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Chapter 1

Path Integral Quantization for a

Single Particle

1.1 Lagrangian mechanics

Suppose that we have a system of N particles, with masses myq, ..., my, interacting in
such a way that if their positions are at z1,..., 2y € R3, then the potential energy of the
system is a smooth function V(z1,...,zn). Newton’s equation of motion tells us that in
the absence of outside influences, the trajectory of the system ~(t) = (y1(t),...,vn(t))

through time must satisfy the system of equations

mii(t) = =0,V (y(t)), i=1,...,N, (1.1.1)

where 9;V is shorthand for % and #; is shorthand for d;tzi. (Note that %;(¢) and 0;V (y(t))
are both elements of R3.) Lagrange’s formulation of classical mechanics arrives at this system
of equations in the following way. Given an arbitrary smooth trajectory v = (Y(t)) —co<t<oo
of the system (that is, v is any smooth function from R into (R3)Y), the ‘action’ of the

trajectory is defined as the formal integral

o N
s0= [ (; S milla(Ol - V(v(t)))dt- (1.12)

This integral is formal because it is typically not convergent for a given . However, we
can still define the notion of trajectories that are critical points of this action, as follows.
Suppose that v and 6 are two smooth trajectories that are equal outside a bounded time
interval. Then although S(v) and S(6) may not be well-defined, the difference S(y) — S(9)
is well-defined, because the integrand is smooth and vanishes outside a bounded time
interval. Thus, if n is a trajectory that satisfies n(¢) = 0 outside a bounded time interval,
then it makes sense to talk about the directional derivative

i 2+ em) = 5()

e—0 €
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In fact, a simple calculation shows that this limit exists and equals

/Oo (ﬁ:(mi%(t) i (t) — ni(t) '5iV(’y(t)))dt_

0 Ni=1

Applying integration by parts on the first term (together with the fact that 7 vanishes
outside a bounded interval) shows that the above integral is equal to
o s N
[ (w0 o) + o) )t

T Ni=1
A trajectory is a critical point of the action S if these directional derivatives vanish for all
1. From the above expression, it is easy to show that a trajectory is a critical point if and
only if it satisfies Newton’s equations (1.1.1).

Instead of considering all possible paths, one can also consider the set of paths that
start from some point zo € (R3)V at time o, or the set of paths that start from z( at time
to and end at x; at time t;. The equations of motion will be the same, together with these
additional constraints.

For a detailed introduction to the mathematical aspects of Lagrangian mechanics, we
refer to the classic text of Arnol’d [2, Part II].

1.2 The idea of quantization by path integrals

While the trajectory of a classical system is deterministic, quantum mechanics says that
it is actually random; the randomness ‘goes away’ in the classical limit, where we look at
systems that are so large that quantum effects are negligible. The process of ‘converting’ a
classical system into a quantum system is called quantization. There are several equivalent
approaches to quantization. Arguably the most useful approach is quantization by path
integrals. The rough idea is as follows.

Instead of the probability density functions that we have in classical probability theory,
the randomness in quantum systems is captured by probability amplitudes. For example, in
the N-particle system described in the previous section, the state of the system at some
given point in time would be described by a complex-valued function 1 € L?((R3)V).!
Strictly speaking, the state of the system is not the function ¢ itself, but the equivalence
class of all functions that are nonzero scalar multiples of . This is true for a general
quantum system: The states of the system are rays (i.e., one-dimensional subspaces sans
the origin) of a Hilbert space H. In practice we do not explicitly make this distinction, and
treat states as points in H instead of rays.

The value 9(z) is called the probability amplitude at . For an N-particle system in
R3, the interpretation of the state 1/ is that the probability density function of the system is
2,

proportional to the function |1 (x)|*. That is, the probability that the system is in some set

1See Section A.2.3 in Appendix A for an introduction to LP spaces.
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A C (R3)V is given by the integral of |¢(z)|? over A, divided by its integral over the whole
of (R3)V. Note that if ¢»; and v are nonzero scalar multiples of each other, then they
give rise to the same probability density function. Thus, there is a well-defined probability
density function corresponding to any state.

The path integral formulation of quantum mechanics says the following. Suppose that
we are given an action S for the trajectories of an N-particle system, such as the one
displayed in equation (1.1.2). Suppose that the system is in a state 1) at time 0, as above.
Then at any time ¢ > 0, the state of the system is the function

1 i
() = 7/ o((t))er 5Dy, (1.2.1)
Z(t) vy (t)=z
where f’Yi’Y(t):I ... D~ is some notion of ‘integration over the space of trajectories’ v =

(7(s))o<s<t that are at z at time ¢, h is Planck’s constant, i = /=1, and Z(t) is a time-
varying ‘normalization factor’. The value of Z(t) is not important, because any value will
give the same state at time ¢. Typically, Z(t) is chosen such that the L? norm of v; remains
the same for all ¢.

The above definition usually suffers from severe mathematical difficulties, because
integration on the space of trajectories is typically hard to define, and even if it can be
defined, integrating an oscillatory function like e#5™) on this space is often outside the
reach of rigorous mathematics.

The heuristic justification of quantum systems approaching a classical limit is that when
we are working in units where Planck’s constant 7 is very small, rapid oscillations force the
integration to concentrate around trajectories that are critical points of the action. Again,
this is usually extremely hard to justify rigorously.

For an introduction to path integrals and the way they are used in physics, one can look
in the comprehensive treatise by Kleinert [14]. For rigorous mathematical treatments, some
basic references are the books by Glimm and Jaffe [10], Simon [28], and Albeverio et al. [1].

1.3 Path integral for a single free particle

As the simplest example, consider a single particle on the real line (instead of R?), with
mass 1, unaffected by any external force. By the formula (1.1.2), the action of a trajectory

~ from time 0 to time ¢ > 0 is then

Thus, the heuristic formula (1.2.1) becomes

25 ] a5 [ aza)or (1.3.)

where we want to choose Z(t) such that the L? norm of (¢, -) is invariant.

() =
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We will now make sense of this in a rigorous way. The first step is to discretize time
as 0=ty <t; <--- <t, =t A path~y with y(t) = « is then just a sequence of points
xzj =7(tj), 7 =0,...,n, with 2, = 2. The time derivative (¢;) should be replaced by the

discrete time derivative

Tjtl — Tj
tiv1 =
Lastly, the integral D~ should be replaced by integration over xg, z1,...,Tn—1, leaving out

T, since it is fixed to be equal to . With these substitutions, the discretized version of the

path integral displayed in equation (1.3.1) becomes

.-l 2
Tj+1 — %j
§ LA T8 (o — 1) dwo - - - dant,
/ /1/10%0 eXp<25 (j+1—t]>(”1 g)) zo - drn_1

with x,, := z. But this is still not a well-defined integral, since the integrand does not decay
at infinity in the variables z1,...,z,_1. We can fix this, for example, by replacing the i in
the exponent by i — €, where € > 0 is a small regularizing parameter that we will eventually
send to zero. With this, we finally arrive at a well-defined regularized and discretized path

integral

o) [e%s) n—1
=" ¢©@m)exp(l_(:§: T )dxo s,

J=

where s; := t;41 —t;, and the subscript in I, denotes that we are working with the partition
to, ..., ty of [to,t]. To evaluate this integral, let us assume that the Fourier transform 120 of
1o is in L'(R) N L?(R).2 Then by the Fourier inversion formula,

wnla) = o [ Golw)e .

Let F denote the set of all 1)y as above. Let us substitute this expression for ¢o(z) in the
previous display. Then by Fubini’s theorem® (which applies since wo € LY(R)), we get

n— 1
— € !E
In(€) == %/ / Yo(p eXp( lpxo+ o E ]HS ))dfco ~dxp_1dp.
J

Applying the change of variable y; := xj41 —x; for j =0,1,...,n — 1 in the above integral,

2See Section A.3 in Appendix A for an introduction to Fourier transforms.
3See Section A.1.16 in Appendix A.
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we get
1 00 0o n—1 1 —c n—1 y2
In(e€) := 7/ / Yo(p) eXP<—ip33 +ip) i+ o > 7)dyo -+ dyn—1dp
T J—c0 —0o0 j=0 =0 S]
: /OO 5o T [ ooy + L=
=5- [ olp)e™ / exp| ipy + ~——— |dy | dp. (1.3.2)
27 —0 E) —c0 27i$j

The inner integral above is a ‘Gaussian integral’ that can be evaluated by standard techniques.

For example, Lemma A.3.2 in Appendix A gives

> . (iE)yQ) < PP (e +1) >
+ Y Yy = exp( 25 s ).
/_OO exp <1py 2hs, Yy = exp 21 1) S

Thus,

1 X e PPe+1i)
In(ﬁ) = %C(E,Fh 807...,Sn_1) ’L/Jo(p)e exp _mhz Sj dp,
—00 =0

where C(e, R, sg, ..., S$p—1) 18 a nonzero complex number that depends on €, i, s, - . . , Sn—1,
but not on p or x. Let us now take the discrete version of the normalization factor Z(t) to
be this number. Observing that Z?:_ol sj = t, this shows that the discrete version of the

right side in equation (1.3.1) is equal to

L (et
ﬂlmwo(p)e p eXp(—§(62€+i)ht)dp.

Thus, it is now easy to take e to 0 (using the dominated convergence theorem?) and declare
that

1 RPN : 152
Ye(x) = */ Yo(p)e” Pr 2P M dp,
2 J_ o

Note that this expression was obtained only for ¥y € F, that is, for ¢y such that 121\0 €
LY(R) N L?(R). Let U(t) denote the operator that takes 1 to . That is, for any ¢t € R
and ¥ € F, let

Uwe) =5 [ ™ Bpye sty

By the above expression, it is clear that for each ¢, U(¢) is a linear operator from F into F,
because

U(t)e(p) = d(p)e” P72, (1.3.3)

We claim that U (t) preserves inner products on F under the usual L? inner product. To

4See Section A.1.13 in Appendix A
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see this, note that by the Plancherel identity® (which holds on F),
o [E— 1 0 -
| vr@T@es - o [ 0@He0 0w
/ f —ip ht/4A( Ye—iP2ht/4dp

/f Tidp= [ 1@t

This shows that U(t) preserves inner products on F, and therefore, is an isometry. It is
not hard to show that the function class F is dense in L?(R). This implies that U(t) can

be extended to an isometry on the whole of L?(R). Now recall that a linear map from a

Hilbert space into itself is called ‘unitary’ if it preserves inner products and is surjective.
From the formula (1.3.3), it is easy to see that U(t) is bijection from F on to F, with
inverse equal to U(—t). This fact, together with the isometric nature of U(—t) and the fact
that F is dense in L?(R), shows that U(t) maps L?(R) surjectively on to itself. Thus, U(t)
is a unitary operator.

One final remark is that (U(t))ter is a group of unitary operators, in the sense that
U(s+1t)=U(s)U(t) for all s,t € R. This is clear from the formula (1.3.3).

The construction of the above quantum mechanical system of a single free particle is
standard fare, present in every introductory text on quantum mechanics. The presentations
are, however, not always rigorously formulated as above. A classic reference for rigorous
formulations of quantum mechanical systems in the spirit of the presentation in this section
is Reed and Simon [26, Chapter X].

1.4 The Hamiltonian for a free particle

Let us recapitulate what we learned about a single free particle on the real line:

e There is a Hilbert space H of states, in this case H = L?(R). If the particle is in a
state ¢ € H, then the probability density of its location is proportional to |¢(x)|?.

e There is a collection of unitary operators (U(t))icr on H, which form a group in the
sense that U(s +1¢) = U(s)U(¢) for all s,t € R. In the case of the free particle, U(t)
is defined through the formula (1.3.3) on a dense subspace of L?(R), and extended to
the whole of L?(R) by isometry.

e This group of unitary operators interacts with the quantum system in the following

way: If the system is in state ¢ at time s, then it is in state U(¢)y at time s + ¢.

The above framework is the setup for any quantum system, as formulated in the framework
of rigorous mathematical physics [26, Chapter X|. There is a space of states H, which is a
Hilbert space. There is a group of unitary operators (U(t)):cr. If the system is in state v

®See Section A.3 in Appendix A.
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at time s, then it is in state U(¢)y at time s 4 ¢t. Usually, if the system can be represented
by a point in some set S at any point of time, H is some Hilbert space of complex-valued
functions on S. In the case of the free particle, S = R and # = L?*(R). There is also usually
some measure® 1 on S, and the interpretation of a state 1) is that if the system is in a state
1, then its probability density function with respect to u is proportional to [1(z)|?. In the
case of the free particle, y is Lebesgue measure on R.

Given a group of unitary operators (U(t)).cr as above on a Hilbert space H, it is called
strongly continuous if for every x € H, the map t — U(t)x is continuous. It is easy to
show that the unitary group for the free particle is strongly continuous. A very important
theorem that we will use repeatedly is the following, which we quote from Appendix D,
Section D.3.

Theorem D.3.1 (Stone’s theorem). Let (U(t))wer be a strongly continuous one parameter

group of unitary operators on a Hilbert space H. Let

Ult)x —
D := {x € H : lim M exists}.
t—0 —1t

Then D is a dense subspace on H. Furthermore, if we define an operator H : D — H as
the limit displayed above, then H is self-adjoint. Conversely, given any densely defined
self-adjoint operator H on H, there is a unique strongly continuous one parameter group of

ungtary operators (U(t)):ecr such that H and D arise from this group in the above manner,
with D = D(H).

The operator H obtained in Stone’s theorem is called the Hamiltonian operator for the
group (U(t))ter. The set D is called the ‘domain’ of H. If x € D, then it is easy to see that
for any t € R, the point x(t) := U(t)z is also in D. Moreover, it satisfies the Schrodinger
equation

. d
1%1‘@) = Hux(t), (1.4.1)

where the derivative on the left side is defined as

llg(l) %(m(t +s) —z(t)).

Let us work out the Hamiltonian for a free particle. Recall the class of functions F defined
in the previous section. Take any ¢ € F, so that 1Z € L'(R) N L%(R). For each t € R, let
W :=U(t)y, where (U(t))ier is the group of unitary operators for a free particle. Recall
that v is also in F, and by equation (1.3.3),

1 ® - —ipr—i
ww) = 5= [ e ap,

Let Fy consist of all ¢ € F which satisfy the further condition that 1Z is compactly supported.

6See Appendix A for an introduction to measure theory.

7
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For ¢ € Fy, it is easy to show using the dominated convergence theorem that

dila) = vole) 12, B[

v 27 —ipz 4
= w) P Y(p)e” " dp

as t — 0. Moreover, again by the dominated convergence theorem, 1 is a smooth function
and )

d w 1 o 27 —i

-— =—— e Pxdp.
dzx? 27 J_ oo Po(p) P

Combining, we see that the Hamiltonian operator for a single free particle is given by

h d?
H=—Z—s (1.4.2)
on the space of functions Fy. Writing v (x) as ¢(t, x), it is easy to show that (¢,2) — ¢ (z)

is smooth, and the Schrédinger equation (1.4.1) becomes

.0y h 0?1

T 20
which is the familiar form of the Schrédinger equation for a particle with mass 1. Incidentally,
notice that when we are working in units where Planck’s constant 7 is close to 0, the above
equation implies that v remains nearly unchanging over time. This reflects the fact that in
the classical world, the state of a system does not change in the absence of external forces.
One important thing to note is that the Hamiltonian for a free particle is not the operator
H displayed in equation (1.4.2). The operator displayed in equation (1.4.2) is the restriction
of the Hamiltonian to the subspace Fy. The actual Hamiltonian is the operator H defined
on the subspace D consisting of all 1 € L?(R) such that the limit of (U(t)y — 1)/(—it)
exists in L2(R) as t — 0, and this limit gives the value of Hv. It just happens that Fy C D,
and the restriction of H to Fy takes the form given in equation (1.4.2). The full domain D

is given by the following lemma.

Lemma 1.4.1. The domain D of the generator of the group (U(t))icr consists of all
Y € L%(R) such that the Fourier transform QZ satisfies

oo
| r ks < . (1.43)
—o0
For ¢ € D, H acts on ¢ as

H(p) = ~ 30 hi). (144)

Proof. Let D be the set described in the statement of the lemma. Take any @ € D. It is
easy to see from equation (1.3.3) and isometry that U(t) acts on the whole of L?(R) by the
formula displayed in equation (1.3.3). Thus, for any t # 0, if we let

U)y —¢

Vg i=m ————————
—it ’
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then
~ emiPHt/2 _q

w(p) =) ——

By the condition (1.4.3), there is a function v € L?(R) such that

o(p) = *gpgfmz(p)

Now note that

. -
lve = vl|72 = oy L gl
1 %) ) efinHt/Q -1 1 2

™ 2
~p?h| dp.
[ (p)] —— TP hdp

:g .

The integrand in the last line goes to zero as t — 0 for each fixed p. Also, it is bounded by
C|1Z)\(p)|2p4 for some constant C' that does not depend on p. Thus, by the condition (1.4.3)
and the dominated convergence theorem, the integral goes to zero as ¢ — 0. This shows
that v is in the domain of H and H4 is given by the formula (1.4.4). This proves one
direction of the theorem.

For the converse direction, take any v in the domain of H. Define v; as above. Then v,
converges to a limit in L? as ¢t — 0. Consequently, 7y must also be converging to a limit in
L?. But the formulas for ¥; and ¥ displayed above shows that the limit must necessarily be
0. In particular, ¥ € L?, which shows that (1.4.3) holds. Thus, 1) € D and H4) is given by
the formula (1.4.4). O

1.5 The probabilistic approach to quantum mechanics

As mentioned earlier, a quantum mechanical system consists of a Hilbert space H and a
strongly continuous one parameter group of unitary operators (U(t));er. The probabilistic

approach to constructing a quantum mechanical system consists of the following steps:

1. Define a strongly continuous semigroup of symmetric operators (P(t))¢>0 on H using
a stochastic process, such that its generator H is the Hamiltonian for the quantum

system that we want to construct.

2. Deduce by the Hille-Yosida theorem that H is self-adjoint. This is the content of
Theorem D.4.1 in Section D.4 of Appendix D. We reproduce it here for the reader’s

convenience:

Theorem D.4.1 (One direction of the Hille-Yosida theorem). Let (P(t))i>0 be a
strongly continuous semigroup of symmetric operators defined everywhere on a Hilbert
space H. Then the set

D:= {x eEH: limM exists}
tl0 —t
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is a dense subspace of H. Moreover, if we denote the above limit by Hx for x € D,

then H is a self-adjoint linear operator with domain D.

3. Invoke Stone’s theorem to construct the one parameter unitary group (U(t))ier with

Hamiltonian H.

The above process is a rigorous version of what is usually called ‘Wick rotation’ in physics.
This is because P(t) = e~*H whereas U(t) = e *#  and the combination of Theorem D.4.1
and Stone’s theorem therefore gives a way to ‘replace’ t by it to generate U(t) using P(t).
For more on the probabilistic approach, see Reed and Simon |26, Chapter X].

For the simplest application, consider the case of a free particle on the real line, for
which we already know the answer from previous discussion. For simplicity, let us assume
that we are working in units where i = 1. For each ¢ > 0, define a linear operator P(t) on
L?*(R) as

P(t)i(x) = E((z + ViZ)),

where Z is a standard normal (Gaussian) random variable.” It is easy to see that P(t) is

well-defined, because

Ely(z + VtZ)| < \/El(z + ViZ)[2

([ Wt ﬁz>|26;2 i) v

< (2m) |2 < oo

Moreover, P(t) maps L? into L?, since applying Fubini’s theorem in the third line below,

we have
1Pl = [ IPew@)Pde = [ (B +Viz)Pda
</ ZEIw(H ViZ)ds
—5( [ oo+ viz)Par)
= [|[9]|7-- (1.5.1)

Next, let us show that for each ¢, P(t) is a symmetric operator. Take any v, ¢ € L?(R).

"See Section B.2.1 in Appendix B for an introduction to Gaussian random variables.

10
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Then again by Fubini’s theorem,

(), 6) = / " P(ty(e)d@)de

/ (/ Y(z+ Viz) \/212 )qS(x)dx

S —z%/2
= /_OO (/_Oozb(er \/iz)qﬁ(x)d:c) e\/ﬂ dz.
Now note that for any z,

/1/)+\[z dx—/z/J )x

Plugging this into the previous display and once again applying Fubini’s theorem, we get

—22/2

(P(t)1), / ( / V(y)oly — Vi z)dy> md

(o

But since the distribution of Z is symmetric around 0, we have

00‘44444444476722/2 -
[ oy Vi) dz = E(oly ~ ViZ))

R ViZ) - PO,

Plugging this into the previous display, we get

(), 8) = /w POSG)dy = (1, P(1)d).

Thus, P(t) is a symmetric operator.

Clearly, P(0) = I. Our next claim is that P(s+t) = P(s)P(t) for any s,t > 0. To see
this, recall that from the basic properties of normal random variables®, v/s + tZ has the
same distribution as v/sZ; + \/fZg, where Z71, Z5 are independent standard normal random

variables. Thus,

E(P(t)¢(z + VsZ))
P(t x—i—\[z)

P(s)P(t)(x

22/2

\/Tr

\/7 w?/2 e—z2/2
—/Oo(/ P + sz + w)rdw>mdz
E((z + /521 + VtZ3)) = E(W(z + Vs + t2)) = P(s + v ().

8See Section B.2.4 in Appendix B

8

3 g

11
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Finally, we claim that (P(t)):>0 is a strongly continuous semigroup. To see this, recall the
subspace F of all ¢» € L?(R) such that Ve LY(R) N L?(R). Then note that for any ¢ € F,
p€eRandt >0,

6—22/2

Plwle) = [ v+ vin) =

1 * ® A —ip(x 2)—%2
:mmwa/ / Y(p)e PV 2,

1 RPN ipz—p?
o [ B,

dz

Thus, P(t)y € F and

—

P(t)d(p) = (p)e "2, (1.5.2)

By the Plancherel identity and the dominated convergence theorem, this shows that
t + P(t)1 is a continuous map for any 1 € F. To show that this holds for all ¢» € L?(R),
recall the inequality (1.5.1), which shows that ||P(t)|| < 1 for all . Take any v € L?(R)
and any € > 0. Since F is dense in L?(R), we can find ¢ € F such that ||t — ¢[|z2 < e
Then for any s,t > 0,

[1P(s)y = P()¢ll2 < [[P(s)y = P(s)¢ll2 + [[P(s)¢ — P()@l 2 + |1 P(£)d — P()¢] 2
< 2e+[|P(s)¢ — P(t)9l| 2-

Since ¢ € F, this show that for any sequence of nonnegative real numbers ¢, — t,

limsup || P(tn)y) — P(£)i] 2 < 2e.
n—oo
Since € is arbitrary, this proves the strong continuity of the semigroup (P(t))i>0. Thus, we
can now conclude that the generator H of this semigroup is self-adjoint, by Theorem D.4.1.
By the identity (1.5.2), it is easy to show that for ¢ € F,
1d?%y

Y ==

By Stone’s theorem, this Hamiltonian generates a one parameter group of unitary operators.
Note that on F, this H is the same as the H that we obtained in Section 1.4 as the
Hamiltonian for a single free particle on the real line (with & = 1). But are these two
operators really the same, that is, do they have the same domain and agree on that domain?
Indeed, this is true. The easiest way to show this is to mimic the proof of Lemma 1.4.1 and
identify the domain of the H defined above, and then observe that this is the same domain
as the one identified in Lemma 1.4.1.

The way we obtained H using a ‘probabilistic approach’ seems somewhat ad hoc. There

is in fact a more systematic way to get such constructions, using the approach of ‘Euclidean

12
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path integrals’. These are rigorously defined objects that we will discuss in the next chapter.

1.6 Heuristics for the Schrodinger equation with a potential

In this section, we will ‘derive’ the Hamiltonian for a quantum mechanical system of a
single particle in a potential V' on the real line, from the path integral representation of
its evolution. The entire derivation will be heuristic. The purpose of this exercise is to
illustrate how the Hamiltonian arises from the path integral, and then, to formulate a plan
to rigorously obtain the Hamiltonian as the generator of a stochastic process, so that the
analogous quantum system can be rigorously constructed via Stone’s theorem.

Consider a particles on the real line with mass 1, moving under the influence of a
potential V' : R — R. The action of a trajectory v : [0,t] — R is

s0) = | t(;ﬂs)Z V() )ds (1.6.1)

Suppose that we are working with units in which i = 1. If this is a quantum mechanical
system whose state is ¢9 € L?(R) at time 0, then its state at time ¢, according to the
formula (1.2.1), is heuristically given by

! i5(1)
— 0 Dr,
75 / L, B @)Dy

where f'y:'y(t):x ... D~ is some notion of integration over the space of trajectories that are at

Yi(w) =

x at time ¢, and Z(t) is a time-varying ‘normalization factor’ whose value is unimportant
because two states that are nonzero scalar multiples of each other are equivalent.
Note that by reversing the direction of time when parametrizing the paths in the path

integral, we may equivalently write ¢(z) as

o) = L L5
vle) Z(t) [Y:’Y(O)—ac Yoy (B D, (16.2)

where the integral is over all paths v : [0,¢] — R such that v(0) = 2. We will henceforth
adopt this alternate expression as the definition of our path integrals.

To compute the Hamiltonian for this evolution, we first have to choose Z(t) such that
the evolution is generated by a one parameter group of unitary operators. We will now

show, heuristically, that this is achieved by choosing
Z(t) = / eiSO('Y)ny’
7v(0)=0

where, for a trajectory « : [0,t] — R, we define

t
So(y) :== %/0 4(s)%ds. (1.6.3)

13
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Let U(t) be the map that sends g to ¢, with the above choice of Z(t). First, let us sketch
why it is reasonable to believe that U(s+t) = U(s)U(t). For simplicity, let us consider only
the case s,t > 0. A path v :[0,t+ s] — R that starts at 0 at time 0 can be decomposed
as a concatenation of two paths «a: [0,¢] = R and §: [t,t + s] — R, where a(0) = 0 and
B(t) = a(t). Let

B(u) = B(t +u) — a(t)

for t < u < t+s,sothat 6 : [0,s] — R starts at 0 at time 0. It is easy to see that

0(u) = B(t + u) for all u € [0, s], and hence, So(3) = So(6). Thus,

Z(t+s) = / / S @A Do
a:a(0)=0 J B:8(t)=a(t)
:/ / eiSo(a)+iSo(9)DaD0
a:a(0)=0 J/6:0(0)=0

</ eiSO(o‘)Da) </ eiSo(G)Dg)
a:a(0)=0 0:0(0)=0

(
= Z(t)Z(s).

Next, let Q(t) be the map that sends a function 1 to
QvvE) = [ w)EsIDy,
v:y(0)==

where the integral is over all paths 7 : [0,¢] — R with (0) = . Again, by a decomposition
of v:[0,t+ s] — RY into a and 3 as above, we get

Qs = [ f B3t + 5)eS@HD DDy
a:a(0)=z JB:8(t)=a(t)

_ / S@) (/ V(B(t + 3))(}5(@@5) Da.
a:a(0)=z B:8(t)=a(t)

Now, for a given «, let us make a ‘change of variable’ in the inner integral by replacing the
path 3 : [t,t + s] — RN with the path § : [0,s] — RY defined as 6(u) := (¢t + u). Then
note that

/ (Bt + )™ DB = ¥(6(5))e Do
B:p(t)=at) 5:5(0)=a(t)

= Q(s)¥(a(t)).

Plugging this into the previous display, we get

A+ = [ Qe Da
a:a(0)=z
= Q)Q(s)¢Y(x).
This shows that Q(t+s) = Q(t)Q(s). Now, recall that the evolution of the quantum system

14
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under consideration is given by ¥ — U(t)y, where

U(10() = 55QONE)
Thus, . .
Ut + s)v(z) = m@(t + s)(x) = m@(t)Q(SW(w)
Since Q(t) is a linear operator, this shows that
Ult+ 3)(a) = 55 @OV (s)(e) = VOU()(a)

This completes the heuristic argument for the claim that (U(¢)):cr is a one parameter
group of linear operators. We have not yet ‘argued’ that U(t) is unitary. The easiest route
to do that is to calculate the infinitesimal generator of the group, which is our main goal
anyway. For that purpose, we have to understand the behavior of U(t)y(z) for ¢ close to
Zero.

First, note that if ¢ is small, we may expect that the major contributions to the path
integrals come from paths that have not ventured far from their starting points. For such a

path v that starts from a point x, we have that

/0 V(y(s))ds = V(x)t + o(t),

assuming that V' is a continuous function. Thus,

Q)b (z) = eV @iold) / P(1(£) Dy
Y

y(0)=z

Also, for a path v that stays close to its starting point x, we may heuristically expand

P(y(t)) in Taylor series as

Plugging this into the previous display, we get

Q)Y (z) = e~V @ittolt) P(x)/ o eiSo(W)D,y+¢/(x)/ o (y(t) — 2)e oDy
vy(V)=x v:v(0)=x

N %w,,(x)/ (y(t) — )2 50Dy .. | (1.6.4)
yv(0)=z

Now, if we translate a path v by z, Sp(-y) remains unchanged. Thus, we may heuristically

expect that for any k£ > 0,

[ a-apdsopy = [ s,
7:y(0)== ~:(0)=0

15
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Since Sy is the action of a free particle, the above path integral can be evaluated using the
same techniques that we used in Section 1.3 to evaluate the path integral for a free particle.

In particular, it turns out that the value is 0 for kK = 1, and for k = 2, it is equal to
it / 0Dy = it Z(t).
7:7(0)=0

For k = 0, it is clear that the value is Z(t). Lastly, for k > 3, the value is o(t)Z(t). Using

these calculations in equation (1.6.4), we get that
QUey(a) = V@0 (G(a) 4 S0+ of0) -+ ) 200)
= (1 —iV(z)t+o(t)) (w(x) + %d//(m)t +o(t)- - ) Z(t)

= (1/)(3:) —iV(z)y(z)t + %1/)”(35)15 + o(t)) Z(t).

Consequently,
U(10() = ZQO0a) = ¥(w) = IV @U@+ 53 @)+ o).
Thus,
() = lim COPD =YD L) 4 v ) (1.6.5)

This leads us to expect that the Hamiltonian for a single particle in a potential V' on the
real line should be given by the above formula, at least for its action on twice differentiable
states.

Note that above Hamiltonian is heuristically a symmetric operator, because, using

integration by parts, we get

o0

0.0 = [~ (~50 @)+ Vi ) s

—00

= [ @) (-39 @) + Vool Jas

—0Q0

= (¢, Ho).
Since

d .
SU (e = —HU (1)

for any &, we can now use the same technique as in the proof of Lemma D.3.8 that

d
LU W6,U(0)8) =0,

16
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This shows that each U(t) is an isometry. It does not quite prove that U(t) is unitary, but

we will be content with this because we are not pursuing rigor in this section.

1.7 The Wick rotation heuristic for a single particle system

The Hamiltonian H in equation (1.6.5) that we derived heuristically for the evolution of a
single particle in a potential V' governs the evolution via the relation U (t) = e~ where
(U(t))ter is the one parameter group of unitary operators that dictates the evolution of
the state of the system. The idea of Wick rotation is to study H as the generator of the
semigroup (P(t));>0 instead, where P(t) = et and P(t) is heuristically constructed using

‘Euclidean path integrals’. The general heuristic is that since we want to replace e

tH real time’ ¢t should be replaced by ‘imaginary time’ —it. The prescription for

by e~
doing this is to replace ¢ by —it wherever ¢ appears in calculations, but not as arguments of
functions. Explicitly, the ds in the integral defining the action S in equation (1.6.1) should
be replaced by —ids, and the time derivative 4 should be replaced i¥; the latter, because

Y(t+€) — (1)

is to be replaced by lim w
€

. — (1),
—0 —1€ YY()

With these two replacements, the action changes to

7 (3707 + V(o) ).

Using this in place of S in the formulas for Q(¢)y(x) and Z(t) gives the following tentative
expression for P(t)y(z):

f'Y:V(O):x D((t))e SN Dy
Jyyoy=0 €Dy

)

P(t)y(x) =
where Sy is as in equation (1.6.3), and Sg is the ‘Euclidean action’

o) = [ t(iws)Z V() )ds. (1.7.)

The path integrals defining P(t) are called ‘Euclidean path integrals’. Using the same
heuristics as before, we can argue that P(¢) is a semigroup with generator H; that is, P(¥)
is indeed e, Of course, given the shaky foundation of the heuristic, we can be sure that
we are doing the right thing only if we can mathematically justify that indeed P(t) = e,
We will now do this.

The advantage of Euclidean path integrals, from a mathematical point of view, is that
they can sometimes be given a rigorous meaning. As before, let us start by discretizing
time. Instead of continuous time, let us consider discrete time for jt/n, j =0,1,...,n. A

path v is then discretized into a sequence of points g, x1, ..., 2, where z; is the value of

17
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~v(j5t/n). The time derivative of v and time jt/n is then discretized to

(7 + Dt/n) —~y(t/n)  n(zj41 — 7))

t/n t ’

which causes the action Sy(7) to be replaced by

n—1

1=t (G +Dt/n) —2Gt/n)\> _ n
22_:071( t/n > _Qtjz_:o(xj“_xj)Q‘

Consequently, the discretized version of the Euclidean action is

|
_

n

R|=

t n
(Tjp1 — x5 2+EZV zj),
7j=1

I
o

J
and the discrete approximation of P(t)i(x) is given by

f f 1/} T eXp( Z;L Ol(xj_,_l ) — %Z?:l V(mj))dxl . d{En
S )5 eXp(fQ% S (@1 — a)?)day - da

where xp := z. Changing variables to y; = x; —xj_1 for j = 1,...,n, we see that the above

quantity is equal to

S Sty Fyn)exp(—g Y0y — 5 X Vet yr + o+ yp))dyr - dyy

Now, recall that the probability density function of the N(0,0?) distribution at a point
y € R is proportional to e~y /2%, Thus, the above expression may be alternatively expressed

as
Po(t)(z) = B(p(x + Sy )en Loz VE+Si)), (1.7.2)

where Sj ;==Y 4+ --- +Yj, and Y3,...,Y, are i.i.d. N(0,¢/n) random variables. In the
next section, we will prove the following theorem, which shows that the Wick rotation
heuristic can indeed be applied to construct the quantum mechanical system of a particle
in a potential V', provided that V is continuous and bounded below, and grows at most

exponentially.

Theorem 1.7.1. Suppose that V : R — R is continuous and bounded below, and has at
most exponential growth at infinity. For each t > 0, let P,(t) be the operator on L?(R)
defined above, and let P,(0) := I. Then (P,(t))>0 is a well-defined collection of linear
operators on L?(R), and for each v € L*(R) and t > 0, P,(t)y converges to a limit in
L%(R) as n — oo. If we denote this limit by P(t), then (P(t))>0 is a strongly continuous
semigroup of symmetric operators on L*(R), whose generator H acts on smooth compactly

supported elements of L*(R) according to the formula displayed in equation (1.6.5).

18
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In short, the above theorem shows that there is indeed a densely defined self-adjoint
operator H on L2(R) which is a legitimate candidate for the Hamiltonian of a single free
particle in the potential V. By Stone’s theorem, this allows us to construct a unique

solution of the Schrodinger equation

for any initial condition 9(0,-) € L?(R), in the sense that 1 (t,-) = e (0, ). Note that
here t can be any real number.

The condition that V needs to be bounded below can be relaxed. For a variety of
conditions on the potential V' that allow the constructions of solutions to the Schrédinger

equation, see Reed and Simon [26, Chapter X].

1.8 Validity of the Wick rotation heuristic

We will prove Theorem 1.7.1 in this section, thereby proving that the validity of the Wick
rotation heuristic for constructing the quantum mechanical system of a single particle in a
potential V' that is continuous and bounded below.

Let B be standard Brownian motion on the time interval [0, t], starting from 0.7 Tt is

simple to verify that if [a, b] and [e, d] are disjoint sub-intervals of [0, ¢], then
Cov(B(b) — B(a), B(d) — B(c)) = 0.

Since jointly normal random variables are independent when they are uncorrelated, this
implies that B has independent increments, meaning that for any 0 < s1 < --- < s, <t, the
random variables B(s1), B(s2) — B(s1),...,B(sn) — B(sp—1) are independent. Moreover,
forany 0 <a < b <t,

B(b) — B(a) ~ N(0,b — a).

Consequently, for any n, if we define Y,,; := B(ti/n) — B(t(i — 1)/n), the random variables
Yoi,..., Yun are iid. N(0,t/n). Thus, if we let S, ; ==Y, 1+ -+ Y, ;, then

P,(t)y(z) = E(¢(x + Sn,n)e_% 2 Via+Sn;))

We divide the proof into a sequence of lemmas, for easier readability.

Lemma 1.8.1. For eachn > 1 and t > 0, P,(t) is a well-defined linear map from L*(R)
into L*(R).

9For an introduction to Brownian motion, see Section B.6 in Appendix B.
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Proof. Note that since V is bounded below by a number ¢ € R,
oo oo + n
/ |Pa(t)9 () *de = / [E@(@ + Spn)en 2= VEHSn)) 2dy
—00 —o0
< [ Bl + 8, Pds
—00
oo
= ([ jute+ Sutr) = ol < o
—0o0

where the second equality holds by Fubini’s theorem and the third equality holds by a

change of variable within the integral. This proves the claim. ]

Lemma 1.8.2. For each ¢ € L?*(R) and t > 0, P,(t)y converges to a limit in L? as
n — co. The limit is given by

P(t)(z) = E@h(x + B(t))eJo VEtB)ds) (1.8.1)

Proof. By the same argument as in the proof of Lemma 1.8.1, it is easy to show that P(t)

is a linear map from L?(R) into L?(R). Since S, , = B(t) for each n, we see that

| Pty — P(£)0]|22 = / T E@ (e + B(0)) (e S VEtSna) o fi Vit By 24,

—00

S/ E|o(z + B(t)) (e~ s Simr VtSns) _ o= 5 V+BE)dsy 2 g,

Since V and B are both continuous functions, we have that

nlggoﬁzv x4+ Spj) = ILm EZV x—+ B(tj/n))

/ V(B
Since V' > ¢ everywhere, an application of the dominated convergence theorem now shows
that P,(t)y — P(t)v in L? as n — oc. O

Lemma 1.8.3. The operator P(t) : L*(R) — L?(R) defined in equation (1.8.1) is a

symmetric operator.

Proof. Take any v, ¢ € L?(R). It is easy to justify the applications of Fubini’s theorem
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below, to get

o0

(P(t)y, ¢) = /_ E(¢(x + B(t)e™ o VB 505y
- IE( /_ h )z + B(t))e o V<1+B<S>>d8¢(x)dx)
=B ( [ wlye B V0RO B0 e

- / " p(y)E(e b VOTBE-BO)s g, — B(r)))dy. (1.8.2)

Define W(s) := B(t — s) — B(t) for 0 < s <. Note that W is also a random continuous
function. It is easy to verify that W satisfies the conditions for being a standard Brownian
motion on the time interval [0, ¢]. If we define P(t) using W instead of B in equation (1.8.1),
it is clear that the definition does not change, because the same argument as above shows
that P(t) is the L? limit of P,(t)y as n — oo.

Now, note that y — B(t) = y + W(¢), and

/ V(y+ B(s) — B(t)ds = / Viy+W(t—s))ds = / V(y + W(s))ds.
0 0 0
Thus, we get
(e VOHBO-BOMs gy _ B(1))) = Ble— o VWO 5y 1 B(1))) = P)6(y).

Using this in equation (1.8.2), we see that P(t) is a symmetric operator. O

Lemma 1.8.4. The collection of operators (P(t))t>0 is a semigroup. That is, for all
s,t >0, P(s+1t) = P(s)P(t).

Proof. Take any s,t > 0 and any ¢ € L?(R). Let ¢ := P(t)y. Let B be a Brownian
motion on the time interval [0,¢] and W be a Brownian motion on the time interval [0, s],

independent of each other and defined on the same probability space. Then note that
P(s)p(x) = E(p(z + W (s))e Jo VietW(w)du)

B / Bl +w(s))e Jo VirtwtDdegy (),
C[0,s]

where 1 is the law of W. That is, u(A) := P(W € A) for each A € B(C|0, s]). Similarly,
for any y € R,

o) = P = | ]¢<y+b<t>>e*fot Vi+blw)dugy (p),
C0,t
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where v is the law of B. Plugging this into the previous display, we get
P(S)¢($) _ / w(x + U}(S) + b(t))ei fOS V(erw(u))duffOt V(z+w(s)+b(u))dudy(b)du(w)
clo,s] J o
_ E(¢($ + W(S) + B(t))e_ f; V(ch-&-VV(u))du—féS V(z—i—W(s)-&-B(u))du). (183)

Define
W (u) if 0 <u<s,

W(s)+Bu—s) ifs<u<s+t.

Z(u) =

It is easy to verify that Z is a standard Brownian motion on the time interval [0, s + t].
Thus, by equation (1.8.3),

P(s)P(t)p(z) = P(s)o(x)
= E((x + Z(s + t))e~ Jo ' Vie+Zw)du)
= P(s+t)y¥(z).
This proves that (P(t))s>0 is a semigroup of operators. 0

Lemma 1.8.5. The semigroup (P(t))e>0 is strongly continuous.

Proof. Take any 1 € L?(R) such that ¢ is continuous and has compact support. By
Lemma D.4.5, it suffices to prove that ¢t — P(t)¢ is continuous for such . Let L be so
large that 4 is zero outside the interval [—L, L]. Let B be standard Brownian motion on
an interval [0, T]. It is easy to see that the restriction of B to [0, ], for any ¢t € [0,T], is

standard Brownian motion on [0,¢]. Thus, for any s,¢ € [0,T],

IP(s) — P22
= / T E@ (e + Bls))e™ J5 V@B By (x4 B(r))e s VErBendn g,

—00

oo
< / EW(@‘ + B(S))ei JS V(@+B(u))du _ w(x + B(t))eifot V(I+B(u))du|2dx.
—o0
Since v is continuous, the integrand converges to 0 as s — ¢t. Thus, we only have to verify
the condition needed for applying the dominated convergence theorem to show that the
above expression tends to zero as s — t. Let M := maxg<y<7|B(u)|. Let ¢ and C be
constants such that V' > ¢ and |¢| < C everywhere. Without loss of generality, ¢ < 0. Since

1 vanishes outside [—L, L], we see that
W}(x + B(S))eifos V(z+B(u))du _ w(x + B(t))67 fot V(erB(u))du‘Q < 4026726,1—'&-(%)7

where

1 if|lz+B(s)|<Lor|z+B(t)| <L,
{(x) =

0 otherwise.
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Now, if |z + B(s)| < L, then
|z] < |z + B(s) — B(s)| < |+ B(s)| + |B(s)| < L+ M.
Similarly, if |z + B(t)| < L, then also
|z| < L+ M.
Thus, if £(z) = 1, then |z| < L + M. Consequently, {(x) < n(x), where

1 if|z| <L+ M,
n(z) =

0 otherwise.

Note that n(z) does not depend on s or ¢, and by Fubini’s theorem and Lemma B.6.3,
/ E(n(z))dx = E(/ n(x)dx) =EQ2(L+M)) < 0.
—0Q —0o0

This allows us to apply the dominated convergence theorem and complete the proof. [

Lemma 1.8.6. For any ¢ € L?(R) that is smooth and compactly supported, we have

PO -

— v

in L? as t — 0, where H is the operator displayed in equation (1.6.5).

Proof. Let 1, := P(t)1) and
du(x) = (1 =tV (2)E[p(x + B(1))],
Note that for any z,
Vi) — du(w) = Efp(w + B(1))(e” b VE+BOE 1 44y (4))]

Thus, we get

oo

e — ¢l 72 < / E[|(z + B(£)[2(e~ Jo VBN _ 1 44y (1)) da

—0o0

- [/OO Wz + B())|2 (e~ Jo Via+BENds _q 4 tV(x))Qdm]

—00

- E[/OO () 2 Jo VrHBE=BOMs _ 1 | 4y (y — B(t)))Qdy} (1.8.4)

—00

From the continuity of V' and B, it follows that

0
el VO BB — _y(y — B(1)),
t=0
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Equivalently,

lim 1 <e_ Jo Vy+B(s)=B(t))ds _ | +tV(y— B(t))) =0.
t—0 ¢

Thus, from the inequality (1.8.4), we would be able to show that (¢ — ¢¢)/t — 0 in L? as
t — 0, provided that we are able to verify the condition required for applying the dominated
convergence theorem. For this, fix some T' > 0, and let M := maxo<s<7 |B(s)|. Take any

€ [0,T]. Since V has at most exponential growth, there are constants C; and Cs such
that |V (z)| < C1e®2?l for all z € R. Now, recall that V is bounded below by some ¢ € R.
Without loss of generality, assume that ¢ < 0. Then

e o VIrtBE)=BW)ds _ 1| < gmet

/O V(y+ B(s) — B(t))ds

t
—cT o S
e /0 \V(y + B(s) — B(t))|d

t
< Cle—cT/ eC2lWtB()-BWl g < e~ TeC2(lyl+2M)
0

Similarly, |V (y — B(t))| < C1e“2(¥+M) Combining, we get
|¢( )[2(e= Jo VWHBE)=BO)s _ 1 4 4y (y — B(t)))? < [ih(y) |2 CFe 2T 2C2(ul+M),

Note that the right side does not depend on ¢, and if we integrate it over y and then take the
expected value of the result, it is finite (by Lemma B.6.3 and the fact that ¢ has compact
support). This allows us to apply the dominated convergence theorem and conclude that
(Y — 1)/t = 0in L? as t — 0.

Next, let

()= (1= V() (00) + 30"(0) )

Then note that

1(0) = (2) = (1= 1V (@)E[ vl + BO) - v(o) - BOW @)~ 350" (o)

(1—tV(z U/ /B "’x—i—zB())dzdydw}

Thus, we have
I — &2 < ]E{//// 11—tV ()2 B(t)*0 '”(x+zB(t))|2dxdzdydw}

1
6
:é]E[/O /0 /0 [m|1—tV(u—zB(t))|2|B(t) " (u)]| dudzdydw} (1.8.5)

Take any ¢ € [0,T]. Then

11—tV (u—2Bt))|? <2422V (u— 2B(t))|> < 2 4 2720222 (ulH=M)
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Also, note that by Lemma B.6.3,

E(e2C2(H2IM)) B(1)(6) < \/E(6402(\u|+|z|M))E|B(t)|12 < O5e202lulg3,

where Cy does not depend on ¢ or u. Plugging this bound into the right side of equation
(1.8.5), and invoking the assumption that ¢ is compactly supported, we see that || ¢ —&; ||%2 =
O(t3) as t — 0. Combining this with our earlier observation that (¢ — ¢;)/t — 0 in L?, we
get that (¢ — &)/t — 0in L? as t — 0. But this is equivalent to the statement that

T _Hyp >0

Pty =4
t

in L2, where H is the operator displayed in equation (1.6.5). This completes the proof of

the lemma. ]

Combining all of the above lemmas, we see that all the assertions of Theorem 1.7.1 have
been proved. This shows that the Wick rotation heuristic is mathematically valid for the

case of a single particle in a well-behaved potential on the real line.
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Chapter 2

Abstracting the Probabilistic
Approach

2.1 The Markov process heuristic

Suppose that we want to build a quantum system that takes value in some space X endowed
with a o-algebra, so that the time trajectories of the system are maps v: R — X'. Let S
be the action, and let Sg be its Euclidean version obtained by Wick rotation, following
the method prescribed in Section 1.7. To construct the Hamiltonian for the quantum
system using the ‘probabilistic approach’ outlined in Section 1.5, we need to construct a
strongly continuous semigroup of symmetric operators (P(t))¢>o on some Hilbert space H
of functions from A into C, such that the generator of this semigroup is the same as the
Hamiltonian for our quantum system. The path integral prescription says that we should
define

P)U() = 75

where the integration is over paths v : [0,t] — X satisfying v(0) = z, D is formally given
by

/ B(y(t))e 5Dy,
yv(0)=x

Dy= [] dx((s)
0<s<t

where A is some notion of Lebesgue measure on X, and Zg(t) is the Wick-rotated version
of the normalizing factor from the quantum mechanical path integral.

We have carried out the above construction by an ad hoc method for a single particle in
a potential. A generalized approach using Markov processes is helpful for the more complex
systems that arise in quantum field theory. The following is an outline of this approach.

Recall that the Hilbert space for the single particle system is L2(R). Generalizing this,
we should take the Hilbert space for the X-valued system to be L%(\), where \ is the
analogue of Lebesgue measure on X. But this need not be the only choice. Let u be any

measure on X, which has density f with respect to A, meaning that u(A) = [, f(x)d\(z)
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for any measurable set A C X. The following map gives an embedding of L?()) into L?(u):

For ¢ € L%(R), let i/}v € L?(u) denote the function on the right. Then we can consider {bv to
be denoting the same state of the system as v, provided that we take the Hilbert space to
be L?(u) instead of L2()\). This needs a re-interpretation of probabilities, as follows. If the
system is in state ¢ € L?(p), the probability density function of the particle is proportional
to |¢|?, but with respect to the measure y instead of A. With this re-interpretation, the state
¥ € L%()\) gives the same probabilities as the state 1Z € L?(p), because for any measurable
set AC X,

[ald(@)PdA@) [, |«§<x>|2f<x>dA<x> _a |«§<x>|2du<x>_
Jx b@)PdA () [ () 2f(2)dN (@) [y [d(2)|2du(z)

What should be the time evolution semigroup (U (t));>0 in L?(1)? Clearly, if ¢/, is the state
of the system at time ¢ in L?()), then it is necessary to ensure that zl;vt is the state at time
tin L%(p). Thus, if ¢ € L%(u) is the state at time 0, then we should define

(07(r) = (o) = AL
1
- Z(t)\ [(x) Jyn(0)=2
1

ONE) O((1)e 5Dy, 2.1.1
ZOVT® Joiores ¥ T OEIPOENTDY (21.1)

~

V(1) Dy

After Wick rotation, the corresponding semigroup of symmetric operators (P(t))s>0 should
therefore be defined as

P(t)p(x) = VIG@)e(y(t)e =Dy, (2.1.2)

1
Zp(t)/ f(x) /w(O)r
where ¢ € L?(i1), and the integral is over all paths defined on [0,¢] satisfying v(0) = . The
Markov process approach gives a generic prescription for this construction. The precondition
for this construction is that the Euclidean action Sg should have the following additive
property: Suppose that 71 is a path defined on a time interval [tg,¢;] and 72 is a path
defined on the time interval [¢i, ¢o], such that v1(t1) = ~2(t1). Let 7 be the path defined on
the time interval [to, t2] obtained by concatenating 1 and -9 in the obvious way. Then we

need to have

Se(7) = Se(m) + Se(12)- (2.1.3)

Most physical systems satisfy this condition. If this holds, then the next step is to construct
a probability measure v on the space of all paths v : R — X that heuristically has probability
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density proportional to e () with respect to ‘Lebesgue measure’ on path space. Such a
measure is constructed typically by first constructing it over paths v : [-T,7T] — R, and
then sending T to infinity. The probability density on paths v : [-T,T] — X is of the form

e~ SE()

c(T)

where C(T) is the normalizing constant. Due to the additive nature of Sk, we have for any
two intervals [Ty, Th] and [T1, T3],

/ —SE()Dry = ( / esm)m) ( / esz)m).
’)’Z[TO,TQ]—)X ’y:[T(],Tl]—)X 'YI[TI,TQ]—)X

Moreover, the integral on the left is clearly just a function of the difference T5 — Ty. This
implies that C(T' + T") = C(T)C(T"), which, in turn, implies that there is a constant K
such that C(T) = &7 for all T > 0. Thus, if we define, for a path v : [Ty, Ty] — X the
modified action

Sk(y) = Se(y) + K(T1 — To),

then the probability density on paths v : [-T,T] — X is exactly equal to (and not just
proportional to) e e, Thus, the same must be true for the probability density on paths
v:R—=>X.

Suppose that such a probability measure v on path space can be rigorously defined.
Let X = {X;}:cr be an X-valued stochastic process (i.e., a collection of X-valued random
variables defined on the same probability space) with law v. Suppose that X is stationary
and reversible, meaning that the processes {X;iq}ier and {X_;}er also have law v, for
any a. Due to stationarity, X; has the same distribution for all ¢. Let p denote this law.
Assume that p has probability density f with respect to A. We will now construct our
quantum system on the Hilbert space L?(u1). Define!

Q()p(x) := E(o(X1)| X0 = z). (2.1.4)

We claim that Q(t)¢(z) is exactly the right side of equation (2.1.2). The heuristic argument

goes as follows. First, note that for any x, we have the formal identity
f(z) =/ e SsDn, (2.1.5)
7y (0)=z

where the integral is over all paths v : R — X satisfying v(0) = z. This holds because for

any measurable set A C X,

/ </ e_SfE(W)ny> d\(z) = / e S Dy = P(X, € A).
X \Jyy(0)=x v:7(0)EA

For any path +, let 74 and v_ be the restrictions of « to the positive and negative time

1See Section B.4.1 in Appendix B for the definition and properties of conditional expectation.
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intervals. By the additive property of Sg (and hence, of Sf), we have that Si(y) =
SE(v+) + Si(v—). Thus,

/ e=Se( Dy = / ¢=SE01)e=SE0-)Dry
yy(0)== yv(0)==

_ =S (1) ,—SE(12)
a /Vlc[o,oo)ax,w:(—oomax ¢ TR e Dy Dy
71(0)=2,72(0)=z

- —SE() —SE()
- <‘/y:[0700)~>X e et D’y> </\/:(oo,0]~>X e et D’}/) :

7(0)=x 7(0)==

But by invariance under time inversion, the two integrals in the last line are equal. Combining

this with equation (2.1.5), we get

=S - —Sp()
/y:[O,oo)ﬂX e e Dy = /7:(700,0@)( e 7e Dy
y(0)=z v(0)==

=V /f(@)

By time translation, the same identity holds if we replace «(0) by ~(t) everywhere, for any
t. Thus, we get

Jrr(0)y=a 21 () END(7)
Jy@y=a €5 D()
Sy (oyme 91O D()
- fy (0)=x e 5 D(~)
_ Jx f"/I’Y(O)::c,'y(t):y d(y)e e D(7)d\(y)
f(z) :

Now, the integral in the numerator can be written as

=Sg(7) —Sg() =Sg(7)
A (/v:(oo,O]—)X e e D’y/ ~:[0,t] =X ¢(y) ny /v:[t,oo)—)X e e D’y) d)\(y)
7(0)==

¥(0)=z,~(t)=y v(t)=y

/ Vi(/ [0 ¢(y)esﬁ<7>m)dx(y).

(0) z,y(t)=y

Qt)o(z) =

Plugging this into the previous display, we get

/f ()
0l t)o(y =)Dy

Q(t)¢(x) = F
7(0)=
/757 b VIO 0102
vy —x

This gives a heuristic proof of the claim that the operator Q(t) defined in equation (2.1.4)
is indeed a legitimate candidate for the operator P(t) displayed in equation (2.1.2).
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To summarize the discussion, here are the steps to constructing a quantum system using

Markov processes:
1. Given the action S, perform Wick rotation to obtain the Euclidean action Sg.

2. Construct a probability measure v on the space of all infinite-time trajectories that
heuristically has probability density proportional to e (¥ with respect to some

notion of ‘Lebesgue measure’ on path space.

3. Let X = {X,}icr be a stochastic process with law v. Let p be the law of Xj. Let
H = L?(p) be the Hilbert space of the quantum system, and define Q(t) : H — H as

Q(t)p(x) := E(o(Xy)| Xo = z).

4. Show that the X is a stationary reversible Markov process, so that by Theorem B.5.5,

(Q(%))1>0 is a semigroup of symmetric linear operators on H.

5. Verify that the semigroup (Q(t))+>o is strongly continuous. By the heuristics outlined
in this section, the generator of this semigroup is a valid candidate for the Hamiltonian

of the quantum system with action S.

The idea of looking at Euclidean quantum field theories as Markov processes originated
in the work of Symanzik [29]. The procedure for constructing the quantum field from
the Markov process representing the Euclidean theory was introduced by Nelson [21]. A
condition that is easier to verify than the Markov property, known as reflection positivity,
was introduced by Osterwalder and Schrader [22, 23]. We will discuss reflection positivity

later in this chapter.

2.2 The simple harmonic oscillator

The simple harmonic oscillator is a single particle with mass 1 on the real line moving
under the quadratic potential V(z) = %xz. We already know how to quantize this system
using Theorem 1.7.1. We will now work out a different quantization via the Markov process
heuristic. By equation (1.6.1), we know that the action of a trajectory v : R — R is given
by

S0 =5 [ G6P =(sPas
and by equation (1.7.1), its Euclidean version is
S60) =5 [ G2 +2(5)s
=5 [ a0)is) + 25

Thus, our first task is to construct a probability measure v on the space of all trajectories

such that v has density proportional to e=E(?) with respect to ‘Lebesgue measure’.
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Now, recall that the probability density function of the Gaussian distribution? on R"
with mean zero and covariance matrix ¥ is proportional to exp(—%xTE_lx)‘ Since Sg
is a quadratic form on paths, this suggests that v should be a Gaussian distribution on
the space of paths, such that if X = {X;};cr is a stochastic process with law v, then for
any n and any t1,...,t, € R, the random vector (Xy,,...,Xt,) should have a Gaussian

distribution with mean zero and covariance given by
E(Xy, Xi,) = K(ti, t)),

where K : R x R — R is a kernel that acts as the inverse of the operator
d? 9
—— + 22
dz?

Fortunately, such a kernel can be explicitly written down:

K(z,y) = /OOO &exp(— (= ;ty)2 - t)dt. (2.2.1)

In Theorem 3.4.1 in Section 3.4, we will show that K is indeed the inverse of the operator

—jm—zg + 22, in the following sense. Suppose that f : R — R is a Schwartz function meaning
that f is infinitely differentiable, and f and all its derivatives decay faster than the inverse

of any polynomial at infinity. If we define
Kf@) = [ Ky)iwi
—00
then K f is also a Schwartz function, and
d2 d2
=K|—-—+2?|f=——=+2?|KJ.
1=K ()1 = (=)o
It turns out that K (z,y) has a simpler form than the one displayed in equation (2.2.1).

Lemma 2.2.1. We have K (z,y) = %e_|9”—?/|,

Proof. On the right side in equation (2.2.1), the change of variable s = 2t/|x — y| gives

K(z,y) ! Vix |/oo ! e < 1|x <s+1>>ds
s = —_— — — ex _— — —_
Y 227 Y 0o Vs P 2 Y S

lx —y| [ 1 9 1
:”T ; exp —§|zfy\ u Jrﬁ du
2
_ ,‘z,yh/w/w Lyt
e oy exp 2|ar: yl{ w » du,

where the second equality is obtained by the change of variable u = /s. Let I denote the

2Gee Sections B.2.1 and B.2.4 in Appendix B for definition and properties of Gaussian random variables.
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integral on the right. By the change of variable v = 1/u, we get

> 1 1\*
I:/O U26Xp<—2|x—y|<v—v> )dv.

Averaging this with the original expression for I, we get

1 [ 1 1 1\?
1:5/0 <1+u2> exp<2|1’y|<uu> )du.

1

Making one final change of variable w = u — -, we get

I = 1/00 e sle—ylw? g, — VI ”2”.
2 /o0 2y/lx =yl

This completes the proof. ]

Let us now construct a Gaussian Markov process with covariance kernel K. Let Z be a

standard Gaussian random variable and B, B’ be two independent Brownian motions® on

the time interval [0, 00), which are also independent of Z. Define X; as

Letz + %e‘tB(th —-1) if¢t>0,

X, =4 V2 V2
\%etZ + %etB’(e’Qt —-1) ift<o.

This is clearly a continuous Gaussian process with E(X;) = 0 for each ¢. We claim that
E(X;X:) = K(s,t) for any s,t € R. To see this, first take ¢ > s > 0. Then

1
E(X,X) = ge CT(E(Z%) + E(B(e ~ 1B ~ 1))
1 1
= 56_(‘““)(1 +e¥ —1)= ies_t = K(s,1).
Similarly, this holds if ¢ < s < 0. Finally, take s < 0 < ¢. Then
1 s—t 2 1 s—t
E(Xth) = 56 E(Z ) = 56 = K(S,t)

This proves that X is a centered Gaussian process with covariance kernel K. It is known
as the ‘Ornstein—Uhlenbeck process’.

