
⇑x = e→nt

↑∑

k=0

(nt)k((I + in→1H)
→k

)
⇑

k!
x

= e→nt

↑∑

k=0

(nt)k(I ↓ in→1H)
→k

k!
x = Un(↓t)x.

Taking n ⇒ ⇑ on both sides proves that U(t)⇑x = U(↓t)x. Thus, U(t)⇑ = U(↓t) for any
t → 0. By a similar argument, U(↓t)⇑ = U(t) for all t → 0. Thus, by Lemma D.3.8 applied
to U(↓t), we get

U(t)U(t)⇑ = U(↓t)⇑U(↓t) = I.

This shows that U(t) is invertible and U(t)→1
= U(t)⇑ = U(↓t).

This completes the construction of a strongly continuous one parameter group of unitary
operators that has H as its infinitesimal generator. The only thing remaining to prove
is that this group is unique. To show this, suppose that (V (t))t↗R is another such group.
Take any x ↑ H. Let w(t) := U(t)x↓ V (t)x. Then by equation (D.3.1),

dw

dt
= ↓iHw(t).
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Thus, we get

d

dt
↔w(t)↔2 =


dw

dt
, w(t)


+


w(t),

dw

dt



= ↖↓iHw(t), w(t)↙+ ↖w(t),↓iHw(t)↙

= ↓i↖Hw(t), w(t)↙+ i↖w(t), Hw(t)↙.

Since H is self-adjoint, the last expression is zero. But w(0) = 0, since U(0) = V (0) =

I. Thus, w(t) = 0 for each t. This completes the proof of the converse direction of
Theorem D.3.1.

D.4 Semigroups of symmetric operators

D.4.1 The Hille–Yosida theorem

Let H be a Hilbert space and (P (t))t↘0 be a family of linear maps from H into H. The
family is called a semigroup if P (0) = I and P (s + t) = P (s)P (t) for all s, t → 0. The
semigroup is called strongly continuous if for each x ↑ H, the map t ⇐⇒ P (t)x is continuous.
Our goal in this section is to prove the following theorem.

Theorem D.4.1 (One direction of the Hille–Yosida theorem). Let (P (t))t↘0 be a strongly
continuous semigroup of symmetric operators defined everywhere on a Hilbert space H.
Then the set

D :=

{
x ↑ H : lim

t≃0

P (t)x↓ x

↓t
exists

}

is a dense subspace of H. Moreover, if we denote the above limit by Hx for x ↑ D, then H

is a self-adjoint linear operator with domain D.

The operator H defined in the theorem is called the infinitesimal generator of the
semigroup. Notice that the main di!erence with unitary groups of operators is that we
keep ↓t instead of ↓it in the denominator when taking the limit. Accordingly, we write
P (t) = e→tH instead of e→itH .

The first step in the proof of Theorem D.4.1 is to establish the following bound on the
growth rate of ↔P (t)↔ using the uniform boundedness principle.

Lemma D.4.2. Let (P (t))t↘0 be as in Theorem D.4.1. Then there are finite positive
constants C1 and C2 such that ↔P (t)↔ ⇔ C1eC2t for all t.

Proof. By the Hellinger–Toeplitz theorem, each P (t) is a bounded operator. First, we
claim that there is some t0 > 0 such that sup0↔t↔t0

↔P (t)↔ < ⇑. Suppose that this is
not true. Then we can find a sequence tn ⇒ 0 such that ↔P (tn)↔ ⇒ ⇑. But for any
x ↑ H, strong continuity and the fact that P (0) = I imply that P (tn)x ⇒ x. In particular,
supn↘1 ↔P (tn)x↔ < ⇑. But then, by the uniform boundedness principle, supn↘1 ↔P (tn)↔

must be finite, giving us a contradiction. This proves the claim.
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Let t0 be as above. Take any t > 0. Then t = nt0 + s, where n := ℵt/t0A and
s := t↓ nt0 ↑ [0, t0). Thus, by the semigroup property,

↔P (t)↔ ⇔ ↔P (t0)
nP (s)↔ ⇔ ↔P (t0)↔

n
↔P (s)↔ ⇔ Kn+1,

where K := sup0↔s↔t0
↔P (s)↔. Note that K → 1, since P (0) = I. Since n ⇔ t/t0, this

proves the lemma.

Lemma D.4.2 allows us to prove the following analogue of Lemma D.3.2.

Lemma D.4.3. The domain D defined in Theorem D.4.1 is dense in H.