We claim that X is a Markov process. To see this, define for each s < ¢,

X, = e 79X,

3See Section B.6 in Appendix B for the definition and basic properties of Brownian motion.
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Then note that for each u < s <,

Cov(Xu, Xi — X)) = Cov(Xy, X;) — e~ (79 Cov(X,, X,)
_ %e—@e—u) s %ﬁsfu) _o.
Since these covariances vanish for all u < s < t, we conclude that the Gaussian field
{Xu}u<s is independent of the Gaussian field {X; — X, }+>s. But X, is a function of
Xs. Thus, {X;}i>s can be expressed as a function of X and a field that is independent of
{Xu}u<s. By Lemma B.4.11, this proves that the stochastic process X is Markovian. The
stationarity and reversibility of this Markov process are easy consequences of the translation
invariance and symmetry of K and the last assertion of Proposition B.1.1.

Lastly, let us verify that the generator of Markov process X is strongly continuous.
First, observe that by the form of K, the stationary distribution p of X is the Gaussian
distribution on the real line with mean zero and variance % Thus, the Hilbert space for the
quantum system should be L?(p). Explicitly, this is the set of all Borel measure f : R — C
such that

/00 \f(;v)|26_x2dx < 00.

—00
Again, from the formula for K, it is easy to see that for any ¢ € R and any sequence t,, — t,
lim E[(X;, — X¢)?] =0.
n—oo
Let (Q(t))r>0 be a semigroup for the Markov process X. Being a Markov semigroup, it is
automatically an L?(u)-contraction, by Jensen’s inequality for conditional expectation. It
is not hard to show that the set of all Lipschitz continuous maps from R into R is dense in
L?(p). For any such map f, the above identity implies that ¢ — Q(t)f is continuous, as
a map from R into L?(p). Thus, by Lemma D.4.5, the semigroup is strongly continuous.
By Stone’s theorem, this allows us to construct the corresponding quantum system with
—itH

Hilbert space L?(u1) and unitary group U(t) = e , where H is the generator of the above

semigroup.

2.3 Heuristic definition of vacuum expectation values

Let us now return to the abstract setting considered in Section 2.1. Assume that the
semigroup (Q(t))e>0 has all the required properties. By Theorem B.5.5 from Appendix B,
the semigroup for any Markov process is a contracting semigroup; in particular, (Q(¢))i>0
is a contracting semigroup. By Theorem D.4.9 from Appendix D, the generator of any
contracting semigroup is a positive operator. Thus, the generator H of (Q(t))t>0 is a
positive operator. This means, in particular, that its spectrum is contained in [0, c0). But
note that 0 is actually in the spectrum, because the function 2 = 1 on X is an eigenfunction
of H with eigenvalue 0. Since p (the law of Xj) is a probability measure on this space,
Q € H = L?*(p). The element €2 of H is called the vacuum state of the system.
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The fact that © = 1 remains invariant under the action of U(t) has the following

important consequence. Recalling equation (2.1.1), we see that for any x € X,

15’
/7 7:[0,]] =X \/79 "D Dy

7(0 =z
/‘ V@)D,

/ 0,t] - X

W(O ]jac

Thus, for any x € X and t > 0, we have the identity

F(1(8)e* D,

Z(t) = \/7 y:[0,8] =X
~v(0)=x
Multiplying by f(z) and integrating over = on both sides, we get

Z(t) = VIG0)F ()50 Dy. (2.3.1)

~:[0,t] =X

A consequence of the above identities is that for any s,¢ > 0,

Z(s+1) = / VIO 1 0)eS0Dy
~:[0,5+t] =X

-/ /ms,mm VIO F (a5 T )50+ Dy Dy
P = )

:/ VI 0)f(vi(s)Z(t 1S "/1)1)71
~1:[0,s] =X
= Z(s)Z(t).

Now, choose some time points ¢; < --- < t; and some functions Fi,..., Fy : X — C. Let v
denote the trajectory of our quantum system evolving over time. Suppose we are given that
the system starts in a state ¥y at time —7" < t; and ends at a state ¢; at time T' > ¢, both
having L?(\)-norm equal to 1 (where ) is ‘Lebesgue measure’ on &X'). Then the expected
value of the product Fy(y(t1))Fa(vy(t2)) -+ Fx(v(tx)), in the path integral formulation of

quantum mechanics, is given by

(1/;0|F1( (t1)) - Fr(v(tr))]v1)
/ (V=TGN F (1)) - - Fr(y(t))e SO D,
W[Tﬂ%X

Suppose that we now move to the Hilbert space L?(u1), so that 1; is replaced by @ZZ =i/
for i = 0,1, where f is the density of 1 with respect to the ‘Lebesgue measure’ A. Since the
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expected value should remain unchanged in the new setting, we must define

(ol Fi(v(t1)) - - F(v(tw)) 1)

1 ) o
- o / o VIO GT G -T)R (D))

CFi(y(t)) - Fr(y(te)) e Dr.

Now suppose we take 1;0 = 1}1 = ), where € is the vacuum state that is identically equal

to 1. Then we have

(QF(y(01)) - - Fr (v () [ ) 7

=77 | VIOCTIIOEIAG@) - AO@)EDD. (232

The vacuum expectation value of the product Fy(y(t1)) - - Fi(y(tx)) is formally defined to
be the limit of the above quantity as T'— oo. That is, it is the expected value when the
system is assumed to have started in the vacuum state in the distant past, and ending in the
vacuum state in the distant future. Appealing to the identity (2.3.1) and using translation

invariance, we see that the above quantity can be written as the ratio

S VIGET) D) Fi(y(t) - - Fe(v(tk))e Dy
IV IAED) F(T))e S Dy '

The limit of this, as T' — oo, is heuristically written as

e elS()
QIR (3 () Fulr (0)]) = L Fl”(“”feiﬁl’z%(i’“” =

(2.3.3)

with the understanding that the path integrals are over paths v : R — &', and the endpoints
v(—00) and ~y(oc0) are integrated with respect to the vacuum state +/f in the Hilbert space
L?()\), or equivalently, the vacuum state 2 in the Hilbert space L?(p). The above form of

the vacuum expectation value is the one that typically appears in heuristic calculations.

2.4 Rigorous definition of vacuum expectation values

Let us now try to give a rigorous meaning to vacuum expectation values. To compute the
quantity displayed in equation (2.3.1), let us decompose each path v : [-T,T] — X as a
concatenation of paths vy : [-T,71] = X, ..., 7 : [tk, T] — X, with v;(¢;) = v—1(t;) for
each 4. Since Z is a multiplicative function (as shown above), the integral displayed in

equation (2.3.2) becomes

1
Z(t1 _ (*T))Z(tg — tl) . Z(T — tk) / \/f('VO(_T))f('Yk(T))Fl ('YO(tl)) T

e Fy(yp—i (tg)) €SO0 SR Dy Dy
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Fixing 4o, . .., Yk—1, note that by equation (2.3.1),

ﬁ/ FORD) SR Dy, = v/ F i (8-

Substituting this in the main integral, we see that it simplifies to

1
Z(t1+T)Z(t2 —t1) -+ Z(ty — tg—1) /\/f 20 (=T))f (v-1(tr))

- Fi(y0(t)) - ..Fk(%_l(tk))els(w) +IS("/k—1)Dryk_l .- Dp.

Next, let us integrate out vy;_1. By equation (2.1.1), we have

/\/ (Yh—1 (t1)) Fr (Y5—1 (tg) )%= Dy
tk*tk 1)
= VF 2t 1)U (b — te1) Fr(yr—a(tr—1))-

Thus, the main integral simplifies to
1
_o(Tk—
ACESR Ztkl—tkg/\/f% J(Ve—2(tk-1))

“Fi(v(t)) - - Fre—2(Vk—3(tk—2)) Gr—1(vk—2(tk—1))
. eis(’YO)Jr'"JriS(“/kfz)

D’yka o DFYO?

where

Gro1(z) = Fpey (2)U (tg — toey) Fr ().

It should now be clear how to continue like this, by backward induction: Having defined

the functions Gy_1,Gr—2,...,Gjy1 for some j > 1, we define
Gj(x) = Fj(@)U(tj11 — t;)Gja ().
Then by successively integrating out v¢, vx_1, . ..,71, we arrive at the identity

(QIF1(y ( 1) Fe(y(te)) |7
/\/f Y0(=T)) f(Y0(t1))G1(70(t1))e* 00 Dry.

t1+T

But by the identity (2.1.1),

ﬁ A s F o)) G1 (0 (£1))50) Dy = /F@)T (b1 + TG ()
= Vf(2)Go(z)
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where Gg := l~](t1 + T)G4. Substituting this in the previous display, we get

<Q|F1('Y(t1))'"Fk(’Y(tk))‘Q>T:/XGO(ZC)J((CU)CM@):/XGOW)d,U(x)-
But note that

t@&mwmmz«%ﬁnwfﬂﬁm+Tmhmpw
= <G1’ ﬁ(tl + T)*Q>L2(/t) = <G15 ﬁ(_tl - T)Q>L2(;L)

=(G1,Q)12() = /XG1(a:)du(x).

Remarkably, the last quantity has no dependence on T, as long as —T < t; and T > t.
This is because the inductive definition of G; has no involvement of T'. Thus, the above
equation actually gives the limit as T" — oco. To summarize, we have shown the following.
Let

Gy = FLU(ty — t1)(FoU (t5 — t2) (- - Uty — tp1)Fp) - - ),

assuming that this definition makes sense. Then the vacuum expectation value of the

product Fy(y1(t1)) - - - F(vx(tr)) is given by

mmwm»~mmmm»=£cmwmw

In the next section, we will take this to be the definition of vacuum expectation value
in a generalized setting, and show how to compute vacuum expectation values by first
computing expected values of certain functions of random variables and then continuing
analytically.

For a further discussion of the rigorous approach to defining vacuum expectation values,
see [10, Chapter 6]. One thing we have not discussed here is the question of uniqueness
of the vacuum state (if one defines the vacuum state as the ground state eigenvector
of the Hamiltonian). Uniqueness requires an extra assumption, which is part of the

Osterwalder—Schrader axioms [22, 23].

2.5 Calculating vacuum expectation values

Let {X;}+cr be a stationary, reversible Markov process taking values in some measurable
space (X, G). Let p denote the law of X, and let H denote the Hilbert space L2(X, G, u, C).
For each ¢t > 0, define P(t) : H — H as

P()F(z) = E(F(X,)|Xo = ).

By the discussion preceding equation (B.4.2), this definition makes sense. By Theorem B.5.5,
(P(t))¢>0 is a semigroup of symmetric linear operators on . Suppose that this semigroup is

strongly continuous. (In applications, strong continuity has to be proved on a case-by-case
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basis.) Then by Theorem D.4.1, the semigroup (P(t)):>0 has a self-adjoint generator H
defined on a dense domain D. By Stone’s theorem, H generates a strongly continuous
one-parameter group of unitary operators (U(t))ter on H. This defines the time evolution
group for an X-valued quantum field ¢, whose states take values in H. If the field is in a
state ' € H, then the probability interpretation is that for any A € G,

_ JalF()Pdpx)

Blo €A =T TFw)Pau(a)

More generally, for any function G : X — C, the expected value of G(yp) is

JaG@)|F () Pdp(x)
Jx IF(@)Pdu(z)

provided that the integral in the numerator on the right is well-defined. If the state of the
system is F' at time 0, then it is U(¢)F at time ¢. The state Q =1 is a ground state of this
system, by Theorem D.4.9 and the fact that HQ = 0 (since P(¢)Q = Q for all ¢).

Now, take any k > 1, Fi,...,F € H, and —oco < t] < to < -+ < t} < co. Following

E(G(p)) =

the heuristics from the previous section, the vacuum expectation value of the product
Fi(pe,) - - Fr(pt,) (where ¢ is the field at time ¢) is defined as

wﬂmm~mmmm:ﬁcmmw»

where G1 : X — C is the function
G1i= F1U(ty — t1)(FoU (t5 — ta) (- Uty — tie1) Fi) -+ ), (2.5.1)

provided that the right side is well-defined; that is, the function Gy_1 := Fp_1U (ty —tr—1) Gk
is in L?(p), and inductively for each 1 < j < k — 2, the function G, := F;U(tj41 —t;)Gj41
is in L2(p). The following theorem gives a criterion under which this vacuum expectation

value is well-defined, and gives a way to calculate it.

Theorem 2.5.1. Take any k > 1, —oo <t; < -+ <ty <00, Fo,..., Fp_1 € L>®(u), and
Fy, Fy, € L*(u). Then the vacuum expectation value (U Fy(pt,) - - - Fi (o1, )|Q) is well-defined,
and may be computed as follows. If k =1, then

Qo)1) = [ F@)du(o).
X
Suppose that k > 2. Define f : [0,00)F~! — C as
f(sla ceey Skfl) = E[Fl (XO)FQ(XS1)F3(X81+82) T Fk(X51+"'+Sk—1)]'

Then f can be analytically continued to (iR)*~1 as follows. Fizing sa,...,s,_1, f has an
analytic continuation to the open right half-plane in the first argument, which extends by

continuity to the imaginary azxis. This allows us to obtain f(isy, se,...,sk—1). Next, fizing
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$1,83, ..., 8k—1, f(is1,+, 83, .., 8k—1) has a similar analytic continuation that allows us to
obtain the value of f(is1,is2,$3,...,8x-1). Progressing inductively, we get the value of
f(is1,...,i8g_1) for any nonnegative s1,...,8k_1. Then, for any —oco < t; < -+ <t} < 00,

(QUF(pty) - -~ Fr(e0,)|Q) = f(i(t2 —t1), ..., i(tk — th—1))-

Proof. The case k = 1 follows from our definition of vacuum expectation value. So let us
assume that k > 2. The conditions that Fy, ..., Fy_; € L°(u) and Fy, F, € L?(u) ensure
that the function f is well-defined, and that the following functions are also well-defined and
in L?(p). Fix some s1,...,8,_1 € [0,00). Let Hj_1 := Fy_1P(s},_1)F}, and by backward
induction, define H; := FjP(sj)Hj;1 for 1 < j <k —2. Then

f(Sl, ey Sk—l) = E(Hl (Xo)) = E(Fl(Xo)P(Sl)HQ(Xo)) = <P(51)HQ,E>L2(#).

Moreover, note that if F' € L?(u) and G € L°(p), then FG € L*(u). Using this and the
conditions that F, ..., Fy_1 € L>®(u) and Fy, F}, € L?(p), it is easy to see that the vacuum
expectation value is well-defined.

Now, if we fix s, ..., Sx—1, then by Theorem D.4.6, f(-, s2, ..., sp—1) admits an analytic
continuation to the open right half-plane in the first argument, which extends continuously
to the imaginary axis, giving

fls1, 82,0, 86-1) = <U(51)H27?1>L2(M)
= <H2,U(*51)E>L2( )
= (Ha,U(=s1)F1) 2
= (FyP(s2)Hs, U(—s1)Fy 31) 1) 12()
( (=

= (P(s2)Hs, F,U(—s1)F1) 12(),

where the last step makes sense since FhU(—s1)Fy € L?(p) (since Fy € L?(u) and F €
L>(u)). Next, if we fix s1,83,...,8k_1, then Theorem D.4.6 and the above expression
show that the function f(isy,-,ss,...,sk—1) can be analytically continued in the second
argument to the open right half-plane, which can then be extended to the imaginary axis

by continuity, giving

Flisy,isa, 53, sp-1) = (U(s2) Hs, FaU (= 1) F1) 12
= (P(s3)Hy, F3U (—52)(FoU(—51)F1)) 12()-

Continuing like this, we arrive at

fQs1, .o isp—1) = (U(sp—1)F, Fo1(U(=sp-2) (- - - FoU(=51) F1) - -+ ) 12
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Now, we can successively bring each U(—s;) to the left side as U(s;), giving

f(isl, NN 7iSk_l) = <U(Sl)(F2U(82)( N Fk—lU(Sk—l)Fk) s )’E>L2(H)
- [ Gi@)inta)
X
where G is defined as in equation (2.5.1). This completes the proof. O

Theorem 2.5.1, as presented here, is perhaps a new result. Calculating vacuum expecta-
tion values by analytic continuation of Euclidean expectation values in the Osterwalder—
Schrader framework has been explored in [10, Chapter 19]. Theorem 2.5.1 is the analogous
result for the Markov process approach, which seems not have appeared earlier in the
literature. The key ingredient in the proof of this theorem is Theorem D.4.6 from Ap-
pendix D, which also appears to be a new result. We will use Theorem 2.5.1 extensively in
our calculations henceforth.

2.6 The two-point function for the simple harmonic oscillator

Recall the quantum simple harmonic oscillator constructed in Section 2.2. The two-point

function for this system is the function

D(s =) == {QT{p(s)p() }|V),

where 7 is the time ordering operator, defined as

p(s)p(t) if s <t,

T{o(s)o(t)} =
WA= cets) e

Let us now compute this quantity using Theorem 2.5.1. Recall the Ornstein—Uhlenbeck
process {X;}icr defined in Section 2.2. Recall that by Lemma 2.2.1,

1 _
f(s) :=E(XoXs) = 3¢ $
for s > 0. This function continues analytically to the entire complex plane, and in particular,
1 .
f@s) = 56718.
Thus, by Theorem 2.5.1, we get that
D(s—t)= iefi‘sft|
5 .

The two-point function for the simple harmonic oscillator appears in any basic text on

quantum mechanics.
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2.7 The Osterwalder—Schrader approach

A problem with the Markov process approach is that in practice, verifying the Markov
property and the strong continuity property can be difficult. The Osterwalder—Schrader
approach, introduced in the papers [22, 23], replaces these two conditions with a single
condition called ‘reflection positivity’, which is much easier to verify. We will not use this
approach in this book, but we discuss it here for completeness. The idea goes as follows.
Let X be a measurable space and X = {X;};cr be an X-valued stochastic process with
law v, which is stationary and reversible, in the sense that {X;is}ier has law v for any
s € R, and {X_;}ier has law v.

Let Xt := {X;}+>0 and X~ := {X_;}+>0. We say that X is reflection positive if for
any measurable function F : X[%°°) — C such that E[|F(XT)|?] < oo, we have

E[F(X*)F(X )] > 0.

It is easy to show that if X is Markovian (in addition to stationary and reversible), then it
is reflection positive. The advantage of reflection positivity is that it is easier to establish
than Markovianity and strong continuity, and it allows the construction of the semigroup
without having to prove these properties. This is done as follows.
Let vt denote the law of Xt. Let £ be any dense subspace of L?(X1%%), 1), Define
a form 6 on £ as
0(F,G) == E[F(XH)G(X ),

which is linear in the first argument and conjugate linear in the second. By the Cauchy—

Schwarz inequality and the reversibility of X, 6 is a well-defined. The reversibility of X also

implies that 8(F, G) = 0(G, F). By reflection positivity, it is positive semidefinite, meaning
that 6(F, F') > 0 for all F.

Lemma 2.7.1. The functional 0 satisfies the Cauchy—Schwarz inequality. That is, for all

F,Geé&tr,
|0(F,G)| < \O(F, F)O(G,QG).

Proof. Take any F,G. For all A € C,

0<6(F — \G,F — \G)

6
O(F, F) + |A\*0(G,G) — 2Re(NO(F, G)).

If (G, G) =0, take A = af(F, G) for some a > 0. The above inequality becomes

2 c)p < )

Since a is arbitrary, this shows that 6(F, G) = 0, which implies that the Cauchy—Schwarz
inequality holds.
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If (G, G) # 0, taking

completes the proof. O

Now, define
N:={Fe&":0(F,F)=0}.

The fact that 6 satisfies the Cauchy—Schwarz inequality implies that A is a subspace of £¥.
This allows us to define the quotient vector space £ /N.

Lemma 2.7.2. If F,G € T and N € N, then 0(F + N,G) = 0(F,G). Consequently, 0
defines a positive definite inner product on EV /N .

Proof. The claimed identity is a straightforward consequence of the Cauchy—Schwarz

O(N,G)| < VO(N,N)IG,G) =

Combined with the conjugate symmetry of @, this shows that if F —F' €¢ N and G—G' € N,
then §(F,G) = 6(F',G’). Thus, we can define § on the quotient space. It retains all its

properties, and moreover, becomes positive definite, by the definition of N, L]

inequality, since

Since £ /N is an inner product space under the positive definite inner product 6, it
can be completed to get a Hilbert space, which we call . This is the Hilbert space for the
quantum system in the Osterwalder—Schrader approach. The following result justifies why

this makes sense in the context of our previous discussions.

Proposition 2.7.3. Suppose that X is Markovian, in addition to its other properties. Let
p be the law of Xo. Let o : E¥JN — L?(pu) be the map defined as ¢([F)) := H, where
H is the unique element of L?(u) such that H(Xo) = E(F(X71)|Xo), and [F] denotes the
image of F € ET in the quotient space ET/N'. Then ¢ is an inner-product-preserving linear
isomorphism, and p(EYJN) is dense in L?(). Consequently, ¢ evtends to a Hilbert space

isomorphism between H and L?(p).

Proof. First, let us show that the mapping ¢([F]) := H, where H(X,) = E(F(X1)|Xo), is
well-defined. Suppose that [F] = [G]. Then F — G = N € N. Thus, (N, N) = 0. But by
the Markov property and reversibility of X,

O(N,N) = E(N(X")N(X7))

E[E(N (X )N (X )| Xo)]

E[E(N(XT)|X0)E(N (X )| Xo)]

E[[E(N(X™)|Xo)P). (2.7.1)

Thus, we get
E(F(XT)|Xo) — E(G(X )| Xo) = E(N(X+)|Xo) = 0 as.

43



CHAPTER 2. ABSTRACTING THE PROBABILISTIC APPROACH

This proves that ¢ is well-defined. Next, we claim that ¢ is injective. To see this, suppose
that ¢([F]) = ¢([G]). Then E(N(XT)|Xo) = 0 a.s., where N := F — G. But by the
identity (2.7.1), we see that this forces (N, N) = 0. Thus, [F] = [G].

Our next claim is that ¢(£7/N) is dense in L?(iz). To see this, take any H € L?(u).
Define F € L%(u*) as F(X ') := H(Xj). Since £T is dense in L?(vT), there is a sequence
{F,}n>1 converging to F in L?(vT). Let H,, := ¢([F,]), so that H,(Xo) = E(F,(X )| Xo)
and H,, € p(ET/N) for each n. Clearly, H, — H in L?(p). This proves the claim.

Since ¢ is obviously linear, it only remains to show that it preserves inner products.
But this, again, is a simple consequence of the Markov property and reversibility, akin to
the proof of the identity (2.7.1). O

Having constructed the Hilbert space H, our next task is to define a semigroup (P(t))t>0
using reflection positivity, which is equal to the Markov semigroup when X is a Markov
process. We define P(t) as follows. Take any t > 0 and [F] € £t /N. For z € X10°) let
y =z € X0 be the vector ys := Tsit, 8 > 0. Define P(t)F € £ as

P(t)F(z) := F(rx). (2.7.2)
We make the following assumptions about the relation between £ and P(t):
1. For each t > 0, P(t) maps €T into itself.
2. For each F € €T, the map ¢ + P(t)F is continuous.

We claim that if F — G € N, then P(t)F — P(t)G € N. By linearity, it suffices to show
that P(t) maps A into N. Indeed, take any N € N'. Then by the stationarity of X,

O(P()N, P()N) = E(N (1 X )N (X))

(N(re X
(N({ s+t}3>0)m>
(N(
(N(

N({Xs}s>0)N({X_s—2t}5>0))
N(XHPRONX)) = 0(N, P(2)N). (2.7.3)

E
E
E

But by the Cauchy—Schwarz inequality for 6 (Lemma 2.7.1),

O(N,P(2t)N) < \/0(N,N)O(P(2t)N, P(2t)N) = 0.

Thus, we may define P(t) : ET /N — ET /N as

Now, note that the identity (2.7.3) holds not just for N € N, but for any F € £T. Thus,

we get

O(P(t)F, P(t)F) < O(F, F)'/20(P(2t)F, P(2t)F)'/?,
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But we can now again apply this inequality to the second term on the right. Iterating n

times, we get
O(P(t)F, P(t)F) < O(F,F)'=2 "9(P(2"t)F, P(2"t)F)* ", (2.7.4)
But again by the stationarity and reversibility of X, we have that for any u > 0,

O(P(u)F, P(w)F) = E(F(r, X ") F(r,X 7))
< VE(IF(r X *)P)E(IF (rX ) ?) = E(|[F(XT)]?).

Thus, taking n — oo in equation (2.7.4), we obtain
O(P(t)F,P(t)F) < O(F,F). (2.7.5)

This shows that P(t) is a contraction on £ /N. Therefore, it extends uniquely by continuity
to H. This defines P(t) on H. The following theorem shows that it has the required

properties; that is, (P(t)):>0 is a strongly continuous semigroup of symmetric operators.
Theorem 2.7.4. The collection (P(t))t>0 satisfies the following properties:

1. For all s,t >0, P(s+t) = P(s)P(t).

2. For each x € H, t — P(t)x is a continuous map.

3. For each t > 0, P(t) is a symmetric operator on H.

4. For each t >0, P(t) is a contraction.

Proof. 1t is clear from the definition (2.7.2) of P(t) that P(s+t) = P(s)P(t) on £*. From
this it follows that the semigroup property also holds on H.
To prove strong continuity, recall that P(t) is a contraction for each ¢. Thus, by

Lemma D.4.5, it suffices to prove strong continuity on £ /N. Since

0(F, F)| = E[F (X+)F(X‘)]

= \/]E (1 ( X*)\Q JE(FXH)?) = 1Fll L2

for each F' € £, this follows from the continuity of ¢ — P(t)F for F € £T.
To see that P(t) is symmetric, take any F,G € £*. Then by the stationarity of X,

O(P(H)F,G) = E[F(nX")G(X")]
[F({Xstt}520) G({ X —s}520)]
[F(

[F(

F({Xo}20)G{Xamt}s20)]
F(XM)G(r(X7))] = 0(F, P(t)G).

E
E
E

45



CHAPTER 2. ABSTRACTING THE PROBABILISTIC APPROACH

From our previous observations, it is easy to see that this identity carries over to H.
Lastly, the contraction property of P(t) follows from equation (2.7.5). This completes
the proof of the theorem. O

The following result justifies why the semigroup (P(t)):>0 is the same as the semigroup

obtained in the Markov process approach.

Proposition 2.7.5. Suppose that X is Markovian, in addition to its other properties. Let
 be the law of Xo. Let P(t) be the operator on H defined above, and define Q(t) : L*(u) —
L?(p) as Q(t) := @ o P(t) o ™1, where ¢ is the isomorphism between H and L*(u) defined
in Proposition 2.7.3. Then Q(t)H(Xo) = E(H(X})|Xo) for H € L?(p).

Proof. Take any H € L?(u). Define F € L?(vt) as F(XT) := H(Xp). First, suppose that
F € &t. Then
p([F])(Xo) = E(F(XT)|Xo) = H(Xo),

which implies that [F] = ¢~!(H). Now note that
P(H)F(XT) = F(rX") = F({Xs+t}s>0) = H(Xy).
By assumption, P(t)F € £*. Thus, by the definition of ¢ on €7 /A and the above identity,
P(PO)F)) = p([P(t)F]) = B(H(X,)|Xo).

This proves the claim when F € £+.

For the general case, let G be the subspace of all H € L?(j) such that the corresponding
Fis in £f. We claim that G is dense in L?(u). To see this, take any H € L?(u) and
let F(XT) := H(Xp). Since £T is dense in L?(vT), there is a sequence {F,},>1 in £F
converging to F. Let H,(Xo) := E(F,(X")|Xp), so that H,, = ¢([F,]). But note that

H,(Xo) = E(F(X )| Xo) — E(F(XT)|Xo) = H(Xo)
in L?(ut). This proves that G is dense in L?(y). Now, the map R(t) : L?(u) — L?(p) defined
as R(t)H(Xo) := E(H(X¢)|Xp) is continuous. Since ¢ is an isomorphism and P(¢) is a

contraction, Q(t) is continuous. Since Q(t) and R(t) agree on the dense subspace G, this

shows that they agree everywhere. ]
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Chapter 3

The Free Quantum Field

3.1 Classical Klein—Gordon fields

In Chapter 1, we developed the quantum system of a single particle in a potential on the real
line, using Brownian motion as a tool for justifying the Wick rotation heuristic. The same
method can be used to develop many particle quantum systems, using multidimensional
Brownian motion. A field, on the other hand, is like a system of infinitely many one-
dimensional particles, indexed by points in space. That is, a field ¢ is a function from
R* into R, where ¢(t,2) € R denotes the location of the particle indexed by = € R? at
time ¢ € R. One of the simplest classical fields is the one that evolves according to the
Klein—Gordon equation

09— no—m2

ot? ’
where A denotes the spatial Laplacian and m is a nonnegative constant. (When m = 0,
this is just the wave equation.) It is not hard to verify that solutions of the Klein-Gordon

equation are critical points of the action

1

5(6) = 5 | (@(t.0)? = IVo(t.2) | = m*o(t, ) deda, (3.1.1)

where V denotes the gradient with respect to the spatial coordinates. Indeed, if ¥ is any
compactly supported smooth map from R?* into R, then the variational derivative of S in

the direction % is given by

d
%S(QS + €v)

=53 [ a0t + duse)?
— IVo(t, ) + eV (t, )| — m*(o(t, ) + e(t,))?)|  dtda
e=0

= [ @olt.2)0rw(t.2) = Vo(t.a) - Vult, ) = mPo(t, )it )
= [ vlt)(-GFo(t.) + Avta)  mPo(t,)itda,

47



CHAPTER 3. THE FREE QUANTUM FIELD

where the last step follows by integration by parts. This vanishes for all v if and only if ¢

satisfies the Klein—Gordon equation.

3.2 Heuristic definition of the free quantum field

The massive free quantum field with mass m is heuristically the path integral quantization
of the classical Klein—Gordon field with mass m. To quantize, first note that instead of the
location () of a single particle at time ¢, we now have an entire field ¢(¢, -) at time ¢, where
#(t, z) denotes the location on the real line of the particle indexed by = € R3. When we
quantized the single particle, the exact location (t) was replaced by a wave function (-),
with the understanding that |;(x)|? is proportional to the probability density function
of the particle at a point € R. Analogously, we now need a wave function (-), whose
modulus squared gives the probability density function of ¢. That is, we first need to settle
on a space S of possible values of ¢(t,-), and then some definition of Lebesgue measure
on this space, and finally declare that the probability density of ¢(¢,-) at a point £ € S,
2,

with respect to this Lebesgue measure, is proportional to |1;(€)|*. Then according to the

prescription given by equation (1.6.2), ¢, should evolve as

_ 1 NelS@p
O = 5 e, PN D,

where S is the action displayed in equation (3.1.1) but with the integral over time going

from 0 to ¢, D¢ denotes Lebesgue integration over the space of trajectories
{¢:¢(s,-) €S forall 0 <s <t}

and Z(t) is some suitably chosen normalizing constant that makes the evolution U (¢)1g := 14
unitary.

Incidentally, the above is just one description of the free quantum field. There is a
different description of the free quantum field where we define the Hilbert space and the
time evolution group directly, via the process of second quantization. This produces the Fock
space definition of the free quantum field. We will discuss it in Chapter 4. More detailed
discussions of the Fock space construction are in Folland [6, Chapter 5] and Talagrand [30,
Chapter 5.

3.3 Wick rotation for the free quantum field

First, we need to construct the Euclidean action by Wick rotating the action for the free
quantum field. However, we need to be careful with this. Recall that for the one-particle
system in Chapter 2, there was a given candidate for the Hamiltonian H, namely, the
Schrédinger operator. For the free quantum field, the Hamiltonian is not given to us, so we
cannot verify if the answer we get is ‘correct’. In this situation, the best option is to rely

on the correctness of the construction that we have already established as valid, namely,
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CHAPTER 3. THE FREE QUANTUM FIELD

the construction of the time evolution group for a particle in a potential. The construction
generalizes easily to a multi-particle system in the following way. Suppose we have N
particles on the real line, each with mass 1, whose positions at time ¢ are given by a vector
() = (M1(t),...,7n(t)) € RN. The particle system is moving under the influence of a
potential V : RNV — R. The action of the trajectory v is

s0) = [~ (3101 - Ve ) (33.1)

—00

and the Euclidean action is
© /1
st = [ (G017 + Vo) )a (332)

It is easy to generalize Theorem 1.7.1 to the above setting, thereby giving us confidence
that the above Wick rotation is the correct approach.

Now, how can we connect the evolution of a particle with the evolution of a field? There
is an obvious way to do it: Treat the field as a collection of particles moving on the real
line, each indexed by a point in R3. That is, ¢(¢, ) € R denotes the location of the particle
indexed by = € R? at time ¢t € R. With this interpretation, we can view ¢ as the trajectory
of this infinite particle system, with ¢(t,-) being its location at time ¢. The action S(¢)
displayed in equation (3.1.1), therefore, has the same form as the action S(y) displayed in
equation (3.3.1), with

V(o) = 5 [ (962)IP +o(t.))de

2
Thus, the form of the Euclidean action displayed in equation (3.3.2) suggests that we should

define the Euclidean action for the free field theory as

1

S6(0) = 5 [ (@uo(t,2)) + [90(t.)|? + mPo(t,a))dbd.

Note that the above action could also be obtained simply by replacing t by —it everywhere,
as we did for the single particle system. But the above reasoning gives more insight into
the nature of the system.

It is clear that this action satisfies the additive property described in Section 2.1. So
the next step is to construct a probability measure on the set of all ¢ : R* — R that has
probability density function proportional to e B(®) with respect to ‘Lebesgue measure’ on
the space of all ¢.

We will go beyond R* and define the above object, known as the Euclidean free field
with mass m, on R? for arbitrary d > 1. Heuristically, the Euclidean free field on R¢ with

mass m is a Gaussian field ¢ on R? with probability density function (with respect to a
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hypothetical ‘Lebesgue measure’ on the space of fields) proportional to

exp 1 ||V¢(x)||2dx—m—2 o(x)*dx ). (3.3.3)
(-3 /. > L.

The construction of this object requires a series of steps, which we carry out in the subsequent

sections.

3.4 Rigorous construction of the Euclidean free field

In this section, we will rigorously construct the Euclidean free field. This is a standard
object of study in modern probability theory. For the probabilistic perspective and many
more details, we refer to the surveys of Sheffield [27] and Berestycki and Powell [3].
Notice that the heuristically defined probability density function for the Euclidean free
field displayed in equation (3.3.3) is of the form exp(—%Q(qﬁ, ®)), where @ is the positive

definite inner product

Qo.v) = [ Vo) Voade +m? [ oayila)da. (34.1)

Integration by parts shows that
Qo0) = [ 0l)(-A + D) p(a)ds,
Rd

Comparing this with the form of Gaussian densities', it seems that a rigorously defined

Euclidean free field on R? should be a centered Gaussian field with covariance structure

Cov(g(z), d(y)) = Gm(z,y),

where G, is an integral kernel that is the inverse of —A + m?I, provided that such an
object exists. Thus, we have two tasks to accomplish: (a) Prove that G,, exists, and (b)
construct a centered Gaussian field with covariance kernel G,,.

Recall that a function f : R? — R is said to be rapidly decaying if for any a > 0, there
is some C such that |f(z)] < C(1 + ||lz]|)~ for all 2 € R Let S(R?,R) denote the space
of real-valued Schwartz functions on R, that is, infinitely differentiable functions f such
that f and all its derivatives of all orders are rapidly decaying functions.

Given positive integer d and nonnegative real number m such that either d > 3 and
m >0, or d=1,2 and m > 0, define the function Gy, : R?\ {0} — R as

Gla) = [ —2 B T (3.4.2)
m(x) = L @ty exp yr m . 4.

It is easy to check that the integral is well-defined and finite. We extend G, to the whole
of R? by defining G, (0) := lim,_s0 G (). Note that G,,(0) = oo if d > 2, but finite if

1See Sections B.2.1 and B.2.4 in Appendix B.
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d=1and m > 0. We will view GG,,, as an integral operator acting on Schwartz functions as

G (@)= [ Gl =) )

The following theorem encapsulates the essential properties of Gy,.

Theorem 3.4.1. Take any d, m such that either d > 3 and m >0, or d=1,2 and m > 0.
The operator Gy, is well-defined on S(R,R), and maps into C=(R?). It is the inverse of
—A +m?I on S(RLR), in the sense that for any f € S(RY,R),

CGm(=A+m*D)f = (A +m*1)Gpf = f.

Lastly, when d > 3 and m = 0, G, has the explicit form

I(d/2-1)
Gm(r) = 47Td/2‘|$||d72.

To prove Theorem 3.4.1, we begin with a preliminary upper bound on G, (x).

Lemma 3.4.2. If d>3 and m >0, ord=1,2 and m > 0, the function G, satisfies the

bound

C(d)ellelm/ V2| ) ~(@-2) ifd>3,

Gm(z) < C(d)el=Im/A(1 4+ m=2) if d=2 and || > 2m,
C’(d)ei”IHm/‘L(m’2 +log(2m/||z|))) ifd=2 and |z| < 2m,
C(d)e1*Im/4(1 4+ m=2) ifd=1,

for all x € R\ {0}, where C(d) is a constant that depends only on d.

Proof. First, let d > 3. Making the change of variable s = ||z||?/4t in the integral defining
G (z) in equation (3.4.2) shows that

1 0 (d—4)/2 m2H$”2
Gm(z) = 22 /0 1az &P <s - 48) ds. (3.4.3)

Now note that by the AM-GM inequality,

1/2
5wl o (smPlal?\ Y2 _ falm
2 4s  ~ 2s V2
By (3.4.3), this shows that
—llzlm/v2 oo g(d—4)/2
Gm(z) < ¢ - / 5 e %/2ds.
lell=2" o a2

It is easy to see that the above integral is finite, since d > 3. This completes the proof
when d > 3. Next, let d = 2. First, note that by an application of the AM-GM inequality
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similar to the above, we get

_ *© 1 lz||2  m3t
< HJCHm/4/ _— _ 0 g
Gn(z)<e | I exp 5t 5 dt

We break up the above integral into two parts, from 0 to ||z||/2m, and from ||z||/2m to

infinity. For the second part, note that

o0 2 2 [e'e]
/ i exp (M _ m) dt < / Le—m%/th.
lzll/2m 47t 8t 2 2/l /2m 47t

If ||z|| > 2m, then the right side is bounded above by C/m? for a universal constant C.
If ||z]| < 2m, we further break up the integral into an integral from ||x||/2m to 1, and an
integral from 1 to co. The second integral is bounded above by C'/m?, and the first integral
is bounded above C'log(2m/||z||). Next, note that by the change of variable s = ||z||?/4¢,

we get
llll/2m 1 llz]|? m2t> o0 1 s Az)?
—exp|l ——— — — dt:/ exp(——)ds
/0 47t ( 8t 2 HJCH/Qm 471'5 2 88

< / LeiS/QdS.
lzll/2m 475

By a similar argument as above, this is bounded by a universal constant C' if ||z| > 2m
and by C'log(2m/||z||) if ||z|| < 2m. This completes the proof in the case d = 2.

Finally, let d = 1. Following exactly the same steps as for d = 2, we arrive at the

inequality
o 1 |$|2 m2t 00 efmZt/Z
Gn(z) < ef‘z‘m/‘l/ ——ex (— — 2 )dt < e lHlm/4 ——dt.
() < o vant P\ s T ) o Vit
It is easy to see that the integral on the right is bounded by C(1 4+ m~2). O

The next lemma proves some of the properties asserted by Theorem 3.4.1.

Lemma 3.4.3. If d > 3 and m > 0, or d = 1,2 and m > 0, the operator G,, sends
Schwartz functions to C* functions, and commutes with the derivative operators O0; :== 0/0x;,
i=1,...,d.

Proof. First, consider d > 3 and m > 0. Take any f € S(R%,R). Note that G,,f can be

alternatively expressed as

Gmf(z) = » Gm(y)f(x —y)dy.

For any x,y, the bound from Lemma 3.4.2 and the fact that f is a Schwartz function show
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that for any a > 1,

0
8.%‘

(Gm()f(x —y))| = Gm(y)|0if(x — y)|

C
<
~lyll A e =yl

for some constant C' that does not depend on x and y. It is easy to see from this bound
(with a large enough «) and the dominated convergence theorem that G, f is a differentiable
function, and for each 7,

This proves, in particular, that G, commutes with the derivative operators. By iteration,
this also proves that G, f is infinitely differentiable for any f € S(R? R).
For d = 1,2 and m > 0, the same argument works, observing that G,,,(x) is exponentially

decaying in ||z|| as ||z|| — oo by Lemma 3.4.2. O
We are now ready to finish the proof of Theorem 3.4.1.

Proof of Theorem 3.4.1. Take any f € S(R%,R) and let g := G,,,f. By Lemma 3.4.3, g is
an infinitely differentiable function, and Ag = G,,Af. Thus, by Fubini’s theorem,

— le =yl

:/Rd/o (4rt)d/2 eXp(‘ Tt Af(y)dtdy
h ! le—yl>

:/0 /R (4t )i/ exf’(‘u—m t)Af(y)dydt.

Note that for any ¢ > 0,

1 z —y|?
/Rd (47Tt)d/2 exp < ” 4ty|| o m2t> Af(y)dy‘

1 = —y]?
< IAf]|oo =TV dy = [|AF]|oo,
< |Af]l /Rd (4m)d/2e}<p( pr dy = [[Af]

where [|Af|loo denotes the supremum norm of Af. This uniform bound shows that

Ag(xz) = lim /OO/ L exp —M —m?t | Af(y)dydt.
el0 Jo  Jra (4mt)d/2 4t

Take any ¢t > 0. Applying integration by parts (which is valid since the integrand is
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sufficiently well-behaved and Af is rapidly decaying), we get

/Rd eXp(—lgC;tZ/Q>Af(y)dy
- [r3 e (- )
d

_ [l —y|I? |z —y|I?
/Rdf(y)( % e )eXp< Af >dy

Plugging this into the previous display, and again applying Fubini’s theorem, we get

= —y]? lz—yl>
ot T — = —m?t ) dtdy.
e¢0 /Rd/ d/2 )< 2t + 442 €xp At m d dy
Now note that for any distinct z and y,

of 1 layl?

ot \ (4mt)d/2 At

b el el

(47rt)d/ 2 2t 4¢2 At )

Using this in the previous display, we get

_ 1 |z — yl?
— 1 m2t _ .
i / / ((mdn eXP( 1 didy

Take any € > 0. Using integration by parts, we get

gty 1 e =yl
/E T ((4m)d/2 eXp( w )
_ o m?e_ 1 —y||2 2,-m2__ 1 [z —yl?
= —¢ (dre) 2 exp< / m 4 NCE exp|( — m dt

Combining this with the previous step gives us

: - 1 |z —yl?
A = —1 m?e B ———
9(x) im | fe (Imc)2 eXp< yram
, > - 1 Iz — y]1?
1 2 mt —_ . 4.4
+ i i ). m” f(y)e (am)72 exp( yr dtdy (3.4.4)

By the change of variable z = ¢~ /2(z — ), we have

—_ 12 )

By the dominated convergence theorem, this shows that the first limit in (3.4.4) is equal to

f(z). Again, by the dominated convergence theorem and Fubini’s theorem, the second limit
equals m2g(x). Thus, Ag(z) = —f(x)+m?g(z). This proves that (—A+m?)G,, = I. Since
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G commutes with differential operators, this also proves that Gy, (—A +m?) = 1. O

Having completed the proof of Theorem 3.4.1, we are now ready to construct the
Euclidean free field on R with mass m, where either d > 3 and m > 0, or d = 2 and m > 0.
We leave out the case d = 1 since it has already been analyzed in Section 2.2. Recall that

our goal is to construct a centered Gaussian field ¢ on R? satisfying

Cov(g(z), 9(y)) = Gm(z —y).

This means, if we consider ¢ as a linear functional acting on S(R%, R) as

o) = [ ota)s(@ye (34

then {¢(f) : f € S(RY R)} should be a centered Gaussian field indexed by S(R? R),
satisfying

Cov(o( / / Gz — y)dyde =: R(f, g). (3.4.6)
Rd JRd
We will now rigorously construct the field {¢(f) : f € S(R% R)} as a well-defined collection

of centered Gaussian random variables with the above covariance structure.

Lemma 3.4.4. The bilinear form R defined above is a positive definite inner product on

S(R4,R). Moreover, the topology induced by this inner product is separable.

Proof. Throughout this proof, C1,Co, ... will denote constants that only depend on d.
First, if d > 3, then note that by Lemma 3.4.2, for any f,g € S(R% R),

L LGt — s <ci [ [ 8D 400
=G /]Rd @) </yi|yac||<1 ||ﬂc|€|yLllo‘oi2 dy) e
o [rei(f oy )as

< Cillfllprllgllze + Call fllprllgllpr < oo. (3.4.7)

It is easy to check using Lemma 3.4.2 that this also holds if d = 2 and m > 0. This shows
that R is a well-defined bilinear form. The finiteness of the above quantity, together with
the formula (3.4.2) for G,,, shows that for any f € S(R% R),

a2
R(f»f):/o (@rt) And2Z (/Rd/Rd exp(—ﬂ)dxdy)dt.

Now, note that if Z is a d-dimensional standard normal random vector, then

| — yll* i(x—y)-Z/V2t
_ I ) - R(elEy)-Z/ vty
exp( pr (e )
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Thus, by Fubini’s theorem,

/Rd /Rd f(@)f(y)exp (—”x;ty”Q) dxdy = ]E(/Rd /Rd f(w)f(y)ei(xy)z/\/ﬁdxd@

2
=E = E|f(Z/v20)P,

f(x)eix'z/mdx
Rd

where fis the Fourier transform of f. This proves that R(f, f) > 0. Moreover, if R(f, f) = 0,
then the above identity implies that for almost every ¢ > 0, f(Z /v/2t) = 0 with probability
one. But this can happen only if f: 0 almost everywhere on the real line. Since f is a
Schwartz function, it is easy to deduce from this that f = 0. Thus, R is a positive definite
inner product on S(R, R).

Now, it is a simple fact that Ll(Rd) is a separable metric space. Since any subset of a

separable metric space is separable, it follows that for any positive integer IV, the set
d
{f € S®RLR) 1| flz~ < N}

is separable in the L! topology. The inequality (3.4.7), therefore, shows that this set is
separable in the topology induced by R. Since this holds for every N, we conclude that
S(R? R) is separable in the R-topology. |

A consequence of separability is that the space S(RY R) equipped with the R inner
product has a countable orthonormal basis { f}n>1, meaning that the sequence {f,}n>1 is

orthonormal for R, and any f € S(R?,R) can be written uniquely as a linear combination

F=>"anfn, (3.4.8)
n=1

where a,, = R(f, f), and the right side is the limit of finite partial sums where the order
of summation is irrelevant. To see this, just take a countable dense subset and obtain an
orthonormal basis by Gram—Schmidt orthogonalization, and then show that this works.

Given an orthonormal basis { f, }n>1 as above, define a collection of random variables

6= {0(f) : £ € SELR)} as )
¢(f) = Z aana
n=1

where {X),}n>1 is a sequence of i.i.d. N(0, 1) random variables defined on some probability
space (92, F,P), and {an}n>1 are the coeflicients in the orthonormal series expansion of f
as in equation (3.4.8). Note that ¢(f) is a well-defined random variable since Y o0 | a2 =
R(f, f) < oo, which implies that the partial sums ZnN:1 an X, converge in L?(2) as N — oo.
The collection ¢ is a random linear functional on S(R? R), which we will call Euclidean

free field on R? with mass m. To see that this nomenclature is justified, note that if

f= Zanfm g = anfm
n=1 n=1
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then

Cov(d(f),6(9)) = Y _ anbn = R(f,9), (3.4.9)

n=1

thereby satisfying equation (3.4.6).

Note that by the logic that we used to arrive at equation (3.4.5), ¢(f) can be heuristically
viewed as the L? inner product of ¢ and f, and ¢ itself can be viewed as a centered Gaussian
field on R? with Cov(¢(z), ¢(y)) = Gm(z —y). But for d > 2, since G,,(0) = oo, it is

impossible to rigorously define this field pointwise.

3.5 Time slices of the Euclidean free field

Take any d,m such that either d > 3 and m > 0 or d = 2 and m > 0. In this section,
we will consider R? as spacetime, with the first coordinate denoting time. We will denote
points in R? as (¢, ), where t € R and z = (z1,...,24_1) € R%"L. In the previous section,
we constructed the Euclidean free field ¢ on R? as a random linear functional on S(R%, R).
To construct the free quantum field following the prescription outlined in Chapter 2, it is
necessary to view ¢ as a stochastic process {¢(t, ) }+cr of fields evolving over time.

Fortunately, this is doable. Recall how we defined ¢(f) for f € S(R?,R): We first defined
a positive definite inner product on S(R% R) in equation (3.4.6). Then we showed that
S(R%,R) is separable under the topology induced by this inner product. This allowed us to
extract a countable orthonormal basis { f, }n>1. Finally, for f =30, a, f,, € S(R4,R), we
define ¢(f) := > .7 | anXy,, where {X,,},>1 is a sequence of i.i.d. N(0,1) random variables
defined on some probability space.

Now, note that the above construction need not be limited to f € S(R% R). In fact, we
can take the completion of S(R? R) under the inner product R. The elements of this Hilbert
spaces are the formal sums Zzozl an fn, where {an }n>1 is any sequence of real numbers such
that > o, a2 < co. For such f, we define ¢(f) as before, that is, ¢(f) := D00 anXy.

It turns out that that for any f € S(R1,R) and t € R, the function f:RT SR

formally defined as f(s,z) := d:(s) f(z), where d; is the Dirac delta at ¢, is an element of

the above completion. This allows us to define inner products like

ou(f) = o(t, x) f(x)dz,

Rd—1

which define the time slice ¢;(-) = ¢(¢, ) of the Euclidean free field ¢. The main reason
why this is possible is that if we formally define ¢;(f) as above, then

Covion(honta) = [ [ F@a)Gunls b~ y)dyda,

which is finite, since Gy, (0,2 — y) blows up sufficiently slowly as  —y — 0. The following

theorem gives a rigorous construction of ¢;.
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Theorem 3.5.1. Take any w € S(R,R) which is nonnegative everywhere and integrates to
1. Take any f € S(R¥1,R) and t € R. For each n > 1, define f,, : R = R as

.fn(sa T) = nw(n(s - t))f(l‘)

Then f, € S(RYL,R). Let ¢ be the Euclidean free field with mass m on R?, as defined
in the previous section. Then {P(fn)}n>1 is a Cauchy sequence of random variables
in the L? metric, which therefore has a limit in L?, which we will call ¢;(f). Then
{¢e(f) : f € S(RILR), ¢t € R} is a Gaussian field indeved by S(R™, R) x R, with

Cov(es(f /Rd 1 /]Rd 1 Gm(s —t,z — y)dydx. (3.5.1)

Proof. Tt is easy to verify that f, € S(R% R) for each n. To show that {¢(fn)}n>1 is
Cauchy in L2, it suffices to prove that {f, },>1 is a Cauchy sequence in the R-topology, by
the identity (3.4.9). Without loss of generality, let ¢t = 0. Then note that for any k,n > 1,

= Jns Sk =
/Rd I/Rd 1// Jr(t, @) = fu(t,2))(fr(s,y) = fu(s,9))Gm(t — 5, — y)dsdtdydz

-/ /R Lt = o) i) - nwns)

(@) f(y)Gm(t — s, 2 — y)dsdtdydx

Let us now expand the product of the two terms in parentheses into a sum of four terms.
Consider the first term:

/Rd_l /Rd_l /R/Rkw(kt)kw(kS)f(w)f(y)Gm(tf s,z — y)dsdtdydz.

Changing variables to ¢ = kt and s’ = ks, this becomes

/RH /RH/R/Rw(t’)w(S’)f(x)f(y)Gm(k*t’ ks w — y)ds'dt dyd.

Using the bound on Gy, from Lemma 3.4.2 and the dominated convergence theorem, it is

now easy to deduce that the above expression tends, as k — oo, to

/RH /RfH /R /R“’(t/)w(s')f (@)F ()G (0, @ — y)ds'dt'dydz.

Since w integrates to 1, this is equal to

/Rdl/Rdl G (0,2 — y)dydz.

By the same procedure, we see that the other three terms also tend to the same limit (with

alternating signs) as k and n simultaneously tend to infinity. This proves that {f,}n>1 is a
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Cauchy sequence in the R-topology, thereby proving the first claim. Similar calculations

prove the second claim. ]

3.6 Markov property of the Euclidean free field

As before, take d,m such that either d > 3 and m > 0 or d = 2 and m > 0. Let
A = RSEUE) 1o the space of all functions from S(R41 R) into R. Let C denote the
cylinder o-algebra on A. Let {¢:(f) : f € S(RT!,R)} denote the time ¢ slice of the
Euclidean free field on R? with mass m. By Proposition B.1.1, ¢; can be viewed as an
A-valued random variable. In this section, we prove the following result. (See Section B.5.3

in Appendix B for an introduction to Markov processes.)

Theorem 3.6.1. The A-valued stochastic process {¢; hrer defined above is a Markov process,
according to the definition of Markov process in Section B.5.3. Moreover, this Markov

process 1s stationary and reversible.
We need some preparation. For ¢t > 0 and z € R%!, define

t

(t,z) = /00 exp (—W - m2s> ds.
7 0 Vdms3(4rs)d-1)/2 4s

Km

Lemma 3.6.2. For anyt >0 and z € R™1,

Gn(t,z) = G (0,9) K (t,x — y)dy.
Rd—1

Proof. Note that

/ (0, y) K (t, 2 — y)dy
]Rd—l

oo o t
B /Rdfl /0 /0 (47u) 42/ 4 s3 (4ms)(d—1)/2

2 g2 T
. exp(— HZ” e ”Z yl” m?(s + u)) dsdudy.
u s

Now, by the convolution properties of Gaussian densities, we have

[ 1 w0l ulY
ra—1 (4ms)(d=1)/2(47q;)(d=1)/2 4u 4s
1

EE
(dn(s + u)) @072 7P (‘4<s + u)) '
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Combining, we get

 Gm(0,9)Km(t, 2 — y)dy

Ri—
2 _ =l 2
/ / Vims3 47ru)1/2( (s + u))d-1/2 e (_45_4(S+u) —m(s +u) |dsdu

/ / Xp<_t2 - 7”1:”2 - m2T>d8dT
VirsS (4n(r — s))1/2(47rr)(d 1)/2 ds  4r '

Take any r > 0 and let

I:= /T ! e P/,
0 Vams3(4m(r —s))t/2

Let us make the substitution v = r/s — 1. Then s =r/(u+ 1), r — s = ru/(u+ 1), and
ds = —rdu/(u 4 1)?, which gives

& t t2 r
I:/ e-wwt) gy
0 4my/r3/(u+1)3/ru/(u+1) (u+1)2
42
_ te=t/4r /OO ufl/Qeigudu.
47r 0

But the last integral is a Gamma integral, which evaluates to

r(1/2) arr

NG

Thus, we get
I €7t2/4r.
Varr
Using this in our previous computation completes the proof. O
Lemma 3.6.3. For any s,t > 0,
Kp(s+t,z) = . Kon(s,y)Km(t, x — y)dy.

Proof. Proceeding as in the proof of Lemma 3.6.2, we get

o B, Y) K (t,x — y)dy

—52/4u t? /4o
ezl /4(utv)—m? (utv) 4o, 00,
47Tu3/21)3/2 (47 (u + v))d-1/2

St6—52/4u t2 /4(r—u) e—H:JcH 2 /4r—m?2r
= / / du dr.
0 o Amud/2(r —u)3/2 (47rr)(d=1)/2
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Now, the function
t e—t2 /4x

o) = s

is the probability density function p; defined in Section B.3.3. From Section B.3.3, we have

that ps4 is the convolution of ps; and p;. The claim follows from these observations. [J
As a corollary of the above lemmas, we obtain the following.

Corollary 3.6.4. For any s,t > 0,

Gm(s+t,z) = / Gm(s,y)Km(t,z —y)dy.
Rd—l

Proof. Using Lemma 3.6.2 to write Gy, (s,y) as an integral, we get

Gonls. Kt =)y = [ Con(0, VKo (5,y — 2) Ko (1, — y)dzdy.
Rd-1 Rd-1 JRd—1
But by Lemma 3.6.3,
Ki(s,y — 2)Km(t, @ — y)dy = Km(s +t,2 — 2).
Rd—1
Substituting this in the previous display and again applying Lemma 3.6.2, we get the
desired result. O

Take any —oco < s < t < 0o. For f € S(RT1 R), define

Kp*f@):= | Knlt=s.2-y)f)dy,

and then define

Vs (f) = ds(B7 ).

It is not immediately clear that this makes sense, because K f may not be a Schwartz

function on R4 1. The following lemma shows that it does.

Lemma 3.6.5. The mapping (u, ) — K575 f(x)ds(u) belongs to the closure S(R?, R) under
the R inner product defined earlier, where 5 denotes the Dirac delta at s. Thus, ¢s(KL 5 f)
1s well-defined.

Proof. By the same argument as the one used to derive the inequality (3.4.7), one can show
that for any f,g € S(R1 R),

Lo [ 1600 = ns@aldyds < Gl ol + Call s ol

for some p € (1,00) depending on d. Now, by the same argument as in the proof of
Theorem A.2.11, one can show that Schwartz functions are dense in L'(R4~1) 0 LP(R4~1)
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under the norm || f|| := || f||z1 + || fllzr. Combining these two observations, one can now
show that for any f € L(R?1) N LP(R?"1) that there is a sequence {f,}n>1 in S(RLR)
such that

lim / G (0,2 = y)(f(2) = fu(2))(f(y) = fnly))dydz = 0.
Rd—1 JRd-1

n—oo

It is not hard to check that the function K/ °f, as defined above, is in L'(R41) N
LP(R*1) when f € S(R?!,R). Combining these observations and mimicking the proof of

Theorem 3.5.1, one can now complete the proof of this lemma. O

One can formally write
1/1871‘/(.]0) = / Km(t —S5T - y)f(y)@(x)dydx
Rd-1 JRd-1

From this, we get the following identity. For any f,g € S(R* 1 R), and any u < s,

COV(¢1L(9)7 ¢t(f) - ws,t(f))
—cor( [ suu@an, [ (o)~ [ Knlt 50ty ) f(ahi)
Rd—-1 Rd—-1 Rd-1
:/ / Gm(t = u,x — y)g(x) f(y)drdy
Rd-1 JRd-1
- / / Kn(t = 5,y — 2)Gom(s — u, 2 — 2)g(2) f(y)dadydz.
Rd-1 JRd—1 JRd—1
But by Corollary 3.6.4,
/ Kt —sy—2)Gn(s—u,z—x)dz = Gp(t —u,y —x) = Gp,(t —u,x — y).
Rd-1 JRd-1
Plugging this into the previous display, we see that

COV(¢u(g)a ¢t(f) - 1/)9,t(f)) =0.

Since these covariances vanish for all f,g € S(R"! R) and all u < s, we conclude that
the Gaussian field {¢,(f) : u < s, f € S(R™!,R)} is independent of the Gaussian field
{6e(f) —sa(f) : f € S(RITLR)}. But tbs(f) is a function of the field ¢s. Thus, ¢; can be
expressed as a function of ¢ and a field that is independent of {¢y }y<s. By Lemma B.4.11,
this proves that the .A-valued stochastic process {¢;}1er is Markovian. The stationarity
and reversibility of this Markov process are easy consequences of the properties of G, and

the last assertion of Proposition B.1.1.

3.7 Rigorous construction of the free quantum field

Take d, m such that either d > 3 and m > 0 or d = 2 and m > 0. As in the previous section,
let A = RSE"R) he the space of all functions from S(R4~! R) into R, let C denote the
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cylinder o-algebra on A, and let {¢:(f) : f € S(R™1,R)} denote the time ¢ slice of the
Euclidean free field on R¢ with mass m. Since ¢g : 8 — A is a measurable, it follows that
the law of ¢q is a probability measure on (A, C). Explicitly, if x4 denotes the law of ¢g, then
for any C € C,

w(C) =P(¢5"(C)).

By the prescription from Chapter 2, the appropriate choice for the Hilbert space H for the
free quantum field with mass m is the L? space of the probability space (A, C, it). That is,

H = L*(AC,p)

= {F : F' is a measurable map from A into C, satisfying / |F(4)2dp(h) < oo},
A

where p is the law of ¢g.
Following the prescription from Chapter 2, we define P(t) : H — H as

P(t)F(¢) = E(F(dr)|¢o = ¢),

for ¢ > 0. For the rigorous meaning of the above definition, see the discussion preceding
equation (B.4.2). By Theorem 3.6.1 and Theorem B.5.5, we already know that (P(t)):>0 is a
semigroup of symmetric operators on H. It is obvious that P(0) = I. So, to fulfill the criteria
outlined in Chapter 2, it only remains to show that it is strongly continuous. By Theorem
B.5.5, [|[P(¢)|| <1 for each ¢t. Thus, by Lemma D.4.5, it suffices to show that t — P(¢)F is
strongly continuous for a dense set of F’s. By Corollary A.2.10, square-integrable functions
of the form F(¢(f1),...,¢(fn)), ranging over all n > 1 and f1,..., f, € S(R¥1, R), form
a dense subspace of H. But by Theorem B.2.4, this subspace is contained in the closure of

the span of all functions of the form ei1@(fU)++itné(fn) By linearity of ¢, we have

t1¢<f1) +F tn(b(fn) = (b(tlfl + - tnfn)

Thus, it suffices to prove that for any f € S(R%!,R), the map ¢ P(t)Fy is continuous,
where Fy(¢) := ¢'?(f) . To show this, first observe that for any s,¢ > 0,

E|P(s)F(¢o) — P(t)Fy(¢0)|*> = EIE(Fy(¢s)|do) — E(F(dr)|¢o)|?

< E[Fp(¢s) — Fy(e)|?
— E|€i(¢s(f)*¢t(f)) _ 1|2

=2 — E(e!(®s (=) _ E (e~ (#s(H)=e(N))
— 2 2¢73 Var(ds(H)=¢(F)

where the last identity holds because ¢s(f) — ¢¢(f) is a centered Gaussian random variable.

From the definition of the time slices of the Euclidean free field, it is easy to deduce that

Var(ou(f) = o) = [ [ F@F )G 0.2 =) = 2(t = 5.2~ y))dady.

63



CHAPTER 3. THE FREE QUANTUM FIELD

Again, a simple argument using the dominated convergence theorem and the properties of
Schwartz functions and G,,, that the above integral converges to zero as t — s — 0. This
proves that (P(t))¢>0 is a strongly continuous semigroup. By the Hille-Yosida theorem,
this semigroup has a self-adjoint generator H. By Stone’s theorem, H generates a strongly
continuous one-parameter group of unitary operators on H. By the argument outlined
in Chapter 2, this group can be considered to be the time evolution group for the free
quantum field.

The construction of the free quantum field given above is slightly different than the
construction in Glimm and Jaffe [10, Chapter 6], which uses the Osterwalder—Schrader
axioms. It is also different than the construction via second quantization, as carried out
rigorously in Folland [6, Chapter 5] and Talagrand [30, Chapter 5]. The constructed Hilbert

spaces and time evolution groups are the same in all cases, nonetheless.

3.8 The Feynman propagator

Recall the definition of vacuum expectation values in a quantum system from Section 2.5.
In this section, we will calculate the two-point correlation function of the free quantum

field, which is the vacuum expectation value

Ar(z —y) = {QT{p(x)p(y) ), (3-8.1)

where ¢ denotes a free quantum field in R* with mass m, = and y are points in R*,
and 7 denotes the time-ordering operator, defined as follows. If x = (xq, z1, z2,z3) and

y = (yo,y1,Y2,y3), with 29 and yo being the time coordinates, then

o(@)p(y) if zo < yo,
ey)e(z) if yo < 0.

T{e(@)p(y)} =

The function (or really, the distribution) Ap is known as the Feynman propagator. Reverting
back to our convention of denoting points in R* by (¢,2) where t € R and = € R?, the

Feynman propagator is formally given by

i e—th/Ipl2+m2+ip-x
dp.
(2m)3 Jrs  2/]Ip|2 + m?

Rigorously, this means that for each t € R, Ap(t,-,-) is a bilinear form acting on S(R?, R) x
S(R3,R) as

Ap(t, 17) =

,1|t|\/W+1p (@=y) ¢ f(x)g(y)
Avlt f.) 27T -/Rd ‘/RS -/Rd dxdydp

VIIpl? +m?
_ i e—l\i\\/l\p\|2+m2f(p)g p)d
@2m)3 Jes  2/|[plZ + m?
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Note that the last expression is mathematically well-defined, and is taken as the definition
of Ap(t, f,g). The above is not the standard form of the Feynman propagator that is
displayed in physics textbooks (e.g., in [25, Chapter 4]), but it is equivalent. We will
encounter the standard form in the next section.

The following is a rigorous statement of the claim made in equation (3.8.1).

Theorem 3.8.1. Let ¢ denote the free quantum field on R* with mass m > 0, as defined
in the previous section. Let gy denote the value of the field at time t. Then for any
f,9 € S(R3R) and —o0 < s <t < o0,

(Qlps(9)pe(f)IQ) = —iAp(t — s, f,9),

where Ap is the Feynman propagator defined above. The same result holds for the free
quantum field in any dimension d > 3, with the definition of Arp modified by changing the
integration domain to R*1 and replaced (27)3 to (2m)*~1. For d = 2, the results hold if
m > 0.

We need several lemmas for the proof of this theorem. Since the result holds in any

dimension d > 3, that is what we will prove.

Lemma 3.8.2. Tuoke any d,m such that either d > 3 and m >0, or d =2 and m > 0. For
any f,g € S(RYR), we have

_ 1 F)3(p)
L, L 1@ew e - wiyiz = s [ Ly,

Proof. In the following, all integrals are over R?, except the integral over ¢, which is from 0

to co. Take any € > 0. Since fand g are also Schwartz functions (by Theorem A.3.1),

i@l L e ( 1= 02 drdgapdyda
[F(P)a(q) ()72 P " (m +e) qdpdy
- / / / [F(p)g(q)le W= drdgdpdz < oc.
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Thus, by the formula for G, from equation (3.4.2) and Fubini’s theorem,

/ / f(w)g(y)e’s”WGere(m — y)dyda
Gy ///// iy

(4mt) d/ 2°¢

(2m)2d ////f

(2m)™ /// lq Z'f(p gsq 6)2efi(p*")'“”’c”z)dqdpd:c
()

e ipatigy—cz|?

)3 (q)
2
( = yH (m+6)2t>dtdqdpdydx
e

i(p=)-a—ellzll*~((m+e*+lal*) g dgdpda

(m /€)% F(p)3( ~ L lip—qll?
T (2m)X // g2 + (m+e)2¢ vl dady.

Applying the change of variable r = \/—%(q —p), we get

//f(m)g(y)fe”z”?Gm+e(w—y)dydx 3d/2/ flq(|12_ s ()2) 2 dgdr.

Taking € — 0 on both sides and applying the dominated convergence theorem (using the

bound on G, from Lemma 3.4.2), we get the desired result. O

Lemma 3.8.3. Take any d, m such that either d > 3 andm >0, ord =2 and m > 0. Take
any t > 0. Let Gy, denote the inverse of —A +m2I on R?, as defined in equation (3.4.2).
For any f,g € S(RT™1 R), we have

O Y S i 1 10
Ju e TGt~ ptts = Gy [ 5

Proof. In the following, integrals over s, r and ¢ are over R, and the rest are over R%~1.
Take any € > 0. Define f., g € S(R%,R) as

1
e 25(5 t)2 — 12

fe(s,2) = (@) —=—, ge(s,2) = g(x)

2me Py
Then for ¢ € R and p € R4,
-~ itg—Lea? 7 —~ —leg2A
fe(g,p) = €"72C f(p), Ge(q,p) = e 2T G(p).

Thus, applying Lemma 3.8.2 to the functions f. and g, we get

1tq eqf )
////fssxgery VG (s — r,x — y)dydzdsdr = G //q +||p\|2+m2dd
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Now, by change of variable,

/// fe(5,2)ge(r,y)G(s — r, @ — y)dydzdsdr
////f 67% T )Gm(t+€(3—T)yw—y)dydxdsdr.

Using the bound from Lemma 3.4.2, it is now easy to apply the dominated convergence

theorem to get that

151%//// fe(s,2)ge(r,y)Gm(s — r,x — y)dydzdsdr = //f m(t, T —y)dydz.

On the other hand, again by the dominated convergence theorem

b b [ ST gy~ L [T,
0 (2m)? 2+||p||2+m2 q +Hp||2+m2

1 e )
= (271_)d—1 92 /||pH2+m2 D,

where the last step follows from the well-known identity

') isx
(& - ™ —|sal
———dr = e ,
e+ T

which holds for s € R and ¢ € R\ {0}. (This follows from the computation of the

characteristic function of the standard Cauchy distribution in Section B.3.2.) This completes

the proof. O

Lemma 3.8.4. Take any f,g € S(R¥1 R). Let Q:= {z € C: Re(z) > 0} denote the open
right half-plane and let  denote its closure. Define a function h: Q — C as

h(z) :=

1 / e *V lel2+m2f(p)@d
@O Jar 2/l +

Then h is continuous on Q and analytic in €.

Proof. By Theorem A.3.1, fand g are Schwartz functions. The proof follows easily from
this observation and the dominated convergence theorem, and the fact that Re(z) > 0 for
all z € Q. O

We are now ready to prove Theorem 3.8.1.

Proof of Theorem 3.8.1. By translation invariance, it suffices to consider s =0 and ¢ > 0.
Let ¢ denote the Euclidean free field on R? with mass m, and let (P(t));>0 be the semigroup
associated with it. Let (U(t))ier be the time evolution group for the free quantum field.
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Let v denote the law of ¢g, as before. Then by Theorem D.4.6, the function

h(t) = <gvp(t)f>L2(u)

has an analytic continuation to the open right half-plane, which extends continuously to the
imaginary axis. Let h denote this continuation. Then by Theorem D.4.6 and the definition

of vacuum expectation value from Section 2.5,

h(it) = (Qleo(g)e:(f)I).

Thus, we only need to compute h on the closed right half-plane. By Theorem 3.5.1 and

Lemma 3.8.3,
/ / f(@)g(y)Gm(t, x — y)dudy
Rd—1

/ \/“p”2+m2f( 7w,
(27r)d Uga-r 2/l + m?

Lemma 3.8.4 shows that h(it) can be obtained simply by replacing ¢ by it in the above

expression. This completes the proof. ]

3.9 An alternate form of the Feynman propagator

An alternative way to view the Feynman propagator is to see it as a linear functional on
(S(R*,R))?, given by

etr) = g [ T g
G’ oilt— sl\/WW
Ik

Vg2 +m?

where f; := f(t,-) and g5 := ¢g(s, ), and the expression in the second line is the rigorous
definition. Under this viewpoint, the Feynman propagator can be expressed in a different
way, that is usually more convenient for calculations. First, for f € S(R*,R), recall that its

Fourier transform in Minkowski signature? is defined as
flp) = / @) f(z)dx
R4
where p € R, and for x,p € R*, the Minkowski inner product of z and p is given by

(z,p) = poTo — P11 — P2T2 — P3T3.

2See Section A.3.3 in Appendix A for the basics of Fourier transforms in Minkowski signature.
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Figure 3.1: The contour used in the proof of Theorem 3.9.1 when ¢ — s > 0.

By Theorem A.3.6, if f is a Schwartz function, then fis also a Schwartz function.

The following theorem gives the promised alternate form of the Feynman propagator in
terms of the Fourier transform in Minkowski spacetime. This is actually the standard form
of the Feynman propagator as it appears in physics textbooks [25, Chapter 4]. We adopt
the relativistic notation that for a vector p = (pg, p1,p2, p3) € R4,

p? = pi —pt —p3 — pi.

Note this is the ‘squared norm’ induced by for the Minskowski inner product defined above.

Theorem 3.9.1. The Feynman propagator can be alternately expressed as

A lim — e,
r(z) = elo (2m)* /R4 p? —m?+ie b

in the sense that for any f,g € S(R*, R),

Av(f,g) = lim — /R 4 p2f<p):c7(p>

elo (2m)4 —m?+ie

Proof. Take any f € S(R*,R). Note that for any p = (po,q) € R, where ¢ = (p1, p2,p3),

we have

flen) = [ o0 fayto
:/00/ e_itpoeiy'qft(y)dydt

00 JR3

:/ e 710 £ (q)dt, (3.9.1)
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and a similar identity holds for g(p). Now, it easy to show using properties of Schwartz

functions that |ft(q)| and g;(q)| decay fast enough as ||g||, |t| — oo to ensure that for any

17(0)3:(q)]
/// g — gl —m? +1i |dtdpodq < o0.

Thus, we can apply Fubini’s theorem and equation (3.9.1) to get

JCi=r) R ACYAC)
R P —m2+1e ////p0—||q||2—m2+ dpodtdsdq. (3.9.2)

First, let us integrate over py. Let wy := 1/|[|¢||? + m?2. It is easy to see that the equation

given € > 0,

o~ llal® = m? +ie=10

in po has exactly two roots £wg., with —wq . slightly above —wy in the upper half-plane, and
wy,e slightly below wy in the lower half-plane. These points are the poles of the meromorphic

function )
efl(tfs)po

h(po) :=

pg — llall> = m? + i€’
A simple computation shows that the residues of h at these two poles are

R h e:‘:i(t_s)w%ﬁ
es(h,ftwge) = £———
(g ) =+ =

If t —s > 0, then using a clockwise semicircular contour in the lower half-plane with vertices

at —R and R (see Figure 3.1), applying the residue theorem, and taking R — oo, we get

1 / e—i(t—s)po _ie—i(t—s)wq,E

o —dpy =
2 Jr 0§ — llgl|* —m? + e 2wg.e

Similarly, when t — s < 0, using a counterclockwise semicircular contour in the upper
half-plane with vertices at —R and R, applying the residue theorem, and taking R — oo,

we get

1 e~ it=s)po —jellt—s)wg,c
*/ 3 T =
2m Jr pg — llall* —m? + ie 20g,e

Plugging these into equation (3.9.2), we get

1 f( p)d(—p) e~ lt=slne £,(9)35(q)
(2m)* Jra p? — m? —I— 16 (2m)3 /// 2wy e didsdg.

Since wge — wq as € = 0, and making the change of variable p — —p on the left, it is now

easy to complete the proof using the dominated convergence theorem. ]
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3.10 The Feynman propagator in momentum coordinates

In this section, we will heuristically derive the value of the Feynman propagator in momentum
coordinates. This will help us define the Minkowski space Fourier transform of the free
quantum field as a well-defined probabilistic object in a later section. Imagining the free
quantum field as a function on R*, we can heuristically define the vacuum expectation

value of any function F'(p) of ¢ as

[ F(¢)e* D¢

(F(p)) = feis(¢)D¢

With this interpretation, the Feynman propagator is given by

Ar(z —y) = i{p(@)e(y))-

It is not clear at this point how this makes sense from a rigorous point of view. We will see
later that it does. Continuing with this line of thinking for the time being, we can define

Minkowski space Fourier transform of ¢ as
#0) = [ Do

for p € R%. The Feynman propagator in momentum coordinates is heuristically defined as

Ar(p,q) = (i o(p)p(q))

e S [ [ e iigt@)otu)dody
71'
~ (2n)t // T Ap (2 — y)dudy
iy
_ (21)4 // ei(”’)‘*‘i(x_z"”AF(z)dxdz.
m

Using the formal identity

@PtD gy = 5@ (p + ¢),
R4

where 6@ is the Dirac delta at the origin in R?*, we get

Ap(p.g) = 69 (p+q) / D Ap(2)dz.
]R4

Plugging in the value of Ap(z) from Theorem 3.9.1, we arrive at

. 1(zr q)
Ar(p,q) =Y (p+q) llm // dzdr

=5V (p+q) lim
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Although the above derivation was based in heuristics, we can actually make sense of ﬁp

as a linear functional on (S(R* R))? as follows.

Lemma 3.10.1. The map

Ep(f, g) := —lim M

d
el0 Jpa p2 —m?2 +ie P

is a well-defined linear functional on (S(R* R))2.

Proof. Let fand g be the Minkowski space Fourier transforms of f and g. By Theorem A.3.6,
f and g are the Minkowski space Fourier transforms of the functions (27r)4f(—p) and

(2m)*g(—p). It is now easy to see that the claim follows from Theorem 3.9.1. O

3.11 Wightman functions of the free quantum field

The n-point Wightman function of the free quantum field is defined as
W(et, . o) = (QT{p(@1) - olwa) ), (3.11.1)
for x1,...,2,. Rigorously, this is a linear functional on (S(R*, C))" defined as
Wiioooosdi) = [ [Tl (i) onfultn DU, (3112
To see that this correspondence makes sense, first note that
/ /w T1veeewa) fi(21) - fulwa)dos - da,
= [ W) s A 0) - Sl diadts -,

where t,...,t, € R and yi,...,y, € R?. Fixing t; < --- < t,,, note that by the heuristic
expression (3.11.1),

/"'/W((tlvyl)w~~a(tmyn))f1(tlay1)"'fn(tnayn)dyl"'dyn

:< ’/ / (t,y1) fi(yn) -+ - o (tns Yn) fr(Yn) >
- <Q’(/<p(t1,y1)f1(y1)dy1> (/ «p(tnvyn)fn(yn)dyn>‘ﬂ>

= (et (f1(tr,-) - - et (fultn, ) |).

More generally, for any ¢i,...,%, € R, the same argument shows that

/ /W t1, 1), (Bns yn)) fL(t1,91) - fr(tns Yn)dyr - - - dyy,
= (T {ee, (fi(t1, ) -+ r, (fatns ) HR).

72



CHAPTER 3. THE FREE QUANTUM FIELD

This shows why it makes sense to write the rigorous definition (3.11.2) heuristically as in
equation (3.11.1).

Recall that a perfect matching of a vertex set V is a set of undirected edges E on V
such that every vertex has degree exactly equal to 1. Let P, be the set of perfect matchings

of 1,...,n. The following theorem gives the formula for the Wightman functions.

Theorem 3.11.1. The Wightman function W is zero if n is odd, and given by

W(z1,...,2n Z H —iAf(x; — x;))

E€Pn {i,j}€E

when n is even, in the sense that for any fi,..., fn € S(R* C),

W, f)=>, ] (Fiae(fi, )

EePn {i,j}€E

Proof. Take any —oco < t; < --- < t, < 0o and g1,...,9, € S(R* R). For each j, let
F;(1) := 9(g;) for a function ¢ : S(R®,R) — R. Let ¢ be the Euclidean free field with
mass m on R*, and let ¢, be its time slice at time ¢. Let sji=tjy1—tjforj=1,...,n—1,
and let

f(s1,. 80-1) == E(F1(d0) Fa(bsy ) F3(@sy455) *+* FnlDsy 45, 1))
E F1(¢0)F2(¢t2*t1)F3(¢t3*t1) T Fn((btnftl))
(

(
E(Fl ¢t1)F2(¢t2)F3(¢t3) T Fn(d’%))v

where the last step follows by the translation invariance of the Euclidean free field. Since ¢
is a Gaussian field and F7, ..., F), are linear functions, the above expected value is zero if n
is odd. From this, it is easy to see by Theorem 2.5.1 that the Wightman functions are zero

for odd n. For even n, the Wick product formula (Theorem B.2.7) implies that

fls1esm) =Y. [ EFi(en)Fi(er,))

EePy {i,j}eE

Z H E(ot;(9i) b1, (95))-

E€Pn {ij}€E

But by Lemma 3.8.3,

o~ lti—t; 1/ IPIP+m2 5. (VT ()
E(6r,(9:)61, (97)) = / ()5 )

- dp.
(2m)? 2¢/|Ipl* + m?

Thus, we have

/ 7(Si+...+s]- 1) HPH2+m2§ (p)/g\ (p) dp

f(slv"'75 1
" E;n {WIEE 2y ||pH2 +m?

1<j
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If we now apply the method described in Theorem 2.5.1 to calculate f(isq,...,is8,-1), it is
easy to check that we get

<Q|F1(90t1) T Fn(@tn)‘Q> = f(isla cee 7i3n—1)

Z H / ei(sittsj_1) ||P|\2+m2§ (p)ﬁj ®) "
EePn {z,J}EE 2\/ ||pH2 +m?

i<j

Z H / fi(trti)\/\lpl\%m?g (p)’g\] (p) i
EePn {z,]}EE 2 v ”pH2 +m?

i<j

S I (—iAet; —ti,gi,g5)

EePn {i,j}€E,
i<j

Since Ap(t,g,h) = Ap(t, h,g) for any t, g, h (which is easy to derive from the definition),
this shows that for any ¢1,...,t, € R,

(QT{ ) Falee) Y0 = > T (HAr(t — 5, 9i.97))-

Ee€Pn {i,j}€E

Thus, by equation (3.11.2), for any f1,..., f, € S(R* R),

W(fi,..., fn) = Z/ / H —iAp(|t tj|7fi(ti,~),fj(tj,~)))dt1~~dtn

EcP, {i.j}€E
It is now easy to see how the claim follows. O

We also have the momentum space Wightman functions, heuristically defined as

W (pt,....pn) = "22m) 2M(3(p1) - -~ (pn),

where ¢ is the Minkowski space Fourier transform of ¢. The value of this function can
be calculated by taking f;(x) := el@ri) j = 1,...,n, in Theorem 3.11.1. Then, by
Theorem 3.11.1 and the derivation in Section 3.10, it follows that

— —1
W(pi,...,pn): Z H st lerp] lim 5———, (3.11.3)
EePy {i,j}eFE €0 p —m®tie

where both sides have to be interpreted in a distributional sense.
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Chapter 4

From Fields to Particles

4.1 Lorentz transforms

The Minkowski inner product on R?* is defined as

(z,y) == zoYo — T1y1 — T2Y2 — T3Y3.

Following usual convention, we will denote the ‘squared norm’ induced by this inner product
by «2. That is,

a? =l -t —ad — a3
A Lorentz transformation L on R* is a linear map such that (Lx, Ly) = (z,y) for all

x,y € R%. In the language of matrices, this means that:

LTnL =1,
where 7 is the matrix
1 0 0 0
0 -1 0 O
0 0 -1 0
0 0 0 -1

This is very similar to the orthogonality condition under the usual inner product. Like
orthogonal matrices, Lorentz transformations form a Lie group. This group is denoted by
0(1, 3).

In analogy with the regular orthogonal groups, we can consider the map L — det(L)
where the determinant serves as a homomorphism det : O(1,3) — Zy = {—1,1}. In the case
of the orthogonal groups, quotienting out by the action of this homomorphism is sufficient

to reduce O(4) to SO(4). However, the group O(1,3) has another homomorphism:

Lemma 4.1.1. The map L > sign(Loo), where Log is the top left entry of the matriz, is a
homomorphism of O(1, 3) into Zs.
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CHAPTER 4. FROM FIELDS TO PARTICLES

Proof. First of all, note that the condition LTnL = 7 implies that for any L € O(1,3),
This means that Lyy cannot be zero. Thus, sign(Lgg) € Za. Next, let L and M be two
elements of O(1,3), and let N := LM. Then
3
Noo = Z Lo; Mjo
§=0

Suppose that Lo and Mg are both positive. The identity (4.1.1) implies that they are
both > 1. Thus, by the above identity and the Cauchy—Schwarz inequality,

Noo > LooMoo — \/(Lﬁl + Ly + Lgs) (Mg, + Mg, + Mgy)

= LooMoo — \/(Lgo — (Mg, — 1) = 0.

The same series of inequalities hold if Loy and My are both negative. Finally, suppose that
one of Lgg, Moo is negative and the other is positive. Then again by the Cauchy—Schwarz

inequality,
Noo < LooMoo + \/(L31 + Ly + L) (MG, + Mg, + M)
= Loo Moo + \/(L%O — 1) (Mg, — 1)
< LooMoo + |LooMoo| = 0.
This completes the proof. ]

The restricted Lorentz group SO™(1,3) (also known as the orthochronous Lorentz group)
is the set of all L € O(1,3) such that det(L) =1 and sign(Lgp) = 1. This is a subgroup of
0O(1,3). For a detailed mathematical treatment of the Lorentz group and associated topics,
we refer to the textbook by Naber [20].

4.2 Special relativity

Classical physics is invariant under isometries of R3, that is, translations and rotations.
What does that mean? Suppose you have a computer program simulating physics. You
input the state of the system at time 0, then the program gives you the state at time ¢.
Suppose a trickster enters the state of the system at time 0 but in a different coordinate
system. If your program is properly built, the result it returns for the trickster will (after
changing back coordinates) be the exact same as the result you saw earlier. This a property
of classical physics.

Special relativity claims that the laws of physics remain invariant under restricted

Lorentz transformations (under the assumption that we are working in units where the
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speed of light is 1) and spacetime translations of R*, in the same sense as above. Now
space and time become mixed into a single entity called spacetime, coordinates of which
are changed by Lorentz transformations and spacetime translations. The same analogy as
before holds, except now the trickster can change the time coordinates under a Lorentz
transformation with no effect on the final results.

The parametrization of a curve in Euclidean space by arc length has the property that
it is invariant under Euclidean symmetries. That is, if we apply a rotation or translation to
the coordinate system, the parametrization remains unchanged. In a similar way, a curve
in R* can sometimes be parametrized in a way that is invariant under any change of the
coordinate system by an action of SO (1, 3) or a spacetime translation. The parametrization
z(1) of a curve by arc length requires that ||&(7)|| = 1, where || - || is Euclidean norm
and & denote the derivative of x with respect to 7. In a similar vein, a Lorentz-invariant
parametrization requires that the squared Minkowski norm 2(7)? is always equal to 1. This
is known as parametrization by ‘proper time’. The following result shows that a curve can
be parametrized by proper time if in some coordinate system, the curve represents the
trajectory of a particle whose speed is always strictly less than 1 (which is the speed of

light in our units).

Proposition 4.2.1. A sufficient condition for a curve in R* to be parametrizable by proper
time is that in some coordinate system, the curve has a time parametrization x(t) = (t,y(t))
that satisfies ||y(t)|| < 1 for all t. Moreover, the parametrization by proper time is unique

up to time translations.

Proof. Define

t
o(t) == /0 VI To(ds,

where the right side is interpreted as the negative of the integral from —|t| to 0 if ¢ < 0. By
the given condition, 7 is a strictly increasing, and hence invertible, function of ¢t. The range
of 7 is a subinterval of R (which may be bounded or unbounded). Reparametrize the curve

() = 2(r7(s))

for s in the range of 7. Denoting the coordinates of v by ~;, 0 < j < 3, we see that

20 (s :£T71 s) = 1 = L
00 = 5T ) = Ty T e GO

and for 1 < j < 3,

d

3i(s) = 2y (77 (5) =

Bre)
N O

This shows that §(s)? = 1. This proves the existence of a parametrization by proper time.

To prove uniqueness, suppose that §(s) = x(0(s)) is another parametrization by proper
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time, with #(0) = 771(0). Then note that

which implies that

Thus,

%T(e(s)) — P (0() (5) = 1.

Since 7 and 6 are both strictly increasing functions which coincide at s = 0, this shows that
0(s) = 77 1(s) for all s. O

Suppose that we are given the trajectory of a particle of mass m that always moves at a
speed less than 1. Then by the above result, its trajectory can be uniquely parametrized by
proper time. In analogy with Newtonian momentum, the ‘four-momentum’ of the particle
at proper time 7 is defined to be the 4-vector m+(7). The following result shows why the

four-momentum is a natural notion of momentum in a relativistic setting.

Proposition 4.2.2. If the coordinate system is changed by the action of L € SO™(1,3),

then the four-momentum of a particle also changes by a multiplication by L.

Proof. Let x(7) be the parametrization of the trajectory by proper time in the original
coordinate system. Define y(7) := Lz(7), so that y is the trajectory in the new coordinate

system. Then note that

y(r)? = y(r)Ty(r) = a(r) " LTnLa(r) = o(r)Tna(r) = «(r)* = 1.

Thus, y is a parametrization by proper time of the trajectory in the new coordinate system.
By the uniqueness of parametrization by proper time, this shows that the four-momentum

in the new coordinate system is mgy(7) = L(md(7)). O

Let z(t) = (t,y(t)) be the trajectory of a particle of mass m in some coordinate
system, so that the velocity at time ¢ is v(¢) := ¢(¢). From the calculations in the proof of

Proposition 4.2.1, we see that its four-momentum at time ¢ is given by the formula

< m mu(t) )
b= , .
VI=Iv®P 1= [lo@)]?
Let us denote this four-momentum as

p = (po,p1,P2,p3) = (Po, q)-

The four-momentum is also called the ‘energy-momentum’; as we can identify the first

component of pg as the relativistic energy E. The remaining part, q, is called the relativistic
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three-momentum. When the particle is at rest, ¢ = 0, and we get £ = m, the famous
Einstein relation (with ¢ = 1). Further, note that in the non-relativistic limit [jv(¢)| < 1,

we can expand the energy pg as:

m 1 H2
po=—F—r =
V1=|@)? 2

which is the sum of the rest energy and the classical kinetic energy. One thing we can

observe from the definition of p is that

p* =g — llqlI* = m?,

which in turn implies that
po=E = vm?+|lq|* = wg,

where the latter will become our conventional notation, with the subscript denoting the
dependence on the relativistic three-momentum.

The topics discussed in this section are standard fare in any introductory textbook
on special relativity. Again, Naber’s book [20] gives a careful mathematical introduction.
For the physical perspective, a classic reference is the popular science book by Einstein
himself [5].

4.3 The mass shell

Notice that the four-momentum p of a particle of mass m > 0 is always an element of the
manifold
X i={peR*: p> =m®, py >0},

where p? is the squared Minkowski norm. This manifold is called the ‘mass shell’ of mass
m. The mass shells are Minkowski analogues of spheres in Euclidean space. For example,
just as a rotation gives a bijection of a sphere onto itself, a restricted Lorentz transform

bijectively maps a mass shell onto itself, as shown by the following lemma.
Lemma 4.3.1. Any restricted Lorentz transform bijectively maps any mass shell onto itself.

Proof. Take p € X,, and L € SO (1,3). Let q := Lp. Then viewing p and ¢ as column

vectors, we have

¢* =q"ng=p"L"nLp = p"np = p* = m*.

Now, note that
nL'nL =n?=1.
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Thus, 1L is an invertible matrix and (nL)~! = nL”. Consequently,
nInLT =1,

which gives
n=n’LyL" = LyL".

Comparing the top-leftmost elements on both sides, we get
2 2 2 2
Lo — Loy — Lo — Lz = 1.

In particular,
L3y + Ly + Lgs = Ly — 1 < L.

Also, the equation p? = m? gives
i+ s+ p3 = p§ —m® < pp.
From these two inequalities and the facts that Loy and pg are nonnegative, we deduce that

qo = Loopo + Lo1p1 + Lo2p2 + Losps

> Loopo — \/(L%1 + L3, + L33) (0 + p3 + p3)

> Loopo — \/ Lgopg = 0

Thus, ¢ € &,,. This proves that L maps X, into itself. This map is injective since, as
we have argued above, nL is invertible and hence L is invertible. Finally, to show that
L is surjective, simply recall that since SO*(1,3) is a group, L™! is also in it. Therefore,
L~! maps X,, into X,,, by what we have already shown. This proves that L maps X,
onto X,,. O

4.4 Integration on mass shells

A mass shell X, inherits a topology from R?, and hence, a Borel o-algebra. Just like the
volume measure on a sphere in Euclidean space is the unique (up to constant multiples)
measure that is invariant under rotations, there is a unique (up to constant multiples)
measure \,, on X, that is invariant under restricted Lorentz transformations. It is defined

as follows. Let 7 : X, — R3 be the projection map

’/T(p()aplvp27p3) = (pl,P27p3)~ (441)

Since py is the nonnegative square-root of p% +p% +p§+m2 on X, the map 7 is a measurable

bijection between X, and R? whose inverse is also measurable. For a Borel set A C X,,,
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we define

1 d
An(d) = 53 /7r " quq (4.4.2)

where we use the notation that for a point ¢ € R3,
wq = /TP + 2.

It is easy to see that A, is a measure on X,,. Moreover, for any measurable function
X, =R,

i

_ 1 flwg q)
X f(p)dA’m(p) - (27’(’)3 R3 25(] dq

provided that the integrals are well-defined. This can be seen by starting with indicator

functions (for which, it is simply the identity (4.4.2)), and then approximating general

measurable functions by linear combinations of indicator functions via Theorem A.1.23.
It turns out that A, is the unique measure on X;, (up to constant multiples) that is

invariant under restricted Lorentz transforms.

Theorem 4.4.1. For any Borel set A C X, and any L € SO1(1,3), A (L7 (A)) = An(A).
Moreover, if a measure i on Xy, has this property, and 0 < u(A) < oo for some Borel set

A, then p must be a nonnegative constant multiple of Ay, .

Proof. For each € > 0, define

X i= U X ={p e R : p? € [m?, m? + €]}.
m’€[m,vm2+e|

Let Ap, ¢ be the restriction of Lebesgue measure to X, ., divided by (27)3e. Since restricted
Lorentz transformations are linear maps with determinant 1, and they map &,  bijectively
onto itself (by Lemma 4.3.1, it follows that the measure Ay, ¢ is invariant under restricted
Lorentz transformations.

Take any Schwartz function f : R* — R. We claim that

lim F(p)dAm.e(p) = F(p)dAm (p)- (4.4.3)
el0 Xome Xom

Wae i= (/W2 + ¢,

To see this, let

and note that by Fubini’s theorem,

1
f(P)dAm.e(p) = // f(po, q)dpodq
/. O = g [ g

R
! o dpod
= @n)e /RS /wq f(po; ¢)dpodyq
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Now, for any ¢ € R3,

1 [
7/ f Dbo, 4 de -
w

€
q
Since

this shows that for almost all ¢ € R3,

1 [Wae Wq,
lim ~ f(po, q)dpo = Jwnq),
c—0 € wq 2wq

By an application of the dominated convergence theorem, this proves the claim (4.4.3). Next,
take any restricted Lorentz transformation L and any f € S(R* R). The identity (4.4.3)

and the Lorentz invariance of A, . implies that

f(L(p))dAm(p) = 1611101 F(L(p))dAm,e(p)
Ko 10 Jx, .

= lim f(P)dAm.e(p) = [ f(p)dAm(p). (4.4.4)

0 Jx, . X

Now, take any g € S(R?,R). Define h: X, - R as h:=gr and f: R* - R as

f(po,q) == g(q)e”Wo—«d”,

Then f € S(R*,R) and f = h on X,,. Thus, by the identity (4.4.4),

/ h(L(p))dAm(p) = / FE(D))dAm ()
X Xm

= f(p)dAm(p) = h(p)dAm(p).

Xm Xm

Finally, following similar steps as in the proof of Theorem A.2.11, we can replace the
function A in the above identity by the indicator of any Borel set A C X,,,. This proves
that )\, is invariant under any restricted Lorentz transformation.

It remains to show that \,, is the unique measure, up to nonnegative constant multiples,
that remains invariant under restricted Lorentz transformations. Take any L € SO (1, 3)
and f € L'(\y). Then, on the one hand, we know that

/ FE(p))dAm (p) = / F(p)dAm ()
X Xm
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On the other hand, we also know that

/fd/\

F(L(p))dAm(p) =

X, (277)

dq
Let ¢ := wLnw~!. Then by the change of variable formula for integration on R3, we have

R e

Wq 2wq

:/ Frtr) det Jy-1(r)| dr
R3

21"

where Jy,-1(r) is the Jacobian matrix of ¢~! at r. Combining this with the previous

identities, we get

_1 . dq -1 dq
fﬂlq—:/qudethqi.
[ 050 = [ I 0l @l
Since this holds for any f, it is now easy to show that
| det Jy1 (q)] = 9. (4.4.5)

Wq

Now suppose that u is a measure on X, that is invariant under restricted Lorentz transforms.
Let v be its pushforward to R? via . That is, v(A) = pu(7~1(A)). Suppose that v has a
density p with respect to Lebesgue measure on R?. Then exactly the same argument as
above shows that for any f € L(u),

fe ot = [ 1 )l det Ty @)oo~ (@)da

R3

This lets us conclude that

p(q) = | det Jy-1(q)|p( " (q)).

Matching this with the value of | det J,-1(q)|p(t»*(g)) obtained in equation (4.4.5) above,
we see that p(g) must be a constant multiple of (2w,) .

The absolute continuity of v with respect to Lebesgue measure is a consequence of the
fact that the restricted Lorentz group acts transitively on &}, and the regularity of Borel
measures. A small ball around a point in R? can be sent a small region around any other
given point by a map of the form 7L7~! for some L € SO*(1,3). This allows us to show
that the measure of a small ball must be small, because many disjoint sets with the same

measure can fit into a bounded region. We leave the details to the reader. [
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4.5 Fourier transform of the Euclidean free field

Take any d > 3. Let ¢ be the Euclidean free field on R? with mass m, and let ¢g be its
restriction to time 0, as defined in Chapter 3. Then, formally, the Fourier transform of ¢g

is given by

bo(q) = o ()€l T dz. (4.5.1)
Rd—1

Unlike ¢g, which is ‘real-valued’, QZO is ‘complex-valued’, in the sense that when integrated

again Schwartz functions, we expect to get complex numbers. Accordingly, we can view <Z0

as a pair of random distributions Re (;50 and Im g/i;o. These fields are defined as follows. For

f € S(R¥1 R), we define

~

Redo(f) == do(Re f), Tmgo(f) := —¢o(Im f). (4.5.2)

~

To see that this definition makes sense, let g(x) := f(—x). Then note that by the Fourier

inversion formula,

Thus, f = (2r)~ @13, Since f is real-valued, we can now heuristically apply the Plancherel

identity to conclude that

aoh= [ wa s

= /R  S0(a)F(@)dq

= # /R _ G0(9)3(a)dg

= /R L, 9o(@)g(w)dz = go(Re g) +ido(Im g). (4.5.3)

But again since f is real-valued,

-~

g(@) = f(—z) = /R emif(g)dg = f(e) =Re f(x) ~im f(z),  (45.4)

which means that Reg = Re f and Im g = — Im f. Equations (4.5.3) and (4.5.4) justify the
definition of gy in equation (4.5.2).
Having define the centered Gaussian field ggo (or rather, the pair of fields (Re (Eg, Im 80)),

let us now calculate its covariance structure.
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Lemma 4.5.1. Let wy := /||q||2 + m2. For any f,g € SR R),

Cov(Re ¢o(f), Im ¢o(g)) = 0,
(

Cov(Re do(f), Re do(g)) =

4 Rd—-1 2wq
~ ~ (2m)d-1 1
Cov(Iméo(f), Im ¢o(g)) = — " qu(f(q) - f(=a))(9(q) — 9(=q))dq

Proof. Note that by equation (4.5.2) and Lemma 3.8.3,

~

Cov(Re ¢o(f),Im ¢o(g)) = — Cov(go(Re f), ¢o(Img))

1 u(g)v(q)
T (2m)d-t /Rd_l 2wy 4a,

where u is the Fourier transform of Re ]?, and v is the Fourier transform of Img. Note that

by the inversion formula,

2
= %/RUH T f(x)dx + % /Rdi1 e=iaw () da
-1 L a1
= O (-0 + F@) = L ((-0) + (@)

Similarly,

o) =5 [ e Ge) — s

T

_1 G (z)dx — l/ e~ierg(z)dx
21 Jra—1 21 Jga—1
(27r)d_1 . (27T)d_1

= (9(=q) —g(q)) =

2i

Combining the last three displays, we get

R R -1
Cov(Re dol ). Tm do(g)) = &) . g0+ Fa) (- - ata)da

4i a-1 2wg

Since wy = w_g, it is easy to see that the right side is equal to zero. The other two claims

follows by similar calculations. O

Let us now see what the formulas from the above lemma mean intuitively. Taking
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f =194 and g = é, for some nonzero ¢,q’ € RI~1, we get the formal expressions

Cov(Re ¢o(q), Im ¢o(¢)) = 0,
N (277)‘1715 if 0 = +d
Cov(Re do(q), Re ¢0 20 o) ifq q,
0 otherwise,
us d—1 .
(2224(1 dq(q) ifqg=4¢,
i "N d—1
Cov(Im do(q), Im do(¢') = § ~ 225 "6,(q)  if g =~/
0 otherwise,

The first identity shows that the real and imaginary parts of 50 are independent Gaussian
fields. The other identities indicate that they are sort of like white noise fields, except for
the weighting factor (2wq)*1. Indeed, specializing to d = 4, one gets a homogeneous white
noise field if one ‘lifts’ 80 to a field ¥ = 11 + 12 on the mass shell X, as follows.

Let 7 : X, — R? be the projection map defined in equation (4.4.1). We will say that a
function f : X, — R is a real-valued Schwartz function if f is of the form (27) 3gr for
some g € S(R?,R). For such f, define

W(f) := do(g) = Redo(g) +ilm o (g), (4.5.5)

and let ¥; and 19 be the real and imaginary parts of ¢». Then the collection {11 (f), ¥a(f) :
f € 8(Xn,R)} is jointly centered Gaussian. Then the identities from Lemma 4.5.1 can be

re-expressed in terms of the field v as follows.

Corollary 4.5.2. For p = (wg, q) € X, let p denote the point (wq, —q). For any f,g €
S(Xn, R),

Cov(¥1(f),v2(9)) = 0,

Cov(n (f) - /X )+ £B)(9(p) + 9(7)dAm (D),

Cov(ta(f) /X 5)(9(0) — 9(5)) A ().

Consequently, for any f,g € S(Xn,C),

E@(f)v(9) = (£, 9200,  E@(£)(g) = /X F(®)g()dAm(p)-

Proof. The first three identities are just restatements of the identities from Lemma 4.5.1.
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Next, note that if f,g € S(X,,,R), then the three identities show that

E((f)v(9) = El(1(f) +iva(f))(1(g) — itva(g))]
E(y1(f)vr(g) + ¥2(f)v2(g)) +iE@2(f)v1(g) — ¥1(f)2(9))
= E(@1(f)v1(g) + Pa2(f)2(9))
1
4

/ () + £P)9p) + 9(5))dAn(p)

Xm
3 [ W) = FE)w) ~ 9 i),

m

Expanding, we see that the f(p)g(p) and f(p)g(p) terms cancel out. Moreover, the change
of variable p — p shows that the f(p)g(p) term is equal to the f(p)g(p) term. Thus, we get

E((f)p(g) = F()g(p)dAm(p) = (f, 9) 2(0m)-

Xm

Finally, take f = f1+ifs € S(Xn,C) and g = g1 +iga € S(X, C). Then the above formula
shows that

E(W(f)¥(9)) = E[((f1) +(f2)) (@ (g1) — ¥(g2))]
= (f1:91) L2(Am) T 1 f20 91) L2000 — 115 92) L2(0) + (25 92) L2000)

- /X (1) + i2(p)) (91 () — ig2(p)) AN (p)
=(f, 9>L2(>\m)~

The claimed identity for E(¢/(f)1(g)) follows similarly. This completes the proof. O

4.6 Bosonic Fock space

The space L?(X,,, A) is the Hilbert space of momentum states for a single scalar boson of
mass m. That is, if the boson is in state f, then its four-momentum has probability density
proportional to | f(p)|? with respect to the measure \,, on &,,. Similarly, for a system of n
scalar bosons of mass m, the states are elements of L*(X?, A" ), where A7, is the n-fold
product of A\,,,. However, there is a very important constraint, coming from physics. It says
that the state f of a system of n bosons must necessarily be symmetric in the arguments,

that we must have that

fpr, - sn) = f(Do1) - > Pon)

for any permutation o of 1,...,n and for almost every pi,...,p, (with respect to Ay,).
Note that we can at most demand that this holds for almost every py, ..., p, because f is
an element of an L? space, and therefore not really a function but an equivalence class of
functions. Let

B, := L2 (X", %)

sym\“ " m> ‘m
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denote the set of all f € L2(X" A%) that satisfy this constraint. This is the Hilbert space
of momentum states for a system of n scalar bosons of mass m. For n = 0, we define this
to be equal to C.

Now suppose that the number of bosons is also indeterminate, along with their momenta.

Then the state of the system is an element of the the Hilbert space

—

B:= B,
n>0

where @ is the notation for completed direct sum. Without the completion, we get the

algebraic direct sum of the Hilbert spaces on the right. A typical element of this space is a

> o
n=0

where f, € B, and all but finitely many of the f,’s are zero. The inner product between

formal sum like

two such formal sums is defined as

<Zf”’ Z!]n> = Z<fnagn>L2(>\gL)~
n=0 n=0 n=0

It is easy to see that this is a positive definite inner product. The completion of the direct
sum under this inner product is the Hilbert space B. Formally, an element of B is again a
sum like 7 f,, where

oo
D fallFzgng,) < oo
n=0

The probability interpretation is as follows. If the system is in the state Y~ fn, then the

probability that the number of particles is equal to n is

Z;.;O HfJHiQ(/\Zn)?

and given that the number of particles is n, the probability density of the n four-momenta

is proportional to | f,,(p1,- -, pn)|>

4.7 From free field to Fock space

The discussion in Section 4.5 shows that the field ¢y can be alternatively viewed as the field
1 on X, defined in equation (4.5.5). Recall that the field ¢ is simply the the collection

{1 (f) : f € S(Xm, R)} U{t2(f) : f € S(Xm, R)},

where 11 and 19 are the real and imaginary parts of ¢. By the identities (4.5.5) and (4.5.2),
we see that this is exactly the collection {¢o(f) : f € S(R3,R)}. This is because, on the
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one hand we have for any f = (27) 3gm € S(&X,R),

1(f) = Redo(g) = do(Red), a(f) = Imdo(g) = ¢o(—Im7),

and on the other hand, for any g € S(R? R), the Fourier inversion formula implies that
g = h where h(q) := (27)~3§(—q), and hence,

$0(g9) = do(Reg) = po(Reh) = Re go(h) = ¥1((2m) ~hr).

Now recall the Hilbert space H = L?(A,C, i) for the free quantum field with mass m that
was defined in Section 3.7. The above observation shows that 7 can be alternately expressed
as L2(A',C', 1), where A’ := (R?)S(*mR) (" is the cylinder o-algebra on A’, and ' is the
law of {(¢1(f),¥2(f)) : f € S(Xn,R)}. Now, by Corollary A.2.10 and Corollary B.2.5,
the set of polynomials (with complex coefficients) in these random variables form a dense

subspace of H. The following lemma gives an equivalent representation.

Lemma 4.7.1. Any polynomial with complex coefficients in the real-valued random variables
1(f) and Pa(f), as f ranges over S(Xpm, R), is the same as some polynomial with complex
coefficients in the complex-valued random variables {¢(f) : f € S(Xmn,C)}, and vice versa.

Proof. Take any f € §(X,,,C). Let g(p) := f(p), where p is obtained by changing the signs
of the last three coordinates of p, as before. Then by Corollary 4.5.2,

El(f) — ¥(9)]* = E[v(f)* + Elv(9)* — E@(f)(9)) — E(w(g)v(f))
= (F, Dz + (0 9) 200y — / F@)9(®) + TP (p)

m

= 20flar,— [ 2F0) PN (p) =0,

Thus, ¥ (f) = ¥(g) almost surely, which means they are equal in the L? sense. Therefore,

Wwe call express

() = S0 + B = S () +(a)),
Yalf) = (W0 = TN = (W) ~ ¥(g))-

On the other hand, for f = f1 +ify € S(X, C), where f1, fo € S(X,, R), we have

Y(f) = 1(f) +iva(f)
= ¥1(f1) +iv1(f2) +iva(f1) — Y2(fo)-

Clearly, the above identities suffice to prove the claim. ]

By Lemma 4.7.1 and the preceding discussion, the set of polynomials in {¢(f) :
f € 8(Xn,C)} is dense in H. We will now use this set to obtain a certain orthogonal
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decomposition of H. Let Hy the set of constant random variables, and for each n > 1, let H,,
be the closure of the span of Wick ordered monomials! of degree n in {t(f) : f € S(Xm,C)}.

Lemma 4.7.2. The subspaces {Hn}n>0 defined above are mutually orthogonal, and the

closure of their direct sum is equal to H.

Proof. The mutual orthogonality follows from the orthogonality of Wick ordered polynomials
of different degrees, as proved in Theorem B.2.9. A simple argument by induction shows
that any degree n polynomial is in the span of Wick ordered monomials of degree < n. As

observed above, the set of polynomials is dense in H. This completes the proof. ]

Now recall the space B defined in Section 4.6. Define a map 7 : &2 H,, — B as
T(:@/}(‘ﬁ) d}(fn) )(p17 s 7pn = Z fl Po( 1) fn(pa(n))a (471)
JGSn

and extended by linearity. It is not obvious that this map is well-defined. The following

lemma shows that it is.

Lemma 4.7.3. The map 7 defined above is well-defined, and preserves inner products.
Proof. Take and k,n > 0, and f1,..., fn, g1, -, gk € S(Xm, C). Let X := :p(f1) - ¥(fn):
and Y :=:t0(g1) - - - ¥(gr):, and define

f(pl,---,pn) = T (pa(l))"'fn(pa(n))7

1

g(p1,. .. k) = T 91(Po(1)) Ik (Po(k))-

toM tnM

Let hj(p) := gj(p) for j = 1,...,k. From the proof of Lemma 4.7.1, we know that
= 1(h;). From this, and Theorem B.2.9, we see that if n # k, then

E(XY)=0=(f,9)5
So, let us assume that n = k. Then again by Theorem B.2.9,
E(XY) =E(¥(f1) - ¥ (fa):p(h) - (hn):)

= > [TE@E) ()

O’ESn j:1

= > TTE@U)50)

oESy Jj=1

!See Section B.2.6 in Appendix B for the definition and properties of Wick ordered monomials.
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By Corollary 4.5.2, this implies that

E(XY) = Z H<fjvgcr(j)>L2(/\m)

0€Sn j=1
1 n
:E Z H<fﬁ(j)aga(j)>L2()\m)
K,0€S, j=1

=({f,9r20m) = (f,9)8-

This proves that 7 is an isometry. As a consequence, we also see that 7 is well-defined,

because if X =Y almost surely, then

If =gl = (f, )z + (9,9)5 — 2Re(f, 9)B
=E|X?+E|Y]?-2Re E(XY) =E|X - Y|? = 0.

This completes the proof. O

The isometric nature of 7 allows us to extend the definition of 7 to the whole of H. Our
final lemma in this section, stated below, shows that 7 is surjective from H on to B. In

other words, 7 gives an isomorphism of the Hilbert spaces H and B.

Lemma 4.7.4. The image of ®y2oHy under 7 is dense in B. Consequently, T is a Hilbert

space isomorphism between H and B.

Proof. By the isometric nature of 7, it is easy to see that we only need to show that for

any n, functions of the form

> APe) - fnPam)):

O'ESTL

where f1,..., fn € S(X,C), span a dense subspace of L’;’ym(m). To show this, we claim

that it suffices to prove that functions of the form fi(p1)--- fn(pn) span a dense subspace
of L*(A,). Indeed, suppose that the latter is true. Take any f € L2, (Ar,) and € > 0.

Find fi,..., fn such that the function h(p1,...,pn) := fi(p1) - - fu(pn) is within distance
€ from f. Then for any o € S,

[ 1501 0) = B Do) PN (1 )

= /n ‘f(pa(l)’ ce 7po(n)) - h(po(l)a te 7pa(n))‘2d)\:’n(p17 s ,pn)

m

= /{;{ ‘f(ph e apn) - h(pl: e 7pn)‘2dA:1n(p17 e >pn) S 62-

Averaging over ¢ and applying the triangle inequality for the L? norm, we see that the

function

1
g(pla s 7pn) = E Z h/(pa(l)a ce 7po(n))
" o€Sy
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is within distance € from f. This proves the above claim.
It only remains to prove that functions of the form fi(p1)--- fn(pn), where fi,..., fn €
S(X,,,C), span a dense subspace of L2(\?). Take any f € L?(\%), and let h := fr !,

where 7 is the projection map from A, to R3. Then by the definition of \,,, we have

hau, - - qn)?
/ h(q1, - - qn)| dqs - dg,, < oo,
(RS)"

Waqy """ Wq

n

where wy = \/W, as before. In other words, the function h is in L?(u?,), where pi,,
is the measure on R3 that has density (2w,)~! with respect to Lebesgue measure. By the
dominated convergence theorem, L?(u2,) functions on (R?)" that vanish outside a bounded
region are dense in L?(p?,). By Theorem A.2.9, linear combinations of indicator functions of
(R3)"-rectangles are L?(u?,)-dense in the space of such functions. But indicator functions of
(R3)"-rectangles are of the form u;(q1) - - - un(gn), where u1, ..., u, are indicator functions
of R3-rectangles. It is not hard to show that indicator functions of R3-rectangles can
be arbitrarily well-approximated in L?(j,,) by Schwartz functions. This completes the
proof. L]

The isomoprhism 7 between H and B constructed above gives us a way to identify any
state of the free quantum field of mass m in R* with a unique state in the bosonic Fock
space B, and vice versa. In this way, the free quantum field can be seen as representing an

indeterminate system of scalar bosons of mass m, and conversely.

4.8 Time evolution on Fock space

The gist of what we have accomplished in this chapter until now is that the states of the
free quantum field are in a one-to-one correspondence with the states of a system of bosons,
where the number of bosons is indeterminate. The correspondence is given by the map 7
defined in equation (4.7.1). Therefore, the evolution of a state of the free quantum field over
time should correspond to the time evolution of the corresponding state for the system of
bosons. The following theorem shows that on the boson side, this evolution is particularly
simple: the bosons just evolve as free non-interacting particles, and the number of bosons

remains constant.

Theorem 4.8.1. Take anyn > 1 and fi1,..., fn € S(Xn,C). In the Fock space representa-
tion of the free quantum field, the state

1
Y(p1s-. . pn) = 7o > APe) - fnPaw)) € B

T o€ESh
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evolves as

U(t)?l)(ph s 7pn) = % Z (e_itpo(l)’ofl(po(l))) s (e_itpg(")’ofn(pa(n)))

T oESK
it ST )
=e ! E]:1P],Ow(p1’ cee 7pn)»

where pjo denotes the first coordinate of p;. The time evolution operator U(t) extends to

the full Hilbert space B by linearity and continuity.

Proof. Let H = L*(A,C,u) be the Hilbert space for the free quantum field, defined in
Section 3.7, where A = RSE*R) and 1 is the law of the time slice ¢ of the Euclidean free
field ¢. Define the random field 1 using ¢g as in Section 4.7, and instead of 1, let us call
this field v¢g. Take any n > 1 and fi,..., fn,91,---,9n € S(Xm,C). Let F,G € H be the

states

F(¢o) := o f1) -~ vo(fu):,  G(do) = tho(g1) - - - to(gn): -

Take any t > 0. Let ¢, be defined using ¢; using the same prescription as was used for
defining g using ¢g. Let (P(t))i>0 be the semigroup for the Euclidean free field. Then by
Theorem B.2.9,

E(G(¢o)P(t)F(¢0)) = E(G(do)F (1))
= E(%0(g91) -+ Yo(gn) =0t (f1) - - e(fn)?)
= J[E@olg:)¢e(foii)- (4.8.1)

oSy j=1

Take any f,g € S(R?,R). Proceeding exactly as in the proof of Lemma 4.5.1, one can get
the identities

Cov(Re ¢o(f), Im ¢y (g)) = 0,
(

~ ~ )3 e~ twg

CorRedo( 1), Redule) = 7= [ (50 + F(-0)ala) + o(—a))da
~ ~ (27)3 e~ twa

Cov(tm (). Imu(e) = - [ G2 0000) = F(-)ota) o~

where wy = +/||¢||? + m?, as usual. Now recall that for ¢ € R3, the point p = 7 1q € A, is
given by p = (wq, ¢q). Thus, using the above identities and proceeding as in the proof of
Corollary 4.5.2, we obtain, for any f,g € §(X,,,C),

E(o(/)du(9)) = / &P £ ()g(B)dAm (0),

where pg is the first coordinate of p and p is obtained by flipping the signs of the last three
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coordinates of p. Combining this with equation (4.8.1), we get
E(G(¢O) Z H/ tpo fa(j)(ﬁ)d/\ ( )
g€Sy j=1

Let (U(t))ter be the time evolution group for the free quantum field. Then by the above

formula and Theorem 2.5.1, it follows that

E(G(¢0)U( =y H/ e 05 (D) fr(j) (D) dAm (p).- (4.8.2)
€Sy j=1
Now, given f1,..., fn, let us choose g1,..., g, as

9;(p) := e~ f;(p) = € i (p).
We claim that U(t)F = G. To see this, note that since U(t) is a unitary operator,

U@ F = Gll3, = IUGFI3 + Gl — 2Re((U()F. G))
= 1F153, + [GlI3 — 2Re((U(t)F, G))
2Re(E

(
= E(|F(¢0)*) + E(IG (o)) — (G(9o)U (8)F(¢0)))-

Applying the identity (4.8.2), we get

E(F(60)?) = EFGU ) F(60) = 3 [[ / 00 fot) (P (0),
o€eS, j=1 Xm

E(G(60)) = EGG)U0)G(#0) = 3 ] / 50905 (P ()
o€eS, j=1 Xm

- Uesng /X B ot DA ),

EGGoUMFG) = S]] / g (0) fo i) () (0)

oc€Sy j=1 Xm

=S 11| 5o @drnto)
oc€Sy j=1 m

Thus, the quantities E(|F(¢0)[?), E(|G(¢0)[?), and E(G(¢o)U(t)F(¢o)) are equal. This
shows, in particular, that E(G(¢o)U(t)F(¢o)) is real. This completes the proof of the claim
that U(t)F = G. It is easy to see that this proves the theorem. O
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Perturbative Renormalization

5.1 The heuristic algorithm

The idea of perturbative renormalization can be mathematically formulated as follows.
Suppose we have a family of real-valued functions {fa}aso on R¥. For § € R¥, f;(6)
represents the expected value of a measurement in an experiment, with 6 denoting the
vector of parameter values in a model and A denoting a ‘cutoff’ parameter. The idealized
model that we use has A = oo, but the model that reflects reality has an unknown (but

large) value of A. Our theory lets us compute fa(6) as a formal power series in 6:

O = > anmb™ (5.1.1)
meZ’;‘O
where Z>¢ is the set of nonnegative integers and for m = (mq,...,my) € Zéo and

0= (01,...,0;) € R*, 6™ denotes the product 7" - - - 6}"*.

The problem is that if we substitute A = oo as in the idealized model, then some or
most of the coefficients in the above power series turn out to be infinity. On the other hand,
the true value of A, while large, is unknown. We cannot hope to estimate 6 from the value
of fa(6) without knowing A. But we can still hope to meet the following kind of objective.
Suppose we want to predict the expected outcome hp (#) of some other experiment involving

the same system, again known as a power series

ha(0) = > bamt™

k
meZZO

It turns out that in some situations, it may be possible to approximately calculate hy(6)
using only the observed value of fA(6), solely under the assumption that A is large, without
knowing the value of A. The procedure for doing this, described below, is called perturbative
renormalization.

There are various approaches to perturbative renormalization. We will focus on the

most popular approach, known as the counterterm method. In the counterterm method, we
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replace each 6; by a perturbation series in a single parameter g:

o0
— T
6;= cnrd’-
r=1

A very important fact is that the above sum starts from m = 1 instead of m = 0. This

allows the following. Substituting the above value of §; in equation (5.1.1), we get

k 00 m; 00
f/\(e) = Z A m [H( CA,j,rgT> :| = ZdA,ngn7
r=1 n=1

mezk =1
where da o = ap0, and for n > 1, dp 5, is the sum of products of the form

k. mj

aAm H H CAjrjqs

Jj=1¢=1

over all m € Zgo and positive integers ;4 such that Z?:l Z;n:jl i, = n. The goal is to
choose the ¢’s in such a way that da , does not depend on the cutoff parameter A. Suppose

we fix a collection of coefficients dy, ds, ... and try to find ¢’s so that
dan =dyn for each n > 1. (5.1.2)

Now, any m that appears in the expression for da , above must satisfy Z§:1 m; < n,
because r; 4 > 1 for each j, ¢, and Z?Zl 2221 75,4 = n. This shows that each equation in
the system of equations (5.1.2) is a linear equation involving a finite number of variables,

which we can hope to solve inductively. Once that is done, we end up with the expression
oo

fa(0) = fa(0) + D dug™ (5.1.3)
n=1

Suppose that, following the same steps, and with the same set of ¢’s, we have a similar

expression for h (0):
ha(0) = ha(0) + Y eang™ (5.1.4)
n=1

Suppose that f5(0) and hy(0) approach known finite limits as A — oo, and for each n, es ,
converges to a finite limit e,,. Then, given the experimental value of f;(6), our prediction
procedure for hy(0) will go as follows. First, estimate g from the observed value of f(6)
and equation (5.1.3). This may be possible to do without knowing A because we know the
dy,’s and the limiting value of f5(0) as A — oo. Once we have recovered the value of g,
we can substitute that in equation (5.1.4) to estimate hp () (again, because we know the

limiting values of hy(#) and ep ,, as A — o0).
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5.2 A toy example

Before proceeding further, let us work out the perturbative renormalization heuristic in a

toy example, just to see it in action. Take k = 1. Suppose that for A > 0 and 6 > —ﬁ,

V14+4A60 -1

fa0) = oA ,

where the square root denotes the positive square root. It is simple to check that the Taylor

series expansion of fj at 0 is given by

fA(e) — i <%>22m—1Am—10m7 (521)

m=1

with radius of convergence —ﬁ. Note that all but the first coefficient blow up as A — oc.
Also, let

Suppose we have an experiment where the theory predicts that the outcome has expected
value fi(0), and another experiment where the outcome is hp (). Here A and 0 are both
unknown, and A is large. The goal is to estimate the value of hp (), having observed the
value of f,(6).