Proof. The bound given by Lemma D.4.2, together with the strong continuity of the
semigroup, show that for any x ↑ H, the map t ⇐⇒ P (t)x is uniformly continuous on any
bounded time interval. The proof is exactly the same as the proof of the analogous claim
in the proof of Lemma D.3.2. The rest of the proof also goes through as before.

Clearly, H is a linear operator on the domain D. Moreover, for any x, y ↑ D, the fact
that P (t) is symmetric for all t implies that

↖Hx, y↙ =


lim
t↓0

P (t)x↓ x

↓t
, y


= lim

t↓0

1

↓t
(↖P (t)x, y↙ ↓ ↖x, y↙)

= lim
t↓0

1

↓t
(↖x, P (t)y↙ ↓ ↖x, y↙)

=


x, lim

t↓0

P (t)y ↓ y

↓t


= ↖x,Hy↙.

Thus, H is a symmetric operator on the domain D.
Now, let C1 and C2 be as in Lemma D.4.2. Let ⇀ := C2 + 1. By Riemann sum

approximation as in the proof of Lemma D.3.2, we can define the operator
∫

t

0
eis→ϖsP (s)ds

for any given t → 0. Since

↔eis→ϖsP (s)↔ = e→ϖs
↔P (s)↔ ⇔ C1e

→s,

we can now take t ⇒ ⇑ and show that the operator

R :=

∫
↑

0
eis→ϖsP (s)ds

is well-defined bounded linear operator on H.

Lemma D.4.4. For any x ↑ H, we have Rx ↑ D and HRx = (i↓ ⇀)Rx+ x.
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Proof. Let ⇁ := i↓ ⇀. Then note that for any x ↑ H and s → 0,

(P (s)↓ I)Rx =

∫
↑

0
eϱtP (s)P (t)xdt↓

∫
↑

0
eϱtP (t)xdt

=

∫
↑

0
eϱtP (s+ t)xdt↓

∫
↑

0
eϱtP (t)xdt

=

∫
↑

s

eϱ(t→s)P (t)xdt↓

∫
↑

0
eϱtP (t)xdt

= (e→ϱs
↓ 1)

(
Rx↓

∫
s

0
eϱtP (t)xdt

)
↓

∫
s

0
eϱtP (t)xdt.

Dividing both sides by ↓s, taking s C 0, and using the strong continuity of the semigroup
and the bound given by Lemma D.4.2, we get the desired result.

We are now ready to complete the proof of Theorem D.4.1.

Proof of Theorem D.4.1. Take any x ↑ H. Then by Lemma D.4.4,

x = (H + ⇀I ↓ iI)Rx.

Thus, range(H + ⇀I ↓ iI) = H. By a similar argument, range(H + ⇀I + iI) = H. But
H + ⇀I is a symmetric linear map defined on the domain D, which is dense by Lemma
D.4.3. By Theorem D.2.3, this shows that H + ⇀I is self-adjoint. From this, it is easy to
deduce that H is self-adjoint.

We end this section with the following lemma, which is often useful for proving strong
continuity of operator semigroups.

Lemma D.4.5. Let (P (t))t↘0 be any collection of linear operators from a Hilbert space
H into itself. Let S be a subset of H whose span is dense in H. Suppose that (a) for any
T → 0, sup0↔t↔T ↔P (t)↔ < ⇑, and (b) for any x ↑ S, the map t ⇐⇒ P (t)x is continuous.
Then t ⇐⇒ P (t)x is continuous for any x ↑ H.

Proof. Take any x ↑ H, t → 0, and a sequence of nonnegative real numbers {tn}n↘1

converging to t. Let T be so large that tn ↑ [0, T ] for all n, and let C := sup0↔s↔T ↔P (s)↔.
Take any ς > 0, and any y in the span of S such that ↔x↓ y↔ ⇔ ς. Then for any n,

↔P (tn)x↓ P (t)x↔ ⇔ ↔P (tn)x↓ P (tn)y↔+ ↔P (tn)y ↓ P (t)y↔+ ↔P (t)y ↓ P (t)x↔

⇔ C↔x↓ y↔+ ↔P (tn)y ↓ P (t)y↔+ C↔y ↓ x↔

⇔ 2Cς+ ↔P (tn)y ↓ P (t)y↔.

Since y is a finite linear combination of the elements of S, it follows from the hypothesis
that P (tn)y ⇒ P (t)y as n ⇒ ⇑. Thus

lim sup
n↓↑

↔P (tn)x↓ P (t)x↔ ⇔ 2Cς.