The perturbative renormalization approach via counterterms would go as follows. First,

let us replace # by a power series in a new parameter g:

o0
0= Z carg’
r=1

Substituting this in equation (5.2.1), we get

1 oo m
2 22m—1Am—1 § : r
(m> ( CAJ-g >

r=1

M8

fa(0) =

m=1

NE

dA,mgm7
1

3
I

where

dA,m _ i <§l> 22n—1An—1 < Z ﬁ C/\,’rl)~

n=1 1<ry,...,rpn<m, =1
ri+-Frp=m

We want to choose the ¢’s such that the d’s do not depend on A. To make a guess, let us
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compute the first few d’s. By the above formula,

da1 = ca,
2
drg =ca2 — Acyq,
23
das =cas — 2Acpiep2 +20%¢) 4,

2 2 2 3 4
daa = caa — AM(2cp 1003+ ci o) +6A7CK 1ep2 — BA Cy ;.

Suppose we choose cp 1 = 1, so that dy 1 = 1. To make dj o free of A, let us try to make
it equal to zero. Since cp 1 = 1, this forces cp 2 = A. Next, to make dp 3 = 0, we see that
it suffices to set cp3 = 0. Finally, with ca1 =1, ca2 = A, and ca3 = caq = 0, we get
da,a = 0. The emerging pattern suggests that if we choose ca1 =1, cap2 =A, and cp, =0
for all r > 3, we will get dp ,, = 0 for all m > 3. Indeed, this is true. To see this, take any
m > 3. By our choice of the ¢’s, the product [];"; ca, is zero if at least one r; > 3. Now,
for the existence of r1,..., 7, € {1,2} such that ry + - - +r, = m, we need n > [4m]. For

any such n and r1,...,ry,, exactly m — n of the r;’s are 2 and the rest are 1. Thus,

S [lean= (m” n) Amen

1<ry,...,rn<m, I=1
r1+-F+rn=m

This gives
S % 2n—1 1 n
dm= 3 (n)z A (m_n).
n:[%m‘\

To see that this is zero, note that for |z| < i,
o /1
Vitdr =) (2> (4z)", (5.2.2)
n=0 n

where the left side denotes the positive square root of 1 + 4z. Now, if |z| < %, then
|z + 22| < i. Thus, for |z| < %, substituting = 4+ 2% in place of x on both sides above, we

get

n=0

—ii(é)ﬂ “<”)xa

n=0j=0 \"' J

£ £ 00
= iy n)\m-n
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Combining, we get

(o)
142z =+1+4(z+2?)=1+ Z2d,\,mxm.

m=1

Equating coefficients, we see that da ,, = 0 for all m > 3.

To summarize, we have shown the following. Reparametrizing # = g + Ag?, we get

> 1
> (2 )22m1Am19m =g. (5.2.3)
m
m=1

Thus, the above renormalization has resulted in the ‘cancellation of infinities’ of the original
power series (5.2.1) for fx, because there are no coefficients that blow up as A — co. Now,

if we apply the same renormalization to hy, we get

+ Ag?
hA(g):uzg

2. 2.4
A AT (5.2.4)

Physicists would say that by equations (5.2.3) and (5.2.4), if A is large, then we can estimate
ha(6) as approximately equal to the square of the observed value of fx(6) (as long as this

observed value is not huge), without knowing the values of A and 6.

5.3 The paradoxical nature of perturbative renormalization

There is a well-known reason to be suspicious of the validity of perturbative renormalization.
Consider the toy example from the previous section. As noted earlier, the radius of
convergence of the power series (5.2.1) for fa is of order 1/A. Now recall that the new
parameter g is related to 6 as § = g + Ag?. Also, a simple calculation (given below) shows
that fo(0) = g. So if the observed value of fa(#) is not tiny, the value of 6 is huge — of
order A instead of 1/A. Thus, there is no way that the power series expansion (5.2.1) equals
the actual value of f, () for this value of 6; in fact, the power series diverges. This is a
paradox at the heart of perturbative renormalization: Taylor expansion is used to justify
calculations at parameter values that are far away from the point around which the Taylor
expansion is taken. Often, the original series is vigorously divergent at the location where
it is evaluated. So, does it give any meaningful result at all?

We will now see why the result that ha(#) ~ fa(#)? that we obtained in the previous
section is actually sensible for the toy example. The key observation is that for g > —ﬁ,

the reparametrization § = g + Ag? gives

V1+4A(g+ Ag?) -1

fa0) = oA

V(A +2Ag)2 -1

2A
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Since

ha(6) = % +¢°

this shows that indeed, hy(0) ~ fA(0)?> when fA(6) is nonnegative and neither tiny nor
huge.

Therefore, for this toy example, the heuristic algorithm for perturbative renormalization
led us to the correct conclusion, in spite of our cavalier application of the Taylor series
expansion of fp far away from the region where it is valid. Is this an accident? In the next
section, we will show that it is not. There is a general principle that may lend validity to

the perturbative renormalization heuristic in various situations.

5.4 A rigorous criterion

To summarize the preceding discussion, the paradox at the center of perturbative renormal-

ization consists of the following:

e There is a function f : R¥ — R whose power series expansion at the origin has a very

small radius of convergence.

e We find a renormalization map R : R — R*, usually with R(0) = 0, such that the
power series expansion of f o R at the origin has a large radius of convergence. This
is done by inductively determining the coefficients in the power series expansion of R
at the origin, such that the coefficients of f o R are ‘not large’. This is an abstraction

of the notion of ‘canceling infinities’ from the physics literature.

e Then, we compute f(R(x)) using the power series expansion of f o R at the origin,
for arbitrary z within the radius of convergence of this series. Since R(z) may not
necessarily be within the radius of convergence of the power series of f at the origin,

this casts doubt on the validity of this approach.

We have already seen an example where this works. We will now present a theorem which
gives a general criterion for the validity of this approach. We will then see a counterexample

where the criterion does not hold, and the approach does not give the correct result.

Theorem 5.4.1. Let f : Q — C and R : T — R* be analytic functions, where  C R* and
I' C R are open connected sets that contains the origin and R(0) = 0. Define u:= fo R on
R™Y(Q). Let u be the function defined by the power series of u at the origin on its domain
of convergence D. Let U be the connected component of DN R™1(Q) that contains the origin.

Thenu=u on U.

Proof. First, note that R_l(Q) is an open set, since R continuous. Moreover, it contains
the origin, since R(0) = 0 € 2. Since f and R are both analytic on their respective domains,
and compositions of analytic functions are analytic [15, Proposition 2.2.8], we conclude
that u does indeed have a power series expansion at the origin with a strictly positive

radius of convergence. Since R~1(£2) and D are open sets containing the origin, there is a
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small enough open ball W centered at the origin that is contained in both R~!(2) and D.
Clearly, u = u on W. Now, U is an open connected set, u and u are analytic on U, and
u = u on W, which is a nonempty open subset of U. By the identity theorem for analytic

functions [15, Corollary 1.2.7], we conclude that & = u everywhere on U. O

5.5 An example and a counterexample

Recall that in our toy example from Sections 5.2 and 5.3,

V14+4A6 -1

fa(0) = oA

for A >0 and 6 > —ﬁ. We claim that fj is analytic on (—ﬁ, 00). To see this, consider
the analytic branch of square root on C\ (—o0, 0], given by

B 1.
Vel .= rex? 1 >0, -1 <0<

If we define
V1+4Az -1
2A

with this choice of square root, then fj is analytic on C\ (—oo, fﬁ]. In particular, its

faz) =

restriction to Q2 := (— 7, 00) is analytic.

Recall that the renormalization map Ry : R — R was chosen to be Ry(g) := g + Ag?
for g € R. We claim that Ry (Qa) = R\ {—5%}. To see this, simply note that Ra(z) ¢ Q
if and only if z 4+ Az? < —ﬁ, which is equivalent to (2Az + 1)2 < 0. This happens if and
only if z = fﬁ.

Finally, recall that the power series expansion of uy := fp o Rp at the origin is simply
the function uy (z) = x, as shown by the calculations in Section 5.2. Thus, the domain D in
Theorem 5.4.1 is the entire real line in this example. Therefore, the connected component of
Ry () N'D that contains the origin is the open interval (—5%,00). Thus, Theorem 5.4.1
tells us that if g > fﬁ, then fa(Ra(g)) = g. Note that this could also be determined by
direct calculation in this example.

What about g¢’s that do not satisfy the above criterion, but for which fa(Ra(g)) is
well-defined since Rp(g) is in the domain of f,? Note that this consists precisely of all g
strictly less than —ﬁ. Take any such g. Then 1+ 2Ag < 0, which means that

(1+2Ag)2 = —1—2Ag.

Thus, if g < —%, we get

VO+2Ag2 -1 1

Ia(Balg) = ot — — £ — .

which is not equal to g, even asymptotically as A — oo.
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Chapter 6

Heuristics for gp Theory

6.1 Perturbative expansion of ] theory

We saw in Section 4.8 that the free quantum field corresponds to noninteracting bosons.
This is an ‘uninteresting’ quantum field theory, because particles do not interact, nor does
it admit creation and annihilation of particles. The simplest toy model for an interacting
quantum field theory is ¢} theory. The action for ¢} is obtained by adding a quartic term

to the action for the free theory, as follows:

56 = [ (30007 - JITe(.a)l? - o, - o(e.0)* drds

(The subscript 4 in ¢} stands for the dimension, which in this case is 4. The superscript
denotes the quartic term in the action.) In this chapter, we will carry out the (heuristic)
perturbative renormalization of cpi theory. Recall that by equation (2.3.3), the vacuum

expectation value of a function L(p) of this quantum field is given by

[ L(¢) 5@ Dg
felS(fl’ ¢ ’

For notational simplicity, we will denote the above quantity by (L). Our goal is to apply

(QIL(P)|) =

the perturbative renormalization heuristic to calculate (L) for various kinds of L.
First of all, note that by rescaling ¢ in the path integrals, we can add a parameter in
front of the squared gradient terms in the action. To put things in the framework introduced

in the previous chapter, let us write the resulting action as

st = [ (30+ l@t.0)? - 162
- %(m2 +62)0(t,x)? — %gﬁ(t, :z:)4> dtdz,

where 601, 02, 03 are parameters of the model, to be determined from data, and m is a known
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constant. Next, let us decompose S as

5(¢) = So(®) + 0151(9) + 0252(¢) + 0353(¢),

where

0= [ (5@t )7 ~ V6.0 - gnot.)? ),

[t

$16) 1= 5 / (06t 2))? ~ 960, )|

Sa(@) := o(t, x)dtdz,

2 Jpa
1
S3(¢) := _7/ o(t, x)dtda.
4! Jra
Let (-)o denote the vacuum expectation value with respect to the action Sy (i.e., the free
field). Note that for any L, we can heuristically express (L) as

<L(¢)ei9151(<p)+i9252(@0)+19333(s0) Yo
(L) = <619181(80)+i9252(80)+10353(¢)>

0

The first step towards renormalization is to expand the above as a power series in 6y, 05, 03.

Formally, we have

(D)= amb™, (6.1.1)
mGZ;O
where 0™ := 67"165"265", and
1 3m1+m2+m3 L
= (L) . (6.1.2)

mllmglmgl 89?139?289?3 61=05=05=0
It is not hard to see that the above coeflicients can be expressed as expectations with
respect to the free field. To illustrate, let us express the coefficients up to order two. First,
note that

a0,0,0 = (L)]g,=0,=6:—0 = (L)o-
Next, note that

(L)
901 |9, =p,=05=0

=i((LS1)o — (L)o(S1)o)-

a1,0,0 =

Similarly,

ao,1,0 = i({LS2)0 — (L)o(S2)0),
ao,0,1 = i({LS3)0 — (L)o(S3)0)-
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Next, we have

1%(L)
2 89% 01=05=03=0

((LST)o — (L)o(S)o) + (LS1)o(S1)o — (L)o(S1)3.

a2,0,0 =

1
)

Similarly,

1020 = ~5({LS3)0 — {L)0(S3)0) + (LS20(S2)o — (L)o(S2)3

1
ap,02 = —§(<L5§>0 — (L)0(S5)0) + (LS3)0(Ss)0 — (L)o{Ss)-
Finally, note that

1 9%(L)
L0 2 90,003 gy _gygy—o
= S (L8152)0 ~ (L)o(S182)0) + 5 ({LSwo — (L)o(S1)o) (S2)o

+ §(<L52>0 —(L)o(S2)0){S1)o-

The expressions for a1,,; and ag,1,1 are similar, obtained by replacing Sy, So with Sy, S3
and So, S3, respectively.

6.2 First order of perturbation theory

Let us now choose L to be the two-point correlation function in momentum coordinates.

That is, .
L(¢) = @&p)&q)

for some given p,q € R?*, where 5 denotes the Minkowski space Fourier transform of ¢.
Now, by Corollary A.3.8,

~ 1

S10) = 537 [, IOk

assuming that ¢ € S(RY,R). Since ¢ is real-valued, we have ¢(k) = ¢(—k). Thus,

S1(9) = ﬁ/w k2 (k)p(—k)dk. (6.2.1)
Similarly, by Theorem A.3.7,
Sa(9) = — 2(21%)4 /]R ) b(k)p(—k)dk. (6.2.2)

105



CHAPTER 6. HEURISTICS FOR ¢} THEORY

Lastly, by Theorem A.3.6,

= —4!(27;)16 / / / / / @RI 61V (1) () b(n) dzdkdldmdn.

Applying the heuristic identity

ﬁ / emi@httmin) go — 5@ (k4| 1+ m + n)
m R4

to the above integral (which is easy to justify rigorously when ¢ is a Schwartz function),

we get
S3(p) = —m /// (k)p(1)p(n)d(—k — | — n)dkdldn. (6.2.3)
Let us now recall the identity (3.10.1):
(B0)3(@)0 = ~i(2m)'D (p + g) lim ———— (6.2.)

el0 g2 —m?2 +ie’

First, this implies that

1
= ([\y = — 4) llm ——+——.
@000 = (L)o = =0 (p+a)lim 55—

Next, applying equation (6.2.1) and Corollary B.2.8, we get

a10,0 = i((LS1)o — (L)o(S1)o0)

- fm%)s / (@) @2R)F(—k)o — (B0)3(0))o(@k)F(—k))o)dk
- —ﬁ / KRB O)F0) o (B(@)B(—k))o + (GFR)F(—k))o (B(a)B(k))o)dk.

Applying equation (6.2.4), this gives
a1.0.0 :p25(4)(p+q) lim - .
o el0 (p?2 —m2 + ie)?

A similar calculation using equation (6.2.2) gives

1
= 5@ im-—
ao,1,0 (p + Q) elirol (pg —m2 n i6)2
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Finally, using equation (6.2.3) and Corollary B.2.8, we get
%01 = 37T / / / B0 Em)B(—k — L~ o
)o(@(k)o(l)g(n)p(—k — L —n))o)dkdldn

e / / / (BB BBk~ mo
+ 11 similar pairings)dkdldn,

where the ‘similar pairings’ refer to p, ¢ being paired to two of k,I,n, —k — ! —n (and the

other two being paired to each other). By symmetry, the six integrals are equal. Thus,

(4 (4) (4) _
ap,0,1 = /// 0P+ k)0 (g — k)OD(—k — 1) dkdldn
30 8 /)] G i@ w9
i (p + q) 1
= -1l : 2.
l0 202m)3(p? — m? + ic)? / n? —m?+ e (6.2.5)

But note that the integral in the last line is divergent. This is an instance of an ‘infinity’
appearing in the perturbative expansion of ¢} theory, which makes it necessary to apply

renormalization. We will now work towards ‘canceling’ this infinity.

6.3 Wick rotation

The following simple Wick rotation argument is very useful for converting integrands from

Minkowski to Euclidean signature.
Lemma 6.3.1. Suppose that f : C — C is a holomorphic function which has no poles in

the region {x + iy : xy > 0}. Furthermore, suppose that |f(z)| < C|z|~17¢ in this region for
some C' < 0o and € > 0. Then

/Z daf(z) = I/Z da f(iz).

Proof. To see this, take some R > 0 and let v denote the closed contour that goes from —R
to R in a straight line, then anticlockwise to iR in a circular arc, then to —iR in a straight
line, and finally to —R clockwise in a circular arc (see Figure 6.1).

Note that f has no poles enclosed by this contour. The decay condition implies that
the integral contribution on the circular arcs tends to 0 as R — oco. Thus, the result follows

by Cauchy’s theorem and taking R — oco. ]

As a corollary, we obtain the following.

Corollary 6.3.2. Take any a > 0, E € R, and € > 0. Let p be a polynomial of degree
d > 0 with complex coefficients. Let | be a positive integer such that d — 2l < —1. Then

°° p() . o0 p(iz)
/_Oo (ax? — E + ie)ldx =i(-1) /_OO (az? + E — ie)ldz'
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1R

—iR
Figure 6.1: The contour = in the proof of Lemma 6.3.1.

Consequently, if E > 0, then

o0

. p(z) ey [ pliz)
lim —)ld =i(-1) /_007( dz.

0 J_oo (ax?2 — FE + e az? + E)!

Proof. Since € > 0, it is easy to see that the integrals are both well-defined and finite. Let

_ p(z)
&) = e~ Bty

Then there is some constant C' (depending on p, E, a and ¢) such that |f(z)| < C|z|¢~%

for all |z|. Moreover, observe that for z = z + iy,
az? = a(z? — 32 + 2ixy) = a(z? — y?) + 2iaxy.

So if xy > 0, then Im(az?) > 0, and therefore az? — E + ie # 0. Thus we can apply Wick
rotation (Lemma 6.3.1) and obtain the desired result. The second assertion follows by a

straightforward application of the dominated convergence theorem. O

6.4 Regularization by hard cutoff

Recall from Section 6.2 that we ran into trouble while evaluating the coefficient ag g 1, which

1
——F——dk
/R4 k2 —m? + ie

appearing in the formula (6.2.5). Before trying the give a meaning to this integral, let us

had the divergent integral

convert it into something more manageable via Wick rotation. Fixing ki, k2, k3 € R, note
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that by Corollary 6.3.2,

1 1
li —————dkp = —i | 75— dk
elo RkZ—mZ+ie O I/RHkHQ-i-m? 0

where k denotes the vector (ko, k1, ko, k3). Substituting this in equation (6.2.5), we get the

formal identity

o1 / L) g 00 +0)
001 = 720@m) A\ Jpa [[K2+m2 ) co (p2 — m2 +ie)?2”

The limit on the right is to be interpreted as a distribution. However, the integral is still

divergent. To ‘tame’ this infinity, we choose a cutoff parameter A, and define
1 1 5D (p+q)
a = ———dk | lim ——————.
RTCRE (/.m [K[]? +m? ) o (p? —m? 4 ic)?
Since ap,0,0, @1,0,0, and ap,1,0 do not have the problem of infinities, we define

GA,0,0,0 *= G0,0,0, aA,1,00 ‘= @100, GA0,1,0 = €0,1,0-

Now, the integral in as 0,1 is finite, and evaluates to

A ,],,3 A A r
27T2 / ﬁdr = 27T2 / rdr — 27T2m2 ﬁdr
o ™Ttm 0 0 r°tm

A2
=A% — 7?m? log<1 + 2).
m

Thus,

_ 1 2 2 A? : 59 (p+q)
(lA,0,0,l - 327‘(’2 (A m log(l + W lgljlél m (641)

6.5 Renormalizing to first order

Following the method described in the previous chapter, we reparametrize
oo
9] = ZCA,j,T‘gTa .] = 17273'
r=1

Our goal is to choose the ¢’s such that after this substitution, the coefficients in the
perturbation series of (L) (which is now a series in g of the form Y > ; d,g") do not depend
on the cutoff parameter A. We will now ensure that this true for the constant term and the

coefficient of g. We already know that dy = ap 00,0 has no dependence on A. Next, note
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that

d1 = ap,1,0,0CA,1,1 + GA0,1,0CA,2,1 + GA0,0,1CA,3,1

1 A? 5@ (p+9)
2 2 2 3
—|p — (A2 =2l 1+ = A3 lim ——— .
CALLT CAR1 32m2 < " g( m2)>c ’3’1} e1¢0 (p2 — m? + ie)?

Choosing cp,11 =0, ca 31 =1, and
1 9 9 A?
CA,271:_327|.2<A —-m 10g<1—|—2 ,

To summarize, we have heuristically shown the following. Suppose we restrict attention
to all fields ¢ such that (/b\(p) = 0 whenever |p|| > A. One can argue that this is the

‘meaning’ of the cutoff A that we imposed in our calculation of aa ,0,1. Having done that,

we get d; = 0.

suppose we consider the model with action

50 = [ (§H00.0)? - [7att.0)

- 1(m2 +cag + O(g*)p(t, 2)* — 9+0(g")

9 1 o(t, 1’)4) dtdz, (6.5.1)

where ¢ is a small parameter and

B 1 9 9 A2

Then the two-point correlation function for this theory, to first order of perturbation theory,
is given by

1

(@(P)3(9) = —i(2m)*6W (p+ q) leif(f)l Z_m’tie +0(¢g%).

6.6 Renormalized Wightman functions

In the previous section, we saw that with a specific choice of coefficients, the first order
term in the perturbative expansion of the two-point function is no longer dependent on
the cutoff parameter. But this is just the two-point function; we cannot claim to have
successfully carried out renormalization to first order unless this holds for a very large
class of observables. Ideally, we would like for it to hold for n-point functions for all n.
Fortunately, this works out. We will now carry out this computation.

Take any positive integer n. If n is odd, then by the fact that S(¢) = S(—¢), it follows
that any n-point correlation is zero. So, let us assume that n is even. Since we already

know the answer for n = 2, let us take n > 4. Take any p1,...,p, € R*, and let

L(¢) :=i"2(2m) " é(p1) - -~ $(pn)-
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Let amym, m € Z?éo denote the coefficients in the Taylor series expansion of (L), as before.
Then by equation (3.11.3),

-1
@0,0,0 = Z H 5t pl+p] hmﬁ,
E€Pn {i,j}€E €0 p m* +le

where P, is the set of perfect matchings of 1,...,n

By a similar calculation as for the two-point function,

ao,1,0 = i({LS2)0 — (L)o(S2)0)
in/2+1 _ ~ o ~ ~ o
= “3@mmii /(<<p(p1) - @(Pa)@(k)B(—k))o — (B(p1) - - - B(Pn))o(@(k)B(—Fk))o)dk.
To evaluate the integrand, we use Corollary B.2.8 as before. We have to consider all perfect
matchings of p1,...,pn, k, —k such that k£ and —k are not paired to each other. For each
distinet 7,7 € {1,...,n}, let Pp; ; be the set of all perfect matchings of {1,...,n}\ {¢,5}.
Then

in/2+1

(2)2,14@@1) B FR)B(—))o — (B(p1) - B(pn))o (BR)B(—H))o
n/2 1
@ Y Y G Ee)E - T Feademo

1<i#j<n E€Pp;,; {ab}eE

1 —1
5(4 EYlim ——— 6(4) —k)lim————
- XX (A +>lfgp_m2+m)( s = W

1<i#j<n E€Pp i ;
-1
| I 5@ (pa + pp) lim )
2 25
{a,b}eE( el0 p2 —m?2 +ie

Integrating this expression over k gives

1

1<z7$]<n E€Pn,ij

-1
| I () m_-—
<5 (Pa -+ po) lelﬁ)l p2 —m? + ie)'

{a,b}eFE
Similarly, we have
ao,0,1 = i({LS3)0 — (L)
n/2+1
T Al(2m)z2 /// #(p1) Pr)P(R)G(D)P(r)P(—=k — 1 =1))o
P(p1) - @(pn))o(P(R)e(D@(r)p(—k — I = r))o)dkdldr.

When considering pairings for evaluating the integrand, we have to consider two types of

pairings. First, when two of k,[,r, —k — | — r are paired to two of p’s, and the two others
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are matched to each other. Second, when all four of k,l,r,—k — [ — r are paired to four
different p’s.

The total contribution from the first set of pairings comes to

ST @BE)ER)0(EP)EW)(@ME(—k—1=1)0 [] (BPa)@(p6))o

1<i#j<n E€Py,i ; {a,b}eE

+ 11 similar terms.

Multiplying this by i"/2+2(27)=2"~8 and integrating over k, [, 7, equation (3.11.3) gives

. 6D (pa+ )\ W (pi+py) 1
1215%1 Z Z ( H P2 —m? + e )(P?—m2+i€)2/r2—m2+iedr

1<i#j<n EG'Pn’i,j {a,b}GE

To tame the infinity arising from the integral on the right, we first Wick rotate and then

introduce a hard cutoff as before, by replacing the above integral with

1
Iril<a I7]% +m? —ie

For distinct 4,7,7,j" € {1,...,n}, let P,,; ;i ;» denote the set of all perfect matchings of
{1,...,n}\ {i,4,7,7'}. Then, the total contribution from of the second set of pairings

amounts to

> Y (@)@(k)o(@P)E)o
(@)@ (@) E(—k —1=r)o [T (@@a)@m))o
{a,b}€E

BRI

When this is multiplied by i"/272(27)~2"~8 and integrated over k,[,r, equation (3.11.3)

gives

5W (p; + p; + py + pyy
leiirg Z Z ((]02 —m? +ie)(p? — n(lp;l—k ile);(pzpz— mgj—b-) i€)(p% —m? + ie))
1<ij,i! ' <n, EE€P, ;0 ~ " J v 7’
i,7,i’,7" distinct :
I —5W (pa + pp)
p2 —m?2+ie

{a,b}eE

If ap 00,1 denotes the coefficient obtained from the above calculations (after the hard cutoff),
then the coefficient of ¢ in the expansion of (L) is equal to ag 1 0ca + aa0,0,1, since we are
working with the same c¢’s as before. An easy verification shows that by our choice of ¢y,
the contribution from the first set of pairings in the calculation of as 0,1 exactly cancels
our ag,1,0ca. Thus, we are left with the contributions from the second set of pairings, which
have no infinities.

To summarize, we get the following result. With the renormalized action displayed in
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equation (6.5.1), the momentum space Wightman function has the first order expansion

. in/2
W(pt,...,pn) = W(@(Fl) - @(pn))

-1
=Y I “®i+p)lim ——5—
2 2 3
EePy {ij1eE el0 p7 —m* + 1€
ig .. 0™ (pa + pp)
9 % \Pa T Pb)
o 2 ( II e
1<i<j<i’<j’<n E€P,,; ;v i+ “{a,b}eE
. 8 (pi + pj + pir + pyr)
=2 TR = w2 O — 4 O, — 1)

+0(g?).

Thus, our renormalization scheme successfully renormalizes (to first order) the n-point

correlation functions for all n.
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Chapter 7

Heuristics for gpél Theory

7.1 Perturbative expansion of 3 theory

We will now investigate the analogue of @3 when the dimension of space is two, instead of
three. This is known as <p§ theory. It is an example of a ‘super-renormalizable’ theory — a

term that will be explained later in the chapter. The action is now

m2
500 = [ (3l00t.0) = 5IVo.2I - "ot - Jota)!)avd,

where now z is integrated over R? and V denotes the spatial gradient in R?. As in Chapter 6,

we work formally with vacuum expectation values

[ L(¢)e¥@) do
<L> - feis(¢) d¢ bl

and we denote by ()¢ the corresponding expectation for the free action. Exactly as before,
by rescaling ¢ in the path integrals we may insert parameters in front of the kinetic, mass,

and quartic terms. Write

s6) = [ (30+0l@o.)? - Voo
- g+ 0a)o0,)* — Bt ) )

Decompose

S(¢) = So(¢) + 0151(¢) + 0252(9) + 0353(9),
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where

m2
sut0) = [ (Gl@0)? - IVo.2)l) - -ott.0)?)

% /R @t 2)? — V(6 )| deds,

Sa(¢) = ¢(t x)* dide,

/q&taz dtdzx.

Then, for any observable L,

(L(ip) 0151 (2)Hi02852(0)Hi6353(0) )
<L> = <€i61Sl(¢)+i9252(90)+i9353(w)>O

Expanding formally in powers of 01, 65, 03 gives

(L) = Z am 0™, 0" =

3
mEZzO

07" 05265

with
1 gmitma+ms <L>

mi m2 m3 :
mylmalms! 907 0052005 |, _g o o

Ay —

(7.1.1)

As in the ¢} case, these coefficients can be expressed in terms of free-field correlators. For

example,

a0,0,0 = (L)o,

ar,0,0 = i({

ao,1,0 = i({LS2)0 — (L)o{S2)0),
((

ap,0,1 =1

and similarly for the second order coefficients.

7.2 First order of perturbation theory

We now take L to be the two-point function in momentum coordinates. Let

p.q € R3,

where (E denotes the Minkowski Fourier transform on R3. As in Chapter 6, we express

S1, 52,53 in momentum variables. For a real field ¢ we have a(k) = %(—k). Thus,

510 = 5w [, E)E
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where k2 now denotes the Minkowski norm in R2:
k2= k2 — k? — k3.

Similarly

52(0) = ~5555 |, SIFH)a. (7.22)

For the quartic term, we write

Ss(¢) = _W;)” /R ) ( /]R e @R g(k) dk>4dax

-t o~ i@ k+l+m+n) )3 () das dn
T e //// ¢(k)o(D)p(m)d(n)dxdkdldmdn.

Using
1

(2m)?

/ emi@ktlamAn) g0 — 5OV (K + 1+ m +n),
R3

we obtain
Si(6) = —m / / / S~k — 1 — n)dkdidn. (7.2.3)

It is not hard to show that the free two-point function in momentum space is the 3D

analogue of the 4D free two-point function:

o R , 1
(B(P)2(a)0 = =i(2m)*5 (p + q) lim o s (7.2.4)

Hence 1
L= (g lim
ao,00 = (L)o (p+q) elfg 2 —m? tic

Next, using (7.2.1) and Wick’s rule exactly as in Chapter 6,

a1,00 = i((LS1)0 — (L)o(S1)o)

1

o R (COEONE ORI ERECRINERE IS

which, upon using (7.2.4), yields
a00 =p* 8 (p+q) lim — .
” o (p? —m? + ie)?
Similarly, from (7.2.2),
® - !
B0 = =07+ R pr e g
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Finally, using (7.2.3) and Wick’s rule, one finds (with the same combinatorics as before: 12

pairings contribute equally) that

6% (p +q) L
— i dn. 7.2.5
GOL= 0 202m)3(? — m? + ie)? /]R5 WPt 72

The integral diverges. Thus, even in gogl theory, perturbation theory produces an infinity at
first order in the two-point function (a “tadpole” divergence). We now tame this divergence
by Wick rotation and a hard ultraviolet cutoff.

7.3 Regularization by hard cutoff

In (7.2.5) the problematic factor is

1
/ﬁdn'
R3 M — Mm* + 1€

We Wick rotate in the time component. Write n = (ng,n1,n2) € R3 and fix nq,no.
Applying Corollary 6.3.2 with p =1, I = 1, and E = n? + n3 + m? gives

li ———d / _ d

1m no = —1 no,

a0 Jan?—m2+ie © 2 InZ+m2" "

where now ||n||? := nZ + n? + n3 is the Euclidean square. Substituting into (7.2.5), we

obtain the formal identity

voos = -1 / L )i P +a)
OO1 T T 902m)3 s [nlP+m2 ") elo (p2 — m2 + i)

The Euclidean integral still diverges, so we introduce a hard cutoff A and define

) __1(/ 1dn>hm5<‘°’)(p+q>
A0,0.1 - 2(2m)3 [nl<A 7|2 + m? clo (p? —m? +ie)?’

and we set ap0,0,0 = @0,0,0, GA,1,0,0 := 41,0,0, GA,0,1,0 ‘= a0,1,0- Lhe cutoff integral is now

finite and can be evaluated explicitly:

1 A T2
Inj<a lInl? +m 0o rPtm

A 2
0 re+m

= 4n(A — marctan(A/m)).

Therefore

1 (3)
Gr001 = —— (A — marctan(A/m)) lim —o— P+ 4)

5 7.3.1
e o (p? —m? + ie)? ( )
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This is the first time we see something different than in dimension four: notice that the

above formula is quite different than the formula (6.4.1).

7.4 Renormalizing the two-point function to all terms

As before, we reparametrize
oo
0] - ZCA,j,Tgrv .7 = 17 2737
r=1

and we choose the coefficients so that the resulting g-expansion (L) = > 1 d,g" has
coefficients independent of A. The constant term dp = aa 00,0 has no cutoff dependence.

The coefficient of g is

d1 = ap,1,00CA,1,1 +@A0,1,0CA,2,1 + QA 0,0,1CA 3,1
1 5O (p+ q)

= |p2 — - — (A - tan(A lim —————+
P CAL1 — CA 21 471_2( marctan(A/m))cp 31 im 2 —m? 2’

where we used (7.3.1). Choosing

1

_R(A — marctan(A/m)),

ca1,1 =0, ca 31 =1, CA21 =

we obtain d; = 0. In other words, if we impose an ultraviolet cutoff by restricting to fields
¢ with ¢(p) = 0 when ||p|| > A, and consider the action

50 = [ (310022 - [Fott. )P

2
- %(mg +eag+0(g%) ot 2)° %'(g)qﬁ(t, 33)4) dtda,
with
cA = _T;(A — marctan(A/m)),

then the first-order correction to the two-point function is cutoff-independent:

FIFD) = 205D p + ) lim e+ O,
This completes renormalization to first order in cp% theory. However, unlike in Chapter 6,
we will not stop at this. We will now continue defining the ¢’s such that d,, = 0 for every
n > 1. Right away, we declare that cp,1, =0 forall 7 > 1, ca31 =1, and cp 3, = 0 for all
r > 2. In other words, §; = 0 and 03 = g. We have also determined cp 21 above. Thus,
it only remains to determine cp 2, for r > 2. We will do this by induction, ensuring that

dp = 0 for all n > 2. First, we have to understand what aa ,, looks like.
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Lemma 7.4.1. For any multi-index m # (0,0,0),

o —an lim P+ a)
Am = EA,m el (p? — m?2 + ie)?
for some complex coefficient ap m.

Proof. First, we claim that for any m, the mixed partial derivative

om +ma+ms <L>
967 9652 90"

is a linear combination of terms like
l
LSS50 550) H 59,65 557 (7.4.1)

where [ is arbitrary, the a, b, ¢’s are nonnegative integers, and ag+- - -+a; = m1, bg+- - -+b; =
ma, and cg+ - - -+ ¢ = m3. This is easily seen by induction on mj + mo 4+ mg; for example,

the derivative of any term as above with respect to 6; is

l
(i(LSOT1 850 850) — i(LS0S50 S5 (Sy)) H (S99.9%557)

l
+ ) (LS7SS5) ( 11 (S 8% scf>>( (S99 S% 85y — 1(S198% STV (Sy)).
g=1 1<5<i
J#q
Expanding the above gives a linear combination of terms of the form (7.4.1), but with the

a’s adding up to my 4+ 1. This proves the first claim. ]

Lemma 7.4.2. After setting 61 = 0 and 03 = g, it is possible to choose cp 2., T > 1, such
that d, =0 for allm > 1.

Proof. For each multi-index m = (mj, mg, m3), the coefficient ap,, is a finite linear

combination of expressions of the form

(p(p)p(q) - (a product of my factors from Sy)

- (a product of mgy factors from S) - (a product of mg factors from S3))o,

and similar subtraction terms coming from the denominator. Each factor of Sy contributes
two fields ¢ integrated over x (equivalently, a momentum-conserving delta that forces
equality of two momenta); each factor of S contributes four fields integrated over x
(equivalently, a delta enforcing that the sum of the four momenta is 0). After applying
Wick’s theorem to the resulting Gaussian expectation, every term becomes a product of

free propagators

(B(R)P(=k))o = (2m)*Ca (),
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together with delta functions enforcing momentum conservation at each integrated vertex.

Because 61 =0, 6 = > "7, ca 29", and 03 = g, we have

(L) = Z aA,O,mz,m:se;nzeéng

mz,m3>0
[ee] mo
§ : § : r ms
= aA,O,mg,’mg ( CA,Q,T‘g ) g 3
ma,m3>0 r=1

m2
j : j : EEEE +ms:
(H CA72’T‘]‘> a/A’O’mLmSgrl "”mz s °

m2,m32071,...,rmy 21 “j=1

Equating this with the expansion (L) = >">°  d,g", we get

m2
b= ¥ % (Teren )onomam
j=1

m2,m3>0 1Py >1
Pt rmg Fma=n
For each n > 1, we will ensure that d,, = 0 by suitably choosing cp2,, 7 =1,...,n. We
have already done this previously for n = 1. Suppose this has been done up to n — 1. Note
that on the right side of the above expression, we must have mg,ms < n (since the r’s
are all > 1), and each r; < n. Moreover, if some r; = n, then we must have mgz = 0 and
mo = 1. This shows that
dp = A+ CcA200001,0s

where A depends only on cp21,...,cA2n—1. Since these ¢’s have already been chosen, we

can now ensure that d, = 0 by choosing

d, — A
CA2,n = .
aA,0,1,0
L]
Ky
C
A2,r
dy = 5 ar oy - [ 55 (7.4.2)
ma,m3>0 r>1
m3+2r21 rk.=n
mz:zr21 Ky

where the sum ranges over all ways of writing total g-order n as

n:mg—i—Zrk‘r,

r>1

with mj3 counting how many ¢* insertions (S5 factors) appear and k, counting how many

times we pick cp 29" from 65. (The factorials are the usual Taylor series factorials.)
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7.5 Renormalization to all orders

Fix an even integer n > 2 and consider the n-point observable

L(¢) =i"?2m) "2 §(p1) -+~ $(pn),  pi € R,

with >~ | p; = 0 (overall momentum conservation). We make the same simplifying choices

as in the first-order computation:
a1y =0 forallr, cpz1 =1, andcps, =0 forall r>2. (7.5.1)

Thus #; =0 and 63 = g. The only freedom left is

o0
02 = Z CA,2,T9T7
r=1

which is a (cutoff-dependent) mass counterterm series. As before, we will now try to

(o]
n=0

determine the above coefficients so that (L) is formally equal to > -2, dng™, where the d,’s
do not depend on A.
Because 03 = g and 02 = > 2, ca2,9", expanding (L) in 6 and then substituting

produces:

ko
Z ‘A
dn = aA,O,mz,mg : H szlwr’ (752)
e

mga,m3z>0 r>1
ma+3-,5 Thr=n
m2:zrz1 k.

where the sum ranges over all ways of writing total g-order n as

n=m3—|—2rkr,

r>1

with m3 counting how many ¢* insertions (S3 factors) appear and k, counting how many
times we pick cp 2,9 from 02. (The factorials are the usual Taylor series factorials.) Thus,
to control d,, we must control the large-A behavior of the coefficients aa o myms-

Now, for each multi-index m = (m1,mg, m3), the coefficient ap,, is a finite linear

combination of expressions of the form

(p(p1) -+ - @(pr) - (a product of m; factors from Sy)

- (a product of mqy factors from Ss) - (a product of mg factors from S3))o,

and similar subtraction terms coming from the denominator (exactly as in Chapter 6).
Each factor of Sy contributes two fields ¢ integrated over = (equivalently, a momentum-
conserving delta that forces equality of two momenta); each factor of Ss contributes four
fields integrated over x (equivalently, a delta enforcing that the sum of the four momenta

is 0). After applying Wick’s theorem to the resulting Gaussian expectation, every term
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becomes a product of free propagators

(B(R)P(=k))o = (2m)*Ca (),

together with delta functions enforcing momentum conservation at each integrated vertex.
After integrating out the delta functions, each term reduces to a multiple integral over
some number of independent “internal” momenta, with integrand a product of factors Ci (-).

Therefore, every coefficient ay ,, is a finite sum of integrals of the form

I

1
e dq ---dqr, (7.5.3)
/|q1|<A /|qL|<A,,1:[1 14-(q1, -, qu; p)||? +m?

where:

e [ is the number of independent internal momenta after using all delta constraints;
e [ is the number of propagator factors;

e each ¢, is an affine-linear function of (q1, ..., qr) with coefficients in {—1,0,1} and

with a linear dependence on the external momenta p.
We need the following ‘power counting’ lemma to handle the above integrals.

Lemma 7.5.1. Consider an integral of the form (7.5.3), and write Q = (qu,...,qr) € R3L.
Assume that ||€,(Q;p)|l > ¢||Q| — C for all Q, for some constants ¢,C > 0. Then, if
3L — 21 < 0, the integral converges to a finite limit as A — oo.

Proof. By the given hypotheses, we have that when ||Q]| is large enough, then

li[ 1 _ G
Wia@mem = apr

where Cj is a constant that does not depend on Q. Integrating in polar coordinates on R3%,

we see that the integral is bounded by
o0
C1+ 02/ p3Et 2 gy
1

for some finite constants C; and Cy. This is finite if 3L — 21 < 0. O

7.6 Renormalized Wightman functions

We now check that the same first-order renormalization works for all n-point functions.
Let n be a positive integer. If n is odd, then by the symmetry S(¢) = S(—¢) we have
(@(p1) -+ - @(pn)) = 0. Hence assume n is even and n > 4.
Fix p1,...,pn € R3 and define

L(¢) = i"2(2m) " ¢(p1) - -~ $(pn)-
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Let a,, be the Taylor coefficients of (L) in (61,02, 63). Then the free term is the usual sum

over perfect matchings:

-1
ap,0,0 = Z H 5(3)(pz‘+pj)hm

P 2 )
el0 P —m 1€
EePy, {i,j}EE + pz +

where P, is the set of perfect matchings of {1,...,n}.
Next,

in/?-‘rl

e I (N A CEC I R = R

a0,1,0 = i({LS2)o—(L)o(S2)0) = —

Evaluating by Wick’s rule, we must pair k£ and —k to two of the external momenta and
forbid pairing k with —k. For distinct 4, j € {1,...,n} let P, ; ; denote perfect matchings
of {1,...,n}\ {¢,7}. Then integrating over k yields

1 1 -1
2 1<i#j<n E€Pn.i; <0 (pf —m? +ie) {a,b}cE <0 pa —m7 e

Similarly,
a0,0,1 = i((LS3)0 — (L)0(S3)0)

is obtained by considering Wick pairings among the n external momenta and the four
internal legs (k,l,7,—k — [ — ) from Ss5. As in the ¢} chapter there are two types of

contributions:

(I) Two of the four internal legs are paired to two of the external momenta, and the
remaining two internal legs are paired to each other. This produces a tadpole integral

[(r? — m? +ie) "L dr, hence an ultraviolet divergence.

(IT) All four internal legs are paired to four distinct external momenta. This produces
a finite contribution (in ¢4, this first-order “contact” correction has no ultraviolet

divergence).

After Wick rotation and the same hard cutoff A on the tadpole integral, the total contribution
of type (I) is exactly proportional to

1
——dr
(/|r|</\ [[7]| 4 m? )

times the same external-momentum structure that appears in ag,1,9. Therefore, when we
work with the renormalized action (?7?), the term ag 1,0 ca cancels ezactly the type-(I) part
of apn0,0,1, just as in the goi chapter.

Hence, to first order in g, the renormalized n-point function receives only the type-(II)

contributions, which are finite and do not depend on A. Concretely, one obtains the
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first-order expansion

— in/2 _ ) -1
W(p1,...,pn) == o (@(p1) -+~ o(pn)) = Z H 5P (ps + pj) lim — —
(2m) E€Py {ij}€E <0 p;

ig . 5@ (pq +
+7g3hm g § | | —— (p“2 ?b)
(2m)3 elo L= p: —m? +ie
1<i<j<i’<j’<n E€P, ; ;. i {a,b}eE

, 5 (p; + p; + py + pj)
(P} —m? +ie)(p} —m? +ie)(py — m? +i€)(p}, -

m?2 4+ ie

.

where P, ; j i j» denotes perfect matchings of {1,...,n}\ {4,7,7,5'}.
Thus, the same renormalization scheme (a mass counterterm fixed by the tadpole)
renormalizes the first-order perturbation theory for all n-point functions in (3. In contrast

to (4, the divergence is only linear in the hard cutoff:

1
A=~ 3 (A - marctan(A/m)),

reflecting the fact that <p§ is super-renormalizable.
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Chapter 8

The Yang—Mills Action

8.1 Yang—Mills action of a connection

In this chapter, we are going to heavily use notations, terminologies and results from
differential geometry. It may be helpful to review the materials from Appendix C if the
reader is not thoroughly familiar with those.

Throughout this chapter, let P = M x G be a trivial principal bundle, where M is a
Riemannian or pseudo-Riemannian manifold with metric g and G is a matrix Lie group. Let
g be the Lie algebra of G. Let n be the dimension of M. Let A be a principal G-connection
on P, viewed as a g-valued 1-form on M. Let F' be its curvature form. Recall that F' A xF'

is a g-valued n-form. Then in local coordinates on a chart (U, ¢),
FAxF = Hdxi N--- Ndxy,
for some smooth map H : U — g. We denote by Tr(F A *F) the real-valued n-form
Tr(H)dzy A -+ A day,

where Tr(M) denotes the trace of a linear operator M on a finite-dimensional vector space
(which makes sense because g is a matrix Lie algebra). It is not hard to verify that this is
indeed a well-defined n-form, that is, it does not depend on the choice of coordinates. The

Yang-Mills action of A with bare coupling constant gg is defined as

1
S(A) = —-—= Tr(F A xF),
290 Jm
provided that the integral on the right converges. In this chapter, we will take g = 1
throughout, but in general gg may not be equal to 1.
Let us now explicitly work out the formula for S(A) in local coordinates. Note that by

Lemma C.6.3 (which easily generalizes to Lie algebra-valued differential forms), we get

F AxF =(F,F)w,
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where w is the volume form of M, and

> FyFY,

1<i<j<n

where F' = Zl§i<j§n Fijdil},‘ A\ dl’j, Fji = —E]‘, F;; =0, and

Fii — Z gy,

1<k,l<n
Thus, on a chart (U, ), we have
/ Te(F A +F)
U

1

—5 [ (X gt @) Rule (@) ) VIdetlgle @) lde. (31.0)
2 Jow) ¥

1<4,7,k,l<n

In particular, if M = R™ with the standard metric, then

=y (5 )

1<i,5<n

Let us now further assume that G is a subgroup of U(m). Then g is a subspace of u(m).
In particular, the elements of g are skew-Hermitian matrices. The formula (C.5.1) and the
fact that g is closed under the Lie product show that for each z and i,j, Fjj(z) € g. In
particular, Fj;(z) is skew-Hermitian. Since the eigenvalues of a skew-Hermitian matrix
are purely imaginary, it follows that Tr(F;;(z)?) is a nonpositive real number. Thus, we
conclude that when G is a subgroup of U(m) and M = R"™, S(A) > 0 for every principal
G-connection A. One can similarly show that S(A) > 0 when G is a subgroup of U(m) and

M is any Riemannian manifold.

8.2 Covariant derivative associated with a connection

Henceforth, we will often refer to a principal G-connection as a ‘gauge field’ on M. Let A
be a gauge field on M. The covariant derivative d 4 associated with A is an operator acting

on g-valued differential forms as follows:
daw = dw + [A AN W],

where dA is the exterior derivative of A and [A A w] is the wedge product (or commutator)
A and w, both defined in Section C.4.3. The following identity holds universally.

Lemma 8.2.1 (Bianchi identity). For any gauge field A with curvature form F, we have
daF = 0.

Proof. Recall from Section C.4.3 that the exterior derivative of Lie algebra-valued differential
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forms satisfies the Leibniz rule and the Poincaré lemma. Thus,
dl[AN Al = [dA N A] — [A A dA],

by the Leibniz rule for the exterior derivative. Consequently, by an application of the

Poincaré lemma and the identity (C.4.3),

dF — ddA + %d[A/\ A= %([dA AA] = [ANdA]) = —[AAdA].

Next, note that by Lemma C.4.4,
1
[ANF) = {A/\ <dA+ 2[A/\A])]

=[ANdA]+ Z[AN[ANA]

1

2
= [AAdA].

Combining, we get daF = dF +[AANF] =0. O

Note the inner product on differential forms defined in equation (C.6.3). The following
result identifies the adjoint of d4 with respect to this inner product integrated over the

manifold.

Lemma 8.2.2. Let % denote the Hodge star operator defined in Section C.6.2. Given a
gauge field A, define the operator d¥ acting on g-valued k-forms (for 1 <k <mn) as

a5 o= (1) EDH e s,

Let (-,-) denote the inner product defined in equation (C.6.3), and let w denote the volume
form on M. Then for any g-valued k-form n and g-valued (k + 1)-form and ~ (for
0 <k <mn-—1) such that the (n — 1)-form n A xy satisfies the criteria for Stokes’ theorem
(Theorem C.4.5), we have

/ Tr((dan, v))w :/ Tr((n, da7y))w.
M M
Proof. Note that
/ Tr({(dan, v))w = Tr(dan A *v)
M

Tr((dn + [A A n]) A*y)

[
g

Tr(dn A xvy) + /M Tr([A An] A *7y). (8.2.1)
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By the Leibniz rule for the exterior derivative,
d(n A xy) = dn A sy + (=1)Fn A dsy.

But by Stokes’ theorem (Theorem C.4.5), using the fact that B is compactly supported
(which ensures that daB A xF4 satisfies the criteria of Stokes’ theorem),

/ Tr(d(n A *v)) =0.
M

Thus,

/ Tr(dn A *y) = —(—1)k/ Tr(n A d*y). (8.2.2)
M M
Next, by Lemma C.4.3,

[AAn]=AAn— (=1 A

Since Tr(MN) = Tr(NM) for any two square matrices M and N of the same order, and
1 A*y is an (n — 1)-form, the identity (C.1.5) implies that

Tr(AADA*y) = (=1)" " Tr(n A sy A A).
Combining the last two displays gives

Tr([AA N Axy) = Te(n A ()" ey A A = (=1)FA A %7))
—(=D)FTr(n A (AA*y = (=1)" ey A 4))
= —(=1)*Tr(n A [A A #9]), (8.2.3)

= (n A
(n A

where the last line follows by Lemma C.4.3. Using equations (8.2.3) and (8.2.2) in equa-
tion (8.2.1), we get

Tr((dan ) = (1) [ Telnadin) - (-DF [ Tl a4n <)
M M M
= —(—1)* /M Tr(n A daxy).

But by Lemma C.6.2, we get
daxy = (—1)F0 R sesed 5y

Plugging this into the previous display, we get

/ Te({dan, 7))w = —(—1)FHE—) / Te(n A xxdary).
M M
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The proof is completed by noting that k(n — k) + k = nk (mod 2), and that v is a
(k 4+ 1)-form. O

8.3 The Yang—Mills equation

Throughout this section, we will follow the convention that F4 denotes the curvature
form of a g-valued 1-form A. The Yang—Mills equation identifies the critical points of the
Yang—Mills action, defined below. The connections that satisfy the Yang—Mills equation
are called Yang—Mills connections.

The notion of critical points is defined as follows. Let A be any gauge field on M and B
be a compactly supported gauge field on M (meaning that B = 0 outside a compact set).
Note that although S(A) may not be finite, the difference S(A + B) — S(A), interpreted as
the integral

—/ (TT(FA+BA*FA+B)—TI‘(FA/\*FA))
M

is well-defined, because the above integrand is smooth and vanishes outside a compact set.
The difference being interpreted this way, the directional derivative of A in the direction B
is defined as
S(A+tB)—-S(A
lim (A+1tB) ( )

t—0 t

(8.3.1)

(We will show below that the limit always exists.) A gauge field A is said to be a critical
point of the Yang—Mills action S if the directional derivative in the direction B is zero for

any compactly supported B.

Theorem 8.3.1. The directional derivative displayed in equation (8.3.1) evaluates to

- / Te(B A *d’ F).
M

Consequently, a connection A is a Yang-Mills connection if and only if & Fa = 0. (This is

known as the Yang—Mills equation.)

Proof. Take any gauge field A such that S(A) is finite, and a compactly supported gauge
field B. Note that for any ¢,

1
Fypp=d(A+tB)+ 5[(A +tB) A (A +tB)]
1 t t t2
Now, by the identity (C.4.3), [A A B] = [B A A]. Thus, we get

il

f,2
=F4+tdaB+ §[B/\B].
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Consequently,
(Fayip, Fayi) = (Fa, Fa) + t(Fa,daB) + t(daB, Fa) + O(t?),

where O(t?) denotes a collection of terms with 2, t3 or t* as coefficients. It is not hard to
see that
Tr((Fa,daB)) = Tr({(daB, F4)).

Thus,
S(A+tB)—S(A4) = /M(—t Tr((daB, Fa)) + O(t2)),

where we are using the convention that the integral of a smooth real-valued function on
a Riemannian manifold is defined as the integral of that function times the volume form.
From this equation, using the finiteness of S(A) and the fact that B is compactly supported,
it is not hard to see that the dominated convergence theorem can be applied, letting us
conclude that

S(A+tB) — S(A)

%gr(l) ; = —/MTr(<dAB,FA)).

But by Lemma 8.2.2,

[ (s E) = [ (B3 E).
M M

Thus, we arrive at the conclusion that A is a critical point of S if and only if

/ Tr((B,d3Fa)) =0 (8.3.2)
M

for every compactly supported connection B. Using the smoothness of A, and taking a
sequence of B’s approaching d* Fa(z)d, for a given z (where J, is the Dirac delta at x), it
is easy to show that this holds if and only if d% F4 = 0. O

Note that A = 0 is always a solution to the Yang—Mills equation. Next, suppose that G
is Abelian, so that the Lie bracket vanishes identically on g. Therefore, if we take A = df
for some smooth g-valued 1-form f, then Fy = dA = ddf = 0, which means that A is a
Yang—Mills connection. We will see later that such connections are also trivial in a certain
sense. A connection is said to be a nontrivial solution of the Yang—Mills equation if its
curvature form is not constant.

It is instructive to work out the details of the following nontrivial solution. Let M = R*
with the usual Euclidean metric, and G = U(1). Since G is Abelian, the Yang—Mills
equation is simply dxF' = 0, where F' is the curvature form of A. The formula (C.6.2) for
the Hodge star operator gives, for any 1 < < j <4,

1
*Fij = = E €k1i5Ekl-
1<k,1<4
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Consequently, *F;; = sign(m)Fj;, where k < [ are the two indices such that k,[,7,j is a
permutation 7 of 1,2, 3,4. Explicitly,

*F1o = I3y,
*Fo3 = Iy,

*F13 = —Iy,
*xFoy = —F3,

x4 = Fog3
*F'3y = Fpo.

(Note that we have the above relations only because n = 4.) Thus,

d«F = Hyidzs A dxs N\ dxy + Hodxy A dxg A deg + Hsdxy A dxo A dxy + Hydzy A dxg A dxs,

where

o Oxl'sy  OxFyy  0xF93 0Fip  0Fi3  0Fu
1= 83;‘2 81‘3 8.134 o 81‘2 81‘3 83;‘4 ’

H, — 8*F34 _ 8*F14 8*F13 N 8F12 _ 8F23 _ 8F24
2= (3'£E1 81’3 6504 B (91’2 3173 (3':114 ’

Ha — 8*F24 _ (9*F14 8*F12 - _8F13 _ 8F23 T 8F34
57 0x1 Oz dxy  Onr Oz Oxy’

F F F F F: F:
H4:3* 23 Ox 13+5* 12:8 14+5 24+3 84

83;‘1 61‘2 8.133 81‘1 81‘2 83;‘3

Thus, A satisfying the Yang—Mills equations if and only if H; = 0 for each . Using the

conventions Fj; = —F;; and Fy; = 0, these equations can be written more succinctly as

4

OF.

Yoo =0, i=1,234, (8.3.3)

X a.’lﬁj

7j=1
where, from equation (C.5.1), we have

0A;  04;

Fij = -
J 63:1» 6xj

Take any A such that Ay = A3 = A4 = 0. Then Fj; =0for 2 <i < j <4, and

0A;

Fij = " on,

Thus, the Yang—Mills equation (8.3.3) reduces to

iaml 0
oxz

j=2 77

To summarize, if we take Ay = A3 = A4 = 0 and A; to be harmonic and nonlinear in

(9, 3,24), then A is a nontrivial Yang-Mills connection.
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8.4 Pseudo-Riemannian manifolds

Let M be a smooth n-dimensional manifold. Let p and ¢ be two nonnegative integers
such that p + ¢ = n. Let S be the set of all triple (z,u,v) such that x € M and
u,v € T,M. Let us endow S with a manifold structure in the usual way. A smooth
map ¢g : S — R is called a pseudo-Riemannian metric on M with signature (p,q) if
for each z, g(x,-,) : T,M x T, M — R is a symmetric bilinear form with p positive
eigenvalues and ¢ negative eigenvalues. (Meaning that the matrix of g(z,-,-) with respect
to any local coordinate system has p positive eigenvalues and ¢ negative eigenvalues.)

Pseudo-Riemannian manifolds occur in relativistic physics. The most basic example is the

metric
1 0 0 0
0 -1 0 0
= 8.4.1
=10 0 -1 o 41
0 O 0o -1

on R* This is known as the Lorentz metric on R*. When R* is equipped with this
metric, it is usually denoted by R'3. The signature (1,3) is called the Lorentzian signature.
Everything that we have discussed until now about Riemannian manifolds remain valid for

pseudo-Riemannian manifolds with signature (p, ¢), with the following differences:

e In the definitions of the volume form and the Hodge star operator, det(g) is replaced

by |det(g)|, since det(g) may not be positive.
e A consequence of the above replacement is that the Hodge star operator now satisfies

k(n—k)+q

o) = (—1) -

e Due to the above, the formula for d’ becomes

a5 o= (—1)PE D g s,

e Theorem 8.3.1 remains valid. To see this, note that by following exactly the same
steps, we arrive at equation (8.3.2). Now, note that since all the eigenvalues of g(x)

are nonzero, g(x) is a nonsingular matrix at every x € M. This implies that if

U= Z ui17,,,7¢kdazi1 VANRERIAN dl‘ik S AkT;M
1<i1<---<ip<n

is a vector such that for any v € A*T M we have

1151, .. ok, . oy R
E g 9" Uiy iy Vg gy = 0,

1<iy,.sipg<n
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then w = 0. From this, it is easy to show that d* F' = 0 if (8.3.2) holds for any B.

e The Yang-Mills action is not guaranteed to be nonnegative on pseudo-Riemannian

manifolds.

8.5 Maxwell’s equations from U(1) Yang—Mills theory

Recall that RY3 denotes R* endowed with the Minkowski metric g defined in equation (8.4.1).
Let B be a magnetic field and E be an electric field, meaning that at each point (¢,z) in
spacetime R'3, we have a vector B(t,z) € R? and vector E(t,2) € R3. In the absence of
anything else, and in units where the speed of light is 1, Maxwell’s equations for a free

electromagnetic field govern the behavior of (E, B):

V-E=0 (Gauss’s law for electricity),
V-B=0 (Gauss’s law for magnetism),
0B
VxE= % (Faraday’s law of induction),
OE . :
VxB= e (Ampeére’s law in vacuum).