Since ς is arbitrary, this completes the proof.
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D.4.2 Analytic continuation of semigroups

Let (P (t))t↘0 be a strongly continuous semigroup of symmetric operators on a Hilbert space
H. By Theorem D.4.1, we know that the semigroup has a generator H, which is a densely
defined self-adjoint operator on H. By Stone’s theorem, this implies that one can construct
a strongly continuous one-parameter group of unitary operators (U(t))t↗R on H which also
has H as its generator. Is there a simple way to calculate the action of U(t) on a vector x if
we know how to calculate the action of P (t) on x? The formal representations P (t) = e→tH

and U(t) = e→itH suggest that one should somehow try to ‘analytically continue’ P (t)x, as
a function of t, to the imaginary axis to obtain U(t)x. The following theorem makes this
precise.

Theorem D.4.6. Let (P (t))t↘0 be a strongly continuous semigroup of symmetric operators
on a Hilbert space H. Let H be its generator, and let U(t) := e→itH , as obtained from Stone’s
theorem. Then for any x, y ↑ H, the map t ⇐⇒ ↖P (t)x, y↙ has an analytic continuation
to the open right half-plane ” := {z ↑ C : Re(z) > 0}. This analytic continuation
extends continuously to the boundary of ” — that is, the imaginary axis — as the map
it ⇐⇒ ↖U(t)x, y↙. For any given t ↑ R and x ↑ H, the values of ↖U(t)x, y↙ obtained by
this procedure, taken over all y ↑ H, jointly determine U(t)x by the Riesz representation
theorem for Hilbert spaces.

We need several lemmas. Throughout, D will denote the domain of H.

Lemma D.4.7. For any t → 0, the operator P (t) maps D into D. Similarly, for any t ↑ R,
U(t) maps D into D.

Proof. Take any x ↑ D and t → 0. Let y := P (t)x. Then for any s > 0,

P (s)y ↓ y

↓s
=

P (s)P (t)x↓ P (t)x

↓s
=

P (t)(P (s)x↓ x)

↓s
.

By the Hellinger–Toeplitz theorem, P (t) is a continuous map. Thus, the above identity
implies that

lim
s≃0

P (s)y ↓ y

↓s
= P (t)

(
lim
s≃0

P (s)x↓ x

↓s

)
= P (t)Hx.

Thus, y ↑ D. A similar argument shows that U(t)x ↑ D.

The above lemma implies that the following statement makes sense.

Lemma D.4.8. For any s → 0 and t ↑ R, the operators P (s), U(t) and H commute with
each other on D.

Proof. From the proof of Lemma D.4.7, we already have that H commutes with P (s)

and U(t) on D. Next, recall the operators Tn and Un(t) defined in the proof of Stone’s
theorem (for t → 0), in equations (D.3.9) and (D.3.11), respectively. We first claim that

457



APPENDIX D. FUNCTIONAL ANALYSIS

P (s) commutes with Tn on D. To see this, take any x ↑ D. Let y := Tnx = (I+in→1H)
→1x,

so that y ↑ D and x = (I + in→1H)y. Since P (s) commutes with H on D, we have

P (s)x = P (s)(I + in→1H)y = (I + in→1H)P (s)y = (I + in→1H)P (s)Tnx.

Applying Tn on both sides, we get TnP (s)x = P (s)Tnx. Thus, P (s) commutes with Tn.
Since Un(t) is the limit of linear combinations of powers of Tn, this shows that P (s) commutes
with Un(t). But by Lemma D.3.5, Un(t)x ⇒ U(t)x as n ⇒ ⇑, for any x ↑ H. Therefore,
Un(t)P (s)x ⇒ U(t)P (s)x, and by the continuity of P (s), P (s)Un(t)x ⇒ P (s)U(t)x. This
proves that P (s) commutes with U(t) on D for t → 0. A similar argument works for
t ⇔ 0.

We are now ready to prove Theorem D.4.6.

Proof of Theorem D.4.6. Fix some x, y ↑ H. For any point u = s + it ↑ ”, define the
operator

P (u) := P (s)U(t).

Let f(u) := ↖P (u)x, y↙. We claim that f is analytic on ”. To prove this, take any
u = s+ it ↑ ”. First, let us prove the claim under the assumption that x ↑ D. For ς > 0,
define

R(ς) := ↔P (ς)x↓ x+ ςHx↔, S(ς) := ↔U(ς)x↓ x+ iςHx↔,

A(ς) := ↔P (ς)Hx↓Hx↔, B(ς) := ↔U(ς)Hx↓Hx↔.