Here V- denotes the divergence operator and Vx denotes the curl operator, both with
respect to the spatial coordinates. That is, for a function f = (fi, fo, f3) : RM = R3, V. f

is a function from R into R, defined as

_Oh 0h 0%

v f N (9.1‘1 6.%‘2 81‘3’

and V x f is a function from R x R? into R3, defined as

Vuyo (U0 O 0% 000

Oxy Oxg’ Oxs Ox1 Ox1  Oxo

It turns out that Maxwell’s equations can be obtained from Bianchi’s identity and the
Yang-Mills equation for Yang—Mills theory corresponding to the Lie group U(1) on the
manifold R*. Let M = R x R? and G = U(1). Recall that the Lie algebra of G is the space
of all 1 x 1 skew-Hermitian matrices, which is simply the imaginary axis iR C C. Thus, a
gauge field A = Agdt + Z?Zl Ajdzj is a simply a map A : M — (iR)%. Given a gauge field
(also called gauge potential or the electromagnetic four-potential) A, it is the convention to
denote Ay by —i¢ and call ¢ the ‘scalar potential’, and the triple (A1, Aa, A3) by iA and
call A the ‘vector potential’. Note that ¢ and the components of A are real-valued.

Given a gauge potential A = (—ig,1A), it gives rise to an electromagnetic field (E, B)
as:

0A
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As an application of the techniques developed so far, we now prove the following theorem,
which shows how Maxwell’s equations are the same as the combination of the Bianchi

identity and the Yang-Mills equations for U(1) Yang-Mills theory on R,

Theorem 8.5.1. Let A be a U(1) Yang-Mills connection on RY3 and let (E,B) be defined
through equation (8.5.1). Then (E,B) satisfies Mazwell’s equations. Conversely, if (E,B)
is a smooth electromagnetic field that satisfies Maxwell’s equations, then there exists at least

one Yang-Mills connection A such that (E,B) arises from A via equation (8.5.1).

For the proof of the converse direction, we need the following lemma about differential

forms on R™, known as Poincaré’s lemma.

Lemma 8.5.2 (Poincaré’s lemma for R™). Let w be a smooth k-form on R™, for some
1 <k <n, such that dw = 0. Then there is a (k — 1)-form n such that dn = w.

Proof. Let us write in coordinates

w(z) = Z Wiy, (@)dziy A - Adag,.
1<ii < <ip<n
As usual, extend the definition of w;,, . s, for aribtrary 1 < 41,...,4; < n by defining
Wi (1)) — sign(m)wi, ,...i, for any m € Sy, and letting wj, . ;, = 0 if 41,...,4 are not

distinct. Define a (k — 1)-form 7 as
n(@) = Z Z (/ xiwi:jlv-wjk—l (tx)dt) drj, N--- Ndwj, .
1<j1 < <Jp—1<n =1

Now, moving the derivative inside the integral is allowed because we are dealing with

smooth functions on R™. Thus,

o (" .
Oxy <A t* 1Iiwi’jlv~~~7jk1(tz)dt) - A g 1(52'2"(-‘}1',]'17.“7]',@71(15;1;) + 20y wij,...j,, ., (t2))dE,
7

where 0y is shorthand for % on the right side, and §;;; = 1 if 4 = i’ and 0 if not. Thus,

D YD o

1< < <Jg—1<ni,i'= 1

) Z (/ £ u'%‘,m,...,jk_l(tz)+tﬂvi@i'wz',jl,...,jk_l(tw))dt>

1<j1<<jr—1<n i’ =1

(/ tkill‘iwi,jhm’jk_l (tl‘)dt) dxy N\ dle VARERWA dxjk—1

~dxy Ndxj N--- ANdxj, .

Rearranging ', j1,...,jk_1 as an increasing sequence i < - -+ < iy, it is easy to see that
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this can be rewritten as

n k 1
dp= Y > > (-1 (/O (B, Wiy iy 1 g1 (ET)

1<ip <-<ip<n i=1 j=1

+ tmiaijwul7___71]._171']“7”_% (tx))dt) d.’Eil VARERIVAN d(Elk

Now take any 1 <i; < -+ <ip <nand 1 <i <n. If i =4 for some [, then

119 . (1 1lg e .
( 1) azjwlﬂl1-4471j—1:1j+1»---a1k_( 1) 611“)11711,444711—17n+17---,lk

k
=1

J

Wiy, iy

(8.5.2)

(8.5.3)

If 4,1 < i < i4; for some j (which includes i < i if { = 0 and iy < ¢ if | = k), then rename

the sequence 47 < -+ <41 <@ <41 < -+ <ig and j1 < -+ < Jrg1. Since dw = 0, we

have
k+1
—1
0=) (=" 0j,,Wji it sfmsrsmint
m=1
-1
= (_1)]71(_1)1726ijwi,i17~--7i]'—1,ij+17~~~7ik + (_1)17161"‘)1‘1,--47%
j=1

k
) I
+§ (_1)](_1) 1aijwi7i17---7i_j—17i_7'+17---:ik'
J=l

This shows that
k
—1
E (71)J aijwi7il7»--:ij—17ij+17~~7ik = aiwily---,ik'
Jj=1

Lastly, note that

n k k
E :E :(71)3'—15,. Wi i ) 7§ :(71)1'—1“ o )
L0 5T — 150415 0k T 255215005 — 15254152k

i=1 j=1 j=1

= kwi iy -

Using equations (8.5.3), (8.5.4) and (8.5.5) in equation (8.5.2), we get

(8.5.4)

(8.5.5)

1 n
dn = Z <A <ktk1wi1’mik (tﬂj) + tF Z :z:i8iw,»17“_7ik (t:l?)) dt) dIil VARERIAN dxzk
=1

1< < <ip<n
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But note that

1 n 1
0
/ (kt’“w (t2) + 15" widieis, ., <m>)dt S A
i=1
= Wiy, (93)
This proves that dn = w. O

We are now ready to prove Theorem 8.5.1.

Proof of Theorem 8.5.1. First, let A be a Yang—Mills connection and (E,B) be defined via
equation (8.5.1). Let F' denote the curvature form of A. Then we know that F' satisfies the
Bianchi identity d4 F = 0, and since it is a Yang—Mills connection, Theorem 8.3.1 implies
that it satisfies the Yang-Mills equation d% F' = 0. We claim that the Bianchi identity is
equivalent to the combination of Gauss’s law for magnetism and Faraday’s law of induction
(collectively called the homogeneous Maxwell equations), and the Yang—Mills equation is
equivalent to the combination of Gauss’s law for electricity and Ampére’s law in the vacuum
(collectively called the inhomogeneous Maxwell equations).

To prove these claims, first recall that

3
F = ZFOidt Adx; + Z Fijdz; A dz,
=1

1<i<j<3
where
0A; 0Ag .
Fyy = — — = —iF; 8.5.6
0i ot oz 1§73 ( )
fori=1,2,3,and for 1 <i < j <3,
0A; 0A;
F;; = z _ L. 8.5.7
I ail'z al’j ( )
In particular,
B=VxA= (71F23,1F13, 7iF12). (858)

Since U(1) is an Abelian group, the Lie product vanishes on its algebra. Thus,

O0F;; 0Fy; OFy;

F =dF = E J _ J 4 ® ) dt i ;

da d 2. ( En oz, (%cj)d Adx; N\ dx;
1<i<j<3

OFy3  OFu3 n 0F12
8.’£1 8x2 81'3

)d.’L‘l A dxo A dxs.

Now, by equation (8.5.8), the coefficient of dxj A dza A dxs in the above display vanishes if

and only if V- B = 0 (i.e., Gauss’s law for magnetism). The vanishing of the other three
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coordinates, together with the identity (8.5.6), gives rise to the following three equations:

OBy _ 0Py _ 0Ry 0 _ 0B, 0P,
ot ot 0xo 0xs B 0xo Ox3’

_aBg . _,6F13 . _iaF();; +iaF01 . 0FE 0FE;3

W ot 6x1 81’3 B 3I3 8:1717
_% _ iBFm _ iaFOQ _ iaFm — @ _ @
ot B ot n 8x1 8%2 - 8$1 &rg ’

Collectively, the above equations are the same as

0B
— = E.
o V x

Note that this is Faraday’s law of induction. This proves the claim that the Bianchi
identity is equivalent to the combination of Gauss’s law for magnetism and Faraday’s law
of induction.

Next, note that by Lemma 8.2.2, the Yang-Mills equation d’ F' = 0 in this problem
reduces to the simpler equation dxF = 0. Note that

3
*F = Z*FOithdxi + Z *Fijdxi /\dxj,
i=1 1<i<j<3
where, by the formula (C.6.2),
1 kK 1l
*Fij =5 Z Z €klij9 9 Fu (8.5.9)
0<k,I<30<K/I'<3

for all 0 < i < j < 3 (where Fjy, = Fj and Fy, = 0, by our usual convention). By
equation (8.5.8) and the definition of g, this gives

*Fo1 = Fog = 1By, *Fo2 = —Fi3 =1By, *Fo3 = Fi2 =iBs. (8.5.10)
On the other hand, by equations (8.5.6) and (8.5.9) and the definition of g, we get
*Flg = —F03 = iEg, *Flg = F02 = —iEQ, *F23 = —F01 = iEl. (8511)

A simple inspection shows that equations (8.5.10) and (8.5.11) are the same as equa-
tions (8.5.6) and (8.5.8), after replacing F' with xF, E with —B, and B with E. Thus,

following the same steps as before, we get the equations V- E = 0 and

OE
— = B
B V x B,

which are Gauss’s law for electricity and Ampére’s law in the vacuum. This completes the
proof of one direction of the theorem.

For the converse direction, let (E, B) be an electromagnetic field that satisfies Maxwell’s
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equations. Let us define a real-valued 2-form w = 3 o, o3 wijdz; A dx; on R* as

wo; = —Ei 1= ].,2,37

w3 1= —B1, w3 = Ba, wiz:= —Ds.

In other words, w mimics the role of iF' in equations (8.5.6) and (8.5.8). Thus, following
the same calculation as the one that follows those equations (using that (E,B) satisfies
the homogeneous Maxwell equations), we conclude that dw = 0. Therefore by Poincaré’s
lemma for R™ (Lemma 8.5.2), there exists a real-valued 1-form 7 = Z?:o n;dx; such that
dn = w. Let A; :=1in; for 0 < j < 3. Then A := Z?:o Ajdz; is a u(1)-valued 1-form,
and a simple verification shows that (E,B) arise from A via equation (8.5.1). The fact
that (E, B) satisfies the inhomogeneous Maxwell equations implies that A is a Yang-Mills

connection, by the same argument as before. O

Going from Euclidean signature to Lorentzian signature changes the nature of the
nontrivial solutions to the Yang—Mills equations. An example of a nontrivial solution to

Maxwell’s equations is given by the gauge potential
AO == A1 = A2 = 0, A3(t, l‘) = iSin(l‘g — t).

To see that this is a solution, note that by equation (8.5.1),

E= —88—? = (0,0, — cos(xe — t)),
B=VxA= <1g$,igﬁ)’,0) = (cos(xq — 1), 0,0).
Then clearly, V - E = 0, and
0By 0B

VxB=1{0,—,——— ] =(0,0,si —t)),
( 0z’ Dg > (0,0, sin(ze — t))
which proves that Ampére’s law holds. Since the homogeneous Maxwell equations are
always valid when (E, B) is defined via equation (8.5.1), this proves that the above example
works. In this example, the electric and magnetic fields are waves traveling in mutually

perpendicular directions at the speed of light.

8.6 Gauge transformations

We have seen in the previous section how an electromagnetic field can arise from a U(1)
gauge field. Is this mapping one-to-one? It turns out that it is not. In fact, while an
electromagnetic field is a physical object that can be measured in experiments, a gauge
field is not. It is only when we take the quotient of the space of gauge fields with respect
to the action of a certain group known as the group of ‘gauge transformations’ that we

obtain physically measurable objects (which are points of the quotient space). In the case
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of U(1) Yang—Mills theory, the electromagnetic field is the image of the gauge field under
this quotient map.

Let us return to the setting introduced at the beginning of this chapter, where we have
a trivial principal bundle M x G, where M is an n-dimensional smooth manifold and G is
a matrix Lie group with Lie algebra g. Henceforth, we will work under the assumption that

M is endowed with a pseudo-Riemannian (instead of Riemannian) metric.

Definition 8.6.1. In the above setting, a gauge transformation is a smooth map from M
nto G.

Let G denote the set of all gauge transformations C*° (M, G) and A denote the space of
gauge fields Q' (M, g). One can define a group structure on G by pointwise multiplication:

(UhUs)(x) := Uy (2)Ua().

The identity element of this group is the map I(z) = I.

In the following, we will frequently use the convention that if n and v are two matrix-
valued differential forms such that at least one is a 0-form, then 7y denotes n A y. We will
also use the observation that if 7,y, 6 are three matrix-valued differential forms, and ~ is a

0-form, then
nAY9 =nyA6. (8.6.1)

Now, since G is a matrix Lie group, we can view gauge transformations as matrix-valued
0-forms. With that interpretation, for any U € G, dU is a matrix-valued 1-form. In local
coordinates within a chart (W, ¢),

“~ U

dU = . T%dxz,

where, by equation (C.2.2),

ou d

P = ZU@  (p(2) + tei))

)

t=0

where eq,...,e, are the standard basis vectors of R".

We claim that the matrix-valued 1-form (dU)U~! is actually a g-valued 1-form (where,
as mentioned above, (dU)U ! is shorthand for dU A U~1). To see this, take any i and =,
and let v be the curve v(t) := U(¢~*(¢(z) + te;))U(x)~L. This is a smooth curve in G,
and v(0) = I. Thus, 7/(0) is an element of g. But

Y0) = S0

This shows that (dU)U~1! is a g-valued 1-form. By a similar argument, the matrix-valued

1-form UAU ! is actually g-valued.
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Definition 8.6.2. The action of a gauge transformation U on a gauge field A is defined as
AV =UvAU - (aUu)UL.

Usually, we refer to both U and the action of U as gauge transformations.

Lemma 8.6.3. The action defined above is a group action, in the sense that (AV)V = AVV.
Proof. First note that
AV =vAVv - (@v)v !

=VWAU ! — (U Yyt — (@v)v—1

= (VOD)A(WVU)™ —v(@du)(vu)= — (@av)v—L
On the other hand, by the Leibniz rule for the exterior derivative,

(A(VU)(VU)™ = ((dV)U + VdU)(VU) ™!
= @)V yvau)(vu)

This proves that (AY)Y = AVU. Thus, A — AY is a group action of G on A. O

Two gauge fields A and B are said to be gauge equivalent if B = AY for some gauge
transformation U. It is easy to see that this is an equivalence relation. The set of equivalence
classes is denoted by A/G.

A function f on A is said to be gauge invariant if f(AY) = f(A) for any A € A and
U € G. A key property of the Yang-Mills action is that it is gauge invariant.

Theorem 8.6.4. Take any A€ A and U € G, and let B := AV. Then Fg = UF U". As
a consequence, if S(A) is well-defined and finite, then so is S(B), and S(A) = S(B).

Proof. Take any A € Aand U € G. Let B := AV. Then note that

Fp=dB+BAB
= dUAU — (@U)U™") + (UAU ™ — (dU) U A (UAUT! — (dU)U).

By the Leibniz rule for the exterior derivative,

dUAUY) =dU A AU + Ud(AU )
=dUNAU Y+ U((dAUY — AdU™Y))
=dUNAU Y+ U@AU —UA@U™Y).

Since UU~! = I, we have (again by the Leibniz rule)

0=dUUY) = @U) Ut +UdU™Y).
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Thus, d(U~') = ~U~1(dU)U~!. Substituting this in the previous display, we get
AdUAU™Y =dU AN AU + U(dA)U L+ UAU L A (dUYU L
Similarly,

—d((dU)YU™Y) = =ddU AU +dU A dU ™
= —dU AU Y dU) UL,

Lastly, by generous applications of equation (8.6.1),

(UAU — (dUYU Y AN(UAUT — (dUYUY)
= UAU ' ANUAU — (dU) Ut AUAU
—~UAU ' A (dUYU™ + (dUYU ™ A (dU)U
—UANAUY —dU NAUY —UAU Y A (dUYU™ + (dU)U ™ A (dUYU L,

Adding up the right sides of the last three displays and plugging into the expression for Fp

obtained above, we get that
Fp=U(dAU ' +UANAU =UF U "

Now, for notational convenience, let F' := F4 and F’ := Fg. Then note that in local

coordinates,

T(F, F)) = > g% To(FjF})
1<i,j,k,I<n

> gr' (U FUUT FLU)
1<4,5,k,1<n

> gt (U Fal)
1<4,5,k,1<n

> g*g T (F; Fu)

1<4,5,k,I<n

= Ty ((F, F)).

This proves that S(A) = S(B) if S(A) is well-defined and finite. O

The physics of gauge theories says that the image of a connection A under the quotient
map from A into A/G is the physically measurable object, and not A itself. Another way
to say this is that only gauge invariant functions of a gauge field are physically observable.
For example, the following result shows that this is indeed the case for electromagnetism
(in vacuum). The gauge field is only a mathematical construct. The physically measurable
quantities are only those that depend on the gauge field through the electromagnetic field
generated by it.

143



CHAPTER 8. THE YANG-MILLS ACTION

Theorem 8.6.5. Consider U(1) connections on RY3. Two connections A and B yield
the same electromagnetic field (E,B) via equation (8.5.1) if and only if they are gauge

equivalent.

Proof. For U(1) theory on R, a gauge transformation is a smooth map U : R'3 — U(1).
It is not hard to show that U can be written as U(z) = ¢¥(®) for some smooth map
¥ RY3 — R (for example, by taking 1(x) to be the line integral of U’(x)/U(z) along any
piecewise smooth curve joining 0 and x, and showing that value does not depend on the

choice of the curve). Thus,

3 o

(dUYU™ = 12 8xidxi = idip,
=0

where 1 is the same as t. Also, due to the Abelian nature of U(1), U='AU = A. Thus, a

gauge transformation in this setting is simply a transformation like

AV = A —idy,
where ¢ € C*®°(RY3). In particular,
O
AY = Ay — i
w_ 4 0%
Aj—AJ—laixj, J—1,2,3

Thus, if (E,B) is obtained from A and (E¥,BY) is obtained from A¥ via equation (8.5.1),
then for j = 1,2, 3,

v 9AY

g = %% %%
J 8$j ot
oA, P oA 0

o 31‘]‘ 817j(9t ot 8tal‘j

Similarly, it is easy to check that BY = B. This completes the proof of one direction of the
claim. For the opposite direction, let A and B be two gauge field that generate the same
electromagnetic field (E,B) via equation (8.5.1). By equations (8.5.6) and (8.5.8), this
implies that F4 = Fg. But for U(1) connections, the explicit form given in equation (8.5.7)
implies that Fy — Fg = Fa_p. Thus, Fc = 0, where C := A — B. But F¢ = dC and C
is an iR-valued 1-form. Thus, if we let C' := —iC, then C’ is a real-valued 1-form with
dC’" = 0. Thus, by the Poincaré lemma for R™ (Lemma 8.5.2), there is a real-valued 0-form
1) such that C' = dip. Thus, for each j,
Oy

Bj(x) = Aj(z) — Cj(z) = Aj(x) — iCj(z) = A;j(z) — 1@.
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This shows that B = AY.
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Chapter 9

The Free Electromagnetic Field

9.1 The Lorenz gauge condition

Recall from Section 8.1 and Section 8.5 that a gauge field in the theory of electromagnetism
is a smooth map A : R* — (iR)*, with coordinates denoted by Ag, A1, A2, Az, and the

action of such a field is formally given by

3 2 2
_1 94; 940\" _ 04y 04,
s =L [ [ (2 )y (o AL
RJR N1 J 1<j<k<3 J

(As in the previous chapter, we are denoting points in R* as (¢, 21, r2, z3), and taking the
bare coupling constant go to be 1.) Recall that a gauge field A is an abstract object that
gives rise to a physically observable electromagnetic field (E,B) as

_0A;  0A

EF,=1i— —1—— 1.2
R TR (9.1.2)
for y =1,2,3, and
0As . 0As .0A1  0A3 0Ay  0A;
S Lt N i TR 5 T i N i D - N i O 1.
=i T A, BT e aa BT T aa, (9.13)

Moreover, two gauge fields A and A’ gives rise to the same electromagnetic field if and only

if A’ is gauge equivalent to A, meaning that there is some 1 : R* — R such that
N
ot’

Oy .
A;:Aj_lﬁj’ for j =1,2,3.

b=A4—1i and

Let A denote the set of all Schwartzian U(1) connections on R*, that is, all U(1) connections
A such that A; € S(R*,C) for j = 0,1,2,3. Similarly, let G, be the set of all Schwartzian
gauge transforms. It is easy to see that G is a group that acts on Ay in the above manner.

It turns out that there are simple ways to choose a unique element from each equivalence
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class in A;/Gs. One such method is Lorenz gauge fizing. A connection A € Ay is said to

satisfy the Lorenz gauge condition if

8A0 >
Z 8% : (9.1.4)

Let AL be the set of all A € A, that satisfy the Lorenz gauge condition. The following

result shows that each element of Ay can be uniquely represented as A% for some A € AL
and ¥ € G;.

Proposition 9.1.1. The mapping ®(A, ) := AV is an isomorphism of the vector spaces
AL x G, and As.

Proof. Tt is clear that ® is linear. To see that ® is injective, take any (A, ) in the kernel
of ®. Then

i%—f = Ay, and
.0y .
137j:Aj, for j =1,2,3.

Since A € AL, this shows that

0% 827,D .0Ag j
~ o Z =i Z e -
Since 1) € S(R*,C), an easy calculation shows that

T¢(p) = (B} — Pt — P} — p3)d(p)

for p = (po,p1,p2,p3) € RY. But since [y = 0, its Fourier transform is also zero. Thus,
the above equation shows that 12 = 0 almost everywhere on R*. We conclude that ) = 0.
Since we started with the assumption that A¥ = 0, this proves that A is also zero. Thus, ®
is injective.

Next, take any A € As. Define

o 530]
First, suppose that the map

io(p)
p3 — P} — p3 — P}

9(p) =

defined on the domain {p € R* : p2 — p? — p2 — p? # 0} extends continuously to a Schwartz
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function on R%. Then define
1 i .
uwt,w>==:E§%51t1;5/£9(p>e o) dpod, (9.1.5)

so that ¢ € G and g = 1; Let B := A~Y. Then note that

3
_ 0By  ~0B; b — i
81& - axj
j=1
But, we have
09 (p) = (B2 — P} — 13 — p3)(p) = (02 — P} — p3 — P2)g(p) = id(p). (9.1.6)

This shows that B € AL. Thus, any A satisfying the above condition is in the image of ®.
If g does not extend continuously to a Schwartz function, we have to work harder. We
still want to define ¢ via equation (9.1.5), but since the integral is not absolutely convergent,

we have to define it as a principal value:

e—0

1 .
Y(t, ) = limi/ / g(pg,q)e_l(pot'kq‘z)dpodq
(2m)* Jrs Jpoclpo—lall|>¢

We will not bother to show that the above limit exists. Instead, we will just write down
Y(t, ) as the explicit form of the limit and verify that it works (that is, satisfies equation
(9.1.6)). To do this, we define

ol ) —i((llgll—r)t-+a-)
wita) = [ ([ el + ra)e 0021 (g -, e Clal-ntsa gy
lal _ ‘
| Nl o) D 4 (g =, ghe ol g
. ‘ ~aq ‘
+/2| ||9(r, q)e D dr / g(r, q)e_l(rﬁq'x)d?") dg.
q —00

We first claim that the above integrals over r are absolutely convergent. The third and
fourth integrals converge because g has rapid decay at infinity. For the first integral, note
that

g(llgll + r, e Ualneraz) o) — r, q)ei(Ulal=r)t+az)

i6(llq|| + r, e dll+nttaa) 55| g|l — r, g)e~i((lal=r)t+a=)
- 2/[q[|r +r? oNlqllr — 2

Now, there is a constant C, not depending on ¢ or r, such that

16(lgll +r.q) — o(llgll — r.q)| < Cr,
|e=ilUlall+r)ttaw) _ =il =nt+aa)| < o),
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and since 0 <7 < [|¢||,

1 1
- < Cllgl|~"r.
2llqllr+7> 2lgllr — 72
Moreover, |$| is uniformly bounded, and
1
= < Cllg|~"r.
2llglr 72|

Using these bounds, it is now easy to deduce that
l9(llall + r, g)e =) 4 g (g —r, q)e~ Ual=rFa)) < (1 4 [t + [|q[| 7).

This allows us to prove that ¢ is well-defined and satisfies equation (9.1.6). O

9.2 Rigorous construction of the free electromagnetic field

By Proposition 9.1.1, we write each Schwartzian connection A uniquely as BY where B is a
Schwartzian connection that satisfies the Lorenz gauge condition and 1) is a Schwartzian
gauge transform. We claim that the vacuum expectation value of any gauge invariant

observable does note change if we replace the action S by the modified action
S(A) :=S(B)+ F()

for any function F. The heuristic justification goes as follows. Recall from equation (2.3.3)
that given a function L(A) of the field, the vacuum expectation value of L(A) is heuristically

given by
[ L(A)¥ DA
OILDIN = Gstaipa

Writing A = BY as above, and noting that the map (B,v) — B is linear, we get

_ JJL(BY)eSEIDBDY
(QIL(A)[Q) = ([ @SEIDBDY

Now, S(BY) = S(B), and if L is gauge invariant, then L(BY) = L(B). Thus,

QIL( A — [ L(B)SBDBDy [ L(B)SBIDB [Dy [ L(B)SP)DB
(ULl = [[eSBDBDy —  [SBIDB[Dy — [SBDB
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But on the other hand,

[ L(A A>DA _ JJL(BY)SBHEIDEDY
[ es [[ eSB)HEW)DBDy
_ ff L(B)eiS(B)-HF(l/))DBwa
ff eiS(B)-&-iF(w)DBDw

[ L(B)eSPIDB [ WDy
feiS(B DBfeiF(w)Dw
fL 1S(B DB
T 615(3

This completes the heuristic justification of the claim that replacing S by S leaves expectation

values of gauge invariant observables unchanged. Let us now make the specific choice

_ L 2))2da
_ 2/R/RS(D1/)(t, ))2dadt. (9.2.1)

This is known as the Feynman gauge fizing term. Then note that since B satisfies the

Lorenz gauge condition and S(A) = S(B), we have

S(4) = S(B) +% / /R (Ot )t

B OBy o~ OB, 2
- _//Rg< Za+1mwm)) dxdt
B 04Ao 0A;
//w( Za) dzdt. (9.2.2)
Integration by parts gives
DAOA; [ 0404,

T =
R4 al‘j 6:ck R4 aﬂ;‘k (9.7;]

for any 0 < j, k < 3, where z( stands for t. Applying this in the expression (9.1.1) for S(A4),
and letting ng =1, n1 =n2 = n3 = —1, we get

1 Z A, 04, dx
N R4 11310 83: Oz
0<_]<k<3

1 (04 045\
__4/]R4 z_: njnk(ax]— - axk) du

3. {iw< ) (2”Jax])] ~ (9.2.3)

J,k=0
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Combining equations (9.2.2) and (9.2.3) and again applying integration by parts, we get

3 2
Sy 1 (94
S(A) = 2/]R4jgo77]77k(6$j) dx
1
:*5/ / (Ao (t, 2))? — IV Ao (t, @) |?)dardt
R JR3

1 3
t32 [ L @yt = 194520 e,

where V denotes the gradient in the spatial coordinates. To construct a quantum field
theory with this action, let us attempt to follow the Markov process heuristic from Chapter 2.
Doing Wick rotation by replacing ¢ by —it everywhere and then multiplying the resulting
action by i (as we did for the one particle systems of Chapter 1), we get the Euclidean

action

S(4) = —%/R/]W((&A()(t,x))?—l—HVAO(t,x)||2)dxdt

1C | , | ,
+2;/R/Rg((8u4g(t7x)) +[|[VA;(t, x)||?)dzdt.

Thus, an Euclidean free electromagnetic field A¥ = (AOE, AF AR A3E) should be a random

~SE(4)

field on R* with probability density proportional to e . This is achieved by taking

four independent massless Euclidean free fields ¢g, ¢1, ¢2, ¢3 on R*, and defining
AY =gy, AP =g, AV =g, AL =43, (9.2.4)

Note that the i is included in the definition of AOE to account for the fact that the term
involving Ap in S £(A) has the ‘wrong sign’. With this definition, it is easy to see from the
properties of the Euclidean free field that {A¥(t,-)}icr is a stationary, reversible Markov

process on the state space

u = (iR)S(RS,R) X RS(R3,R) X RS(R3,R) X RS(RS,R)’

where U is equipped with its cylinder o-algebra. The law p of AF(0,-) is the product of
the laws of i¢g(0, ), ¢1(0,-), ¢2(0,-) and ¢3(0, -), and the coordinates evolve independently
according to the transition probabilities of the Euclidean free field (and multiplied by i for
the first coordinate). Thus, the Hilbert space for the (quantum) free electromagnetic field
in the Feynman gauge should be L?(y), and its Hamiltonian H should be the generator of
the semigroup (P(t));>0 on L?(u) given by

P()F(X) == E(F(A"(t,))|A%(0,) = X).
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It is easy to verify that this is a strongly continuous semigroup of symmetric operators,
and that the function Q = 1 in L?(u) satisfies HQ = 0. This allows us to complete the

construction and define vacuum expectation values as before.

9.3 The photon propagator in the Feynman gauge

Let A be a free electromagnetic field in the Feynman gauge, as defined in the previous

section. The photon propagator IT = (II;1)o<; k<3 for this field is defined as
Wi (z — y) == WQT{A; () A (y) ).

Since we constructed the free electromagnetic field in the Feynman gauge using four
independent Euclidean free fields, and we already know the form of the Feynman propagator,
it is relatively easy to compute the photon propagator rigorously.

Reverting back to our convention of denoting points in R* by (¢, z) where t € R and

x € R3, the photon propagator is formally given by

g, [ e-lllvipe
ILip(t,x) = — / dp, 9.3.1
N U T (6.3.)

where 7 is the Minkowski metric, given by

1 ifj=k=0,
mik =< —1 ifj=ke{1,23},
0 ifj#k.

Rigorously, this means that for each t € R, IL;x(t, -, ) is a bilinear form acting on S(R3,R) x
S(R3,R) as

injn / e*i't‘”p”f(p)@dp.
R3

Wk (t, f,9) = ) 2|pll

Note that the expression on the right is mathematically well-defined, and is taken as the
definition of Il (t, f, g). The following is a rigorous statement of the claim made above in
equation (9.3.1).

Theorem 9.3.1. Let A denote the free electromagnetic field in the Feynman gauge, as
defined in the previous section. Let A(t,-) denote the value of the field at time t. Then for
any f,g € S(R3,R) and —oo < s <t < o0,

where 13, is the photon propagator defined above.

Proof. Take any t > 0, f,g € S(R3R), and 0 < 5,k < 3. Let A" be the Euclidean free

153



CHAPTER 9. THE FREE ELECTROMAGNETIC FIELD

electromagnetic field defined in equation (9.2.4) in the previous section. Let 6y :=1i and
0; :=1for j =1,2,3. Let §;;, = 1if j = k and 0 otherwise. Then note that by Lemma 3.8.3
and the independence of the fields ¢q, ¢1, ¢2, ¢3, we have

Elg(A}(0,))f (AL (t, )] = 0;64E[g(¢;(0,) f(6r(t, )]
1 e—t\lp\lf(p)@
L

(2m)? 2[lpll

= Ojekéjk dp.

But 60,0, = —n;x. By Lemma 3.8.4, the right side can be analytically continued to the
imaginary axis (as a function of ¢) simply by replacing ¢ by it in the integral. This completes
the proof. O

9.4 Expected value of a gauge invariant observable

Let us now work out the two-point correlation function for the electric field in a free
electromagnetic field. Since the electric field is a gauge-invariant object, the answer should
not depend on our specific choice of the Feynman gauge. That is, if we chose the gauge
fixing term F'(v) in equation (9.2.1) to be something different, then although the photon
propagator would change, the object that we will calculate below would remain the same.

By equation (9.1.2), a formal computation gives, for any 1 < 5,k < 3, —oo < s <t < 00
and z,y € R3,

(QUE; (s, z) Ex(t, y)|€)

- <Q (168‘?(5,95) . 13’2(5,@) (iagik(t,y) - i‘;j:(t,y)> ’Q>

0? 0?
0? 0?

+ m@\f‘lo(saz)Ak(t,y)m) -3

(€ A;(s, ) Ao(t, ) |€2)

e 240l 2)A0(0,)1).

By Theorem 9.3.1, the second and third terms on the right are zero,

92 9% mi e~ i(t=s)lpl+ip-(z—y)
———(Q[A;(s,2) A(t, y)|Q) = — ’ d
, e—i(t=s)lIpll+ip-(z—y)
- | Iplldp,
(2m)? Jps 2
and
52 92 1 e~ it=9)lpll+ip-(z—y)
Q| Ag(s,x)Ag(t,y)|Q) = / d
6xj8yk< |Ao(s, z) Ao (t,y)|€2) dx;0y (2m)3 Jps 2|Ip|| p
-1 / pjppe” = olpllHp(@=y) p
= D.
(2m)3 Jgs 2|lp||
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Combining, we get the formal expression

1 1 (pjpk Zi(t—s i (z—
(QUE; (s, 2)Ex(t,y)|2) = 2r)? /RSQ< ij” 77;'k|p||>6 (t=9)llpll+ip-(@=y) g,

One can make this formal computation precise by treating the photon propagator and the

above two-point correlation function as distributions rather than functions.

9.5 The photon propagator in momentum coordinates

By Theorem 3.9.1, the photon propagator defined in equation (9.3.1) can be alternatively

expressed as

. njk e—i(:)c,p)
11, =1 d
() co (2m)4 /R4 p? +ie P

for 0 < j,k < 3 and x € R*, where (z,p) denotes the inner product in Minkowski signature.
Now, suppose we view the free electromagnetic field as an actual field define on R*, and

consider the Minkowski space Fourier transforms of its four components:
Aj(p) = / ei(x’p)Aj(x)d:r, j=0,1,23.
R4

Then, just as we did for the free quantum field in Section 3.10, we can define the photon

propagator in momentum coordinates as

~ i

Ik (p, q) = BESE

(4;(p) Ar(q))-

~—~

Then, from the calculation in Section 3.10, it is clear that

I, =6 li .
k(P q) = nd™ (p + q) b

(9.5.1)

We will use this formula later, in our calculations for non-Abelian Yang-Mills theories.
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Chapter 10

Grassmann Fields

10.1 Grassmann variables

Let © be any set. Let V' be the vector space over C with basis ©. That is, each element of

V' is either zero, or uniquely represented as
c101 + -+ cpby

for some n > 1, ¢q,...,¢, € C, and distinct 01,...,0, € ©. Recall the exterior algebra
A(V) of V, defined in Section C.1.3 of Appendix C. We will henceforth refer to this algebra
as the ‘Grassmann algebra’ generated by the set of ‘Grassman variables’ ©. For ease of
notation, we will omit the wedge product symbol and simply write fg instead of f A g for
fg€AV).

In a nutshell, the Grassmann algebra can also be defined as follows. Let F' be the free
algebra generated by ©, that is, all formal (finite) noncommutative products of elements
of ©, together with linear combinations of these products with complex coefficients. Let
I be the two-sided ideal® of F' generated by elements of the form 6102 + 626;. Then the
Grassmann algebra generated by © is the quotient algebra R/I.

An element of the Grassman algebra is can be seen as a function of the Grassmann
variables. So, for example, the element 1 4 61 + 62 + 6105 is seen as a function f(61,6s) of
the two Grassmann variables 1,05 € O, just as we would see it as a function if #; and 69
were real variables. In general, any Grassmann function is a polynomial in finitely many of
the Grassmann variables with complex coefficients, where no term has an element raised
to a power greater than one (because raising to a higher power yields zero). To multiply
two such functions, we simply have to follow the usual rule of multiplication (without
commutativity) and then simplify using the rules that #2 = 0 for any 6 and 6105 = —6105

for any 61, 05. For example,

(91 + 92)(91 + 93) = 9% + 60901 + 0103 + 0203 = —01605 + 60103 + 0505.

!That is, all elements of the form aibici + - - - 4+ anbncn, where by, ..., b, are elements of F' of the form
0102 + 0201, n is an arbitrary nonnegative integer, and ai,...,an,c1,...,c, are arbitrary elements of F'.
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We will refer to these functions as ‘Grassmann functions’. Once we start seeing these
elements as functions, the advantage is that we can start talking about differentiating and
integrating these functions. We do this in the subsequent sections. Throughout, we will

work with the Grassmann algebra defined above.

10.2 Differentiating Grassmann functions

Differentiation of a function of Grassmann variables yields another function of Grassmann

variables, as follows. For distinct #1,...,60, € ©, we define

0

—0y--0,=09--0,.
20, ! 2

As usual, when n = 1, the empty product on the right is taken to be 1. The derivative of a

constant is defined to be zero, and we also define

0
%91 0, =0
for any 6 ¢ {601,...,6,}. To be consistent with the above definition and be linear, we must

have for any 1 < m <n,

0 0 —
@91 O, = @((_1) 10,01 - 010yt - - - 0y)

= (=1)™01 - Opy10pg1 - - - On.

Once we have the above definition, it is now clear how to extend it by linearity to define
% for any Grassmann function f and any 6. For example,
0

—(1+86 [ 0105) =1 —0y.
802( + 61 + 02 + 0169) 1

We can also differentiate repeatedly in the obvious way. Note, however, that the order of

differentiation matters, because the definition implies that

0 0 0 0

for any 6,0 € © (not necessarily distinct). This proves, in particular, that repeated

differentiation in any single variable yields zero.

10.3 Berezin integrals

Given a function of these Grassmann variables, if we integrate out one of the variables (as
a definite integral), we should get a function of the remaining variables. In particular, the

integral of a single variable should be constant. We define, for each 6 € O, the definite
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/Gdﬁzzl, /d9:0.

With these definitions, and treating the Grassmann variables as independent variables, note

integrals

that for any distinct 6y, ...,6, € ©, we must have
/01-~0nd01 =0y---0,.

But then note that the right side is in fact equal to

0

Extending by linearity, we see that for any function Grassman function f and any 6, we

[ra=?

Note that this also holds for constant functions. These are known as ‘Berezin integrals’. The

must have

above definition allows us to integrate over several Grassmann variables, by differentiating
repeatedly. As before, the order of integration matters.
An important observation that we will use later is that for distinct Grassmann variables

01,...,0, and a permutation o € S,
/-~-/90(1) o Og(pydOy - - - dOy, = /--~/Sign(o)91 -+ 0,d0; - - - db,, = sign(o).

10.4 Exponentials of Grassmann functions

Let f be a Grassmann function that has no constant term. Let n be the number of
Grassmann variables that appear in f. Then f*¥ = 0 for any k > n, because each monomial
in the expansion of f* has at least one Grassmann variable appearing more than once.

Thus, it makes sense of define the exponential of f as

poNx~ It
e’ = Z ﬁ
k=0
If f has a constant term ¢, then f — ¢ has no constant term, and we define

ef == ecefc.
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For example,

1
0240504 — 1 1+ (0105 + 050,) + 5 (6102 + 0304)°

1
=1+ (6102 + 0304) + 5((91192)2 + (0304)% + (01020304 + 03046105))
=1+ 6105 + 0304 + 01020304.
Now suppose that the Grassmann functions f and g are homogeneous polynomials of
degrees k and 1, respectively. In the vector space notation, this means f € A*(V) and
g € AY(V). Then it is easy to see, and already noted in equation (C.1.5) in Appendix C

that
fg=(=1Mgf.

In particular, if at least one of k and [ is even, then f and g commute. This implies that if

fi,..., fn are homogeneous polynomials of even degrees, then

elittfn — of1 . ofn

(Note that being homogeneous of even degree automatically ensures that there is no constant

term.)

10.5 Gaussian integration with Grassmann variables

The following formula is known as the Gaussian integral with Grassmann variables.

Theorem 10.5.1. Take anyn > 1 and let 0y, ...,0,,01,...,0, € © be distinct Grassmann
variables. Let

dfdf = d6,df - - - d6,,db,,.

Then for any n x n complex matriz M = (myj)i1<ij<n,
n — j—
/ eXp<— > mijeiej) dfdf = det M.
ij=1

Proof. From the discussion in the previous section, we know that

n . n _

exp (— > mij0i9j> = T exp(=mi;0:6;),
ij=1 ij=1

where the terms on the right commute with each other, so the order in which the product

is taken does not matter. But again, from the same discussion,

_ _ 1 _
exp(—miﬂﬁj) =1+ (—mijﬂi&j) + 5(—m¢j97ﬁj)2

=1- miﬁﬂj.
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Thus, we get

/exp( Z mi;0:0; >d0d0 _/ H — mi;0,0;)d0dp.

i,7=1 ,j=1

Expanding the product, we see that the integral on the right is the sum of the integrals

/(_1)k(mi1j1§i1 9j1) T (mikjkgik ij)dﬁdg

over all 0 < k < n? and all distinct (i1, 51), ..., (4%, jr) that are lexicographically increasing
in {1,...,n}2 It is easy to see that the above integral is zero unless k = n, i1,...,i is a
permutation of 1,...,n, and ji,...,Jji is a permutation of 1,...,n. But then, the condition
that (41,71),-.., (i, Jx) are lexicographically increasing implies that 4y =1 for I =1,...,n.
Thus,
n
/ exp (— > mij9i9j>d9d9: (D)™ D Miga) M) / 01051 - - On, () dOdO.
ij=1 0ESn

Take any o € S,,. Since moving from 5100(1) - ~5n90(n) to 0161 - - - 6,6,, requires the same
number of transpositions as needed to move o to the identity permutation, we see that
/5190(1) cee ﬁnﬂg(n)dﬁdQ = /sign(a)?ﬁl e ?nﬂndedg
= (—1)"sign(o) / 0101 - - - 0,,0,,d0d0

= (—1)"sign(o).

Combining the above observations, we get

/exp< Z m;;0;0, >d9d0 = Z Sign(o)mig(1) ** Mpg(n) = det M.

i,7=1 €S

This completes the proof. O

10.6 Grassmann-valued Gaussian random variables

Let n be a positive integer and M = (m;)1<i j<n be an n x n invertible complex matrix. We
define Grassmann-valued Gaussian random variables (X, X) = (X1,..., X, X1,...,X,)
with mean zero and inverse covariance matrix M as follows. For any function F' that can
be expressed as a polynomial with complex coefficients, the expected value of F(X, X) is
defined as _ _ _
B [ F(6,0) exp(— EZ;’:I miﬁﬂj)d@d@
N i exp(— ZZJ‘:1 mi]@i@j)de@

E(F(X,X

)
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whenever the right side makes sense in the framework of Berezin integrals. The following

theorem shows why it makes sense to call M the inverse covariance matrix.

Theorem 10.6.1. Let (X, X) be as above. Let ¥ = (0ij)1<ij<n :== M~L. Then for any
1 S i,j S n, E(XZYJ) = 0ij and ]E(Xin) = E(YZY]) =0.

Proof. Proceeding as in the proof of Theorem 10.5.1, we see that the integral in the

numerator of E(X;X ;) can be expressed as the sum of the integrals

J 108,003,803 - (358,03, ) ol (10.6.1)

over all 0 < k < n? and all distinct (i1, 51),- . ., (ix, ji) that are lexicographically increasing
in {1,...,n}2 The above integral is zero unless k = n — 1, iy, ..., i is a permutation of
{1,...,n}\{j}, and j1,. .., jk is a permutation of {1,...,n}\ {i}. But then, the condition
that (i1,41), ..., (i, jr) are lexicographically increasing implies that

(i1, i) =(1,2,...,5—1,j+1,....n).

Thus, the above sum can be written as

(D" Mgy MG 1o (- )MG+D)e(4)  Tno(n)
ocesS’

'/91'5]'5190(1)"'53'7190(];1)"'§j+190(j+1)5n90(n)d9d§,

where S’ is the set of all bijections from {1,...,n}\ {7} into {1,...,n}\ {i}. For o € &',
let sign(o) denote the sign of o, viewing o as a permutation of {1,...,n}\ {i}. Then, again

proceeding as in the proof of Theorem 10.5.1, we see that the above sum can be written as

> sign(0)mis() - MG-1)o(-)MG+Do(41) * * Mano(n) /(—1)”@191 <+ 0,0,d0d0
oes’

= (—1)i+j(det Mﬁ) /5191 i 5n9nd9d§,

where Mj; is the matrix obtained by omitting row j and column ¢ from M. But recall that

(—1)i+j det Mij
det M
is the (i, 7)™ element of M~!. This completes the proof of the first identity. The other two

follow easily from the observation that the integral in equation (10.6.1) is zero if 6,0; is
replaced by either 6;0; or aﬁj. ]

Theorem 10.6.1 generalizes to arbitrary functions of (X, X), as follows. It suffices to
compute the expected values of monomials. Looking at the expression in equation (10.6.1),

it should be clear that the expected value is zero unless the monomial is of the form
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Xoy Xp, -+ Xa,, Xp,, for some distinct ay, ..., a,, and distinct by, . .., by, or some permuted

version of it. The following theorem gives the expected value of such a monomial.

Theorem 10.6.2. Let (X, X) and ¥ be as in Theorem 10.6.1. Then for distinct a1, ..., am
and distinct by, ..., by in {1,...,n}, we have
E(Xalybl cee Xamybm) = det K,
where K is the m X m matriz (Uaibj)lgi,jgm-
Proof. Let m be the permutation of 1,...,n that moves ay,...,a, to 1,...,m, respectively,
and keeps the relative ordering of the remaining indices intact. Let w3 be the permutation
of 1,...,n that moves by,...,b,, to 1,...,m, respectively, and keeps the relative ordering
of the remaining indices intact. Let N be the matrix obtained by removing rows ag, ..., an

and columns by, ...,b, of M. Then proceeding exactly as in the proof of Theorem 10.6.1,

one can show that

sign(m ) sign(me) det N

B Xy o X det M

amXb,,) = (10.6.2)

Next, let M be the matrix obtained by applying the permutation 7 to the rows of M and

the permutation 7o to the columns of M. Note that M can be written as the block matrix
where N is the matrix from the previous step. Now, on the one hand,
det M = sign () sign(my) det M, (10.6.3)
and on the other hand, by the well-known formula for the determinant of a block matrix,
det M = det N det(L — AN~'B). (10.6.4)

Combining equations (10.6.2), (10.6.3) and (10.6.4), we get

1
det(L — AN—1B)

B(Xoy X, -+ Xap, Xb,,) = =det((L — AN"!B)™h).

But by the formula for the inverse of a block matrix, the top-left m x m block of M~1is
(L — AN—1B)~!. This completes the proof. O
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10.7 Heuristic description of the Grassmann-valued free field

Heuristically, the Grassmann-valued free field on R* with mass m is a pair (v,%) of

Grassmann-valued fields on R* with joint ‘probability density’ proportional to

'y(w)v(w)dw)

R4

3
exp (1/ Z 1;0;7(2)05y(x)dx — im?
R4 “
7=0

where 0; denotes partial derivative in coordinate j, and 79 = —1, 71 =12 = n3 = 1. This
is the Grasmannian analogue of the free quantum field that we constructed in Chapter 3.
Recall that by equation (2.3.3), the free quantum field ¢ can be heuristically described as a
real-valued field on R* with probability density proportional to

. 3 .9
i im
(5 [ Lniseta e =0 [ plopar)
R4 i R4
Now, we know from the discussion in Section 3.8 that the covariance structure of ¢ is given
by
(e(x)ely)) = —iAr(z — ),

where Ay is the Feynman propagator. Thus, Theorem 10.6.1 suggests that it is reasonable
to define

(v(@)7(y)) = —iAr(z - y)

and (v(z)v(y)) = (F(z)7(y)) = 0 for all z,y € R*. Theorem 10.6.2 then shows how the
expected value of any polynomial in (v,7%) can be computed. Note that this process is
purely a computational prescription. We will see how it connect it to actual quantum
systems later.

Let 5 and 7 denote the Minkowski space Fourier transforms of the Grassmann fields ~

and 7. That is, heuristically,

A(p) = / ¢y (2)dz, F(p) = / P (2)da.
R4 R4

Then repeating the heuristic calculation from Section 3.10, we see that

~ -1

G)i(@) = ~@0iBr(p.) = -0 e+ lm e (01

and (F(p)3(q)) = F(p)7(q)) = 0. While this looks exactly the same as for the free quantum

field, the higher correlations are different, because of the difference between Theorem 10.6.2
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and Theorem B.2.7. For example, Theorem 10.6.2 suggests that

FEF@IE)T() = —(2m)* det <§F<p’ 0o q?)

= —(2m)3(Ar(p. Q) Ar(P d) — Ar(V, ) Ar (p, ')
P W(p+ ) (p + ¢) — 3D+ q)sW(p+ ¢))
) (p2 — m2 +ie)(p'* — m2 + ie) ' (10.7.2)

10.8 Fermionic Fock space

10.9 Rigorous construction of the Grassmann-valued free field
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Chapter 11

Faddeev—Popov Ghosts

11.1 The heuristic

The presence of gauge symmetry is one of the main obstacles in properly defining path
integrals in gauge theory. The Faddeev—Popov procedure is a method of breaking gauge
symmetry by introducing Grassmann-valued ‘ghost fields’. Heuristically, the idea goes as
follows.

Suppose we want to compute the integral of a function f : S — C, where S is some
abstract space endowed with some measure p, possibly neither of which are rigorously
defined. We are given that f is invariant under the action of some group G on S, and that
w is invariant under the action of any g € G. That is, f(z9) = f(z) for any € S and
g € G, where 29 denotes the action of g on z, and that u(A9) = u(A) for any g € G and
A C S, where A9 := {29 : x € A}. Suppose we are able to choose a subset T' C S such that
each orbit of the group action intersects T exactly once. For each x € S, let 7(z) be the
unique representative in 7" of the orbit of . The measure p can be pushed forward to T' by
7 as v(A) := u(r1(A)) for A C T. Then it is intuitively clear, and easily provable under

suitable assumptions, that

/5 f@nto) = [ v,

The relevance to Yang—Mills theory is clear, because the Yang—Mills action and physically
relevant observables are invariant under the action of the group of gauge transformations.
The challenge is to figure out the measure v, given p. This means the following.

Usually, the set T', being a subset of S, ‘inherits’ a nontrivial measure from S, even if
w(T) = 0. For example, suppose that S is a metric space. Then for a subset A C T, one
can take the set A, of all z € S that are within distance € from some point in A, scale
1(Ae) be some suitable power of € and send € to zero to obtain a kind of p-measure of A.
For example, if S = R?, y is Lebesgue measure on S, and T = {(x,0) : z > 0}, then the
nontrivial measure inherited in the above manner is simply the one-dimensional Lebesgue
measure on 7. In the abstract setup, let pg denote the measure inherited by 7. In the

context of path integrals, this is usually the ‘Lebesgue measure’ used for path integrals on
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T. The task of ‘figuring out’ v is usually interpreted as the task of figuring out the density
of v with respect to pg.

For a concrete example, consider S and T as in the previous paragraph. Let G be
the group of rotations acting on R? in the usual way. Then T intersects each orbit of G
exactly once. If a function f : R? — C is invariant under the action of G, it just means that
f is radially symmetric. For such a function, transforming the integral over R? to polar

coordinates, we get
o0
/ f(z,y)dady = 27?/ f(r,0)dr.
R? 0

Recall our previous observation that the measure pg on T is just the one-dimensional

Lebesgue measure. Thus, the above formula shows that
dv(r) = 2wrdue(r).

Note that it is intuitively clear where the factor 2w comes from: It is the size of the orbit
containing (r,0).

The Faddeev—Popov procedure gives a systematic prescription for calculating the density
of v with respect to ug as the determinant of a certain operator. The fundamental fact
that underlies this identification is the following. Let u : R — R™ be a smooth bijection
and let J,(z) denote the Jacobian matrix of u at z € R™. Then

6 (u(z))| det Jy(2)|dz = 1, (11.1.1)
Rn
where 6 denotes the Dirac delta at the origin in R™. To see this, simply note that by the

change of variable formula and the fact that f is a bijection,

n

/n h(u(z))| det Jy(z)|dz =/ h(z)dz

for any smooth h. Now take a sequence of h’s approaching (™) in a suitable sense to get
equation (11.1.1).

Next, assume that the group G is a Lie group! and let g be its Lie algebra. Suppose that
we can describe the set T as the set of zeros of a ‘gauge fixing function’ ¥ : g x S — R, as
follows. For each x € S and X € g, ¥(X,x) = 0 if and only if = T, where eX denotes
the exponential of X. Since g can be identified with R™ for some n, equation (11.1.1) lets

us conclude that for any x € 5,

/5(")(‘11()(, x))| det Jy(. »)(X)|dX = 1.
g

1See Appendix C, and specifically Sections C.3 and C.7, for background on Lie theory.
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Thus, we can proceed heuristically to get

[ @t = [ 1o /ﬂ O X )] det Ty (OIAX ) di(a)

=/, F(@)8™ (W(X, 2))| det Jy(. o) (X)|dX dp(x)
xg

:/Tf(y)|deth,(.yy)(O)‘d/JO(y)a

where the last identity holds because the delta function restricts the domain of integration of
x to the subset T'. The last step of the Faddeev—Popov method is to replace the determinant
in the above integral by an integral over a field of Grassmann variables, via Theorem 10.5.1
from the previous chapter. These Grassmann variables are known as ‘Faddeev-Popov

ghosts’.

11.2 A rigorous formulation in finite dimensions

We will now rigorously formulate and prove a finite-dimensional version of the Fadeev-Popov
method. One of the main difficulties of making the heuristic rigorous is that it is generally
impossible to choose exactly one representative from each gauge equivalence class in a
smooth way. This is known as the problem of Gribov ambiguity [12]. We will bypass this
problem in the finite-dimensional setting by assuming below that a finite constant number
of representatives can be chosen from equivalence class.

Let n be a positive integer, and let G be a matrix Lie group contained in U(N) for
some N, such that m := dim(G) < n. Consider an action of G on R", denoted by = +— 29,
for € R™ and g € G. Suppose that

1. for each g € G, the action = + z9 preserves Lebesgue measure, and
2. the map (g,x) — x7 is smooth.

Let F : R® — R be a smooth function that is invariant under these gauge transforms,
meaning that F'(z9) = F(z) for all z € R® and g € G. For z € R", let O, denote the orbit

of x under the action of G. Let ® : R™ — R™ be a surjective linear map such that
1. for each x € R™, O, intersects ker ®, and

2. there exist distinct elements gi,...,g9x € G such that for almost all y € ker ®,
{9eG:y9eker®} ={g1,..., 9k}

Let g denote the Lie algebra of G. Define a function ¥ : g x R® — R™ as
U(X,z) =Bz ). (11.2.1)

Fix an orthonormal basis T1,...,T,, of the Lie algebra g of G (under the inner product
(X,Y) := Tr(XY™)), so that any X € g can be written uniquely as X = """, X, T, for

169



CHAPTER 11. FADDEEV-POPOV GHOSTS

some coefficients X1,...,X,, € R. Let ¥y,...,¥,, denote the components of ¥, and define

the Jacobian matrix
OxV = (0x,¥b)1<ab<ms

where Ox, ¥ denotes the partial derivative of Wy, with respect to X,. We make the following

two assumptions:
1. 9x(0,y) is nonsingular for almost all y € ker ®.
2. For almost all y € ker @, |det dx ¥ (0, w)| is the same for all w € O, Nker ®.

The following theorem shows that the size of the gauge orbit containing z € GT is propor-

tional to the determinant of the matrix dx (0, z).

Theorem 11.2.1. In the above setting, for any gauge invariant F € C(R™) N LY(R™), we

have
| r@ae =23 [ Fuldenoxuo.n)i.

where the integral on the right is absolutely convergent, u is the unnormalized Haar measure?

on G, and A := |det(®|werayr)|- Consequently, if y1,...,Ym, V15, Tm are distinct

Grassmann variables, then
F(o)dz = 19 i LN 00,y ) drid
v)de = =~ F(y)exp(iro(y) = Y 0x,9;(0,9)7;7a | dydydy,
n ker ® aj=1
where dydy = dy1d7y, - - - dymd¥,,, and o(y) =1 if det(Ox ¥ (0,y)) < 0 and 0 otherwise.

The second assertion of the theorem follows from the first, by Theorem 10.5.1. So, we
only need to prove the first claim. We need some preparation for the proof. Take any
z € R™. For each € > 0, let

Ze(x) = WL@XP(W) dp(g).

We need several lemmas about Z..
Lemma 11.2.2. For any € > 0, Z, is a gauge invariant function.

Proof. Note that by the invariance property of the Haar measure,

:L‘h 2
(-2,

= WLexp(-W)dﬂ(g)
= W/(;exp<—W)du(g) = Ze(x)

for any x € R" and h € G. O

2See Section C.7 in Appendix C for Haar measures on matrix Lie groups.
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Lemma 11.2.3. Let M :=ker ® and let M+ denote the orthogonal complement of M in
R™. Then for anyy € M such that {g € G : y9 € ker ®} = {g1,..., 91} and | det Ix (0, y% )|

is nonzero and the same for each j, and any w € M, we have

k

11mZ(y+\fw) Taet o D0 g)"

Proof. Let y; := y9%. Choose § > 0 so small that the balls
Bji={geG:llg—gll <o}, j=1,....k
are disjoint. Then, with D := G\ (By U ---U By), we have
tim i [((y + ew)?)| > 0.

because otherwise we can produce g € D such that ®(y9) = 0, which is impossible. This

lets us conclude that
lim < (y + Vew) — ZZJ) =0, (11.2.2)

where

. 1 B((y + /ew)9)||?
S T

Without loss, let us assume that g; is the identity element of G. Since G C U(N), it follows
that B; = g;B1. Thus,

- 1 d ew)9i9)||2
2 :@mw’/&e}(p“ (Yo )dﬂ@.

Now recall from Theorem C.7.4 in Appendix C that if § is small enough, then the term on
the right is equal to

- exp(_||¢><<y+¢ew>gﬂx>IQ)J(XMX

(2me)m/2 2¢

for some bounded open neighborhood U of the origin in g, and some smooth function
J 1 g — [0,00) satisfying J(0) = 1, where dX denotes integration with respect to Lebesgue
measure on g. Moreover, the diameter of U can be made as small as we like by decreasing

8. Applying the change of variable Y = e 1/2X, we get

) cw jeﬁy 2
7 = (%%mﬂ /1/2Uexp<”®((y+\€€ | )J(ﬁY)dY. (11.2.3)
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Define the function ¥/ : g x R® — R™ as
U (X, 2) = B(a9), (11.2.4)

and let Ox U7 and 9,¥J denote the partial derivatives of ¥/ in X and z, so that Ox U7 is
an m x m matrix-valued function, and 9, %7 is an m x n matrix-valued function. Note that

the matrix
aX\Ilj(Oa y) = aX\I](Oa ygj) = aX\II(Oa y])

is nonsingular, by the assumptions that 9x ¥ (0, y) is nonsingular and |det dx ¥ (0, y;)| is
the same for each j.

Now, take any X =" | X, T, € U. By first-order Taylor expansion of Ui we get
U (X, y + Vew) = W (0,y) + /€D ¥ (0, y)w + dx ¥ (0,9) X + R, (11.2.5)
where the X on the right is the vector (X,)1<a<m, and the remainder term R € R™ satisfies
IR] < C(e + 1X]%) (11.2.6)

for some constant C' that does not depend on € or X, as long as € € (0,1) and X € U. Since
Ui(0,y) = 0 and dxW7(0,y) is nonsingular, this implies (by the inequality (a + b+ ¢)? <
3(a? + b% + ¢?)) that if § is small enough, then there are positive constants Cy, Cy, C3, Cy
such that for any X € U,
. 1 . ,
197 (X, y + Vew)|* = 5[10x % (0, ) X|I* — [V, ¥/ (0, y)w|* — || R||*

> C1| X||? = Coe — Cs]| X || > C4|| X||? — Cae. (11.2.7)

Now, equation (11.2.3) can be rewritten as

. 1 Ui (\/eY,y + /ew)|?
2= (2m)m/2 /EI/QUGXP<_H o ;je el )J(\/Ey)dy

The Taylor expansion (11.2.5), the bound (11.2.6), and the fact that J(0) = 1 show that
for any fixed Y € g,

||w<ﬁy,y+¢ew>|2)J( o)

lim exp <— 5
€

e—0

1 . .
= exp( = 510.970, )0 + 0¥ 0.0)Y ).

Additionally, by the inequality (11.2.7) and the fact that J is a bounded function (because
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it is smooth), we see that for any Y € e~ '/2U,

exp(_ H\IJJ'(\EY,;;eJr \ﬁw)|2>J(ﬁy)’ < Cre—CollYI?

for some positive constants Cs and Cg that do not depend on € or Y. These two observations

allow us to apply the dominated convergence theorem to conclude that

} 1 1 A ,
imzZi=—— — |19, T J 2
15’%26 (2m)m/2 /geXp< 2”8qu (0. y)w+0x ¥ (0, )Yl >dY.

A standard Gaussian computation shows that the integral on the right is equal to

(2m)™/2[det(9x W7 (0, )" 0x W (0, 1)) H/? = (2m)™/2| det Ox W7 (0, )| "
= (27r)m/2| det Ox ¥ (0, yj)|71
0

= (2m)™?] det Dx (0, y)| L.

where the second equality follows from the observation (11.2.4), and the third equality holds
due to our assumption that | det Ox ¥ (0, y;)| is the same for all j. Recalling equation (11.2.2),

we conclude that
lim Ze(y + Vew) = k| det Ox W (0, )| .
e—

This completes the proof of the lemma. O

Lemma 11.2.4. There is some ¢y € (0,1) such that for any K > 0,
inf{Z(x) : |z|| < K, e € (0,¢9)} > 0.
Proof. By the smoothness of (z,g) — a9 and the compactness of G, the number
L :=sup{[|2] : [[z]| < K, g € G}

is finite. Take any z with ||z|| < K and any € € (0,1). Since O intersects ker @, there
is some y € ker ® that is in the orbit of z, and by the above observation, ||y| < L. By
Lemma 11.2.2, Z.(z) = Z(y).

Choose an open neighborhood V' of the identity in GG, with diameter so small that by
Theorem C.7.4, there is a bounded open neighborhood U of the origin in g such that for
any € € (0,1),

Ze(y) = l/veXp(—q)(g?lZ)du(g)

(2me)m/2

X

_ (zml)m/Z /Uexp(—|(1)(y;€ HQ)J(X)dX.
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Since ®(y) = 0 and ||y|| < L, Taylor expansion shows that for any X € U,
X
le(y* )l < ClIX P2

for some constant C' that does not depend on € or . Plugging this into the previous display
and applying the change of variable Y = ¢ Y/2X, we get
1 3o
P 2 J(VeY)dY.
(271—)m/2 Z—l/te (\/E )

If € is sufficiently small, e='/2U contains the unit ball of R™. Thus, a lower bound on the

Ze(y) >

right side above can be obtained by replacing the domain of integration by the unit ball.
Recalling that J(0) = 1, this completes the proof. O

We are now ready to complete the proof of Theorem 11.2.1.

Proof of Theorem 11.2.1. Let us first prove the theorem under the additional assumption
that F' vanishes outside a bounded region. Throughout, we will assume that e € (0, €p),

where € is the number from Lemma 11.2.4. Note that by Fubini’s theorem,

Fla)de = - / F(x)< ij) /G exp<—||q)(;:)”2>d,u(g))dx

Rn (2me
N L e

Since F' and Z, are both gauge invariant (by Lemma 11.2.2) and the gauge transforms

[

~—

l\D

3

G
H

preserve Lebesgue measure, this gives

/ F(a)dr = 27761)7” / [ 2 F ((3;2 exp<—wgc?”2>dxdu(g)
27r61m/2//n ((z < llq);i)2>dwdu(g)

B (2/;6)"L/2 /n Z(z) eXp( ”(I)(QE)IQ)dx.

Let M := ker ®. Decomposing Lebesgue integration on R™ as Lebesgue integration on the
product space M x M-, this shows that

F(y+2) |2 (=)
F(x)dz — dyd
R () 27re m/2 /]\/[L Ze(y + =) p( 2¢ yaz

_ Fly+vew) _1iaw))
a (27T)m/2 /ML M Ze(y + \/Ew)e 2 Ay

&

Take any y € M that satisfies the assumptions of Lemma 11.2.3 and any w € M. Then
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by Lemma 11.2.3 and the continuity of F,
i W+ Vew) a2
e—~0 Z, (y + \fw)

Let L be so large that F'(x) = 0 when |z|| > L. If ||y + /ew|| > L, then F(y + /ew) = 0.
On the other hand, if ||y + /ew|| < L, then by Lemma 11.2.4, Z.(y + y/ew) > C4 for some

positive constant C that does not depend on €, y or w. Moreover, by the orthogonality of

= F(y)

we—én@(wm (11.2.8)

y and w, |ly|| < L. Combining these observations, we see that

Fy+Vew) _1jow ‘ —L|(w)|?
< Cyt(y)e 2P,

FirEvny g
where Cs is a positive constant that does not depend on €, y and w, and £(y) = 1if ||y|| < L

and 0 otherwise. Since ® is a linear map and is injective on M=, there is a positive constant
Cs such that || ®(w)|| > Cs|jw]| for all w € M~+. Thus,

/ / g(3/)67%Hcp(w)uzdydw < 0.
ML M

Together with equation (11.2.8), this allows us to apply the dominated convergence theorem
and complete the proof for compactly supported F'.

Next, take any F' € C(R") N L*(R™). Let h: R" — [0, 1] be a continuous function that
is 1 inside the unit ball and 0 outside the ball of radius 2 centered at the origin. For each
1>1,let

Note that |Fj(x)| < |F(z)| for all [ and x, and F; — F pointwise as | — co. Now, by what

we have already shown,

[ mtwae =28 [ ri)deros vl (11.2.9)

for each I. By the dominated convergence theorem and the assumption that F € L'(R"),

we get

lim Fi(z)dx = F(z)dz. (11.2.10)

=0 Jpn Rn
Next, again by what we have already shown,

’éi)/ke@ﬂ(y) det(@X‘I’(Ovy)ﬂdy:/Rn |Fi(e)lde g/ |F(x)\da.

R”
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Therefore, by Fatou’s lemma,

HG)
kA

| re dettoxwo. iy =5 [ tim 1) det(ox w0, ) ldy

< lim inf (@) / |Fi(y) det(Ox¥(0,y))|dy
I»oo kA ker ®

< / |F(2)|dz < oo.

This allows us to apply the dominated convergence theorem to conclude that

. G G
im 29 [ Rl des@x w09y =55 [ F(o)|den(ox 00,y
I—oo kA ker ® kA ker ®
(11.2.11)
Combining equations (11.2.9), (11.2.10) and (11.2.11) completes the proof. O

11.3 A toy example

Identifying R? with C, let us consider the action of U(1) by multiplication as our set of
gauge transformations. Note that this group actions satisfies the required conditions; that
is, it is smooth, and it preserves Lebesgue measure.

Since dim(U(1)) = 1, we need a gauge fixing map ® : C — R. Consider the map
®(z +1iy) = y. Let us verify that this map satisfies the required conditions. First, note that
® is linear, as required. The kernel of ® is the real line. Thus, O, intersects ker ® for any
z € C. Moreover, it is clear that for every nonzero x € ker @, {g € G; 29 € ker &} = {1, —1}.

Recall that the Lie algebra u(1) of U(1) is the vector space (over reals) of all imaginary
numbers. An orthonormal basis of this one-dimensional vector space is given by 17 = i.
Let ¥ : u(1) x C — R be the map

X

U(X,z):= oz ),
where @ is the gauge fixing function considered above. Writing
X =X1T1 =iXy,
we see that for any z = 1 4+ 10 € ker ®, the representative of 2¢" in C2 is
Xy = (cos X7 +isin X))z = x1 cos X1 + izq sin X;.

Thus, U(X, ) = z1 sin X7, and hence, dx U (X, z) is the 1 X 1 matrix 1 cos X7. We observe
that Ox ¥ satisfies the required conditions: dx ¥ (0, x) is nonsingular for almost all « € ker @,
and for almost all « € ker @, and | det dx ¥ (0,y)]| is the same for all y € O, Nker .
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Thus, Theorem 11.2.1 shows that for any gauge invariant F' € C(R?) N L' (R?),

U1 o0
P(2)ds = M/ Fla1,0)|a1|ds, (11.3.1)
R4 20 )
where p is the unnormalized Haar measure on U(1) and A = |det(®|(xe,qy1)|- Now,

(ker @)+ is simply the imaginary axis in C, and ®(iy) = y. This shows that A = 1. Next, if
we identify U(1) with S* in the usual way, then it can be shown that u(U(1)) = 27. Thus,

we get

/F(x)dx:w/ F(x1,0)|z1|dzy.
R2

— 00
Note that this can be obtained straightforwardly by shifting the integral on the left to
polar coordinates. The purpose of the above calculation is to provide a toy example for the
Faddeev—Popov procedure.

Lastly, in terms of Grassmann variables, the identity (11.3.1) can be written as

[ F@iz=r [~ [ [ Playo)ee-smian dy,da,
R2 —o0

where 71,7, are distinct Grassmann variables, and o(z) =1 if x < 0 and 0 if > 0.
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Chapter 12

Dimensional Regularization

12.1 The main idea

The key idea behind dimensional regularization is as follows. Suppose that we want to
integrate a radially symmetric function f : R% — C over the whole of R%  where dj is
a given dimension (usually four), but the integral diverges. Dimensional regularization

consists of the following steps:

1. Find a class of functions gg4 : [0,00) — C for d belonging to a subset of the real line
containing dy, such that f(z) = ga,(||z]|) for all x € R<.

2. Observe that by transforming to polar coordinates and the assumption that f is

radially symmetric, we have the formal relation

_ 27Td0/2 [} o1
/Rdo f(z)dx = W/O r 9do (1)dr,

where I' is the classical Gamma function.

3. To give a meaning to the right side above, define

/2 oo
h(d) := 7]."2(d/2) /0 rd =t gq(r)dr

for any d where the integral converges absolutely and I'(d/2) has a well-defined finite

value via analytic continuation.
4. Analytically continue h to dy to assign a value to the original integral.

Often, in practice, it turns out that h has a pole at dy. In that case, we have to work
at a dimension dy — € and then apply renormalization to get rid of the pole. We will see

examples later.
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12.2 A key integral

The following integral is key to a lot of computations in dimensional regularization. Here,
we are using the convention that for z € C\ (—o0,0] and w € C, 2* denotes e*!°8% where
log is the analytic branch of logarithm on C\ (—o0,0] that is real-valued on (0,00). In

other words, if z = rel for some § € (—,7), then 2% := r@elf®.

Lemma 12.2.1. Forb>0, -1 <a<2b—1 and A € C\ (—o0,0], the integral

,ra

G(a,b,A) = /(; md’r

is convergent. If we further have that a > 2b — 3, then

L(1+a— a a
A2(1+ Qb)F(%l)F(b—il)

G(a,b,A) = 2T (0) 2

Proof. The condition —1 < a < 2b — 1 renders the integral absolutely convergent, because

a

Z ~ | ‘a—Zb
2+ Ay
as |z| — oo, and
z¢ —b|a

as |z| = 0. Moreover, the first estimate and the assumption that a — 2b < —1 also allow us
to change the contour of integration from (0, c0) to (0, e%ieoo), where 6 € (—m, ) is the

argument of A. Thus,

dr

00 Li0ya
15 rez2
Glab )= b [7 et S
0 ((red?)2 4 Al

— p5i0(1+a—2b) /OO re dr.
o (r2+]AP

Let us make the change of variable

7“2

Ti= .
r? 4 [A]
Then x ranges from 0 to 1 monotonically as r ranges from 0 to co. Also,

dx 2|Alr

dr (P2 +]AD
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Thus,

0 a—1
G(a,b,A) =e%19(”a*2b>/ ; A8 g
0

2|A[(r* + [ADP2 (r2 + |A])?

a=1 p—o_a=1
_ 3i0(1+a—20) /0o 1 < r > 2 ( A ) 5 2|A|r dr
0 2JA[H02t \r? + A 2+ A (r? +|A[)?

1 .
_ %|A|%(1+a—2b)e%i6(1+a—2b)/ 25 (1 = )
0

Now, the last integral is the classical Beta integral, whose value is

D5 - )
T(b) '

Finally, if a > 2b — 3, then
1|1+a—2b| —1(2b—a—1) <1
2 2 -

which implies that
|A|%(1+a72b)e%i0(l+a72b) — Az(l+a—2b)

This completes the proof. ]

12.3 Some examples

In this section, we will work out three examples of dimensional regularization. All of these

will appear later in our calculations for Yang—Mills theories.

Example 12.3.1. As our first example, let us consider the integral

[t
o
Rt ||z]|? — ie

where € is some given positive constant. In polar coordinates, this is formally equal to

[e's) ’I“3
272 R dr.
0 re — 1€

We are interested in assigning a value to this integral as e — 0. To generalize this to an

arbitrary dimension d € R, let us define

27Td/2 o0 pd—1
he(d) = F(d/2)/0 e

We are in the setting of Lemma 12.2.1 with a = d —1, b = 1, and A = —ie. Note that
A € C\ (—00,0], b > 0, and the condition —1 < a < 2b — 1 is equivalent to 0 < d < 2.
Moreover, the condition a > 2b — 3 is equivalent to d > 0. Thus, Lemma 12.2.1 implies
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that if d € (0,2), then the integral defining h.(d) is convergent, and

r AL gty — o)
T($)T(b)

= ﬂ'g(—ie)é(dml"(l — g)

Note that the above function admits an analytic continuation to the set of all d € C such

he(d) =

that 1 — % is not a nonpositive integer. This is the set of all z € C that are not positive
even integers. Thus, the dimensional regularization heuristic suggests that we should use
the above formula to define h(d) for any d that is not a positive even integer. With this
definition, we get that for any d € (2,4),

h(d) := lim he(d) = 0.

e—0
Consequently, dimensional regularization suggests that we should define

1
e—0 Jpa—s ||z||? — i€

for any ¢ € (0,2).

Example 12.3.2. Next, let us consider the integral

o TP
s (T2 +a = ie)?

where o € R and € > 0. Replacing R* by R% and converting to polar coordinates, this

27Td/2 3] rd—1
he(a,d) = -
@)=t |, e

This brings us to the setting of Lemma 12.2.1, with A = o —ie, b= 2, and a = d — 1. Note
that A € C\ (—00,0] and b > 0. The condition —1 < a < 2b— 1 is equivalent to 0 < d < 4,
and the condition a > 2b — 3 is equivalent to d > 2. Thus, for d € [2,4), we get

becomes

d
2

- A%(Haf%)p(ail)p(b — atl)

2 2
L(5)T(b)

= 1% (a —ie)2@4r <2 - g)

he(a,d) =

The above function admits an analytic continuation to all d € C such that 2 — % is not a
nonpositive integer. This is the set of all d € C that are not positive integer multiples of
4. In particular, dimensional regularization suggests that we can use this formula for any

d € (0,4), to get

1 9.8 5[0
A= _ (2
L s et = e 2(2)
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for any 0 < § < 1. This gives
1 1)
lim . gr=r3air( L),
0 Jpa-s (||z||* + o — i€)?
Now, it is well known that as z — 0,

M) =2 =7 +0(),

where 7y is the Euler-Mascheroni constant. Thus, as § — 0,

1 ) 2
I S S— Y 82 (2 - 5
I fais Q2P+ a =102 ™ ”( 5 log(mar) + O )>(5 7+ 0 )>
2
%—ﬂ' log(ma) — w2y 4+ O(6).

Although o was assumed to be positive, it does not make an appearance in the leading

term. So it is reasonable to assume that the leading term remains the same for any «.

Example 12.3.3. As our final example, let us consider the integral

[
ke (22 + 0 =197

where o € R and € > 0. As usual, we are interested in the limit ¢ — 0. Proceeding as in

the previous example, we define

2ﬂ.d/2 0 rd+1
heloyd) = 573y / a0

We are in the setting of Lemma 12.2.1 with A = « —ie, b =2, and a = d + 1. Note that
A € C\ (—00,0], b > 0, and the condition —1 < a < 2b — 1 is equivalent to —2 < d < 2.
Also, the condition a > 2b — 3 is equivalent to d > 0. Thus, for d € [0,2), Lemma 12.2.1

gives

d
2

A%(1+a—2b)1—\(a+1)r(b . @)
($)r(b)
7 (@ — i) 2 AT(H2)r(1 - 9)

s

he(a,d) =

The above formula continues analytically to all d € C such that 1 — % is not a nonpositive

integer. This is the set of all d € C that are not positive even integers. In particular, take
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d=4—¢ for some ¢ € (0,2), we get

2
[ S 1<4_5)W2—3(a_16>1—zr(_1 ; 5).
R 2 2

a-s (||z]|2 + o — ie)?
This gives
2 1 )
lim de: 7(4—6)7r2_%041_gl“ —14+=.
=0 Jpa-s (||z]|? + o — ie)? 2
Again, by standard facts about the Gamma function,

1
F(—1+Z) :—;+’Y—1+O(Z)
as z — 0. Also, as 6 — 0,
(4 - 5)7r2_%a1_g = 410 exp <log <1 - i) - glog(wa))
2 L1 2
=4ral1-9¢ Z—k?log(wa) + 0(0%) ).

Thus, as § — 0,

lim 3o = 27% (1 - a(i + ;log(ﬂ'a)> + 0(52)>

e=0 Jpa-s (||$H2 + o —ie

[ES

~<—§+7—1+O(6))

2
= 747:5 ® 4 on2a <'y - % + log(wa)) + O(9).
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Chapter 13

Heuristics for Pure Yang—Mills

Theories

13.1 Gauge fixing and ghost fields

Let G be a compact matrix Lie group contained in U(n) for some n, and let g be its Lie
algebra. Recall from equation (8.1.1) in Section 8.1 that the action for pure Yang—Mills
theory with gauge group G' on R'3 is given by

S(A) = ! Tr( Z UinjFij($)2>d=T7

-3
490 Jre \oZiges

where 179 = 1 and 7 = 1o = 73 = —1, A is a g-valued 1-form on RY? and F is its curvature
form, and g is the bare coupling constant. Previously, when we investigated U(1) theory,
we took go = 1. We did this because this does not matter for U(1) theory, where go can be
altered simply by rescaling the gauge field A. For non-Abelian theories, we cannot simply
rescale the gauge field and get go = 1. Thus, the theory has to be analyzed with gy present
in the equations. However, it is still convenient and conventional to rescale A, as follows.
Recall from equation (C.5.1) in Appendix C that F' = 20§i<j§3 Fijdx; A dxj is explicitly
given by
Fij = 0iA; — 0jAi + [Ai, Ajl,

where 0;A; is shorthand for gi;f and [A;, Aj] is the commutator of A; and A;. This shows
that if we rescale A by replacing it with ggA, then the Yang—Mills action becomes

S(A)=—1 /R \ Tr( D min(0iA,(x) - 9 Ai(z) + go[Ai(x),Aj(x)])Q)dx. (13.1.1)

4 —
0<i,5<3

This is the form of the action that we will work with henceforth.
Now, recall from Section 8.6 that a gauge transformation U is simply a smooth map
from R* into G, which acts on a connection A as AV = UAU™! — (dU)U~'. But if we are
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working with the action displayed above, it means that the gauge fields are rescaled by go.
To be consistent with the previous definition, we now need to define gauge transformation
by U as

1
AV =vAUt - gf(dU)Ufl.
0

In Theorem 8.6.4, we showed that the Yang—Mills action is invariant under gauge trans-
formations. If L is a gauge-invariant observable on the space of connections, recall from

equation (2.3.3) in Section 2.3 that the expected value of L(A) is heuristically given by

[ L(A)S DA

(L) = p A

(13.1.2)
We will now apply the Faddeev—Popov procedure to reduce the integrals in the numerator
and denominator to integrals over gauge-fixed fields and a set of Grassmann-valued fields.
The process will not be rigorous, since our Theorem 11.2.1 works only for finite-dimensional
integrals. First, note that gauge transformations should heuristically preserve ‘Lebesgue
measure’ on the space A of gauge connections. This is because conjugation by a unitary
matrix preserves Lebesgue measure on the space of n x n matrix, and so does translation
by an arbitrary matrix. Smoothness of gauge transformations is clear from the definition.

Next, let m := dim(G) = dim(g). Fix an orthonormal basis T1,...,T,, of g. We can
write A = Z?:o A;dr; € A as

3 m m 3
Ax)=>" (Z Ai,a(x)Ta> dv; = ( Ai,a(z)dxi> T.
i=0 “a=1 a=1 “i=0
Thus, A may be represented as the collection of real-valued 1-forms Z?:o A; o(z)dz;, for
a=1,...,m. This is the more common way to represent it in the literature on Yang-Mills
theories.

Since a gauge transformation U is a map from R? into G, the group G of gauge
transformations is locally like (Rm)R4. This suggests that we need to define a linear gauge
fixing map ® from A into (R™)E'. We choose the following map, that fixes the Lorenz

gauge for each component of A in the above representation:

3
B(A)(z) := (Z maiAi’a(x)) .
i—0 1<a<m

Proposition 9.1.1 shows that for U(1) theory, every gauge orbit intersects the kernel of
® exactly once, as long as we restrict ourselves to Schwartzian connections and gauge
transforms. Although the connections that typically arise in quantized gauge theories are
far from Schwartzian, we will pretend as if the above conclusion is true in justifying the
following steps; furthermore, Proposition 9.1.1 shows this only for U(1) theory, but we will
pretend as if we know this for any G.

Let us now try to understand the map ¥ defined in equation (11.2.1), adapted to the
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present setting. Heuristically, the ‘Lie algebra’ of the gauge group G is the space X of all
g-valued smooth maps on R*. For any such map X and any A € A, we should define

U(X,A) 1= (A7),

where X denotes the element of G given by

eX(

x):=e

To apply the Faddeev—Popov procedure, we now have to calculate the variational derivatives

0V, (X, A)(x)

Ma,b(x’y) = 8Xb(y)

for z,y € R* and 1 < a,b < m, at X =0 and A € ker ®. Here we are representing X as
ZT:1 X,T,, where X1,...,X,, are real-valued fields on R4,
To calculate these derivatives, take any z,y € R* and 1 < a,b < m. First, note that

1
Bi= A =eXAe X - —(deX)e X
go
3 13
= ; eX Aje Xdw; — % ;(@ex)efxdxi
3 m 1 3
= (Z Ai7C€XTC€_X> dxz - Z(@iex)e_xdxi.
i=0 “c=1 9020
Since T1, ..., Ty, is an orthonormal basis, this shows that B = Z;n:l B; o1, where

i 1
Bia=(Bi,T.) =Y AjTe(eXT.e XT;) - " Tr((8;¢)e™XTy).

c=1
Thus, we have
3
A) - Z niaiBi,a,
i=0
m 3 1 3
=33 mi0i(Ai Tr(eXTee X Ty)) — " > mioi(Te((0ie™)e X Ty)).
c=11i=0 i=0

By the definition of variational derivative, when X = 0, M, is a generalized function such
that for any Y =>"" | V. T, € A,

d U, (eY, A)(

A4ZMab 2,9)Ya(y)dy (13.1.3)
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From the previous display, we see that

U, (Y, A)
— i ; 77[1'81‘{141'7(: Tr Kl + € g Y, Ty, + 0(62)>TC (1 —¢ g v, T, + 0(62))T;] }
_ gio gm@-{ﬂ [(eg(am):rb + 0(62)> (1 —€ é Y, T} + 0(62)>T;} }

This shows that

m 3 m 3
U, (eY, A) SN mii(Ai Yy Tr([Th, T - l ZZ” (02Yy) Tr(TyT).
=1 i=0

=0 pe=1i 0 p=1i=0

de

Now note that Tr([T,, Te|Ty) = f{, where f2 are the structure constants' of g. Also,
Tr(TyT)) = dap (Where dgp =0 if @ # b and 1 if @ = b). Comparing with equation (13.1.3),

we see that

3

3
Map(e,y) = (szfbc @) = L3 b)) 0N -y, (13.)
i=0

c=1 i=0

where 64 is the Dirac delta at the origin in R*. Thus, a heuristic extension of Theorem 11.2.1

to infinite dimensions suggests that we should consider the action

SH(A,77) =~ /R ) Tr( > mn(0i4(w) —aijx)+go[Ai<x>,Aj<x)D2)dm

4 —
0<i ]<3
/ < Z mebc’)/a z ( - Z’Va D"}/a >d(£
a,b,c=11=0
+ino(A),
where 74,%,, @ = 1,...,m are Grassmann-valued fields on R* 00 = Z?:o 772-82»2, K 1s an

arbitrary nonzero constant, A is a gauge field satisfying the Lorenz gauge condition, and
o(A) = 1if det(kM) < 0 and O otherwise, where M is the Faddeev—Popov operator
displayed in equation (13.1.4). The fields v and 7 are called ghost fields, since they are
unphysical.

Heuristically, the factor x contributes a constant multiple to the determinant arising in
the Faddeev—Popov procedure, which cancels out between the numerator and denominator
in equation (13.1.2). We will work with the choice k = go. The superscript L indicates that

this is the action when we fix the Lorenz gauge. With this action, the vacuum expected

'See Section C.3.4 in Appendix C
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value of a gauge-invariant observable A is given by

Loy = LA AT 5(@(4) DyDTDA
WA = T as s @ (4) Dy Dyp A

where the factors 6(®(A)) indicate that the path integrals are taken over the subspace ker ®

of gauge configurations that satisfy the Lorenz gauge condition.

13.2 Covariant gauge fixing

An improvement due to 't Hooft allows us to obtain the action in the so-called covariant
gauge. Take any arbitrary function f : R* — R™. Instead of ®, consider the gauge-fixing
function ® — f, defined as

(@ = f)(A)(x) = 2(A)(2) — f ().

A slight modification of the proof of Proposition 9.1.1 ‘justifies’ that ker(® — f) intersects
every gauge orbit. Since the variational derivatives of ® — f are unaffected by the choice of

f, this shows that for a gauge invariant function L,

/ / / A7 §(®(A) — f)DyDYDA

does not depend on the choice of f. So, if we now integrate the above quantity over f, and
even inserting a factor depending on f, the result will just be a constant multiple of the
above. Thus, for any £ € R,

JIJf L(A) exp(iS™(A,7,7) — U5 [o0 || £(2)]2dx)6(®(A) — f)DyDYDADS
JIfS exp(iSt(A,~,7) 1+f> Ja I (2)]|2dz)5(®(A) — f)DYDYDAD
ST LA exp( ISL<Am> 1“*’5 Jga |19(A) (2)|2dz)DyDYDA
Jf[ exp(iSH(4,7,7) - 1—% Jra 19(A)(2)|[2dz)DyDYDA
_ JJJL(A) exp(iS(A, v, ))D’YD’YDA
[[[ exp(iS€(A,~,%))DyDyDA

(L(A)) =

where S€ is the action in the covariant gauge, given by

94,7 7) =~ / Tr( ) mm(aiAj(x)—ain<x>+go[Ai<x>,Aj<x>]>2)dx

0<i,j<3

1+§/ Z(ZW‘)AM )
+ /R4 (90 Z ZThfﬁﬁa(x)ai(Ai,c(a:)fyb(a:)) - i%(x)m%(a:)) dr + iro(A).

a,b,c=1i=0
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Note that with & = 1, this is the Feynman gauge that we encountered in our analysis of
U(1) theory. Here, however, we will need to keep £ arbitrary, for a reason that will become

clear later. Observe that

04, - 540 = ] (S0 50T ) |

Z (BiAja — 0jAia)(DiAjp — B Asp) Tr(TTh).

Since G is a subgroup of U(n), g consists of skew-Hermitian matrices. Thus,

Te(ToTy) = — Te(T,T}) = —(T,, Th).

Since T1, ..., Ty, is an orthonormal basis, we conclude that
Tr[(alA] - 8]A1)2] = Z(&Am - @Ai,a)z.
a=1

Now, integration by parts gives
aiAj,a(l’)ainﬂ(l')dl’ = aiAiﬂ(:E)ajAj,a(x)dI
R4 R4
Thus,

L,

nin; (0:A; () — a]'141'(:6))2> dx
3

>~

<4<

> minil(0iAja(2))? + (05 45a(2))? = 20;4;,4(2)0;Aj o(w)]d

10<i,j<3
0

m 3 2
1
wns@ija(e)Pae 5 [ S (Snodia)) do
3 a=1 Vi=0

<4, <

NE

A~

a

NE

L
5,
) R4

a=1

The second term on the right partially cancels out the covariant gauge fixing term in the

action, leaving us with

SC(4,7,7) —f/ Z 7 i (0iAjale dm—€A4Z(§; 0 Ai ol )23:

a=10<4,57<3

-2 ¥ mmTr{(aAm aijx))[Az—(x),Aj(xn+g;[Ai<x>,Aj<m>P}dm

0<4,5<3

/ (90 Z mebcva i( Zva ) )dx+i7ro—(A).

a,b,c=1 1=0
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To simplify further, notice that

a,b,c=1
Now,
Tr(Tu[Ty, o)) = — Te(T5 [Ty, Te]) = — Te([Th, TelT5) = — fre
Thus,
Tr((0iAj(z) — 0;Ai(x))[Ai(x), Aj(2)])
== > [o(0iAja(@) = 0jAia(x)) Asp(x)Aj ().
a,b,c=1
Similarly,

TR =13 Aw@)AM(@[Ta’Tb]ﬂ

=Tr [( i 1 fgbAi,a(m)Aj,b(x)Tc> 2]

= > faforAna@)Ajp(@) A (2)Aj () Tr(TT.).

! K o —
a,b,c,a’ b /=1

As we have already observed earlier, Tr(T.Tw) = — Tr(T.T5) = 0¢,r. Thus,

m

Tr([Ai(2), Aj(@)]) = = Y fafoyAia(@)Ajp(@) A (@) Ay (2).

L A
a,b,a’ b ,c=1

Combining all of the above, we arrive at the following formula:

SC(4,7.7) —*/WZ > nnj(9iAja(x))’d g/ Z(anaAza )

a=10<4,5<3

+9 / 3D WSO Arae) — 9y () Arae) A )

0<zj<3abr 1

ninj Javfary Aia(@) Ajp () Aiar (2) Aj gy () da
R <z]<3aba/b/c 1

Z Z nszc'ya Z Z rYa D’Ya ) dx + iﬂ-U(A)7

a,b,c=1 t=0

& M‘o%
—~ \
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where o(A) = 1 if det(goM) < 0 and 0 otherwise, with M being the Faddeev—Popov
operator displayed in equation (13.1.4).

Since o(A) is either 0 or 1, it should remain constant under small perturbations and
should therefore play no role in this perturbation theory. Ignoring o(A), the action can be

decomposed into the sum of a ‘free’ and an ‘interaction’ part, given by

Sl = =5 [ 2 5 mn@dsa@)de— [ 370
a=1

a=10<4,7<3
£ m 3 2
_5/ Z(Zma’AW(x)) dx
R* .21 \izo

and

SEAr )= D [ S5 m i Oisale) 0y Aa() () Ay (o)

R* g<ij<3 ab,e=1

2 m
g (¢ C
B[S i Al () A () Ay o)

0<%,j<3 a,b,a’ b’ ,c=1

m 3
oo [ 3 Y mA@O A

a,b,c=11=0

13.3 The action in momentum coordinates

We will now write down the action in momentum coordinates, that is, in terms of the
Fourier transforms of the gauge fields and ghost fields. This will simplify calculations later.

Recall that for f € S(R*, R), its Fourier transform in Minkowski signature is defined as
fo) = [ fla)da,
R4

where p € R%, and for 2,p € R?*, the Minkowski inner product of = and p is defined as
3
(z,p) := poTo — P1T1 — p2Ta — P3x3 = Znﬂ’ﬂr
§=0

Also recall that J’Tis also a Schwartz function, and that the following inversion formula
holds:

@) = gz [, 7P Py

We will now rewrite the action in terms of the Fourier transforms fLa, e and %a. Note that

1771' —i(z,p) A
0iAja(x) = "2t /111{4 pie @D A (p)dp.
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From this and the formal identity

1 —i(z, 4
oyt [ e =89,

it follows that

1 ) - -
L 0Asat)an =~ [ [ [ Dm0 A 0) Ay o) dadpg

- _ﬁ / PiAja(p)Aja(—p)dp,

Similarly,

/R4(8iAj,a(I))Ai,b(I)A]‘7c(z)d1’
i ( —i(x e ~ ~
- _# ///pie (@Pratn) A; o (p) Ai p(q) Aj o (r)dzdpdgdr

- (217?)8 / / pidja(p)Aip(@)Aje(—p — q)dpdg,

where 6@ is the Dirac delta at zero in R, This step can be easily justified (as we have done

”2, evaluating the integral,

several times earlier) by introducing a regularization term e~
and then sending € to zero.

From the above calculation, it follows that

/ > % mnj(@‘Aj,a(x))de:—ﬁ / S S nnipR A a(p) A o(—p)dp

a=10<i,j<3 a=10<4,j<3

1 m3 _
(24 / P Y niAja(p)Aja(—p)dp,

a=1 j=0

and

\ DD mnifi(0iAja(@) — 05Ai (@) Aip() Aj () da

R* 0<i,j<3 ab,e=1

1 m . . N
- (27)8 // Z Z ninj fre(MipiAja(p) — 1P Ai a(p))
0<4,j<3a,b,c=1

- Ai (@) Aje(—p — q)dpdg.
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Similarly,

/4 Z Z 77i77jfgbfg/b/Ai,a(x)Aj,b(l')Ai’a/(:L’)Aj’b/(x)dx

R* 0<i,j<3 a.b,a’ b ,e=1

1 m _
- W /// Z Z Ninj fapfary Aia(p)
0<4,j<3 a,b,a’ b’ ,c=1

- Aj(@)Aia (r)Ajy (—p — q — 7)dpdqdr,

and

m 3
/R 3 S A i)

a,b,c=11=0

. m 3
= *ﬁ // Z an‘fli;(nipi + 150 7a(—P — @) Aio(p) s (q)dpdy.

a,b,e=1i=0
The covariant gauge fixing term has a similar expression:
m , 3 2 1 m _ _
/R \ ; (; niaz’Ai,a(m)) dz = @t / ; OS%:SSPiiji,a(p)Aj@(_p)dp-
Lastly, note that by the formal identities

1 , o
- - —i(z,p)x = — —i(z,p)=
Ya() @) /R L© Ya(p)dp, Fo(z) @) /R L€ Ya(p)dp,

we get
3 1 3 4
Dya(z) =Y midfva(z) = @t /R4 (Z ni(—impi)2> e P, (p)dp
i=0 i=0
f,i/ i P2 e @ (p)dp = — 1 / 2e7i@P)3, (p)d
- (27'[')4 Ri pars 1iD; Ya\P)ap = (271')4 ]R4p Ya\P)ap,
and hence,
1 —i(x = ~
/ Vo) Dra(w)dr = =555 / / / e PTG (p)Fa(q)dxdpdg
1 o=\~
= _(271')4 p ’Ya(P)’Ya(—P)dp-

194



CHAPTER 13. HEURISTICS FOR PURE YANG-MILLS THEORIES

Thus, we get S°(4,7,7) = 8$..(4,7,7) + Ch,(A,7,7), where

m 3
o~ o~ 1 ~ ~
S6u(A3.7) = g5t [ 772 S mAialo) Ayl
a=1 j=0

1 BNmz
+ o(P)Va(—p)d,
(2w)4/p ;7 P)Fa(—p)dp

- 2(25704 / Y > pivjAia(p)Aja(—p)dp

a=10<i,j<3
and
gi(rjlt (AV7 %a %)
. 3 m
ig " ~ e ~ ~
= —Q(T;T))g // Z Z Toe(njpiAja(p) — nipjAia(p))Ain(q)Aj(—p — q)dpdq

4,7=0 a,b,c=1

2 3 m _ _ ~ _
+ 90)12 / / / S S ooy Aia () (@) A (1) Ay (—p — g — r)dpdadr

42w ,
%,j=0 a,b,a’ b’ ,c=1

. m 3
(213:))8 // D> fepi+ 6)7a(—p — ) Aic(p)Fs(q)dpda.

a,b,c=11=0

13.4 First order of perturbation theory

In this section, we assume that G is a simple Lie group?, in addition to the properties listed
earlier. Heuristically, the gluon propagator in momentum coordinates is defined as the

vacuum expectation value

~ ~ EGE D e~
L i i i [ AP Arp(g)e™ 4TI DIDIDA
D3 (p.0) = et (A (@) = o e @A) T DIDIDA

(2m) (2m) [ eSCATNDYDYDA

For the perturbative expansion of the gluon propagator, we introduce three new parameters
01,605,05. The first two parameters are used to rescale the gauge fields g]—’a and the ghost
fields g, %a by replacing them with /1 + 6 ‘Zm» V1+ 6027,, and /1 + 627, in the action.

The third parameter is used to reparametrize £ as

03

5:1+91'

2See Section C.3.5 in Appendix C for an introduction to simple Lie groups.
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The free and interacting parts of the resulting action are then given by

- _ 1+9
Sf?ee(A77'Y 1/ ZZW] jll ja p)dp

al]O

1—|—92/ 27 P)Fa(
93 /Z > pipjAia(p)Aja(—p)dp

a=10<4,j<3

and

i 1+0 B
ool +61)77 1 / / Z Z FieipiAja(p) — nipj Aia(p)) Aip(@)Aje(—p — q)dpdq

4,j=0 a,b,c=1

(1+6y)
90 4(27) 1; /// Z Z i favfa /b/Aza( )
4,j=0 a,b,a’ b’ ,c=1
A b(Q);lz‘ w(r)Ajy (—p — q — r)dpdgdr
igo/T + 0 1 +0y) o
- 1 : // Z Zfbc Pi + @)7a(—P — @) Aio(p)T6(q)dpdg.

a,b,c=11=0

Let us now expand the gluon propagator as a power series in go, 01, 02, 3. Throughout, let

(-Yo denote expectations with respect to the free theory. Also, we will use the notation
<A;B>() = <AB>0 — <A>0<B>0

First, note that in the free theory, the components of the gauge field are decoupled. Thus,
by the formula (9.5.1) for the photon propagator, we have

DS2(p, @)16:=02=03=go—0 = 106020 (p + q) lim (13.4.1)

l0 p? + i€’

A simple computation shows that

o) 1 e
96, DJk(p7 q) = 2(27r)8 /7“22

01=02=03=go=0

77l<Aj,a(p)Ak b( ) Alc( )Avl,c(—r»od?".

NE
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To evaluate this, note that by equation (9.5.1) and Corollary B.2.8,

(Aja(P) Ak (0); Ate(r) Are(—1))o
= (Aj.a(p) ALe (")) (Arp(@) Ae(—7))o + (A () Are(—1))0( A (@) Are(7))o

1
2 2cObe ®(g— ) lim—0
—(27)®n1610k18acOhe 0 (p + )6 (g — 1) i T 10

8 4)
— (27)®018108100c00c0 D (p — 7)) (g + 1) 151%1 GCESER

Integrating over r, we get

3}
D]k(p, q) = —p2nj5jk5ab5( )(p + ¢)lim (13.4.2)

0, 01=02=03=go=0 clo (p? +1€)*
Next, note that since the gauge field and the ghost fields decouple in the free theory, we

have

(Aj.0(P) Akp(@); Fe(r)To(—7))o = 0.
Thus, by a similar calculation as above, we get

0

a6, D% (p, q)

=0. (13.4.3)
01=02=03=go=0

Next, note that

0
80 D]k:(p7 Q)

01=02=03=go=0

2(2m)8 /Z > rirp{dalp (D) Akp(9); Ai (1) Ajs o(—7))odr.

c=10<#,5j'<3

Again, as before,

(A a(p)Arp(q); Ay e(r )Zj (=)o
= (A () Air o(1))0( A p(@) Ajr o(—1))0 + (Aja(D) Ajr o(—7))0{ A p(a) Ai o(1))o

1
_ L Y (4) @ (g — -
(27T) 77]77166]1 6k‘j 5(1061305 (p + 7")5 (q T‘) lslﬁ)l (,,,_2 ¥ 16)2

— (277)877j77k6jj/(5ki/(5ac(5b6(5( )( — 7“)6(4 (g+7) hm

o (r2 +ie)?’
Integrating over r, we get
0
- D3P q) = —nmpaPdand ) (p + ) lim s (13.4.4)
905 7 01=02=03=go=0 s 0 (p? +ie)?
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Lastly, we claim that

9
T%Dﬂ’é(p, q) =0. (13.4.5)

91 :92:93:90:0

To see this, note that the free field expectations that arise in the above quantity are all
expectations of products of odd numbers of field variables. Therefore, they vanish.
Combining equations (13.4.1), (13.4.2), (13.4.3), (13.4.4) and (13.4.5), we get the first

order of perturbation theory for the gluon propagator:

b 5 4 .
D(p,q) = ;060 (p + q) lm e

— 010216 (4) li
O1p™n;0jk0ab0" (p + ) lim TEEhE

— Oaris (@) ~
O3n;mkpjPRdabd’ ™ (P + @) lin TCESE
+ 003 463+ 603 + g3). (13.4.6)

Note that there are no infinities in this expansion. But the expansion is not interesting,
since the parameter gg makes no appearance, which means that we are not seeing any
non-Abelian effects. To see non-Abelian effects, we have to go to the second order of
perturbation theory. Infinities will arise in the second order, and we will have to apply

renormalization to tame the infinities.

13.5 Second order of perturbation theory

Our next goal is to compute the second partial derivative with respect to gg. This
computation is rather complicated. For ease of notation, we will denote gm(p) by Ajap,
Ya(P) BY Ya,p, and 7.(p) by Ya,p in the following. First, let us decompose the interacting
aF

part of the action Smt(ﬁ, 5,%), when 6; = 0 = 63 = 0, as a sum goS1 + g3S2. Then,

heuristically,

iD‘?g(p q) = 1 i <Aj,a,pAk,b,qeigOSI+ig(2’32>0
dgo 7" g —g—0s—0  (27)* Dgo (el90S1+ig552)
_ 1 ((AjapArpg (St + 200 )€l a5,
= (271')4 <eigosl+iggSQ>0
(A ap Ak g€0NFI52)0 ((S) + 2g0Sy) el Fi9652)
<ei9051+ig§5'2) ’

2
0
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Differentiating again, and setting go = 0, a simple calculation gives

0? 1
87921)‘?]2 (P, q)
0

= @t (Q(Aj,a,pAk,b,q; S2)o + (A apArba; Siho

01=02=03=go=0

— 2i(Aj 0 pAk b 51>0<51>0> :

Since (S1)o = 0, this simplifies to

2
—— D (p,q)
6‘98 ! 01=02=03=go=0
2 i
= i AsarAkea S2)0 = g (AiapAksa Sto- (13.5.1)

Let us now evaluate the above terms. First note that
(AjapAibg; S2)0

3 m
1
- W Z Z 77i’ nj'fg/b/ facllb//

il j'=0a’ b 0" b e=1

'///<Aj,a,pAk7b7q?Aiﬂa/,p’Aj’,b/,q’Ai/,a”,r/Aj/,b“,—p’—q’—r/>0dp/dq,d7'l'

Let t' := —p' — ¢’ — r'. By Corollary B.2.8, we see that the integrand is equal to the sum
of 12 terms which correspond to the 12 ways of pairing up A, p, Akp.q, Airarps Ajry g
Ajr qr oty Ajryr pp where Aj 4 is not matched with Ay p .. We can also ignore terms where a’
is matched to b’ or a” is matched to b”, because of the totally antisymmetric nature of the
structure constants®. This leaves us with 8 matchings to consider. Now, by equation (9.5.1),

for any [,1’,d,d', s, s,

Al el )) = — 4 ’ / 4) i .
(AndsAva,s)o = —(2m) imdu 6aar 6™ (s + s )15{)1 2 i

(13.5.2)

Thus, each matching forces certain identities. We will denote the matching a < a’, b <+ a”,
b < V" by aa’ba”b'b”, and so on. Table 13.1 tabulates the identities forced by the various
matchings.

Since p’ + ¢ + 1’ +t' =0, Table 13.1 shows that p + g = 0 is forced by each matching.
Moreover, it shows that the contribution to (A, pAkpq; S2)0 from each matching is of the

form

i sW(p+q)C / L
-1i
4 cl0 (p?+ie)? r? + ie

where C' is a number that depends on the matching. Table 13.2 tabulates the values of C

for the various matchings. To calculate these values, we used the fact from Corollary C.3.10

3See Lemma C.3.7.
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Table 13.1: Identities forced by matchings in the S term
Matching Identities

/

aa/ba//b/b/l ] — 7:/ k — Z‘/ p — _p/ q — _rl q/ — _t
aa/bb//b/a// j — Z’/ k; ; j/ i/ 7: j/ p :7_p/ q :’_t/ q/ E—
ab’ba”a'b" ] — j/, k — ,l'l7 il — j,, p — _q/’ q — _7n/7 p/ = —¢

/

/

ab/bb"a’a” j = j/7 k= j/’ p= _q/7 q= _t/’ p/ — _,r/
ab"ba't'a” .7 = j/a k= Z'lv j/ = ila p= _tla q= _p/7 q/ =—r
ab”bb’a’a” j = j/7 k = j/’ p= _t/7 q= _q/’ p/ — _,r/
aa”ba'b'b" ] = 7:/7 k= i/7 p= _7'/7 q= _p” q/ = —

aa//bb/a/b// j — Z’/7 k; — j/7 ,L'/ :J'/7 p= _,r/7 qg= _q/’ p/ — _t/

Table 13.2: The value of C' for various matchings in the Sy term
Matching C

aa'ba"b'v"  ACyN;0ik0ap
aa'bb"'a"  —Cyn;djrdap
ab’ba”"a’t"  —Cyn;djrdap
ab’bb"a’a"”  ACqN;0k0ap
ab’ba't'a”  —Cyn;d;rdap
ab”bb'a’a”  ACqN;0k0ap
aa”’ba'b'v"  ACyN;0ik0ap
aa”"bb"V'a'  —Cyn;ojrda

that
m
> fifie = Cobaa (13.5.3)
b,c=1

for some constant Cy that depends only on the Lie algebra g. Summing up the values from

Table 13.2, we arrive at the heuristic identity

S5 s()
Ca1;93k0a0"" (P + q) / LI, (13.5.4)

A apAkbg; S2)o = 3ili
(AjapAkbg S2)0 T (P2 + ic)? 72+ ie

The integral on the right is divergent. We will take care of it later by renormalization.
Next, let us calculate (Aj 4, Ak pq; Si)o. First, recall that Sy = Ty + T, where

. 3 m
i
Ty = 72(2#)8 // Z Z Joe(MipiAjap = MiPjAiap)AibgAje—p—qdpdy,

4,j=0 a,b,c=1

. m 3
1 —
I3 := NGTSH // S Fepi 4 )0 —p—qAicpVoqdpdy.

a,b,c=1 1=0
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The term 77 can be written as T11 — 112, where

. 3 m
1 a
Ty = “3@n / / Yo D0 fonpiAjapAingAe—p-qdpda,

1,j=0 a,b,c=1

. 3 m
1
T = g [[ 32 30 i Avapingse eyt

4,7=0 a,b,c=1

Now, in 719, if we swap the indices ¢ and j, b and ¢, and make the change of variable

r=—p—q, we get

. 3 m
1 a
T2 =558 / / Z > SanipidjapAc—p—rAipsdpdr.

1,j=0 a,b,c=1

Since f4 = —fg., this shows that Tio = —T71. Thus, S simplifies to 2771 + T5. Therefore,

(AjapAibg STo = 4{AjapAibg Th)o + 4(A) 0 pAkpg Ti To)o
+ (AjapArba T o. (13.5.5)

Let us now evaluate the three terms on the right. First, note that

m

3
1 ’ "
<Aj,a,pAk,b,q§T121>0 = —W //// Z Z fl?’c/fl;l”c”nj’nj”p;‘/p;‘,”
Y]

/7 ‘/’i//’j/lzo al,b/,cl,a,/,b//,cl,zl

. <Aj,a,pAk,b,q; Aj’,a’,p’Ai’,b’,q’ Aj/,c/,fp'fq/Aj”,a”,p”Ai”,b”,q”Aj”,c”,fp”fq”>0dp/dq/dp//dq”'
By Corollary B.2.8, the term within the parentheses is equal to the sum of products of all
pairings except those in which p is matched to ¢. Since the structure constants are totally
antisymmetric (Lemma C.3.7), we can ignore terms where any of a’,¥’, ¢ is matched to
another, or where any of a”,b”,¢” is matched to another.

This leaves us with the following options:

1. Match a to one of @', ¥, ¢ and b to one of a”,b”,c”, or

2. match a to one of a”,b”, " and b to one of ', ¥, .

In both options, the remaining two indices from a’, b, ¢ have to be matched with the
remaining two indices from a”,b”,c”. For ease of notation, let ' := —p' — ¢/ and r" :=
—p"”—¢". Suppose we match a to a’, b to a”, b’ with &, and ¢/ with ¢’. Then equation (13.5.2)
forces ¢ = —¢" and v’ = —r”. Since p' + ¢ +r' =0 and p” + ¢" + " = 0, this implies that
p’ = —p”. But equation (13.5.2) also forces p = —p’ and ¢ = —p”. Thus, we must have
p+q =0. A moment’s thought shows that by a similar logic, all other matchings also force

the condition that p + ¢ = 0, and that each term is equal to

LT 5(4)(p+q)/ P(p,r)
4¢0 (p2+ie)? ) (r2+ie)((p—1)? +ie)

)

201



CHAPTER 13. HEURISTICS FOR PURE YANG-MILLS THEORIES

Table 13.3: Identities forced by matchings in the 72 term

Matching Identities

aalballblbl/clcll j — j/7 k — jll’ ZI — 7:”, j/ — j/l’ pl — 7p7 pll — 7q7 q/ — 7qll’ 7,/ 77,//
aa/ba//b/cllc/b// J — j/’ k — j//7 Z’/ — j//; j/ — 7;//7 p/ — _p’ p// — _q7 q/ — _,',,//7 7,,/ — _q//
aalbblib/al/clcll j — j/7 k — Z‘Il7 Z‘I — j/l’ j/ — j/l’ pl — 7p7 q — 7(]//7 q/ — 7pll’ 7,/ — 77,//
aa/bb//b/cllc/a// J — j/’ k, — Z’//’ Z/ — j//7 ]/ — j//7 p/ — _p’ q — _q//7 q/ — _7,,//’ T/ — _p//
aalbcllb/allclbll j — j/7 k — jll’ ZI — j/l’ j/ — Z‘”, pl — 7p7 q — 77,,//7 q/ — 7pll’ 7,,/ — 7(]//
aa/bc//b/bllc/a// J — j/’ k, — j//7 Zl — Z’//7 j/ — j//7 p/ — _p’ q — _7,,//7 q/ — _q//’ T/ — _p//
ab/ballalbl/clcll j — 2‘17 k — jl/7 jl — 7:”, j/ — j/l’ p — 7q/7 q — 7p//7 p/ — 7qll’ 7,/ _ 77,//
ab/ba//a/cllc/b// J — ,L'/7 k — j//’ j/ — J//; j/ — 7;//7 p — _q/7 q — _Z)//7 p/ — _,',,//7 7,,/ — _q//
ab’bb'd'a"c j= i/, k= Z-//’ j/ _ j”, p= 7q/’ q= 7q//’ p/ _ 7p//7 o —

ab' b a' " a j= Z-/7 k= ’i”, j/ _ j//7 p=—¢,q= _q//7 p = —7“//, r = _p//
ab/bclla/allclbll j — 2‘17 k — jl/7 jl — j/l’ j/ — Z‘”, p — 7q/7 — 77,//7 p/ I /I’ 7,,/ _ 7(]//
ab/bc//a/bllc/a// J — ,L'/7 k — j//’ j/ — Z’//7 j/ — j//7 p — _q/7 q — _T//7 p — _q//’ T/ — _p//
aclballalbllblcll j — j/7 k — J”, Jl — Z‘/I’ 7:/ — j”, p — 7,’,,/7 — 7p//7 pl — 7qll’ q/ — 77,//
ac/ba//alc//b/b// J — j/’ k, — ]//7 ]/ — j//7 7;/ — 7///7 p — _7,,/7 q — _Z,)//7 p/ — _,r//’ q/ — _q//
aclbblla/allblcll j — j/7 k — Z‘Il7 jl — j/l’ 7:/ — j”, p — 7,’,,/7 q — 7(]//7 p/ — 7pll’ q/ — 77,//
ac/bb//a/cllb/a// J — j/’ k, — Z//, j/ — j//; Z’/ — J//7 p — _7,,/7 q — _q//7 p/ — _,',,//7 q/ — _p//
aclbclla/allb/bll j — j/7 k — J”, jl — j//’ Z‘I — Z”, p — 7,’,,/7 q — 77,,//7 pl — 7pll’ q/ — 7(]//
acdbd'dv'y o j= j/, k= j//, j/ =" i = J//, p=—1r'. qg=—1" p =—q" ¢ =—p"

where P(p,r) is a polynomial in the entries of p and r, depending on the term. Here the
dummy variable 7 stands for one of the two variables among p’, ¢/, " that are not matched
to p, and —p — r is the other one.

For ease of notation, let C'(aa’ba”b'b"c'd’) denote the contribution from the above
matching, and so on. There are 36 matchings with potentially nonzero contributions, by
the above paragraph. By the symmetry between ' and ”, we can reduce the problem to
18 matchings, where a is matched to one of a’,b’, ¢’ and b is matched to one of a”,b”,c".
For example, C(aa’ba”’b'b"c'c") = C(aa’ba’t't" '), and so on. We will evaluate the above
quantities. For each quantity, equation (13.5.2) forces some identities. Table 13.3 tabulates
the identities that are relevant for us.

Table 13.3 helps us apply equation (13.5.2) and calculate the polynomial P(p,r) for
/c//

every matching. For example, consider the matching aa’ba”b'b"c'¢”. By the identities from

Table 13.3, and the forced identity p = —q (as observed earlier),

3 m

Pp,r)= Y. R N s Y

41" 5" =0 a’ b ¢! ' b ¢! =1
. 5]]’ 6.’6_7'” 6i’i” 6j'j” (Saa/ 51)(1” 6b’b” 60’0”

3 m
_njéjkz Z flg’c’flﬁj’c’ni/p?’

i'=0b,c'=1

—Cyapn;0kp°-
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Table 13.4: P(p,r) for various matchings

Matching

P(p,7)

aa ba//b/b// ! //
aa’ba’t'd"' b’
aa bb//b/a// ! //
aa bb//b/c// /1
aa’bd"b' o v
aa bC//b/b// /1
ab/ba//a/b// ! //
ab/ba//a/cﬂclb//
ab/bb//a/a//clcﬂ
ab/bb//alc//cla//
ab/bclla/a//c/b//
ab/bcl/a/b// /1
ac ba//a/b//b/ /!
ac/ba//a/cl/b/b//
ac/bb”a/a//blcﬂ
ac/bb//a/cﬂb/a//
ac/bc//a/a//b/b//
ac/bc//a/b//b/a//

—Cglapnjniri (7

—CyBapn; 6D
CadabMkn;PkDs
—Cy0abMkNiPsTk
ColabMkniP5Tk
CyaOabMkiPkTj
—Cy0abNi Mk PrT
CadabNiMKPET
CalabMiMeTj T
CylabNiMkD5Tk
CalabNiMeTj T

—Cgéabnjéjkrz

—Cq0apnj0jk(p,7)

—4C0apniMKT T
—4Cg0ap1;Mk75 (1%

— Pk)

Cydapnjnir; (i — k)
—Cylabn;Ojk(ps7)

Cydapnjmir; (i, — Pk)

- pj)

Applying similar calculations, we obtain Table 13.4. From Table 13.4, we see that the sum

of P(p,r) over all terms is equal to Cydgy, times

—n;0(p + 1) + Mk PED;

— 3nmkr; (TR — pr) — 20Nk (T

By the change of variable r — p — r, we have

(AjapAkp,

where

Next, note that

75 (P

— )

/

2
o110

Njk(pv T) =

(AjapAkpq Ti1T2)o

(r? +ie)((p -

1 .
3 Cylap 13&)1

o [l %

l/ J l// 0 a/ b/ C/ a/l b// c// 1

r)? + ie)

5 (p+q)

ar= [

Using this, and making the change of variable r —

re(pj —15)

—pj)-

(r* +ie)((p —

Njk(pa T)

dr. (13.5.6)

r)2 + ie)

—r, we arrive at the identity

(p?

—n;0ik(p —

+ i€)?

)2+ MnipEp; —

|

m

>

dr,  (13.5.7)

((r+p)* +1e)

5nn;TE(15 + pj)-

’ "
f;c’fﬁ’c”nj/p;/ (p;l// -+ q,z/)

. — R/
(AjapAibg Ajra g Ay g Ajr o —p q’Ai”vc”,p”Va”,fp”,fq”'Yb”,q”>0dp dq dp”dq".
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For the integrand to be nonzero, we must match 7 to «v. But then a” is matched to b”,

which renders fg%i/c,, = 0. Therefore,
(AjapAibg T11T2)o = 0. (13.5.8)

Finally, note that

3 m
1 ’ "
(AjapAipg: T3)o = ~ @ / / / / > S faFen W + d) (P + i)

i/)i//zo a/)b/’c/)a//7b//’c//=1

. <Aj,a,pAk,b,q5 Ai’,C/,p/ia’,fplfq/rybCQ/Ai”7C”7]7”704”,7p"7q”’)/b”7q”>Odp/dq/dp”dqﬂ_
The integrand is simplified by noticing that

(AjapArbgAie p Vo' —p ¢ W' q Agr e ,p”'ya”,—p”—q”'yb”,q/’>0

= (AjapAkbg Ai’,C',p’Ai”,C”,p”>0Wa"—p/—q"Yb/,q'ﬁa”,—p”—q”’Yb”,q”>0'

The terms where ¢’ = b’ do not contribute, since then ff,/c, = 0. If d # ¥V, then by
Theorem 10.6.2 and the formula (10.7.1),

<7a’,—p’ —q ryb’yqlia”,—p” —g" W " > 0
(2n)*O —p' = D~ + )
(q/2 + ie)(q”2 + ie)

= (sa/b// (Sb/a// leli(r)l
On the other hand, by Corollary B.2.8,

(AjapAipgs Air e Air e )0 = (AjapAi e p )0{ Ak p,g Air e )0
+ (AjapAin e p)olAkpgAir e p)o-

Thus, by equation (13.5.2), we end up with two terms. The first term forces the identities

/ 1! / /! / "
a=c,b=c,a=b",b=a,

j=i, k=" p==p, q==p", ¢ =0"+¢", " =p +4,
and the second term forces

/! / ! /! / "
a=c,b=c,ad=b",b=a",

"

j=i" k=i p==p" q=—p, d =p"+q". " =p"+4"
Therefore, both terms force

ptq=—p—-p"=(-d")V+ (" -¢)=0.

Lastly, the first term forces ¢" — ¢ = —p” = ¢ = —p, and the second term forces
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q" — ¢ = —p"” = p. Combining the above observations, we get

s (p+q) (_/( 7j(Tk — D)

(p? +ie)? 2 +ie)((r — p)* + i)

rk(rj +pj)
—/(T2+i€)((7’+p)2+i€)dr)
0W(p+a) [ri(re+pe) +ra(rs +5) )
0t | TG e o 1299

(AjapAkpg: T3)0 = Cadapnink lim

= —CydapnjNik leifél

Combining equations (13.5.5), (13.5.7), (13.5.8), and (13.5.9), and using the symmetry
relation (13.5.6), we get

3

5D (p+ q) / Lik(p,7)
CE

AjapAing: S20 = Codup i
< j,a,p k,b,qvSI>0 Cg bEIJI,n i€)((7"+p)2+i€)

0 (p® +ie)?

where

Ljk(p,r) = =2Njx(p, ) — 2njmer(rs + pj)
= 27]j6jk(p — 7‘)2 — QT]jnkpjpk + 877j77k7“k(7“j +pj). (13.5.10)

Combining this with equations (13.5.1) and (13.5.4), we get

H? b
D5k q)
ogs 7" 01=0>=03=go=0
__ 4 1im0971j5jk5ab5(4)(27+‘1)/ 1
G BT (e e
: (4) L;
i lim Cg5ab§ (p;FQ)/ — Jk(p77')2 —dr. (13.5.11)
(2m)% elo (p? + ie) (r? +ie)((r + p)* + ie)

+

Combining equations (13.4.6) and (13.5.11), we get the second order perturbative expansion

1
b 5. 4 : 2 .5 4 :
D%(p,q) = 00k (p + q) 16%1 i 010°1;0;40,0 Y (p + q) lifél rioe

_ D 4) i
O3 MkpsPKbabd" (P + q) lim TCESRE

3igs . Canjdindard™ (0 + q) / 1
— lim - -
(2m)4 "elo (p? + i€)? r? 4 ie
igg lim Cybard™ (p + q) / Ljk(p,7) -
2(2m)% €0 (p? +ie)? (r? +1i€e)((r + p)? + ie)
+O0(0F + 603+ 63 + ). (13.5.12)

_|_

where Cy is the constant defined in equation (13.5.3) and Ljj is the polynomial defined
in equation (13.5.10). Our next task is to renormalize the parameters to cancel out the

infinities.
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13.6 The Feynman parameter

The Feynman parameter is an integration trick invented by Richard Feynman, that is
widely used in computations in quantum field theory. The key lemma is the following. The

parameter v introduced below is known as the Feynman parameter.