By Lemma D.4.2, there is a finite constant C such that ↔P (s⇒)↔ ⇔ C for all s⇒ ↑ [0, s+ 1].
Thus, for any 0 ⇔ a ⇔ b ⇔ s+ 1,

↔P (b)x↓ P (a)x+ (b↓ a)HP (a)x↔ = ↔P (a)(P (b↓ a)x↓ x+ (b↓ a)Hx)↔

⇔ CR(b↓ a).

On the other hand, if 0 ⇔ b ⇔ a ⇔ s+ 1, then by the above inequality, we get

↔P (b)x↓ P (a)x+ (b↓ a)HP (a)x↔

⇔ ↔P (a)x↓ P (b)x+ (a↓ b)HP (b)x↔+ |a↓ b|↔(P (a)↓ P (b))Hx↔

⇔ CR(a↓ b) + |a↓ b|↔P (b)(P (a↓ b)↓ I)Hx↔

⇔ CR(a↓ b) + C|a↓ b|A(|a↓ b|).

Combining the above inequalities, we see that for any a, b ↑ [0, s+ 1],

↔P (b)x↓ P (a)x+ (b↓ a)HP (a)x↔ ⇔ CR(|a↓ b|) + C|a↓ b|A(|a↓ b|). (D.4.1)
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Next, since U(a) is a unitary operator for each a, we have that for all ↓⇑ < a ⇔ b < ⇑,

↔U(b)x↓ U(a)x+ i(b↓ a)HU(a)x↔ = ↔U(a)(U(b↓ a)x↓ x+ i(b↓ a)Hx)↔ ⇔ S(b↓ a).

On the other hand, if ↓⇑ < b ⇔ a < ⇑, then the above inequality gives

↔U(b)x↓ U(a)x+ i(b↓ a)HU(a)x↔

⇔ ↔U(a)x↓ U(b)x+ i(a↓ b)HU(b)x↔+ |a↓ b|↔(U(a)↓ U(b))Hx↔

⇔ S(a↓ b) + |a↓ b|↔U(b)(U(a↓ b)↓ I)Hx↔

⇔ S(a↓ b) + |a↓ b|↔(U(a↓ b)↓ I)Hx↔ ⇔ S(a↓ b) + |a↓ b|B(a↓ b).

Combining, we get that for any a, b ↑ R,

↔U(b)x↓ U(a)x+ i(b↓ a)HU(a)x↔ ⇔ S(|a↓ b|) + |a↓ b|B(|a↓ b|). (D.4.2)

Then for any u⇒ = s⇒ + it⇒ ↑ ”, where s⇒ ↑ (0, s+ 1], we have by Lemma D.4.8 that

P (u⇒)x↓ P (u)x = P (s⇒)U(t⇒)x↓ P (s)U(t)x

= P (s⇒)(U(t⇒)x↓ U(t)x) + U(t)(P (s⇒)x↓ P (s)x).

By Lemma D.4.8) and the inequalities (D.4.1) and (D.4.2), this implies that

↔P (u⇒)x↓ P (u)x+ (u⇒ ↓ u)HP (u)x↔

= ↔P (s⇒)(U(t⇒)x↓ U(t)x) + U(t)(P (s⇒)x↓ P (s)x)

+ (s⇒ ↓ s)HU(t)P (s)x+ i(t⇒ ↓ t)HP (s)U(t)x↔

⇔ ↔P (s⇒)(U(t⇒)x↓ U(t)x+ i(t⇒ ↓ t)HU(t)x)↔+ ↔i(t⇒ ↓ t)U(t)(P (s⇒)↓ P (s))Hx↔

+ ↔U(t)(P (s⇒)x↓ P (s)x+ (s⇒ ↓ s)HP (s)x)↔

⇔ CS(|t⇒ ↓ t|) + C|t⇒ ↓ t|B(|t⇒ ↓ t|) + |t⇒ ↓ t|A(|s⇒ ↓ s|) + CR(|s⇒ ↓ s|) + C|s⇒ ↓ s|A(|s⇒ ↓ s|).

Since R(ς) and S(ς) are o(ς) as ς C 0, and A(ς) and B(ς) are o(1) as ς ⇒ 0, the above
bound is o(|u⇒ ↓ u|) as u⇒ ⇒ u. This shows that f is di!erentiable at u when x ↑ D, with

f ⇒
(u) = ↓↖HP (u)x, y↙.

Next, take any x ↑ H. Since D is dense in H, we can find a sequence {xn}n↘1 converging
to x. Let fn(u) := ↖P (u)xn, y↙, so that each fn is analytic on ”. But for any compact set
K ↗ ”,

sup
u↗K

|fn(u)↓ f(u)| ⇔ ↔P (u)(xn ↓ x)↔↔y↔ ⇔ C↔xn ↓ x↔↔y↔,

where C := supu↗K ↔P (u)↔. Since C is finite, this shows that fn ⇒ f uniformly on K.
Since this is true for any compact set K ↗ ”, we conclude that f is analytic on ”.

Lastly, let us show that f is continuous at the boundary of ”. Take any t ↑ R and
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u⇒ = s⇒ + it⇒ ↑ ” such that s⇒ ⇔ 1. Then

|f(it)↓ f(u⇒)| ⇔ ↔U(t)x↓ U(t⇒)P (s⇒)x↔↔y↔

⇔ ↔U(t)x↓ U(t⇒)x↔↔y↔+ ↔U(t⇒)(P (s⇒)x↓ x)↔↔y↔

= ↔U(t)x↓ U(t⇒)x↔↔y↔+ ↔P (s⇒)x↓ x↔↔y↔.

By the strong continuity of U , U(t⇒)x ⇒ U(t)x as t⇒ ⇒ t, and by the strong continuity of
P , P (s⇒)x ⇒ x as s⇒ ⇒ 0. Thus, f(u⇒) ⇒ f(it) as u⇒ ⇒ it.

Lastly, to apply the Riesz representation theorem, simply recall that for any given
x, the map y ⇐⇒ ↖U(t)x, y↙ is linear and continuous. The above procedure produces this
continuous linear map, which determines the value of U(t)x.

D.4.3 Contracting semigroups

Let H be a Hilbert space and let (P (t))t↘0 be a strongly continuous semigroup of symmetric
operators on H. By Theorem D.4.1, such a semigroup has a self-adjoint generator H.
The semigroup is called contracting if ↔P (t)↔ ⇔ 1 for each t → 0. Contracting semigroups
arise from Markov processes (as shown by Theorem B.5.5) and are important in rigorous
constructions of quantum field theories. The following result shows that generators of
contracting semigroups are positive operators.

Theorem D.4.9. Let (P (t))t↘0 be a strongly continuous semigroup of symmetric, contract-
ing operators on H, and let H be its generator. Then ↖Hx, x↙ → 0 for all x in the domain
of H, and the spectrum of H is contained in [0,⇑).

Proof. Let D denote the domain of H. Take any ⇀ < 0. We have to show that H ↓ ⇀I :

D ⇒ H is an invertible map with a bounded inverse. Since ↔P (t)↔ ⇔ 1 for each t → 0, it is
easy to show that the following operator is well-defined:

R :=

∫
↑

0
eϖtP (t)dt.

Then, as in the proof of Lemma D.4.4, we have that for any x ↑ H,

(P (s)↓ I)Rx = (e→ϖs
↓ 1)

(
Rx↓

∫
s

0
eϖtP (t)xdt

)
↓

∫
s

0
eϖtP (t)xdt.

Dividing both sides by ↓s, taking s C 0, and using the strong continuity of the semigroup
and the contraction property of the semigroup, we get that Rx ↑ D and HRx = ⇀Rx+ x.
Thus,

(H ↓ ⇀I)Rx = x, (D.4.3)

which shows that H↓⇀I is a surjective map from D onto H. Next, let us show that H↓⇀I
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is injective. Note that for any t > 0 and any x ↑ H,

↖P (t)x, x↙ ⇔ ↔P (t)x↔↔x↔ ⇔ ↔x↔2.

Thus, we have

P (t)x↓ x

↓t
, x


=

↖P (t)x, x↙ ↓ ↔x↔2

↓t
→ 0.

Taking t ⇒ 0 and applying the continuity of the inner product in the first argument, we
get that ↖Hx, x↙ → 0 for any x ↑ D. In particular, if x ↑ ker(H ↓ ⇀I), then this shows that

⇀↔x↔2 = ↖Hx, x↙ → 0.

But ⇀ < 0. Thus, x must be zero. This shows that H ↓ ⇀I is injective. Finally, note that
by equation (D.4.3), R : H ⇒ D is the inverse of H ↓ ⇀I, and by the contracting property
of P (t),

↔R↔ ⇔

∫
↑

0
eϖtdt < ⇑.

This completes the proof.
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