Lemma 13.6.1. Suppose that A, B € C are such that the line segment joining A and B in
the complex plane does not pass through 0. Then

1 /1 1
= du.
AB o (Au+ B(1—u))?
Proof. Note that

d 1 _ 1
du((B — A)(Au+ B(1 - u))> " (Au+ B(1 —u))?

and apply the fundamental theorem of calculus. O

As an example, consider the integral

/ L]k(p7 ) dT
rt (12 +1i€)((r + p)? + ie)
appearing in equation (13.5.12). By Lemma 13.6.1, this can be expressed as
]k(pa )
dud
/112{4/ (r+p)?u+r?(1—u)+ic)? uar
/ / jk(p) ) dud?ﬁ — / / jk?(p) ) dud'f'.
R4 24+ 2(r, up) + up?® + ie)? R4 ((r +up)? + u(1 — u)p? + ie)?

By the change of variable r — r — up, this becomes

jk pa up)
dudr.
/R4/ —u)p? i

Rewriting this as

]k pv up)
drodsdu,
/k@a/ 2 s+ u(t —wp? +ie)2" °

where r = (rg, s), and applying Corollary 6.3.2 to the integral over g, we get the above

integral is formally equal to

ik (D, up)
/.44nw2—u1—um e

where 1 := (irg, 1,72, 73). We can simplify this integral as follows. First, note that by the
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symmetry r; — —7;,

i
J dr=0
/R4 (= u(l—wp? —ie2 "~

and the same holds with r, instead of r;. By the symmetry » — —r,

(p, ) -
/]1&4 (P2 = u(l = w)p?® — ie)? dr =0.

Next, note that if j # k, then the symmetry 7; — —r; implies that

/ Tk dr =0
ra (P2 —u(l —u)p? —ie)2 "~

On the other hand, if j = k, then the symmetry between coordinates implies that

12

/ T dr*/ T o
2 (72— a(@ —wp? — 102"~ Jas (r]2 = ul(l — u)p? — ic)?

:/ i dr

re ([Ir]? = u(l = u)p? —ie)?
. 2

o I
4 Jra (I = u(@ — w)p® — i€)?

Combining all of the above observations, we get the simplification

/ Liep.r' ~vp)
Rra (

712 = u(l — u)p? — i€)?
B / 20j01(p — '+ up)® — 2nmp;pk + 81k (7], — upk) (1 + (1 — w)p;)
e (Irll* = u(l — u)p* — ie)?

= _/ Mk, ) dr
e ([I7]* = u(l —u)p? —ie)*

where Mjj(p, ) := 20;0;1(2|7[|* — (1 + u)?p?) + (8u(l — u) + 2)n;np;pk. Similarly,

1 1
R4 T2 + i€ re ||7]]2 — ie

Thus, the perturbative expansion (13.5.12) can be rewritten as

dr

D%(p,q) = 1301020 (p + ¢) lim — 010° 10510050 (p + q) lim

clo ¢? + ie 0 (p? +ie)?
— 0311 Prdabd ™ (p + q) i e ee
— é)g) an]5jk5ab6(4)(p+q) lim(/ HTH; iedr) (pgiie)Q
= om0 1fol</R/ =t =i ) G
+ 007 + 02462+ g3). (13.6.1)
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13.7 Dimensional regularization of Yang—Mills theories

To renormalize, we first have to regularize the theory. The regularization that works best

for Yang—Mills theories is dimensional regularization. Recall that by Example 12.3.1 from

Section 12.3,
1
R ——
el0 Jpa-s |||l

The above identity is actually the key reason why dimensional regularization is preferred
for Yang—Mills theories. If we opt for a hard cutoff as we did for (} theory in Chapter 6,
then the above integral does not vanish, and neither can it renormalized by adjusting the
coefficients of the other terms. In hard cutoff, we have to introduce an additional quadratic
gauge fixing term to perform the renormalization.

Next, by Example 12.3.2, for any  we have

dr = 2% — 2 log(—mu(l — u)p®) — 7%y + O(6),

lim

1
€l0 /]R4 s (I7)1* = u( = u)p® —ie)?

where log denotes the branch of logarithm on C \ (—o0, 0] which is real-valued on (0, c0),
and y is the Euler-Mascheroni constant. Integrating over u from 0 to 1 (and assuming that

limit and integral can be interchanged), we get

lifol/ /R S (2= 1—u)p “ie)2 drdu
zfﬂrlog( %) + 72 (1 =) + O(5).

1
Similarly,
(1
lim/ / +u) drdu
el0 ri-s (|72 — w(l — u)p? — i€)?
_ 14n? 8512
_ 1 2 ovn 2 Ky
35 ™ log(=mp7) + — o= — 7y + 0(9),
and

(1—
hm/ / u(l —v) drdu
el0 ri-s (|7]? — uw(l — u)p — ie)?

5
— m2log(—m )+i—7m+0(5)

35 18
Next, by Example 12.3.3,
12
li d
0 Jas (Il — w1 —w)p? —ie)2
4 1-— 2 1
= M —2n%u(1 — u)p? <'y ~3 + log(—mu(l — u)pQ)) + O(9).
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Again, integrating over u, we get

2
hm/ / I~ drdu
el0 re-s (||I7]|2 — u(1l — u)p? — ie)?

7+ log(—7 2) 13
= 06~
36 Wp( 3 5) TOW

Combining the above calculations, we get

1im/ / Min(p:7) drdu
el0 RA-5 —u 1—u)p — i€)?

(I
20 59
= 77j5jk:p2< 35T 7T ?(v + log(—mp?)) — 772)

r|?

7T

6 9
207r2 2

— 107727> +0(9).
Thus, the dimension regularized version of the gluon propagator is given by

— 019166000 (p + ¢) lim

@) RVl
1;0;k0abd" " (p + ¢) lim cl0 (P2 +16)2

elo ¢% +ie

1
— Gammns (4)
031;MkPjPrdabd" ™ (P + q) hm P
2
% (4) o2 207 2 5o 59
2(%)409611175 (p+Q){77]5]kp ( 5 5 T 3™ (v +log(=mp%)) — -
2072 9 o 3872 5 1
mepive | —— — 1072 log(— R | —
+ngnkpjpk< 3 07~ log(—7p”) + 5 0%y | + O(6) ew TEnE
+ 0607 + 65 + 62 4 g3). (13.7.1)

13.8 Renormalization to first order

To renormalize the dimension regularized version of the gluon propagator, we take a

renormalization parameter g, and make the following choices for 61,602, 63, gg in terms of g:

5C,

_ 2 3
91 - 2471'259 +O(g )7
02 = O(g%),

_ 569 2 3
93 - 247_[_259 +O(g )a
9 =g+ 0(g).
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These choices ensure that the 1/ terms in equation (13.7.1) cancel out exactly. Thus, we

can now send 6 to zero and obtain the renormalized gluon propagator:

D32(p,q) = n;0jkbad™ (p + ¢) lim

el0 q2 + ie
+ Cyg®0ap0™ (p + q) 3 —1;0 80 L(’y + log(—mp?)) — 9
g7 Fa 77 4872 28872

5 19 1
R L log(—mp?)) — lim ————— + O(g?).
+77]77kpjpk<16ﬂ_2 (7 + log(=mp7)) 1447T2>} i r iz T 09
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Chapter 14

The Wightman Axioms

14.1 The Poincaré group

Let R13 denote the group of spacetime translations acting on the vector space R'3, by the
action x(y) := x +y. Recall the restricted Lorentz group SO (1, 3) defined in Chapter 4.
The Poincaré group P is the semi-direct product R x SOT (1, 3), meaning that

P={(a,A):acR" AecSOT(1,3)},
with the group operation defined as
(a, A)(b, B) := (a + Ab, AB).

This is the group of isometries of Minkowski spacetime. It is simple to verify that this is a

Lie group. The Poincaré group acts on R as
(a, A)(z) :=a+ Ax.

A representation U of the Poincaré group in a Hilbert space H is a map U from P into the

space of unitary operators on H such that
U((a,A)(b,B)) =U(a, A)U(b, B)
for all (a, A) and (b, B). The representation is called strongly continuous if for any = € H,
the map (a, A) — U(a, A)x is continuous.
14.2 The framework of relativistic quantum mechanics

Until now, we have treated a quantum system as a Hilbert space of states, coupled with a
strongly continuous group of unitary operators which determines how a given state evolves
in time. But there is a fundamental difficulty in reconciling the above framework of quantum

mechanics with special relativity. Recall from our discussion in Chapter 4 that the basic
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postulate of special relativity is that the laws of the universe should remain invariant under
change of spacetime coordinates by restricted Lorentz transforms. But the notion of two
events happening ‘at the same time’ need not remain the same under a change of coordinate
system. So what does even mean to talk about time evolution groups of unitary operators?

To resolve this difficulty, we have to replace the time evolution group by a representation
U of the Poincaré group. This works as follows. If an observer in a given coordinate system
observes the system to be in state 1, then an observer in a new coordinate system obtained
by the action of (a, A) on RY3 observes the state of the same system as U (a, A)v.

The correspondence of this new picture with the earlier picture of a time evolution
group is as follows. Consider the transformation (a, 1) acting on a point x = (g, 1, 2, T3),
where a = a(t) := (—t,0,0,0) for some t. The result of this action gives us the point
(o — t,x1,22,x3). This reduces the time coordinate by ¢, so the new reference frame
obtained by the action of (a, 1) is that of an observer who is ¢ units ahead in time. The new
state Ul(a, 1)1 is what the system will look like ¢ units of time later, if it looks like ¢ now.

Note that the family of unitary operators (U(a(t),1)):er is a strongly continuous unitary
group acting on H, so by Stone’s theorem, there exists a self-adjoint operator H such that
Ul(a(t),1) = e *H . So if the observer remains stationary, then the system evolves in time
just as if we were in the original quantum mechanical setting, with H being the Hamiltonian

governing time evolution of states.

14.3 The Wightman axioms

The Wightman axioms give a framework for rigorously defining interacting quantum field
theories. The axioms are designed to ensure that there are no physical inconsistencies. Let
us only consider the axioms for bosonic scalar fields for now. Recall the Minkowski inner

product and the Minkowski norm on R, defined in Chapter 4.

Axiom 1. There exists a Hilbert space H whose elements represent the possible states
of the quantum system under consideration, and a unitary representation U of P in H
which satisfies the following assumption. Note that (U(a,1)),cp1.3 is a commuting family

of unitary operators. Therefore by the spectral theorem, we have that
Ula 1) = [ dePdE),
R1,3
where E is a projection-valued measure on R'3. Let

L:={p = (po,p1,p2,p3) € R' : p* > 0, py > 0}
be the ‘forward light cone’. We assume that

E(A) =0 whenever ANL =0. (14.3.1)
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This assumption is required to ensure that there are no particles with negative masses in
the theory. There is a simple way to check equation (14.3.1). The condition is satisfied if
and only if for any £, € H and any f € S(R"3,C), such that the support of f does not

intersect L, we have

/ (¢, U(a,1)n)da = 0.
R4

Axiom 2. There exists a dense subspace D of H and a linear map
¢ : S(R*,C) — {unbounded operators on H}

such that for any f € S(R* C), o(f) is defined on D and ¢(f)(D) C D. Moreover, we
assume that for any &,n € D,

((F)&,m) = (&, ¢(f)).

In particular if f is real-valued, then ¢(f) is a symmetric operator on D.
Axiom 3. For any &,n € D, f+— (& ¢(f)n) is a tempered distribution.
Axiom 4. For any (a, A) € P,

U(a, A)p(£)U(a, A" = (V(a, A)f),

where
V(a, A)f(x) = f(A™(z — a)).

This is the axiom of Lorentz invariance, designed to ensure compatibility with special

relativity.

Axiom 5. If the supports of f,g € S(R*, C) are ‘spacelike separated’, then

l(f),»(g)] = 0.

(Two points z,y € R are called spacelike separated if (z —y)? < 0. Two sets are spacelike
separated if any point in one is spacelike separated from any point in the other.) This is the
locality axiom, designed to ensure compatibility with the stipulation of special relativity

that a signal cannot travel faster than the speed of light.

Axiom 6. There exists 2 € D such that U(a, 1)2 = (2 for any a, and it is the unique element
satisfying this condition. (One can actually deduce from the axioms that U(a, A)Q2 = Q
for any (a, A) € P.) This is the axiom that ensures the existence and uniqueness of the

vacuum state.
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Axiom 7. The closed linear span of elements like ¢(f1) -+ o(fn)Q over all n and fi,..., fn
is equal to the Hilbert space H. This axiom is designed to ensure that the field ¢ is ‘rich

enough’ to generate all possible states.

14.4 Verifying the axioms for the free quantum field
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Chapter 15

Introduction to Lattice Gauge

Theories

15.1 Euclidean Yang—Mills theories

Let G be a compact matrix Lie group contained in U(n) for some n, and let g be its Lie
algebra. Recall from Section C.4 in Appendix C that a g-valued 1-form A on the Minkowski
space R has the form Z?:o A;dx;, where Ay, A1, As, A3 are g-valued smooth maps on
R3. Recall that the curvature form of A is the g-valued 2-form F = ZO§i<j§3 Fijdx; A dx;

given by
Fij = 8iAj — 8]‘141‘ + [Ai,Aj],
where 0;A; is shorthand for % and [A;, A;] is the commutator of A; and A;. Recall from

Section 8.1 that the action for pure Yang-Mills theory with gauge group G' on R'3 is given
by

1
S(A):_ﬁ R4TI‘( Z ninjFij(x)2>dx7

0<i<j<3

where g = 1 and 1y =19 = 13 = —1, A is a g-valued 1-form on R and F is its curvature
form, and gg is the bare coupling constant.

If one wants to construct quantum Yang—Mills theories following the approach outlined
in Chapter 2, the first step would be to define an Euclidean version of the action .S, following
the prescription from Section 1.7. Recall that the prescription is to replace ¢ by —it wherever
t appears in calculations, but not as arguments of functions (where t = z( in the above

discussion). Thus, the dzp in the integral should be replaced by —idzg, and 9y = % should

1 0
—i 0zg

reason. Recall that A = Z?:o Ajdz;. Now, if dzg is replaced by —idzo, then to keep A
the same, we need to replace Ay by iA4g.
With the above replacements, notice that for 1 < j < 3, 9y A4, is replaced by i0pA;, ;Ao

be replaced by =10y. Lastly, we need to also replace Ay by 14y, for the following
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is replaced by i0;Ag, and [Ag, A;] is replaced by i[Ag, A;]. Lastly, the integration element
dx = dxodridredxs is replaced by —idxodxidrodrs = —idx in the integral. Everything else
remains unaltered. Thus, Fp; is replaced by iFp; for 1 < j < 3, and Fj; remains unaltered
for 1 <i < j < 3. Putting it all together, we see S(A) changes to

290/R4 (Z Fle )

0<i<y<3

Recall from Section 1.7 that the Euclidean action is obtained by multiplying the above by i.

This gives the Euclidean action

Sg(A) = — 290/]@4 ( > Fyw ) (15.1.1)

0<i<y<3

Heuristically, a Euclidean Yang—Mills theory is a probability measure on the space of

g-valued 1-forms on R* that has probability density proportional to e~58(4)

with respect
to a ‘Lebesgue measure’ on this space. Other than G = U(1), we do not know how to
construct these theories at the present time.

The Euclidean action Sg defined in equation (15.1.1) can be readily generalized to d
dimensions for any d > 2. The connection A = Z‘]té Ajdz; is then a g-valued 1-form
on R?, with curvature form F = Zogi<j§d71 Fijdx; A dxj, where Fj; given by the same
formula as before. The Euclidean action Sg is the defined just as in equation (15.1.1), with
the sum going over 0 < i < j <d—1.

Henceforth, we will run the indices from 1 to d instead of 0 to d — 1, for ease of notation.

Thus, a connection A would be written as Z;l:l Ajdz;, and so on.

15.2 Lattice gauge theories

In 1974, Wilson [32] proposed a discretization of Euclidean Yang—Mills theories. These
are now known as lattice gauge theories or lattice Yang-Mills theories. Let G be as in
the previous section. The lattice gauge theory with gauge group G on a finite set A C Z¢
is defined as follows. Suppose that for any two adjacent vertices x,y € A, we have a

L Tet us call

unitary matrix U(z,y) € G, with the constraint that U(y,x) = U(z,y)”
any such assignment of matrices to edges a ‘configuration’. Let G(A) denote the set of all
configurations. A square bounded by four edges is called a plaquette. Let P(A) denote
the set of all plaquettes in A. For a plaquette p € P(A) with vertices z1, z2, 23,24 in

anti-clockwise order, and a configuration U € G(A), define

Up := Ul(x1, 2)U(x2, 23)U (23, 24)U (24, 21). (15.2.1)
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The Wilson action of U is defined as

SA(U) = Y Re(Tr(I-Uy)), (15.2.2)
pEP(A)

where I is the identity matrix of order n. Let oy be the product Haar measure! on G(A),
normalized to be a probability measure. Given 5 > 0, let p1p g be the probability measure
on G(A) defined as

dupp(U) = %e‘BSA(U)dJA(U),

where Z is the normalizing constant. This probability measure is called the lattice gauge
theory on A for the gauge group G, with inverse coupling strength 3, and free boundary
condition.

The following result gives some justification why lattice gauge theories may be viewed

as lattice approximations of Fuclidean Yang—Mills theories.

Theorem 15.2.1. Take any d > 2. Let A = 2?21 Ajdx; be a compactly supported smooth
g-valued 1-form on R, Let ey, ..., eq denote the standard basis vectors of R%. For a directed
edge (x,z+eej) of €22, define Uz, v+ee;) := e and let U(z+eej, ) := Uz, v+ee;) "
For a plaquette p in €Z?, let U, be defined as in equation (15.2.1). Let S(U) be defined as
in equation (15.2.2), but with p running over all plaquettes of €Z. Then

lim g5 e *S(U) = Sp(A),
e—0

where Sg is the Euclidean Yang—Mills action defined in the previous section.

To prove this result, we need the following four-term version of the Baker—-Campbell-

Hausdorff formula for the product of matrix exponentials.

Lemma 15.2.2. Let A and B be two square matrices of order n, and let K be an upper
bound on the absolute values of the entries of A and B. Then for any t € [0,1],

A t2 t3
et4etB — exp <t(A + B) + 5[4, B] + 15 ([A, [4, B] + [B, [B, A])
_ %[A, (B, [A,B]]]) +O(t%),

where O(t%) denotes a matriz whose entries have absolute values bounded by Ct°, where C

depends only on K and n.
Proof. Define g(t) := "®) | where

12 t3 t
h(t) == t(A+ B) + 5 [A, B] + 75 (4, [A, Bl + B, [B, A])) — 51 [A.[B. A, B]]].

1See Section C.7 in Appendix C for an introduction to Haar measures on Lie groups.
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Then note that h(t) = O(t), and hence,

1 1 1
g(t) =T+ h(t)+ 5h(t)2 + 6h(t)?’ + ﬂh(zt)4 +O(t%).
But, we have

h(t)> =t*(A+ B)* + %t?’((A + B)[A, B] + [A, B](A+ B))
+ LA+ B)(AA.BY + (.15, 4])
+ (AL [A.BI] + [B.[B A(A+ B) + L[4, B2 + 0),
where we clubbed all terms of order ¢5 and smaller into the O(¢5) remainder. Similarly,
h(t)> = t3(A+ B)® + it‘*((A + B)%*[A, B] + (A+ B)[A, B](A + B)
+[A, BJ(A + B)*) + O(t"),
and

h(t)t =t1(A + B)* + O(#°).

Combining, we get

g(t) =T +t(A +B)+t2( [A, B] + (A+B)2>

+t3<

+[B,[B,AI) + 3 (A+ B)IA, B + [4, B(4 + B))

OB\H m"“

(A+B)>

o1 A, BJ]| +

4 51(A+ B)(A, [4, B] + B, [B,4])

24

/‘\
—_

—_

ﬂ ((A+ B)*[A,B] + (A+ B)[A, B](A + B) + [A, B](A + B)?)

i(A + B) ) +O().

Simplifying the above gives

g(t) =1 +1(A+B) + %tQ(AQ +24AB+ B?) + ét3(A3 +34%B +3AB* + BY)

1
+ ﬂt“(A‘l +4A3B 4 6A%B? + 4AB® + BY) + O(t°).
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But note that

1

1 1

tA _tB 2 42 3 43

=(I+tA+ =t°A —t°A

e“e <+ +2 +6 +24

t1At ¢ O(t5)>

1 1 1
A T+tB+=2B2+ 23B3+ —#'B* + 0(#9) ).
( +iB+3 +3 + 55 +O(t%)

Upon expanding, this gives the same terms up to O(t°) as in the above expression for g(t).

This completes the proof. O

Specializing to skew-Hermitian matrices and iterating Lemma 15.2.2 gives the following

result.

Lemma 15.2.3. Let By,..., B, be skew-Hermitian matrices of order n, and let K be an

upper bound on the absolute values of the entries of these matrices. Then for any t € [0,1],

m 2
t
etBr. .. etBm :exp(t g Bi+§ E [BZ-7Bj]+R> +0(t),
i=1

1<i<j<m

where R = O(t3) and R is skew-Hermitian, and as before, O(t*) denotes a matriz whose

entries have absolute values bounded by Ct*, where C' depends only on m, n, and K.

Proof. Lemma 15.2.2 proves the claim for m = 2. Suppose that it is true for up to m — 1.
Take any ¢ € [0,1]. Then by the induction hypothesis, !Bt - .. etBm-1 = ¢4 1 O(#5), where

m—1
=1

1<i<j<m—1

N | =+

where Q = O(t?) and Q is skew-Hermitian. Note that the absolute values of the entries of
A are bounded by CK, where C' depends only on m and n. Since the commutator of two

skew-Hermitian matrices is skew-Hermitian, Lemma 15.2.2 implies that for all s € [0, 1],

2
esAesBrm = exp (s(A + Bp) + %[A, Bpn] + S) +0(s%),

where S = O(s%) and S is skew-Hermitian. Taking s = t gives and again invoking the
observation that the set of skew-Hermitian matrices is closed under commutation, we get
the desired result. O

Lemma 15.2.3 yields the following corollary.

Corollary 15.2.4. Let By, ..., By, be skew-Hermitian matrices of order n, and let K be an
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upper bound on the absolute values of the entries of these matrices. Then for any t € [0, 1],

Re(Tr(I — e'Br ... ¢tBm)) = —Tr[( ZB +7 5 [Bi,Bj]>2}

1<i<j<m
m
( )y Bz> +0(t%),
i=1
where O(t%) denotes a matriz whose entries have absolute values bounded by Ct*, where C
depends only on m, n, and K.
Proof. By Lemma 15.2.3, we have
4 1 m t2 k
etBr. . etBm — I+Zk'(tZBi +5 > [Bi,Bj] +R) +0(t%),
k=1 i=1 1<i<j<m

where R is skew-Hermitian and R = O(¢®). Note that the eigenvalues of a skew-Hermitian

matrix are all purely imaginary. This implies that
m tQ k
Tr[(tZBi—i—Q Z [Bi,Bj]jLR) }

=1 1<i<j<m

is purely imaginary for each odd k£ and purely real for each even k. Combining these

observations, we get

Re(Te(7 — e!P1 .. tBm)) — _;’I‘r[<t§3i + g 3 [BuBj+ Rﬂ

1<i<j<m

_ ;lTr{(téBi +§ > [Bi,Bj] +Rﬂ +O(t°).

1<i<j<m
Since R = O(t3), it is easy to see that this gives the desired result. O
We are now ready to prove Theorem 15.2.1.

Proof of Theorem 15.2.1. In this proof, O(e*) will denote any matrix whose entries have
absolute values bounded by Ce®, where C' is a constant that may depend only on the group
G, the dimension d, and the connection A. Take any z € ¢Z® and any 1 < j < k < d, and
let

T =2, T2 =T+ €ej, x3 =T+ €ej + €€, Ty = T + €ey.

Let p be the plaquette formed by the vertices x1,z2,x3,24. Let U, be defined as in
equations (15.2.1). Then

U, = e€Ai (1) Ak (22) g —€Aj(wa) o —€Ar (1)
Since G is a subgroup of U(n), the elements of g are skew-Hermitian. Therefore by
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Corollary 15.2.4, we get

Re(Tr(I — Up)) = 7% Tr |:<E(A](IL'1) + Ak(l’g) — A]'(SC4) — Ak((ﬂl))

€2

+ 2{[Aj(11)w4k($2)] — [Aj(1), Aj(24)] = [Aj(21), Ak(21)]

2
[ Ag(), Ay ()] — [Ag(2), Ax(en)] + [Aj<x4>,Ak<x1>1}) }
+ Re[Tr(O(e4)(Aj (1'1) + Ak(IQ) - AJ’(I4) - Ak(l’l))] + 0(65).
Writing
Ag(22) = Ap(z + eej) = Ag(z) + €d; Ax(z) + O(€?)

and using a similar Taylor expansion for A;(z4), we get
Aj(il’l) + Ag(z2) — Aj($4) — Ag(x1) = E(GjAk(x) = 6kA](£L')) + 0(62).

Similarly, [Aj(z1), Ax(z2)], [Aj(21), A(21)], —[Ak(22), Aj(24)], and [A;(24), Ax(z1)] are
equal to [A;(x), Ag(z)] + O(e), and [A;(z1), Aj(x4)] and [Ag(z2), Ax(2z1)] are equal to O(e).

Combining the above observations gives

Re(Tr(I —Up)) = —%64 Tr[(95Ak(2) — OpAj(x) + [Aj(2), Ap(2)] + O(€))*] + O(e”)
- —%e4 Te(Fjp(2)?) + O().
Thus, we get

SU) =Y R(THT - Up) = —3 3 3 (& Te(Fl@)?) + O()).

zeeZd 1<j<k<d

Since A is compactly supported, it suffices to sum over only O(e~%) plaquettes instead of
all plaquettes. The sum over 2 can also be reduced to a sum over O(¢~%) many ’s for the
same reason. Thus, the error terms add up to O(¢°>~9), and the main terms add up to

et

d/d Z Tr(Fjg(2)?)dx + O(879).

2
R 1 <j<k<d

This completes the proof. O

15.3 Gauge transformations

Let us recall the definition of a smooth gauge transformation from Section 8.6, specialized

to the trivial principal bundle R? x G. A gauge transformation in this setting is simply a
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smooth map U from R? into G, which acts on a g-valued 1-form A = Z?Zl Ajdz; as
AV =UAUT - (aUu)U!

Explicitly, this means that for 1 < j < d,

AV (@) = U(@) A (@)U @)™ = (@,U (@)U ().

As argued in Section 8.6, smooth gauge transforms form a group under pointwise multipli-
cation, which acts on smooth g-valued 1-forms via the above action.

The definition of gauge transformations for lattice gauge theories is as follows. Consider
the lattice gauge theory on a finite set A C Z¢ defined in the previous section. The group
of gauge transforms for this theory is the set G of all maps from A into G. Again, this
is a group under pointwise multiplication. It acts on a configuration U € G(A) as follows.

Given two adjacent vertices 2,y € A and a gauge transform g € G*, we define

U9(x,y) := g(x)U(x,y)g(y) "

Note that U9 € G(A), since

U9y, x) = g()U(y,2)g(z) " = g(y)U(z,y) "g(z)~"
= (9(x)U(z,y)g(y) )" = U(z,y)~".

Also, this is a group action, since

(U (x,y) = h(z)U9(z,y)h(y) "
= h(x)g(x)U(z,y)g(y) " h(y) " = U"(a,y).

We will now see why the above definition of a gauge transformation is a reasonable discrete
analogue of the definition in the continuum. In the following, the logarithm of a matrix
U € U(n) is defined as follows. Let V. DV* be the spectral decomposition of U, where V' is
unitary and D = diag(e!?1, ..., e) for some 61,...,6, € [-7,7), which are unique given
V. We define

logU := V diag(ibs, .. .,10,)V*.
Note that with this definition, exp(logU) = U.

Theorem 15.3.1. Let A be a smooth, compactly supported g-valued 1-form on R?, and
g € C®(RY,G) that is equal to I outside a compact set. Define U(z,z + ee;) as in
Theorem 15.2.1. Let A9 and U9 be defined as above. For each x € €Z® and 1 < j < d,
define Bj(z) := e logU9(x,x + eej). Then

lim  sup |A%(z) — Bj(z)| =0,
€20 peezd, 1<5<d ! ’
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where || - || denotes Euclidean norm on n X n matrices.
We need the following lemma for the matrix logarithm defined above.

Lemma 15.3.2. Let U € U(n) be such that |[U —I|| < 5. Then

00 I— k
1ogU:—Z%,
k=1

where || - || denotes Euclidean norm, and the series on the right is absolutely convergent with

respect to this norm.

Proof. First, to see that the series is absolutely convergent, simply note that the Euclidean
norm on n X n matrices is submultiplicative (meaning that UV < ||U||||V]|) by a simple
application of the Cauchy-Schwarz inequality. Thus, ||(U — I)*|| < ||[U — I||F < 27*.
Next, let VDV* be the spectral decomposition of U, where V' is unitary and D =
01 ef) for some 6y,...,0, € [0,27). Then logU = VAV* where A =
diag(ify,...,i0,). Let log denote the analytic branch of logarithm on C\ (—o0,0] that

diag(e

agrees with the natural logarithm on (0, 00). Then recall that log has the following power

series expansion around 1:

© 1k
logZ:—ZM7

k=1 k

with radius of convergence equal to 1. Now, note that

|U =TI = Te((U = D)*(U = 1)) = Y _[1— €%
j=1

Since ||U — I|| < 4, this implies that |1 — €'%| < I for each j. In particular, no 6; is equal
to —m, which gives log e = if; for each j. On the other hand, this inequality also tells us

that by the above power series expansion,

> i0\k
. 1—
log el = — E a=er ke ) .

Combining, we get
k=1
By the spectral decompositions of U and V, this proves the claimed identity. O
We are now ready to prove Theorem 15.3.1.

Proof of Theorem 15.3.1. Throughout this proof, we will use the convention that O(e%)

denotes any matrix whose entries have absolute values bounded by Ce®, where C' depends
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only on A, g, G, n, and d. Take any x € €Z? and 1 < j < d. Then

Ud(z,x + ee;) = g(a)U(z,  + eej)g(z + ee;)

z)g(z + eej) ! +eg(x)Aj(2)g(x + €e;) ™ + O(e?). (15.3.1)
Since g(x)g(x)~! = I for all z, we have
0=98;(9(x)g(x)"") = (99(x))g(x) " + g(2);(g(x) "),

which gives

Thus,

glw +eej) ™t = g(x) " +ed;(g(x) ") + O(?)
= g(2)™! — eg(z) "1 (9j9(2))g(x) " + O(e?).
Substituting this in equation (15.3.1), we get
U9(z, + eej) = g(x)(9(x) ™" —eg(a)” ( 9(2))g(x)™1) + eg(w) A;(x)g(x) "t + O(e?)
= I +e(—(959(x))g(z) ™" + g(x) A;(x)g(2)™") + O(e?)
=1+ eAj(x) + O(é%).

This implies, in particular, that if € is sufficiently small, then we can apply Lemma 15.3.2

to get
= 1 g k g
Z z (I = U9z, x +ee;))" = Aj(z) + O(e).
k=1
Since the error bound is uniform in z, this completes the proof. O

15.4 Gauge invariant observables

Consider the lattice gauge theory on A defined in Section 15.2. For a measurable function
f:G(A) = C, its expected value under the probability measure i g is usually denoted
by (f), provided that the expected value is well-defined. Computing or estimating such
expected values is one of the main objectives of lattice gauge theory, because one can then
hope to use them for computing vacuum expectation values in quantum Yang—Mills theories
via the route described in Chapter 2.

An observable f is called ‘gauge invariant’ if it is invariant under gauge transformations,
meaning that for any U € G(A) and g € G», f(U9) = f(U). For reasons explained
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in Section 8.6, gauge invariant observables are the only observables that are physically
interesting. Gauge invariant observables also suffice from a mathematical point of view, as
we will see a little later.

An important class of gauge invariant observables in lattice gauge theories are the
so-called Wilson loop observables. A Wilson loop £ is a sequence of points in xg, x1, ..., Tk
in Z%, not necessarily distinct, such that for each 0 < j < k — 1, Zj41 is a neighbor of xz;,
and zg is a neighbor of xj. In other words, /£ is a closed loop in Z%. Suppose that a Wilson

loop ¢ = (x0,x1,...,2) is contained in A. The Wilson loop observable for ¢ is defined as
Wy(U) := Tr(U(zo, 1)U (21, 22) - - - U(x—1, 2% )U (2, 20))-
To see that W, is gauge invariant, take any U and ¢, and let V' := U9. Then

Wo(V) = Te(V (2o, 21)V (21, 22) - - - V (21, 2) V (2, T0))

= Tr(g(x0)U (z0, x1)g(21)~ g(x1)U (21, 22)g(w2) " - --

gz )U (21, mr) g (wx) " g(an)U (2, w0) g (w0)
Tr(g(x0)U (w0, 21)U (21, 2) - - U(@p—1, 21, )U (2k, 20)g (o) '
Tr(g(wo) " g(x0)U (0, 21)U (w1, 22) - - U(wp—1, ) U (2, 70)
Tr(g(z0)U (o, 21)U (21, 22) - - - U(@p—1, 21)U (ks w0)g(0) ™

)
)
)
=

Wy(U).

Note that for a plaquette p in A, the map U +— Tr(U),) itself is a Wilson loop observable,
with p being the loop. Thus, the Wilson action S is gauge invariant, just as we proved in
Theorem 8.6.4 that the Yang—Mills action is gauge invariant.

A consequence of the gauge invariance of the Wilson action is that the probability
measure (s g is invariant under gauge transforms, meaning that for any measurable
f:G(A) — C and any g € G4,

FU)dpn (U = / FU9)dpn 5(U). (15.4.1)
G(A) G(A)

To see this, first note that the product Haar measure o, is invariant under gauge transforms.
This is a simple consequence of the invariance properties of the Haar measure, as follows.

For any f and g,

F(U%)don(U) = /G U9 ) T o),

G (@y)EE(A)

where o is the normalized Haar measure on G and FE(A) is the set of positively oriented
edges of A (i.e., (z,y) where x is lexicographically smaller than y). By the right- and

left-invariance of o, we conclude that the right side is equal to

FU@ ) wpern) ] doUy) = A)f(U)dUA(U)-

G (,9)EE(A) G
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By the above observation and the gauge invariance of the Wilson action, we get

F(U9) exp(—BSa(U))doa(U / F(U9) exp(—BSA(U?))doa (U)

G(A)

_ / F(U) exp(—BSA(U))dan(U).
G(A)

Dividing throughout by the normalizing constant Z, we get equation (15.4.1).
A consequence of equation (15.4.1) is the following. Take any f such that (|f|) < oo
(and hence, (f) is well-defined). Define a function i : G(A) — C as

hU) := f U9 I do(g(x (15.4.2)
zEA

Then note that by equation (15.4.1) applied to |f],

/GA / FU)ldpen, s >£IAd0<g /G X / U)ldpa 5(U) [ do(g(x)

zEA

/ () TT dorto(e)) = (1f1) < .

zeA

This allows us to apply Fubini’s theorem and equation (15.4.1) to get
w=[ ] ) [t a(©)

F(U%)dpua do(g
/GA G(A) #U H

zeA
/GA /G(A) U)dpa,p(U )§d0(9($))
/ H do(g (f).

zEA

Thus, f and h have the same expected value under pp g. But note that & is gauge invariant,
because for any g € G* and U € G(A),

hU9) = f U9y [ dow(

TzEA

= wag Hda

e

= f @) [[ do(w(x)) = hO),

zEA

where the penultimate identity follows from the invariance of Haar measure. Thus, to
summarize, we have shown that for any observable f, there is a gauge invariant observable
h produced using f through the formula (15.4.2), such that (h) = (f). This shows that
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even from a mathematical point of view, it suffices to focus on gauge invariant observables.

15.5 Gauge fixing

We have discussed gauge fixing in earlier chapters in the context of Yang—Mills theories
in the continuum. For a lattice gauge theory on a finite set A C Z¢ under free boundary
condition, as we have considered in this chapter until now, gauge fixing takes the following
form. Recall that E(A) is the set of positively oriented edges in A. Let I' be a subset of
E(A) such that there are no loops formed by the undirected versions of the edges in I". Tt
turns out that for studying the lattice gauge theory on A, it suffices to study the theory on
the subset of the configuration space where the matrices attached to the edges in I" are all
set to be equal to the identity matrix.

The idea is formalized as follows. Let G(A,T') be the subset of configurations U € G(A)
such that U(z,y) = I for any edge (z,y) € I'. Let upr g be the lattice gauge theory
restricted to the configuration space G(A,T"). That is,

1
dunr p(U) i= e P8 dgy p(U),
Zr

where Zr is the normalizing constant that makes this a probability measure, and o r(U)

is the product Haar measure on G(A,T'); that is,

doar(U) = H do(U(x,y)).
(zy)€B(A\T

The following theorem shows that for evaluating the expected values of gauge invariant

observables, it suffices to consider the restricted theory pia 1 s

Theorem 15.5.1. Let I' and par g be as above. Then for any gauge invariant observable
f:G(A) = C such that (|f|) < oo, we have

() = / F(O)dunr5(U).
G(AT)

Proof. Let (V(x,9))(2y)er)\r be a collection of i.i.d. random matrices from the normalized
Haar measure ¢ on G. Extend V to a configuration in G(A) by setting V(x,y) = I for
(z,y) € T. Let (g(x))zea be another collection of i.i.d. random matrices from o. Let
W := V9. We claim that the random matrices (W (x,y))(z4)cr () are i.i.d. from o.

To prove this claim, the first step is to show that (W(z,y))
that for (z,y) € ', we have V(x,y) = I, and therefore,

(zy)er are i.id. from o. Note

W (z,y) = g(@)V(z,9)g(y) " = g(x)g(y) "

Since I' has no loops, it is easy to see, as follows, that the elements of I' can be ar-

ranged as (x1,41), (¥2,y2),... such that for each n, at most one of z, and y, is in
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{z1,%1,-.,Tn-1,Yn—1,Zn}. First, suppose that the graph formed by the edges in T is
connected. Choose (x1,y1) to be any element of I'. Having chosen (z1,y1), ..., (n—1, Yn—1),
choose (p,yn) to be any of the remaining edges of I such that at least one of z,, and y,, is
in {x1,y1,...,%n—1,Yn—1}. If there is no such edge, we must have exhausted I', because
otherwise it will contradict the assumption that I" is connected. If such an edge can be found,
then it cannot be that both x,, and y,, are in {x1,y1,...,Zpn-1,Yn—1}, because otherwise we
have found a loop in T', since the graph formed by (z1,41), ..., (Zn—1,Yn—1) is connected by
construction. Therefore, this construction ensures that for each n, exactly one of x,, and
Yn is in {&1,91,. .., Zn—1,Yn—1}. Lastly, if the graph formed by I" has multiple connected
components, we can do the above enumeration successively, component by component.
We will now prove by induction on n that for each n, W(x1,y1),..., W(xn,yn) are
ii.d. from o. This is clearly true for n = 1. Suppose that it holds up to n — 1. If neither z,
nor Yy, is in {x1,y1, ..., Tn_1,Yn_1}, then clearly, W(z,, yn) = g(x)g(yn)
of W(x1,y1),.- s W(Zn-1,Yn-1)- I yn & {21,91,--.,Tn—1,Yn—1,Tn} but z, belongs to
this set, then ¢(y,) is independent of g(z1),9(y1),-..,9(Tn-1),9(Yn—1). Since g(y,) is
Haar-distributed, this implies that conditionally given g(z1),9(y1),.-.,9(@n-1), 9(Yn—1),

is independent

the random matrix W (xp, yn) = g(x,)g(yn) ! is Haar-distributed. Since the conditional
distribution does not depend on the conditioning, W (zy, y») is Haar-distributed and is inde-

pendent of g(z1),9(v1),---,9(Tn-1),9(yn—1).2 This implies that W (z,,y,) is independent

of W(z1,11), -+, W(Zp—1,Yn—1). Similarly, the same conclusion holds if z;, is not a member
of {1,911, -, Tn-1,Yn—1,Tn} but y, is in it. We have now exhausted all possibilities, be-
cause by construction, it cannot be that both x,, and y, are in {z1,y1,...,ZTn-1,Yn—1,Tn}

This completes the induction step, proving the claim that (W (z,)) g y)er are i.i.d. from o.

Next, note that conditionally on g, (W(z,¥))@m)er@mnr are iid. from o, because
W(z,y) = g(z)V(z,y)g(y)~! and the V(x,y)’s are i.i.d. from o. Since the conditional
distribution does not depend on the conditioning, we conclude that (W (x,y))(zy)eEaNr
are i.i.d. from o and are independent of g. But we have already shown that (W (z,y)) @z y)er
are i.i.d. from o, and they are functions of g only, with no dependence on V. This completes
the proof of the claim that (W(z,y))()cp(a) are ii.d. from o.

Take any gauge invariant observable h : G(A) — C that is integrable with respect to
the product Haar measure oy on G(A). Then

h(U)doar(U) =E(h(V))
GAT)

=E(h(VY)) since h is gauge invariant,
=E(h(W)) since VI =W,

/ W(U)doa(U)  since (W (z,9))(eyena) are iid. from o. (15.5.1)
aw)

2See Lemma B.4.12 for the justification of this step, which is a standard tool in probability theory.

228



CHAPTER 15. INTRODUCTION TO LATTICE GAUGE THEORIES

Now take any gauge invariant f such that (| f|) < co. Then
/ F(U)|e PN dory (U7 < o0,
G(A)
Since both f and Sj are gauge invariant, so is the function
hU) == f(U)e PO,

By the previous display, & is integrable with respect to . Thus, by equation (15.5.1), we

conclude that

/ FU)e P Wdgy p(U) = F(U)e P52 Wdoy ().
G(A,T) G(A)
Taking f = 1 (which is gauge invariant), we get Z = Zp. Dividing both sides by this

normalizing constant completes the proof. ]

15.6 Mass gap and quark confinement

The two most important questions about lattice gauge theories are those of mass gap and
quark confinement. We will discuss the physical origins of these questions. For now, let us
only see the mathematical formulations, which are relatively simple to state.

Suppose we have a sequence of lattice gauge theories, with the N*" theory defined on a
finite set Ay C Z%, with Ay 1 Z% as N — oo. We say that the theory (or, more accurately,
the sequence of theories) has a mass gap (equivalently, exponential decay of correlations)
if the following holds. If f is a gauge invariant observable, we say that it is supported on
a set E of edges if f(U) has no dependence on U(x,y) for any (z,y) ¢ E. For example,
a Wilson loop observable is supported on the set of edges in the loop. Let fi; and fy be
two bounded gauge invariant observables, supported on two finite sets of edges S; and Ss,
respectively. We say that the theory has a mass gap if there are positive constants C'; and
Cs, where C'1 may depend on fi, fo but Co may not, and neither C| nor Co may depend
on N, such that whenever N is so large that S1,.52 C Ay, we have

[(fLfa) = (1) {f2)| < Cre~Codist(S1,52)

where dist(S1, S2) is the smallest graph distance between a vertex of an edge in S7 and a
vertex of an edge in So.

The theory is said to confine quarks (or simply, confining), if the following holds. There
is a function V' : (0, 00) — R satisfying lim,_,~, V(z) = 0o, such that for any rectangular
loop ¢ in Z¢ with side lengths R, T, where R < T, we have

(W] < CemV T,
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where C' is a constant that does not depend on R or T" or N, and N is so large that /£ is
contained in Ay. A theory that is not confining is called deconfining or unconfining. A
special case of confining theories are theories that satisfy Wilson’s area law, where V(R) x R.
This means that the expected value of a Wilson loop observable, for a rectangular loop,
decays at least as fast as exp(—carea({)), where area(?) is the area enclosed by ¢ and c is
some constant that does not depend on ¢. Examples of deconfining theories usually satisfy
the perimeter law, that (Wy) ~ CpeC2(F+T),

15.7 Mass gap in 2D lattice gauge theories

It turns out 2D lattice gauge theories always have mass gap, in the sense that we defined in

the previous section. This is the content of the following theorem.

Theorem 15.7.1. Let {Ay}n>1 be any sequence of sets increasing to Z*. Consider pure
lattice gauge theories with free boundary condition on this sequence, with a compact Lie
group G C U(n) as before, and any 8 > 0. Such a sequence has a mass gap, in the sense

defined in the previous section.

Proof. The crux of the proof is in choosing a suitable gauge fixing. Let f; and fs be
bounded gauge invariant observables with finite supports S7 and S2, and take any N such
that Sp and Sy are both contained in Ay. Define T" to be the set of all edges in E(Ay)
that are parallel to the x-axis. Then clearly, I' has loops. Therefore by Theorem 15.5.1, it
suffices to consider the gauge-fixed theory where the matrices attached to the horizontal
edges are all equal to 1.

If some edge e in Ay is not in any plaquette that is fully contained in Ay, then it is
easy to see that Ul(e) is independent of the rest of the system in the lattice gauge theory
on Ay. So, we may assume without loss of generality that there is no such edge in Ay.

Let us now check what the probability density function of the gauge-fixed theory looks
like. Take any plaquette p in Ay with vertices (z,y), (z + 1,y), (z + 1,y + 1), (z,y + 1).
Since U((z,y), (x+1,y)) =1 and U((z,y + 1),(x + 1,y + 1)) = I, we have

Uy=U((z+1,9),(+1,y+1)U((z,y), (x,y +1)) "

Now take any y € Z. Let P(y) C Z be the set of all x’s as above (i.e., such that the
plaquette p is contained in Ay). Let e, denote the vertical edge ((x,y), (z,y + 1)). Then

by the above observation,

SayU) =" > Re(Tr(I — Uleas1,)U(eay) ")) (15.7.1)

YyEZ xeP(y)

Now, for each y, P(y) is the union of finitely many connected components (under the usual
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graph structure on Z). Let C(y) be the set of components, so that

Py = J ¢

CeC(y)

Now, note that if U(e;,) and U(e, ) occur within the same term on the right in equa-
tion (15.7.1), then we must have that y = ¢’ and |« — 2’| = 1. In other words, we must have
that y = ¢/ and z, 2’ are in the same element of C(y). This implies that exp(—3Sa, (U))

factorizes as

exp(=Say () =[] T[ Te(),

YyEZ CeC(y)

where, for a component C = {z,z+1,...,z+ k} € C(y),

k
To(U) := exp (—5 > Re(Tr(I - U(ex+j+1,y)U(ezﬂ,y)‘l))).

J=0

Let C be as above and let U(C') be the collection (U(€z+jy))o<j<k+1. The above decompo-
sition shows that if U is a random configuration from our lattice gauge theory on Ay, then
the collections {U(C) : C € C(y), y € Z} are independent. Moreover, by the assumption
that each edge in Ay belongs to at least one plaquette that is fully contained in Ay, every
U(e) must be in one of the U(C)’s.

Continuing with C' be as above, we claim that U(C') is a Markov chain with transition
density function

PV, W) = - exp(~BRe(Te(I ~ WV )))

where K is the normalizing constant. Note that K does not depend on V', because

K= / exp(—BRe(Te(I — WV—1)))do (W) = / exp(—BRe(Tr(I — W)))do (W),
G G

by the invariance of Haar measure. The fact that K does not depend on V implies that a
Markov chain with transition density p has joint density of the form T up to a normalizing
constant. This proves our claim that U(C') is a Markov chain with transition density p.

Now note that p is bounded below by a positive constant on G, since G is compact
and p is never zero. Thus, there is some € > 0 such that p > epy everywhere, where pg =1
is the density of the Haar measure with respect to itself. A simple verification shows
that the Haar measure is invariant for this Markov chain. Thus, by Doeblin’s condition
(Theorem B.5.1 and Corollary B.5.2), this chain has exponential decay of correlations, in
the sense of Corollary B.5.2; where the rate of decay depends only on €, and thus, only on
£ and G. It is now easy to complete the proof using Corollary B.5.2, by explicitly writing

down the expected values as integrals with respect to the relevant joint densities. O
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15.8 Area law in 2D lattice gauge theories

Let us continue working in the same setting as before. We will now show that 2D lattice
gauge theories satisfy Wilson’s area law, as long as a certain irreducibility condition is
satisfied.

Theorem 15.8.1. Let {An}n>1 be any sequence of sets increasing to Z*. Consider pure
lattice gauge theories with free boundary condition on this sequence, with a compact Lie
group G C U(n) as before, and any > 0. Assume that there is no vector in C" that is
fized by all elements of G. Then this sequence of theories satisfies Wilson’s area law, in the

sense defined in Section 15.6.

Recall that the ¢2 operator norm of an n x n complex matrix M is defined as
| M| :=sup{||Mz]| : z € C", ||z|]| = 1}. (15.8.1)

It is easy to see that this norm is submultiplicative, meaning that | MN| < || M||||N|. Now,
if M is random, let E(M) denote the n x n matrix containing the expected values of the

entries of M. We will use the following consequence of the irreducibility assumption.

Lemma 15.8.2. Let G satisfy the condition stated in Theorem 15.8.1. Let U be a Haar-
distributed random element of G. Then E(U) = 0.

Proof. First, we claim that ||[E(U)|| < 1. The easiest way to see this is as follows. Let
U1,Us, ... be iid. from the Haar measure. Take any x € C" with ||z|| = 1. Then by the

law of large numbers,

1 n
- > Uiz = EU)x
j=1

with probability one as n — oco. But for each n, the triangle inequality gives

1 n
j=1

1 n
< 3 el = el = 1.
j=1

This proves the claim that [|[E(U)|| < 1. Next, we claim that ||E(U)|| < 1. Indeed, if that
were not true, then ||E(U)|| = 1; this implies that there exists z € C" such |z|| = 1 and
IE(U)z|| = 1. Fix such an x. Let Uy, Us be i.i.d. from the Haar measure. Let (-, -) denote
the standard inner product on C™. Then note that by the independence of Uy, Us and the
hypothesis that |E(U)z|| = 1, we have

E(|Uiz — Usz||?) = 2 — 2E((Uyz, Uaz))
=2 — 2(E(Uq)x, E(Us)x)
=2 - 2(E(U)x, E(U)z) = 2 — 2||E(U)z|* = 0. (15.8.2)

Thus, Uiz = Usx with probability one. But this means U2_1U1x = x with probability one.
Since Uy 10, is also Haar-distributed, we see that Uz = 2 with probability one. We claim
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that Vo = z for all V€ . To see this, note that by the nature of the Haar measure
on a compact matrix Lie group (as constructed in Section C.7 of Appendix C), the Haar
measure puts positive mass on arbitrarily small open neighborhoods of any given V. Thus,
there is some W arbitrarily close to V' that satisfies Wz = z. By continuity, this proves
that Vo = . This yields a contradiction and proves that [|E(U)| < 1.

Again let Uy, Us be i.i.d. from the Haar measure. Then U;Us is also Haar-distributed.
Thus,

B = BTl
= [[E(UDED:)|| < [IEU)ED:)I| = [[ED)]*.

Since ||E(U)|| < 1, this proves that E(U) = 0. O
We are now ready to prove Theorem 15.8.1.

Proof of Theorem 15.8.1. As in the proof of Theorem 15.7.1, let us fix the gauge and assume
that the matrices attached to all horizontal edges are identity. Let £ be the rectangular
loop with vertices at (0,0), (7,0), (T, R) and (0, R), where R < T are two positive integers.
Let N be so large that this loop is contained in Ay. Let U be a random configuration from
the lattice gauge theory on Ay. For 0 < j<T and 0 <k < R-—1, let

Uik :=U((4,k), (j, k +1)).
Then, since the matrices attached to the horizontal edges are identity, we have
Wy =Te(UroUry -+ Ur,r-1U5 p_1Ug g2 -+ Ug o)

Let U;}f denote the (a, b)th entry of U; ;. Then we can expand the above identity as

— ap,a17ra1,a2  7r%R-1,ART7AR4+1,ARTTAR+2,4R+1  7790,02R—1
Wé - Z UT,O UT71 UT,R—l UO,R—l UO,R—Z UO,O . (15'8‘3)
1<ag,....,a2r—1<n

Now recall from the proof of Theorem 15.7.1 that for each j, the sequence Uy j,...,Ur; is
a Markov chain satisfying Doeblin’s condition with an e that depends only on G and §.

Moreover, these Markov chains are independent. Thus,

ao,a ai,a AR—1,ARTTAR+1,AR T TAR+2,AR+1 a0,a2R—1
EUr" Upi™ - Urp2y "Up g1 "Up = 7+ Ung )
R—1
_ Qj,a5+17702R—5,02R—j—1
= [ Bz ugaron, (15.8.4)
§=0
where asg = ag. But by Doeblin’s theorem (Theorem B.5.1 and Corollary B.5.2),

|E(U7a{7aj+1 U&?R—jv“?R—j—l) _ ]E(U;f;ajﬂ )E(U&ER—jv@Rfjfl )| < Cle—CQT
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where C1, Cs are positive constants that depend only on G and 3. But by Lemma 15.8.2,

E(Uz;**") = 0. Thus,

|E(U;«j7aj+1W)| < Cle_CQT.

’

Using this in equation (15.8.4), we get

a0,a177a1,a2  774R-1,ARTTAR+1,ARTTAR+2,AR+1 7730,42R-1 R _—C2RT
E(Uzrg  Ury Urr-1 Uor-i Uor—s Uoo )| < Ci'e .

Using this bound in equation (15.8.3) gives
|E(Wg)‘ < n2Rch’,e—CgRT < C§6_02RT,

where C3 := n?C} depends only on G and . If T > 20{1 log C3, then the above bound
gives
IE(W,)| < eRlosCa—CaRT < o~ 5C2RT

Choose Cjy so large that |[E(W,)| < Cie 2R when T < 2C5 ! log Cs. Tt is possible to
find such a Cy because C5 > 0 and the condition R < T implies that there are only finitely
many pairs (R, T) satistying T' < 2C5 Yog C5. This completes the proof. O
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Chapter 16

Lattice Gauge Theories in d > 3

16.1 The strong and weak coupling regimes

Recall from the discussion in Section 13.1 of Chapter 13 that upon rescaling the gauge field
A by replacing it with ggA, the Yang—Mills action becomes

s =3 [ (X nn@iai(o) - 0,40 + mlAia). A, () )

4 —
0<4,j<3

This rescaled version explains why g is called the ‘coupling constant’. If gy is very small,
then after gauge fixing, the coordinates of A become essentially independent, as in the case
of U(1) theory discussed in Chapter 9. That is, the fields Ay, ..., A3 become ‘decoupled’.

We carry over this terminology to lattice gauge theories. From Theorem 15.2.1, we see
that the parameter 3 plays the role of g, 2 Thus, $ is small if and only if go is large. This
leads to the following convention. If a theorem is true when  is small enough, we say that
it is valid in the ‘strong coupling regime’. Similarly, if a theorem holds for large enough g,
we say that it is a weak coupling result.

The theorems about 2D lattice gauge theories that we proved in the two preceding
sections are valid for all 8 > 0. We say that such a result holds in both the strong and
weak coupling regimes.

It is often easier to prove theorems in the strong coupling regime. Physical interest,
however, is concentrated in the weak coupling regime. This is because the actual values of
[ that reflect the physical world are believed to be extremely large; so, a theorem that only
holds for small enough 8 runs the risk of being unphysical. On the other hand, a theorem
that holds for all large enough £ is more likely to reflect physical reality.

16.2 Correlation decay under Dobrushin’s condition

Let (Q, F, 1) be a probability space and let v be a probability measure on (2", F™, u™) for
some n > 1. Suppose that v has a density p with respect to ™. Let X be an Q"-valued
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random variable with law v. Then the marginal density' of (X;);; is

poil(e)ip) = [ plorseoa)dn(e),
and the conditional density of X; given (X});-; is

o1, .., Zn)

pi(wi|(zg) ) = p—i((x})zi)

if p_i((x;)j2:) # 0, and defined arbitrarily (for example, zero) if the denominator is zero.

Suppose that the above system has a conditional dependency graph G, consisting of

a set of undirected edges on {1,...,n}, such that for any i, p;(z;|(x;);:) is a function

only of x; and those z; such that j is a neighbor of ¢. This means that conditionally on

(X;)jen(i), where N(i) is the neighborhood of 4, X; is independent of (Xj);¢n(iugiy- Let

A be the maximum vertex degree of G. We assume that

1

5:= 19587111,269” |pi(wi|(x5)2) — 1| < N (16.2.1)

The above assumption is known as Dobrushin’s condition. The theorem presented below is
inspired by the work of Dobrushin and Shlosman [4] from 1985.

Theorem 16.2.1. Let all notations and assumptions be as above. Take any nonempty
disjoint sets A,;B C {1,...,n}. Let X4 := (X;)ica and Xp := (X;)icp. Let r be the
manimum graph distance between a vertex in A and a vertex in B. Then for any measurable
QA = [=1,1) and g : QB — [-1,1],

B (Xa)g X)) ~ E((Xa) Bl (Xp)] < 22
Proof. Take any z,2’ € QB We claim that?
[E(f(X4)| X5 = 7) — B(f(XA)| X5 = 2/)| < %’SAA"B' (16.2.2)

where the conditional expectations are calculated using the respective conditional densities.

To prove this claim, fix z, 2’. Let 7 and 7’ be the conditional distributions of X given
Xp =z and Xp = 2/, respectively. Let Xy and Yy be independent Q"-valued random
variables with laws 7 and 7/. We will now inductively define a Markov chain (Xj, Yy )x>o0-

Given (X, Yx) = (z,y) for some k, generate (Xg41,Yi41) as follows. Choose a coor-
dinate I uniformly at random from {1,...,n} \ B. Generate a pair (U,V) of Q-valued
random variables such that U has density ps(-|(Xy ;);2r) and V has density pr(-|(Yx,;)j£1),
but their joint distribution is such that P(U # V) is equal to the total variation distance

between these two laws. By Lemma B.1.7, it is possible to generate such a pair (U, V).

1See Subsection B.4.4 in Appendix B for the definitions of marginal density and conditional density.
2See Subsection B.4.1 in Appendix B for the definition of E(Y'|X = =), and Subsection B.4.4 for how it
can be defined in terms of conditional densities.
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Having obtained U and V', produce X1 by replacing the I*' coordinate of X by U
(keeping all other coordinates the same) and produce Yj41 similarly using V. Then note
that separately, the transition from Xj to Xj,1 and from Yy to Y;41 happen according to
the respective Gibbs sampling algorithms. By Proposition B.5.3, this shows that for each k,
X,~7and Y, ~ 7.

Now, from the definition of s in equation (16.2.1) and the formula for total variation
distance in terms of densities (Lemma B.1.7), it is easy to see that for the pair (U,V)
generated above, P(U # V) < s if (Xy j)jen) # (Yaj)jen(r), and P(U # V') = 0 otherwise.
This implies that

1
P(Xpt1,i # Yig1,i| Xi, Vi) < (1 - m) Lix, £V}

s
+ E1{(Xk,j)jeN(n#(Yk,j)jeN(i)}’

where m :=n — |B|. This implies that

1 s
P(Xkt10 7 Yierr,il Xk, Yao) < (1 - m> Lot D L i)
JEN()\B

+ E1{(Xk,j)jeN(i)ﬁB?ﬁ(Yk,j)jeN{i)ﬁB}
1 S s
= (1 - m>1{xk,i¢Yk,i} > LAy b
JEN()\B
where h; := ly@unpoy- Now let £y = (lg;);¢p denote the vector in R™ whose ith
coordinate is P(Xy; # Yi,), and let h := (h;);¢p. Let Q denote the adjacency matrix of G
restricted to {1,...,n} \ B. Taking expectation on both sides of the above inequality, we
get

1 S S
b1 < <1 — >€k + —Ql, + —h,
m m m
where the inequality means that each coordinate of the vector on the left is dominated by

the corresponding coordinate on the right. Let

¢ := limsup g,
k—o0

where the lim sup is taken coordinatewise. By the above inequality, it follows that
1 S S
(< |(1—— )0+ —QL+ —h,
m m m
which simplifies to

(I —sQ)¢ < sh, (16.2.3)

where I is the n x n identity matrix.
Let qg? denote the (i,7)™ element of Q. Note that qg;-) is simply the number of
B-avoiding paths of length k£ from ¢ to j in the graph G. Clearly, this is bounded above
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by A*. Since sA < 1, this shows that s*QF goes to zero exponentially fast as k — co. In

particular, the series ;7 s*QF converges, and

(i stk> (I—sQ)= i sEQF — iSkHQkH _ g
k=0 k=0 k=0

Thus, multiplying both sides of equation (16.2.3) by > "2, sFQ¥, and noting that all entries

of this matrix are nonnegative, we get

0<Y s Qkh.
k=0

Let D:={i ¢ B: N(i)N B # (}. Then the above inequality shows that for each i ¢ B,

Z Z sk+1 k)h _ Z Z Sk+1qm Z Z Sk+1qm

k=0 j¢B k=0j5€D j€D k=0

Take any i € A and j € D. Then qz(];), being the number of paths of length k£ from ¢ to j, is

zero if k < r — 1. Also, we have already noted that q( ) < AF in general. Thus,

0 rAT—1

isk l( < Z k+1Ak:i_5A.

k=0 k=r—

Plugging this into the previous display, we get that for i € A,

STAT_l\D\ < sTA"|B|
1—sA — 1—sA"

¢; <
Take any k. Since Xj ~ 7, Yy ~ 7/, and |f| < 1, we have
[E(f(Xa)|XB =2) = E(f(Xa)|Xp = 2")| = [E(f((Xki)ica)) — E(f((Ya,i)ica))l

< 2P((Xk,i)ica # (Yryi)ica)
<2 ZP(Xk,i # Vi) = Qka,i-

€A €A

Taking the limsup of the right side as k — oo and applying the bound from the previous
display completes the proof of the claim (16.2.2).
Let 75 be the law of Xp. Then note that

E(f(X.)) = / E(f(X0)|Xp = 2)drp(z).
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Thus, the inequality (16.2.2) implies that for any z,

[E(f(Xa)|Xp = z) — E(f(Xa))|

= '/(E(f(XA)lXB =) = E(f(X4)|Xp = 2'))drp(z)

< [ B0 Xa = 2) ~ E(7(Xa) X5 = 2)dra(z)

< 2s"A"|A||B|
- 1-sA

Since

E(f(Xa)g9(Xp)) — E(f(Xa))E(9(Xp)) = E[(E(f(Xa)|Xp) — E(f(Xa)))9(XB)]

and |g(Xp)| < 1, this completes the proof. O

16.3 Mass gap at strong coupling

As in the previous chapter, let G be a compact Lie subgroup of U(n) for some n. Take any
d > 2, and let {Ax}n>1 be a sequence of finite subsets of Z? that increase to Z. Let j
be a nonnegative real number. Consider lattice gauge theories on Ay with this G and g,
under free boundary condition. The main result is the following. This theorem was proved
by Osterwalder and Seiler [24] in 1978 using the technique of cluster expansions. We will

take a different route, using Theorem 16.2.1 from the previous section.

Theorem 16.3.1. There is some By > 0, depending on G and d, such that if 8 < Bg, then
the above theory (or rather, sequence of theories) has a mass gap in the sense defined in
Section 15.6.

Proof. Let f1, fo be two gauge invariant observables supported on two disjoint finite sets
of positively oriented edges S1, S2, and let IV be so large that S1,52 C Ay. Let U be a
random configuration from our lattice gauge theory on Ay. Define a graph structure on
E(Ay) by decreeing that e, e’ are neighbors if and only if e, e’ are both part of a common
plaquette that is fully contained in Ay. It is easy to see from the form of the density of
lattice gauge theory that this is a conditional dependency graph, in the sense defined in the
previous section.

Let P(e) denote the set of plaquettes that contain e and are fully contained in Ay.
Then note that the conditional density of U(e) given (U(f)) e is equal to

p(U(e)) =

Zze) exp(—ﬁ > Re(Tx(I - U,,))),

pEP(e)
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where Z(e) is the normalizing constant, given by

2= [ exw(-8 X Re(Tlr - U,) Jao W),

pEP(e)

From this, it is easy to see that
lp(U(e)) — 1] < CB,

where C' is a constant that depends only on G and d. This implies that the Dobrushin
condition (16.2.1) is satisfied in § is small enough. By Theorem 16.2.1, this completes the
proof. ]

16.4 Area law at strong coupling

Just like mass gap, quark confinement also holds at strong coupling in any dimension under
fairly general conditions. Again, this was proved by Osterwalder and Seiler [24] using cluster
expansions in the same paper where they proved mass gap under strong coupling. We will
use Theorem 16.2.1. As before, let G be a compact Lie subgroup of U(n) for some n. Take
any d > 2, and let {An}n>1 be a sequence of finite subsets of Z% that increase to Z%. Let
[ be a nonnegative real number. Consider lattice gauge theories on Ay with this G and S,

under free boundary condition.

Theorem 16.4.1. Assume that there is no vector in C™ that is fized by all elements of
G. Then there is some By > 0, depending on G and d, such that if 8 < By, then the above
theory (or rather, sequence of theories) exhibits quark confinement in the sense defined in
Section 15.6.

Proof. Let ey, ..., eq be the standard basis vectors of R?. Without loss of generality, let ¢
be the rectangular loop with vertices 0, T'ey, Rea, Te; + Rea, where R < T'. Let N be so
large that £ is contained in Ay. Let U be a random configuration drawn from the lattice
gauge theory on Ay. For 0 < j<T —1land 0< k< R-—1,let

Hjo:=U((4,0,...,0),(j + 1,0,...,0)),
Hjp:=U((j,R,0,...,0),(j + 1, R,0,...,0)),
Vo := U((0,k,0,...,0),(0,k+1,0,...,0)),
Vi i= U((T, k,0,...,0),(T, k+1,0,...,0)).

(That is, the H’s are the matrices attached to the horizontal edges in £ and the V’s are the
matrices attached to the vertical edges in ¢, where ‘horizontal’ means the direction of e;

and ‘vertical’ means the direction of e3.) Let H]“’,f denote the (a,b)™® element of Hjy, etc.
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Then, proceeding as the proof of Theorem 15.8.1, we get

— ao,a1 rrai,a2  pr9r-1,4T
Wy = Z Hoyg " Hy g Hp o
1<ag,...,a2Ry27-1<N

. VGT70T+1 VGT+17GT+2 .. VGT+R717¢ZT+R
T,0 T,1

T,R—1
A OT+R+1,0T+R ry3T+R+2,T+R+1  py02T+R,02T+R—1
HT—l,R HT—Q,R HO,R
2T+ R+1,42T+R Y7227+ R+2,02T+R+1 a0,a2T7+2R—1
: VO,R—I VO,R—2 T VO,O . (16‘4’1)

For each j € Z, let E; be the set of edges in F(Ay) that are of the form (x,z + ey) for

some x = (21,...,24) € Z% with x5 = j. Define
E = JE;.
JEZ

That is, E’ consists of all edges of the form (x,z + e2) in E(Ay). In the following, E' and
P’ will denote conditional probability and conditional expectation given (U(e))cep(ay)\E-
Also, whenever we say ‘conditional distribution’, it will be conditional distribution given
this this collection.

Note that e € E; and €’ € Ej/ for some j # j', then e, ¢’ cannot be in the same plaquette.
This shows that conditionally, the collections {(U(e))ecE, : j € 7%} are independent, because
the conditional density factorizes. By the expansion (16.4.1), this shows that

/ _ ap,ai 77a1,a2 ar—1,aT
E'(Wy) = Z Ho,o Hl,O "'HTfl,O

1<ao,...,a2r+27-1<n

/ ar,aT+1y,40,2T+2R—1 / aT+41,4T7427,42T74+2R—1,42T+2R—2
E (VTO Vo,o )E (VT,1 VO,l )

/ AT +R—1,4T+R Y/ A2T+R+1,02T+R
N D% (V VO,R )

T,R—1 -1
. JOT+R+1,4T+R 77T +R+2,T+R+1  py02T+R;02T+R—1
HT—I,R HT—2,R HO,R :

Now, for any j € Z, the form of the conditional density of (U(e))eccr,; shows that this
collection has exponentially decaying correlations if £ is smaller than some positive constant
that depends only on G and d. Thus, each E/(...) term in the above expression has absolute
value bounded above by Cre~2T, where Cy,Cy are positive constants that depend only
on G and d. The proof is now completed by proceeding as in the last part of the proof of
Theorem 15.8.1. ]

16.5 Confinement in 3D lattice gauge theories

Using an inequality of Messager, Miracle-Sole, and Pfister [19], Frohlich [7] proved that
U(n) lattice gauge theory confines whenever the corresponding U(1) theory does. Earlier,
Glimm and Jaffe [9] established confinement for three-dimensional U(1) gauge theory with a
logarithmically growing potential, using ideas originating in the McBryan—Spencer approach

to the Mermin—Wagner theorem [16]. Combining these results yields the theorem stated
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below; indeed it appears as Corollary 2 in [7]. We will give a relatively short, self-contained

proof of this result in this section.

Theorem 16.5.1. Let G be a compact Lie subgroup of U(n) for some n. Assume that
zI € G for all z € C with |z| = 1, where I denotes the n x n identity matriz. Let A be a
finite subset of Z3 and B be a positive real number. Consider the lattice gauge theory on A
with this G and B, under free boundary condition. For any rectangular loop ¢ contained in
A with side lengths R < T, we have

|<WE> | < ’I’Le_c(l'i‘nﬁ)_lTlog(R_A,_l)’

where C' is a positive universal constant.

For U(1) gauge theory in d = 3, confinement is known to be substantially stronger:
Gopfert and Mack [11] proved positivity of the string tension for all couplings in a Villain-
type formulation (see Section 16.6), i.e., an area law and at least linear growth of the
quark—antiquark potential. It is natural to ask whether an appropriate version of Frohlich’s
comparison inequality could be combined with such inputs to yield an area law for three-
dimensional U(n) gauge theory with Wilson action. We do not pursue this here, since
doing so carefully would require additional technology and a careful comparison between
formulations and limits.

Our proof of Theorem 16.5.1 requires the following ‘anti-concentration’ lemma about a

certain class of probability measures on U(1).

Lemma 16.5.2. Take any w € C and let p be the probability measure on U(1) that has
density proportional to exp{Re(zw)} with respect to the Haar measure on U(1). Then

[ 121 = 2Pduerduten) = Cminaul 1,

where C' is a positive universal constant.

Proof. By Taylor expansion, we have that for any = € R,

132

lei* — 1 —iz| < 5 (16.5.1)

Thus, for any z € U(1) and z € R,

|z — 2el®| > [izz| — |2(1 — € +iz)]

1
> |z| — 5332.

Choosing
€ := min{1, |w|7Y/?} < 1,
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we get that for any 2z € U(1),

: 1
|z — ze™€| > e — 562 > (16.5.2)

[Nl e)

Define p: U(1) — [0, 00) as
p(z) := exp{Re(zw)},
and let

Z = /U(l) p(z)dog(2),

where oq is the normalized Haar measure on U(1). Then note that u has density f = Z~!p
with respect to . Define p*(z) := p(z€') and p~(z) := p(ze7). Let f+ and f~ be the
probability densities proportional to p* and p~, respectively. By the invariance of Haar
measure, the respective normalizing constants are both equal to Z. Let u™ and p~ denote
the respective probability measures. Then note that for any measurable set A C U(1), the

invariance of Haar measure implies that

1

() = 5 [ ol o)

1 .
== p(2)doo(2') = p(Ae™). (16.5.3)
Z AeTie

Next, note that for any z € U(1),
+ — 1 — e | = —ie
pT(2)p~(z) = exp 3 Re(wze' + wze™ ')
1. .
= p(2) exp{2 Re(wz(e'“ +e7' — 2))}
1 ie —ie
> p(2) exp{—2|w|e +e - 2}.
But, by the inequality (16.5.1),
€ 4 e — 2] < el — 1 —ie| + e — 1 4 ie| < €2
Thus, we get
P (2)p(2) = pl2)e M > p(z)e 1/,

where the last inequality holds because € < \w|_1/ 2. By the Cauchy-Schwarz inequality,
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this gives for any measurable set A C U(1),

1/2
wm«mﬂ<A>(/f+@mm@q/f-wﬁwa@)
A A
zL%ﬁ@f@Wﬂ@
::g;‘/g Vo @ (R)doo(z)

1

> = | p(2)e 2dog(z) = p(A)e V2.
Z Ja

Take any z € U(1) and let A := {2’ € U(1) : |z—2/| < %e}. The above inequality shows that
at least one put(A) and = (A) is > u(A)e~ /2. First, suppose that ut(A) > u(A)e /2.
Then by equation (16.5.3),

p(AN Ae) > p(A) + p(Ae) — 1
— p(A) + (A — 13 (A1 e ) - 1.

We claim that AN Ae' is empty. To see this, notice that if 2/ € AN Ae'€, then |2 — 2| < %e
and |2/e7i€ — z| < Le. Thus, |2/ — 2’e™*| < Le. But this contradicts the inequality (16.5.2).

So, AN Ae' must be empty. Thus, the above inequality implies that

1

A < T

The same argument shows that this inequality also holds if = (A) > pu(A)e~'/2. This leads
to the conclusion that for any z € U(1),

/|z — 2 Pdu() > 11662,u<{z’ eU):|z—2> ie})

1, 1
> (1 ——
= 16° < 1+el/2>

671/2 1

Integrating over z completes the proof. O
Lemma 16.5.2 yields the following corollary.

Corollary 16.5.3. Let & be a U(1)-valued random variable following the probability density
f defined in Lemma 16.5.2. Then

IE(¢)] < 1—Cmin{1, jw|™'},

where C' is a positive universal constant.
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Proof. Let &1,&2 be i.i.d. copies of £&. Then

&1 — &) = 2 — 2Re(&1€,).

This gives
E(l& — &) = 2 - 2Re(E(61)E(&y)) = 2 - 2[E(§)[*.
Rearranging and applying Lemma 16.5.2, we get
2 1 2 ; -1
EE)I" =1~ 5E(|& — &[°) <1 - Cmin{L, Jw[ "},

where C is a positive universal constant. Without loss, C' < 1. Taking square-root on both
sides and applying the inequality v/1 —a < 1 — $a (which holds for a € [0,1]) completes
the proof. L]

We will now use Corollary 16.5.3 to prove the following generalization of the classical

Mermin-Wagner theorem [17, 18].
Lemma 16.5.4. Let A be a finite subset of Z> and let E be the set positively oriented

nearest-neighbor edges with both endpoints in A. Suppose that we are given a collection of
complex numbers (we)ecp. Consider the probability measure vy on U(l)A that has density
X eXP(Y e (ny)eE Re(we&o€,)) with respect to the product of normalized Haar measures on
U(1)A, at each € € UM, Let ¢ be a random configuration drawn from ~. Then for any
x € A and R > 0 such that y := x + (R,0) € A, we have

‘E(¢x$y)| < 6_CL_1 log(R-&-l)’

where C' is a positive universal constant and L := 1 4+ maxeep |we|-.

Proof. Fix x and R. First, we note that there is no loss of generality in assuming that
A =x+{-N,...,N}? for some sufficiently large N. To see this, note that the original
system can be ‘expanded’ to a system of this form by defining w, = 0 for the new edges.
This just couples the old system with a collection of independent uniformly distributed
¢z’s. Proving the required bound for the new system proves it for the old system.

For each 0 < k < N, let y, = z + (k,0) and let Ly be the set of vertices in A that are at
£ distance equal to k from z. Define a map 7 : U(1)* — U(1)" as follows. For ¢ € U(1),
let 7(£), := &, and for each 1 <k < N, let 7(£)y, := &,,&,, . Next, for each 1 <k < N
and y € Li \ {yx}, let 7(£)y := €Z/€yk

Note that each e € E is either an edge connecting two neighboring vertices in some Ly,
or connecting a vertex in some Lj with a neighboring vertex in L;_q. For each 1 <k < N,
let Ey denote the set of edges of the first kind, and let F} denote the set of edges of the
second kind, except the edge (yx_1,yx). Further decompose Fj, as Fk1 U F,f, where Fk1 is
the set of all (y,y') € Fy with y € Ly_; and y' € Ly, and F? is the set of all (y,y) € Fy,
with y € Ly and 3y € Ly_1.
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Take any ¢ € U(1)® and let x := 7(£). Then by the above observation,

N N
f(&) = Z wefllgy’ = Zw(ykflvyk)gykflgyk + Z Z wefygy’
k=1

e=(y,y')€E k=1e=(y,y")€Ey

N
+ Z Z ey,

k=1e=(y,y")EF}
Take any 2 < k < N. Note that for (y,y') € F}l,
gyg‘y’ = gygyk,lgy'gykgykfyk,1 = XyYy’Yyk
Similarly, for any (y,y’) € FZ,
gygy’ = gygykgy’gykflgykflgyk = XyYy’ka'
When k =1 and (y,y') € F{l, we have y = 2 = yp and y’ € Ly, which gives
fygy’ = gyogylgy’fm = Yylyy"
Similarly, if k =1 and (y,y’) € FZ, then ¢ = z = yo and y € Ly, which gives
gygy’ = gygylgylgyo = XyXy1-
Next, take any 1 < k < N and note that for (y,y') € Ex with v,y # yg,
Eygy’ = gygykgy’fyk = XyYy"
On the other hand, if (y,y’) € Ex and y = yg, then
gygy/ = gy’fyk- = YyH
and if (y,y’) € Fy and ¢y = yg, then

fygy’ = fygyk = Xy-
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Combining the above observations, we get

N

N
f(g) = Zw(yk—l’yk)yfyk + Z Z weXyYy’

k=1 k=1e=(yy')€Ey,
Yy FYk
N N

+ Z W(ype,y+(0,1)) Xyp+(0,1) T Z Wy, —(0,1),yx) Xy —(0,1)
k=1 k=1

N N
+> ( > wexyxy/>xyk + Z( > wexyxyf> X
k=2

e=(y,y')EF} k=2 “e=(y,y')eF?

D WXy Xy Y wexyXy = 9(X).
e=(y,y')EF} e=(y,y')€F}

Let ¢ be a random configuration with density proportional to e®¢() and let 1 := 7(¢).
We claim that 1 has density proportional to eRe(9) . To see this, let us first show that for
any bounded measurable F : U(1)* — C,

/ F(r(©) [] doo(€,) = / F(©) [] dool&,). (16.5.4)

yeA yeA

where oy denotes the normalized Haar measure on U(1). To prove this claim, we first
integrate over &, for all y € A\ {yo,...,yn}. Take any y € Ly \ {yx}. In the integrand, ¢,
appears only through 7(§), = @gyk. By the invariance of Haar measure, we can replace this
simply by &,. Next, we successively integrate over §,,,&yn_1»---,&yo, in this order. Note
that &,, appears in the integrand only through 7(£),, = EyNEyN—l' Again, by the invariance
of Haar measure, we can replace this by &,,. After this replacement, the integrand now

depends on &, _, only through 7(¢) = EnylgyNﬁ. Thus, we can replace this term by

YN-1
&yn_.1» and so on. This proves the claim (16.5.4).
Let us now prove that ) has density proportional to e®¢(9). Let F be as above. Then

by equation (16.5.4) and the definition of g,

/ F(r(&)e VO T doo (&) = / F(7(€))e" WO TT doy(é,)

yeA yeA

= /F(g)eRe(g(E)) H doo(&,).

yeEA

Since this holds also for F' = 1, we get
E(F () = 1T OO e doolsy)
[ eRe(7(6) [T en doo(&y)

[ F(€)eRUENT] p doo(€y)
T J RGO, ey doo(&y)
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This proves that ¢ has density proportional to eR¢(@).
Let E' denote conditional expectation given {1 (y) : y & {y1,...,y~n}}. From the form of
g, we see that under this conditioning, the random variables vy, ,...,y, are independent,

with 1, having conditional density proportional to exp(Re(uxx)) at x € U(1), where

Uk = Wy, _y ;) T Z wety Py + Z Ty thy

e=(y,y')EF} e=(y,y')EF?

if2<k <N, and

UL = W(yg,yy) T Z we% + Z @e%-

e=(y,y')EF} e=(y,y’)EF?

Note that |ug| < CLk, where C is a universal constant and L = 1 + maxeecp |we|. Thus, by
Corollary 16.5.3,

|E(1y,)] <1 — Comin{1, (C1Lk)""}

for some positive universal constants Cy and Cy. Thus, for any 1 < R < N,

R
B (y, )| = [T IE (0] < H 1 — Comin{1, (C1Lk)™})

IA

,’:]:u i :::u

R
—Comin{1,(C1Lk)~'} _ eXp(—C() Z min{1, (C1Lk‘)1}> _

k k=1

1

Now, note that since L > 1, we have
min{1, (C1Lk)™'} > min{(Lk)™", (C1Lk)™'} = Co(Lk) ™!

where Cy := min{1,C;'}. Thus, we get

R
1
Co ; k) < eXp(—

Thus, the unconditional expected value |E(ty, - --1)y,)| is also bounded above by the same
quantity. But vy, - -1y, = $z¢yR. This completes the proof. O

B (¢, - thyp)| < exp (— 2 log(R + 1)).

We are now ready to prove Theorem 16.5.1.

Proof of Theorem 16.5.1. First, we construct an ‘expanded’ model that is equivalent to our
lattice gauge theory on A in a certain sense. In the expanded model, configurations consist
of maps from E(A) into G x U(1). Let (U, &) be such a configuration. For a negatively
oriented edge (z,y), we let U(y,z) := U(z,y) ! and &(y, z) := £(x,y) L. For a plaquette

p with successive oriented edges e1, ez, e3, e4, we define U, as before and analogously let
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& = E(e1)é(ea)é(e3)é(ea). Finally, we consider the probability measure

dl/(U,{)%exp<B > Re(Tr(I - U, ) H do(U(e))doo(€(e)),

pEP(A) ecE(A

where o and ¢ are the normalized Haar measures on G and U(1), respectively, and Zis
the normalizing constant.

We claim that Z = Z , where Z is the normalizing constant of our original lattice gauge
theory on A. To see this, recall that zI € G for all z € C with |z| = 1. Take any £. Since
|£(e)| =1 for all e, and

EpUp = E(e1)U (e1)€(e2)U (e2)€(e3)U (e3)E(ea)U (e4)

for a plaquette p with successive oriented edges ey, es, €3, e4, the invariance of ¢ implies
that

Z:/exp<—5 > Re(Tr(I — U, ) H do(U

pEP(A) ecE(A
:/exp(—,@ > Re(Tr(I — Up) > I doie)) =
peEP(A) e€E(A)

Since this holds for any & and o is a probability measure, we can now integrate over £ and
conclude that Z = Z.

Next, for any (U,£), let €U € GF™ denote the configuration (€U)(e) := £(e)U(e).
Then the same argument as above implies that for any bounded measurable function
f:GEW) ¢,

/ f(fU)eXp(ﬁ > Re(Tr(I - &U, ) [] dow

peP(A) c€E(A)
/f exp( 8 Z Re(Tr(I — Up) ) H do(U(e
peP(A) c€E(A)

Combining, we get that

/ FED) (U, €) = / FO) (), (16.5.5)

where p is the probability measure for the original lattice gauge theory.

Henceforth, we will let (U, £) denote a random configuration drawn from v, and V' be a
random configuration drawn from p. Let £ be the rectangular loop with vertices (0,0, 0),
(R,0,0), (0,7,0) and (R,T,0). Let ey,...,ex be the successive oriented edges of ¢ (with
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some arbitrary ej), and define

Wy :=Tr(Vier) - V(ex)),
Qg = Tr(U(el) cee U(ek)),
xe = &(e1) - €(ex).

Then by equation (16.5.5),

E(Wy) = E[Tr(¢(e1)U(er) - - - £(er)U (ex))] = E(xeQe)-

Let E’ denote conditional expectation given U. Then by the above equation,

E(We) = E(E'(x0)Q0),

which implies that
[E(We)| < E(IE(x0)Qel) < nE(IE(x0)])-

Thus, it suffices to show that

IE(xe)| < e~ C+nd) " Tlog(B+D) (16.5.6)

for some positive universal constants C'.

Let E' C E(A) denote the set of edges of the form (z,z + e3), where ea = (0,1,0). Let
E" := E(A)\ F’, and let E” denote conditional expectation given U and (£(€))ecpr. We
will prove that

IE” (x¢)| < e=C1+n8) ™' Tlog(R+1) (16.5.7)

for some positive universal constant C. Clearly, this implies the bound (16.5.6) and
completes the proof.

For 0 < j < T, let p; be the edge (jea,(j + 1)e2) and let g; be the edge (Re; +
jez, Re1 + (j + 1)ez). Also, let Ej C E(A) be the set of edges of the form (z, z + e2) where
the second coordinate of x is j. Repeating the observation that we have already made
several times earlier, note that conditional on U and (§(e))ccpr, the collections (£(e))eeck;,

j=0,1,...,T — 1 are independent. Consequently,

T-1

E"(xe) = v [] B"E@e(a)).

j=0

where X is the product of £(e) over all e in the lower boundary of ¢ and £(e) over all e in
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the upper boundary of ¢. In particular,

T-1

B (xo)l = [T IE" (€(i)é (). (16.5.8)

=0

Now, it is easy to see that conditional on U and ({(e))ccpr, the collection (£(e))eck; is a
2D spin system, with U(1)-valued spins, and conditional density of the form considered
in Lemma 16.5.4. The corresponding w’s are uniformly bounded by Cyns, where Cj is a

positive universal constant. Thus, for any 7,
[ (€(p;)E(gy))| < e CrEno) losliah,

where, again, C; is a positive universal constant. By equation (16.5.8), this proves the

claim (16.5.7) and therefore, completes the proof of the theorem. ]

16.6 The Villain action

The Villain action was introduced by Jacques Villain in [31] in the context of 2D magnets
with continuous spins. Adapted to U(1) lattice gauge theory, the action is as follows. Let A
be a finite subset of Z¢ for some d > 2, and let E be the set of positively oriented nearest-
neighbor edges with both endpoints in A. Recall that the space of configurations for U(1)
lattice gauge theory on A is U(1)®. Thus, we can alternatively view the configuration space
as [—m,7)¥, with the interpretation that § € [—m, ) represents the element e € U(1).
Let @ = (0(e))ccr be a configuration. For an edge (z,y) € E, we define 0(y,x) :=
—0(z,y), so that e?¥?) = ¢=10(@y) = (0@@))=1 a5 required. For a plaquette p with

vertices x1, T2, T3, T4 in anticlockwise order, we define
Op == 0(x1, x2) + 0(x2, 23) + 0(z3, T4) + 0(24, 71). (16.6.1)

Again, this ensures that

eiep — eie(wl,dfz)eie(dfz,xg,)eie(x3,x4)€i9(l'4,x1) .

Let P denote the set of plaquettes with all vertices in A. The Villain action of 6 at inverse

coupling parameter 3 is defined as

Sp(0) == = log {Z exp (—g(ep - 27771)2)} . (16.6.2)

peEP nEL

Lattice gauge theory with Villain action has density proportional to e=%8(®) with respect to
Lebesgue measure on [—7, 7). The base measure is chosen to be Lebesgue because that is
pushed forward to Haar measure on U(1) under the map z + €.

Let us first check that the Villain action is indeed a reasonable discrete approximation
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of the U(1) Yang—Mills action in the continuum. For this, we have to prove two things.
First, we have to prove the analogue of Theorem 15.2.1 for the Villain action. Second, we
have to show that it is gauge invariant. For the first property, we cannot work with the
action S defined in equation (16.6.2), since it has nonzero contributions from plaquettes

where 6, = 0. We modify Sg as

530) =~ " 1os[ S exo (=5 6, - 201

peEP neZ

—log {Z exp (—g(—zm)Qﬂ } (16.6.3)

neZ

This gives the same theory as Sg, but has the property that plaquettes where ¢, = 0 do

not contribute to the action. With this action, we have the following result.

Theorem 16.6.1. Take any d > 2 and go > 0. Let A = E;l:l Ajdz; be a compactly

supported smooth u(1)-valued 1-form on R%. Let ey, ..., eq denote the standard basis vectors
of RY. For a directed edge (x,x + eej) of eZ%, define O(x,x + eej) = —ilog (e (™), where
we define log on the unit circle as log(el%) := ia for —m < a < 7. Let 0(z + eej,x) :=

—0(x,x + ee;). For a plaquette p in €Z%, let 0y be defined as in equation (16.6.1). Let

B =p8(e) := g0_2€d*4, and let 55(9) be defined as in equation (16.6.3), but with p running

over all plaquettes of €Z%. Then, for d > 5, §5(€)(9) — 0 ase— 0. Ford=2,3, we have
lim S (0) = Sg(A),

e—0

where Sg is the Euclidean Yang—Mills action defined in equation (15.1.1). For d =4,
lgr(l) Sﬁ(e) (9) = K;SE(A),

where ,

_on2472
Ax2 Y, e e 200

2 —272g5%n2
90 ZnEZe 9o

k=1

Moreover in d = 4, given any go > 0, one can find gy > 0 such that if we define B := %_2,

then §g(9) converges to Sg(A) as e — 0.

Proof. In this proof, O(e*) will denote any quantity whose absolute value is bounded by
Ce™, where C'is a constant that may depend only on the dimension d, the constant gy, and
the connection A. Take any = € €Z® and any 1 < j <k <d, and let

T =2, T2 =T+ €ej, x3 =T+ €ej + €€, Ty = T + €ey.
Let p be the plaquette formed by the vertices x1, x2, 3, 4. Now, note that for any edge

(x,x + eej),
O(x,x + eej) = —ieAj(x) (mod 2m).
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Thus, we have

0p = 0(x1,x2) + 0(z2, x3) + O(x3, 4) + (24, 21)
= 716(‘/4]'(.’51) + Ak(xg) — Aj($4) — Ak(xl)) (mod 2’/T).

Consequently,
B
T;Zexp (-2(9,, - 27rn)2>
- Zzexp(—<—ie<Aj<w1> + Aulaa) = Ay(o0) - Aar) - 20
d—2
= T%exp (;Q%(Aj(xl) + Ap(22) — Aj(24) — Ag(21) — 27ri61n)2). (16.6.4)
Writing

Ag(x2) = Ap(z + eej) = Ag(z) + €d; Ax(z) + O(€?)

and using a similar Taylor expansion for A;(x4), we get

Aj(x1) + Ap(x2) — Aj(24) — Ap(m1) = €(9;A(z) — OpAj(x)) + O(€).

Plugging this into equation (16.6.4) gives

neE”L

= Z exp<€d2(e(8‘Ak(x) — O Aj(2)) + O(%) — Qwieln)2>
neZ 298 ’ ’

= Z exp<€d(8»Ak(x) — OpAi(z) + O(e) — 27r162n)2>.
neL 293 ’ ’

Take any n € Z, and note that
ed
exp(w(ajAk(x) — OpAj(x) + O(e) — 2#16271)2)
90

2 d—4,.2. 2 d
_ exp(f;””‘) exp(;gz@Ak(x)  0u4;(x) + 0(e))?
0

90
27ried—2

05 AK(@) — 0 Aj (@) + 0(6))>,
90

where the O(e) inside the cosine term has no dependence on n. This shows that for any
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nonnegative integer n,

exp (=516, ~ 2a0)? ) + exp( =5 (6, + 2001

2 d—4,.2, 2 d
= 2exp (-62”‘> exp (62(aj,4k(x) — O Aj(z) + 0(6))2)
90 295

21e?2n
- cos 5 (0 Ar(7) — OpAj(x) + O(e)) |- (16.6.5)
90

We will treat the cases d = 2,3, d = 4, and d > 5 separately. First, suppose that d = 4.
Then note that

d
eXP( (0 Ak(x) — O Ay(x) + 0(6))2) =1+ i(@‘Ak(x) — OpA;(x))* 4+ O(€°),

293 292
and
2 d—2 9 2.4, 2
cos(“gﬂ@Am 0 Ay () + 0<e>>) —1- 0 () - 0y (o)
0 0

+ O(®)n? + O(¥)n™.

Combining the last three displays and simplifying, we get that for d = 4 and any nonnegative

integer n,

exp (=56, ~ 21002 ) + exp( 5 (6, + 270

= 2exp <W> (1 + e4<1 - 2”2”2) (0; Ag(z) — O Aj(x))? + 0(65)n4).

g 295 9%

From this, we get

Z exp (—g(Hp - 27771)2) = K + Kae*(9; Ap(z) — O Aj(2))* + O(€°),

neZ
where
272n?2
K= Zexp(— 5 ),
nez 90
2m2n2 1 22n?
Ky im exp(_ ) ( - )
2 A

Note that log K is the quantity that we subtract from each term to get gﬁ from Sg. Thus,
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for d =4,

Sp(0) = = > {log(Ky + Kae'(9; Ak () — 91 A;(x))* + O(e®)) — log K1}
peEP

— —% (e'(0;Ak(z) — 9cAj(2))* + O(€%)),

1 peP

where P denotes the set of plaquettes with nonzero contributions. Since |P| = O(e~*) and

K 1 1Y e n2e—2m2g; °n? ok
Ky 293 B Ypepe ™0 ) 290

we can now proceed as in the proof of Theorem 15.2.1 to complete the proof when d = 4.
We will establish the claim about the existence of gy at the end of the proof.
Next, suppose that d is 2 or 3. Starting with equation (16.6.5), we get that for any

positive integer n,

exp <—§(0p — 27Tn)2> + exp (—g(ﬁp + 27771)2) < Cpe=Cee''n?

where C1, Cy are positive constants that depend only on d, gg, and A. On the other hand,

for n = 0, equation (16.6.5) gives

d
exp <—602) = exp <€2(8jAk(x) — OpAj(x) + O(e))2>.
2 295
Combining, we get that for any a > 0,
B 2 et 2 a
D exp( =5 (0 —2mn) ) = e 57 (354k(2) — BeAy(x) + O())? ) + O(e)
0
d
€ (0}
=1+ ng(ajAk(x) — 0pAj(@))? + O(e™) + O(e").

Choosing @ = d + 1, we get

e
log [Z exp (—g(ﬁp - 27rn)2>} = %(ajAk(x) — A (x))? + 0.

neEZ

On the other hand,

8 n2ed—4p2
Zexp<—2(—27rn)2 = Zexp —_—
neZ neZ 9o

=1+ 0(e%)

for any a > 0. It is now easy to complete the proof for d = 2, 3.
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Finally, suppose that d > 5. Then note that

d
eXP<262(ajAk($) — OpA;(2) +O(e))2) =1+ — (a Ap(z) — 0pA;(x))? + O(ed),
90 g

and for any nonnegative integer n,

red=2y,
COS<2 (0 Ap(x) — O Aj(x) + O(G))>

96
2ﬂ262d 4p2 ) s 4
=1- 97(8 jAR(x) — O Aj(x) + O(€))” + O(e" F)n
0
2.2d—4,,2
=1- an(ajAk(m) _ 8kAj(1‘))2 + O(€2d73)n2 + O(€4d—8)n4
0

Plugging the above estimates into equation (16.6.5), we get that for any nonnegative

integer n,
exp (g(@,, - 27m)2) + exp <§(9p + 27m)2>
9ed—42,,2 el 9p2e2d—4,2
= 2exp <—2> (1 + (2 - 4> (0; Ag(x) — O Aj(z))?
90 295 90

+ O(ed+1) + O(eQd_S)n2 + O(e4d_8)n4).

Define

Ki(e) ::Zexp( 2 2>7

ne”L g
9ed—4,202
Ksy(e) := Z n? exp (—2),
ne”Z 90
9ed—4,202
Ks(e) := Z n*exp (—2).
ne”L 90
Then by the previous display, we get
Z exp(—g(ep — 27m)2)
neZ
d 2 2d—4
€ 2m2e* 2Ky (e)
=510 (14 (5~ Tt ) @ua) = ) + O
0 0

+ O(243) Ky () + O(*8) K3(e).
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Thus,

Ss(0) = Z{log {Zexp( (6, — 2mn) ﬂ logKl(e)}

peP neZ

N O 22T () o AL () 9 AL ()2
- S os1+ (7 - T ) .00 - s 0)

peEP

+O0(e) +0(7%) 28 +0("7%) E’Eiﬂ :

Now, note that by Riemann sum approximation,

oo 92 2,.2
lime(d_4)/2K1(e):/ exp(— 71'295 dz,

e—0 N 96

] 9 2.2
1ir1(1)e3(d*4)/2K2(e) :/ z? exp(— e )dm,
E—> —0o

9

00 9 2.2

lim €@=9/2 K5 (c) :/ x4exp<— 77;: )dx.
e—0 0o 90

Consequently, as € — 0,

Ki(e) 472" Ki(e)

Ka(e) |~ 9 Ks(o O(e-2d-1).

This gives

Sp(0) = — Z{log [Z eXp(—g(Qp - 27m)2ﬂ - logKl(e)}

peEP neZ

==Y log(1 +e?o(1) + O(e*t) + O(e*)).
peEP

The proof can now be completed as before.

Finally, to prove the existence of gy when d = 4, define a function f : (0,00) — R as

2,. —n’z
Y oneznoTe

ZTLEZ e_an

It is easy to see that f is continuous and f(z) — 0 as © — co. On the other hand, as

fz) =

x — 0, Riemann sum approximation gives

oo o0
: —nlx __ —y? 3/2 2 —n T _ 2 —y?
i%ﬁ E e —/ e Y dy, hmx E n —/ ye Y dy.

nez nez

Thus,

> y2e=v’q 1
lim f(a) = SV 1
z—0 ffoo e Y dy 2
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Take any gy > 0. To make 55(0) converge to Sg(A) as € — 0, we need to choose 5 = 552,

where gg > 0 solves

1
= (1=2f(2r%3,°)) =
245

‘ -

(=) ]

29
But the left side, as a function of gg, is continuous, tends to co as gy — 0, and tends to 0

as gg — 0o. Thus, a solution to the above equation exists. ]
Next, let us show that the Villain action is gauge invariant.

Lemma 16.6.2. Consider U(1) lattice gauge theory on a finite set A C Z2 (for any d > 2)
with Villain action and free boundary condition. Then, the Villain action is gauge invariant

in the sense defined in Section 15.4.

Proof. Consider a configuration 6 € [—m,7)¥. This corresponds to the configuration
U € U(1)F given by U(e) := ). Let g € U(1)A be a gauge transformation and let
V := UY. That is, for any (x,y) € E, V(2,y) = g(z)U(z,y)g9(y) "' Let £ € [-m,7)F be
the configuration corresponding to V. That is, for any e € E, £(e) is the unique element
of [~m, ) such that €(®) = V(e). Also, let 1 € [-m, )" be the unique element satisfying
(@) = g(x) for each x. Then we have that for any (z,y) € E,

&(x,y) = n(z) +0(x,y) —n(y) (mod 27).
This shows that for any plaquette p,

& =06, (mod 2m).

Consequently,
g g
Z exp (2(6p —2mn)? | = Z exp 75(51, —27mn)? ).
nez nez
This completes the proof. ]

16.7 Deconfinement in 4D U(1) theory

Our goal in this section is to prove that U(1) lattice gauge theory in dimension four, with
Villain action, undergoes a deconfinement transition at weak coupling. This result was
established in the theoretical physics literature by Guth [13], and a complete rigorous proof

was given by Frohlich and Spencer [8]. The result is as follows.

Theorem 16.7.1. There exists By > 0 such that the following holds. Let A C Z* be a
hypercube. Consider U(1) lattice gauge theory on A under free boundary condition and
mverse coupling parameter 3 > By. Let £ be a rectangular loop contained in A, with side
lengths R and T. Then there is some constant C(8) > 0 depending only on 8 (and not on
A or ), such that (Wy) > e~ CBIEHT),
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We present below the proof due to Frohlich and Spencer [8]. The proof is divided into

several subsections for readability.

16.7.1 Dual of 4D U(1) theory

It turns out that four-dimensional U(1) lattice gauge theory with the Villain action has
a dual theory which can help with various calculations. To arrive at the dual theory, we

begin by fixing some § > 0 and defining a function g : [-7,7) = R as

pp(z) = zexp(_g(x . QM)Q).

nez

Clearly, this is a well-defined function, and an easy application of the dominated convergence

theorem shows that it is infinitely differentiable in (—m, 7). Let @ék) denote the k" derivative

of ¢g, with gp(ﬂo) := ¢g. Note that

w(ﬁk)(x) = Zpk,g(x — 27n) exp (—g(x — 27m)2>7
neZ

where py, g is a polynomial depending on k& and 3. Again by a simple application of the

dominated convergence theorem, this shows that

lim go(;)(a:) = Zpkﬂ(ﬂ' — 27Tn) exp (—g(ﬂ' - 27rn)2>

atr nez

= Zpkﬁ(ﬂ' —2n(n+1))exp <—§(7T —2n(n + 1))2)

neL

= Zpk,ﬁ(—ﬂ — 27tn) exp (—g(—w — 27m)2>
neZ

= lim w(ﬁk) ().

rl—7

This shows that ¢z € C°°(S1), in the sense defined in Subsection A.3.4 of Appendix C.
Thus, the Fourier coefficients® $g(n), n € Z are well-defined and rapidly decaying?, and we

have the pointwise identity®
1 ~ —inz
vp(@) = o > Pp(n)e . (16.7.1)
neZ
It turns out that the Fourier coefficients can be explicitly calculated:

Lemma 16.7.2. For each n € Z, we have

3See Subsection A.3.4 in Appendix C for the definition of these Fourier coefficients.
4By Lemma A.3.9.
°By Lemma A.3.10.
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Proof. By the dominated convergence theorem, we get
Fon) = [ ata)eda
= Z / exp (— —2mm)? + inx) dz.

meZ

Take any m € Z, and note that

/_: exp (—g(x —2mm)? + im;> / exp( (x — 27mm)? +in(x — 27Tm)>dg;

/ eXp ( g Ea? 4 inm) dx.
(2m+1)r 2
Summing over m € Z, we get

ps(n) = /_oo exp (—g:ﬁQ + inx) dr = ﬁexp <—;;)

This completes the proof. O

Let A C Z* be a finite hypercube. Consider U(1) lattice gauge theory on A with Villain
action at inverse coupling parameter 3, under free boundary condition. Let E be the set of
positively oriented edges with both endpoints in A and P be the set of plaquettes with all
four vertices in A. Given any 6 € [—m,7)¥, note that by equation (16.6.2),

exp(—Sp(0 H[ZGXF’(_Q —2mmn) ﬂ 1] o506

peEP *neZ peP

Thus, by equation (16.7.1), the normalizing constant for our theory is given by

Z:/ exp —S3(8 d9—/ Hgoﬁ

peP
/ H <2W D @a(n)ei"ep) do
™) nez
= — > —inpbp
N (27T)IP\ /[_W oF Z (H Po(np)e )d9- (16.7.2)
’ nezZf “peP

As noted before, the Fourier coefficients of ¢g are rapidly decaying. Since P is finite, this

allows us to apply the dominated convergence theorem and bring the sum outside the
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integral, to get

1 .
Z=— / ( Ps(n )e“””eT’)d@
(2m)!Pl neZZP () H B\p

peEP

_ (%Tl)lp 3 (H @B(n,,)> /[M)E exp(—ianep) do. (16.7.3)

neZP “peP pEP

Now take any 6 € [—7, 7)®. We can consider 6 as a real-valued 1-form 6 = Z?Zl jdx; on
7%, defined as:

6:(x) O(x,x+e;) if (z,x+e;)€FE, (16.7.4)
i(z) = 7.
! 0 otherwise.

With this definition, note that if p € P has vertices x, x + ¢, * + ¢; + e,  + e, for some
1 <j<k<4, and 6, is defined as in equation (16.6.1), then by equation (C.8.2),

dfi(x) = 0;0k(x) — Ob(x)
= Op(z + €;) — Op(z) — 0j(x + ex) + 0;(x)
=0(z+ej,x+e+ep) —0(x,x+er) —0(x+er,x+e+ep)+0(z,x+e5)
=0, (16.7.5)

Next, take any n € ZP. Define a real-valued 2-form n on Z* as

(@) n, ifpeP,
njg(x) ==
0 otherwise,

where 1 < j < k < 4, and p is the plaquette with vertices =, x +¢e;, x +ej + ex, T + €.
Then note that by equation (16.7.5) and the fact that the 2-form n vanishes on plaquettes

outside P, we have

Dombp=> " > npla)di(x) = (n,do),

peEP z€Z4 1<j<k<4

where the inner product on the right is defined as in Subsection C.8.8 of Appendix C.
But by Lemma C.8.5, we have the summation by parts identity (n,df) = (én,8). Since 6

vanishes on edges outside F, this gives

Z npty = Z dn(e)d(e),

peEP eclk

where dn(e) := onj(x) if e is the edge (x,z + e;). Plugging this into equation (16.7.2), we
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get
Z= ) nezzp (pellw nyp ) /_W e eXp(ieGZEcSn(e)G(e))de
= (271)|p ngp (pell Ps(np) ) (eg;/ e~ 10n()9() g (e ))

Now, note that for any k € Z,

This shows that

H/ —idn(e)f(e) d0( ) (

eCE 0 otherwise.

2m)IPlif §n(e) = 0 for each e € E,

Now, by equation (C.8.9),

4

4
onj(x Z = (nij(z — &) — nij(x)). (16.7.6)

i=1
This shows that for an edge e in Z¢, dn(e) is a linear combination of n(p) over a subset of
plaquettes p that contain e. Since n vanishes on plaquettes that are not in P, this shows

that for any n € Z, én(e) = 0 for all e ¢ E. Thus, if én(e) = 0 for all e € E, then the

1-form én vanishes everywhere. This brings us to the identity

7= 5 (ITest)

n€ZP dn=0 ‘peP

(QW)E|—|p|<2Bw);P > exp( 1y p>, (16.7.7)

n€Zr  dn=0 pGP

where the second identity follows by Lemma 16.7.2.

Let N denote the set of all n € ZF such that the integer-valued 2-form n on Z* satisfies
on = 0. Let A denote the set of all integer-valued 1-forms supported on the dual hypercube®
x/ such that the 2-form *da is vanishes on plaquettes outside P. The set A has the following
simpler characterization. Let A* be the hypercube in *Z* consisting of the centers of all

4-cells in Z* which have at least one vertex in A. Explicitly, if

A= X?Zl{ai, a;+1,... ,bi -1, bl},

6See Subsection C.8.6 in Appendix C.
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then
1 1

1
A* = x?_l{ai — 5, a; + 5

1
ey bi— =, bi+ < .
) y Y 27 +2}

Note that *A is a proper subset of A*, by equation (C.8.10). Let E* be the set of all
negatively oriented edges in *Z* with both endpoints in A*. The boundary A* of A* is the
set of all elements of A* which have at least one neighbor outside A*. The boundary 0E*
of E* is the set of elements of E* whose endpoints are both in OA*. Let Ef := E* \ OE*
and Aj := A"\ OA*.

Lemma 16.7.3. The set A defined above is equal to the set of all Z-valued 1-forms on +Z*
that vanish outside Ef.

Proof. Let B be the set of all Z-valued 1-forms on *Z* that vanish outside E* and also
on OF*. Take any a € A. Since « is supported on A, and each negatively oriented edge
coming out of a vertex in *A is a member of E*, we see that o vanishes outside E*. Next,
take any e € 0E*. Then both endpoints of e are boundary vertices of A*. This implies
that e is contained in a plaquette p whose remaining two vertices are outside A*. Thus,
the three other edges of p are outside E*. This means that da(p) cannot be zero unless
a(e) = 0. We will now show that da(p) = 0.

Let g be the dual plaquette of p. We claim that ¢ ¢ P. Indeed, if ¢ € P, then all four
vertices of ¢ are in A. This implies that all four vertices of p are in A*, giving a contradiction
to the observation (made above) that at least two vertices of p are outside A*. Thus, ¢ ¢ P,
and so, da(p) = *da(q) = 0. This shows that A C B.

For the opposite inclusion, take any o € B. If e is a negatively oriented edge in *Z*
coming out of a vertex v ¢ xA, it is easy to see that e is either outside E*, or in 9FE*.
This shows that « is supported on *A. Next, take any plaquette p ¢ P. Let ¢ be the dual
plaquette of p. We have to show that #da(p) = 0, which is equivalent to showing that
da(g) = 0. So, it suffices to show that all edges of p are either outside E* or in OE*.

Without loss, suppose that the four vertices of p are x, x + e, = + es, and x + e + eo.
Since p € P, at least one of these vertices is not in A. If z1, x9, x3, £4 denote the coordinates
of 2, and A = ([ay, b1] X [az, ba] X [a3, b3] x [a4, bs])NZ* for some integers a1, b1, . .., a4, by, this
means that at least one of the following must be true: 1 ¢ [a1,b1 — 1], or 23 ¢ [ag, ba — 1],
or x3 ¢ [as,bs], or x4 & [a4,bs]. Let y := = + %(el + eg + e3 + e4) be the dual vertex
of z. Then the above condition implies that at least one of the following must be true:
y1 & [a1 45,00 — 3], or ya2 & [az + 5, b2 — 3], or y3 ¢ [az + 3, b3 + 3], or ya & [aa+ 5, ba + 3.
The vertices of q are y, y — e3, y — eq and y — e3 — e4. From the deduction about ¥ in
the previous sentence, it is now easy to verify that none of the vertices of ¢ can be a

non-boundary vertex of A*. This completes the proof. O

We will say that o, o’ € A are equivalent if d(a—a’) = 0. We will denote the equivalence
relation by ~ and denote the quotient space A/~ by Ay. For a € A, we will denote its
equivalence class by [a]. Note that by Lemma C.8.1 and the Poincaré lemma for the discrete

exterior derivative (Lemma C.8.2), & ~ o' if and only if there is an integer-valued 0-form ~y
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supported on xA such that o’ = a+ dv. The following lemma is the key to the construction
of the dual model.

Lemma 16.7.4. Let N and Ay be as above. Then the map [a] — xda is a bijection between
Ay and N

Proof. First, note that for any a € A, *da(p) =0 for p ¢ P. Moreover, by Lemma C.8.3,
equation (C.8.11), and Lemma C.8.1,

Sxdar = (—1)*CH Dy dsenda = (—1)*CHHH20-2) 4 qd0 = 0.

Thus, the map [a] — *da maps Ay into N.

Next, take any n € A. Then by the Poincaré lemma for the discrete coderivative
(Lemma C.8.4), there exists an integer-valued 3-form m supported on A (since A is a
hypercube), such that n = dm. Let « := *(—m), so that « is an integer-valued 1-form

supported on *A. By Lemma C.8.3 and equation (C.8.11),

n=d&m = (—1)BG+D+1

*xdxm(y) = xda.
Thus, we have arrived at the conclusion that for any n € A/, there is an integer-valued
1-form « supported on *A such that n = *da. In other words, the map [a] — *da is
surjective from Ay onto N.

Finally, suppose that o and o' are two integer-valued 1-forms supported on *A such
that *da = *do/. Then *d(« — @’) = 0, and hence d(a — /) = 0. Thus, [a] = [¢/]. This

shows that the map [a] — *da is injective. O

Now take any [a] € Ap and let n := *da. Then for a plaquette p with vertices x, x + e,
z+e;+ex, and x + ey,

np = njg(x) = sdogr (y),

where {7/, K'} = {1,2,3,4} \ {4, k}, j/ < K/, s is the sign of the permutation (5, k, j', k'),
and y is the dual vertex of x (i.e., the center of the 4-cell dzy A dza A dxg A dxy). Since ny,

vanishes for plaquettes outside P, this shows that

domp=, > )’

peP zeZ4 1<j<k<4

Yoo Y dayw(y)® = ldal?

yesz4 1</ <k/'<4

Note that if o ~ o, then da = do/. Thus, the right side is actually a function of the equiv-
alence class [a]. Combining these observations with Lemma 16.7.4 and equation (16.7.7),

we arrive at the following result.
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Lemma 16.7.5. Let Ay be as above. Then

Z = (2m)|EI-1P) (2;)%“%

The dual model is defined to be the probability measure ug on Ag that has probability

N (da?)
p 55 )

(Note that we do not have to specify a base measure, since A is a discrete set; by default,

5 (120,

[a]€Ao

mass function proportional to

the counting measure is the base measure.)

16.7.2 Wilson loop expectations in the dual model

Let us now see how to express Wilson loop expectations as expected values of certain
observables in the dual theory. For simplicity, we will only consider rectangular loops. Let £
be a rectangular Wilson loop with successive vertices xg, 1, ..., z, € A\ OA (where OA is
the boundary of A), such that z; = zg+e; and z,, = x¢+ ey, for some 1 < j < k < 4. Then
for any 6 € [—m,7)F, the value of the Wilson loop observable W for the configuration 6 is
given by

n
9) = H ei6($j1$j+1)7
j=0

where x,41 := 9. Let X denote the set of plaquettes enclosed by this rectangle. The
following lemma is a special case of the discrete Stokes’ theorem.

Lemma 16.7.6. For any 6 € [—m,m)F,

Wi(0) = exp <—i Z 9p> .
peES

Proof. Given 6 € [—m,m)F, let 6 also denote the real-valued 1-form on Z* defined via
equation (16.7.4). Then by equation (16.7.5), 6, = df;;(x) for any plaquette p with vertices
x, x+ej, 4+ e; + e, and = + eg. Thus, if we let 0 be the real-valued 2-form given by
n(p) =1if p € ¥ and 0 otherwise, then by Lemma C.8.5,

> 0, = (db,n) = (6,0n). (16.7.8)
pEX

Recalling equation (16.7.6), we see that for dn(e) to be nonzero, e has to belong to at least
one plaquette in X. If e = (z, 2 + €;) is such an edge, then 4 is either j or k. Suppose i = j.
Then by equation (16.7.6),

4
on(e) = oni(x) = (mj(x — e1) = mj(@)) = mjr(x) — il — ex) = n(p) — n(q),
=1
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where p is the plaquette vertices =, x + e, 4+ e; + e, and x + e, and ¢ is p shifted by
—eg. Thus, the right side above is 1 if e is one of the positively oriented edges on the left
boundary of ¢, and —1 if e is one of the positively oriented edges on the right boundary of
£. (Here we are imagining the j direction as the horizontal direction and the k direction as
the vertical direction.) If e is not on the boundary, the above formula shows that dn(e) = 0.

A similar argument shows that if i = k, then dn(e) = 1 if e is a positively oriented
edge on the upper boundary, dn(e) = —1 if e is a positively oriented edge on the lower
boundary, and én(e) = 0 if e is not on the boundary. These observations, together with
equation (16.7.8), show that the sum of 6, over all p € ¥ is equal to the sum of §(e) over
all positively oriented edges on the left and upper boundaries of £, minus the sum of 6(e)
over all positively oriented edges on the right and bottom boundaries. This completes the

proof. O

To calculate (W), we have to now express
7, = /[ | W0) exp(=55(0))d0

in terms of the dual model. Proceeding exactly as in the proof of equation (16.7.3) and

using Lemma 16.7.6, we arrive at the identity
7= X (TL2sw) [ oo mty =130, )0
neZP “peP mm)P peP peY

Let us now make the change of index in the above summation by replacing n with m,
defined as
n,+1 ifpel,

ny ifpe P\X.

my =

Since the sum remains unchanged, we get

Zez( ‘Pl > ( [T @s0mp) IT @60y )/[M)E exp(—izmp9p>d9

meZP “peP\Z peY peEP
Now proceeding as in the proof of equation (16.7.7), we get
ze= P75 (T @atmy) T] @atmy 1)
meZP §m=0 “peP\X pEX
1
Lot 2m 2 1 1
— (21)IE1= 1P (ﬁ) S exp (_% > oml- oY > (my, - 1)2)
meZP  ém=0 peEP\X pED
o7\ 217 1
_ (2m)EI-IP <ﬁ> S Hm )exp< H m,%),
mezZP, ém=0 peEP
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where

Hy(m) = eXP(é Zmp - g;)

peEX

This yields the following analogue of Lemma 16.7.5.

Lemma 16.7.7. Let Ay be as before, and Hy be defined as above. Define a map Dy : Ag —
[0,00) as Dy(«) := Hy(xdat), noting that Dy is actually a function of [a]. Then

7y = (2m) EI-1P (?)ép 3 Dg(a)exp<—216||da||2).

[a]€Ao
Combining Lemma 16.7.5 and Lemma 16.7.7, we get the following theorem.

Theorem 16.7.8. Let (-)* denote the expectation with respect to the dual model. Then we
have (Wg) = (Dg)*.

16.7.3 The Gaussian U(1) model

We will approximate the dual model from the previous section by a Gaussian model. Let
€ > 0 be a parameter that will later be taken to zero. Let I/ denote the finite-dimensional
vector space of all real-valued 1-forms on *Z* which are supported on *A and satisfy the
condition that *da = 0 on plaquettes outside P. By the same argument as in Lemma 16.7.3,
we see that U is simply the set of real-valued 1-forms on *Z* that vanish outside E* and
on E*. In other words, we can think of ¢/ as R¥6. Note that U is simply the range of the
orthogonal projection operator Iz« defined in Subsection C.8.10 of Appendix C, acting on
real-valued 1-forms.

We define 4, to be the centered Gaussian measure on U with probability density function

proportional to
1
ex (-~ g5 (1dall + clal) ).
We will now compute the covariance matrix of this Gaussian density.

Lemma 16.7.9. The restriction of the operator Ilx«(dd + €) to U maps U into U, is
self-adjoint, positive semidefinite, and invertible. The covariance matrix Ve of v, viewed as

a linear map from U into U, is equal to B times the inverse of this map.

Proof. Tt is clear that ITx«(dd + €) maps into U, since I+ maps into Y. Let S denote the

restriction of this map to . We claim that for any a, o’ € U,
(a, Sa’) = (dav,d’) + e, o). (16.7.9)
Indeed, note that since o € U and Ilx~ is the orthogonal projection on to U, we have

(a,Sa’) = (o, Tp«(8d + €)a’) = (a, (6d + €)).
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Applying summation by parts (Lemma C.8.5) to the right side yields equation (16.7.9).
Equation (16.7.9) shows that S is self-adjoint and positive semidefinite. Moreover, it shows
that if Sa = 0, then (a, Sa) = 0 and hence, (o, «) = 0. Thus, ker.S = {0}. Since U is
finite-dimensional, we conclude that S is invertible. The proof is completed by noticing
that by equation (16.7.9), the density of v, at a € U is proportional to exp(—%(oz7 Sa)),
and that ¢/ is simply the Euclidean space RE™\E", O

Let Vy be the subspace of U consisting of all a € U such that da = 0. Let Uy denote
the orthogonal complement of Vy in Y. The following lemma gives the explicit descriptions

of these two subspaces.

Lemma 16.7.10. The subspace Vy is the space of all df where 0 is a real-valued 0-form
supported on Af. The subspace Uy is the space of all real valued 1-forms o such that
E(a) C Ej and da(z) = 0 for all x € A§. Alternatively, Uy is the set of all real-valued

1-forms a such that o = IIx«d7 for some real-valued 2-form 7.

Proof. Take any a € V. Since da = 0 and « is supported on *A, there is some 0-form 6
supported on *A such that o = df. Since « vanishes on OE* and outside E*, we deduce
that 6 must be zero on OA*. Thus, 6 is supported on Aj. Conversely, if 6 is a 0-form
supported on Aj, then ddf = 0, and it is easy to see that E(df) C Ej. Thus, df € Vy. This
proves the first claim of the lemma.

For the second claim, take any o € Uy. By definition, this means that E(«) C Ej and
(a,m) = 0 for all n € Vy. By the first part, this is equivalent to saying that E(a) C Ej and
(v, df) = 0 for any 0-form 6 supported on Aj. But (a,df) = (dc, §). Thus, clearly, the
condition that (o, df) = 0 for any 0-form 6 supported on Af is equivalent to the condition
that da(x) = 0 for all = € A.

Finally, let us prove the alternative characterization of Uy. If a = IIp~d7 for some

2-form 7, then for any n € V),

(naao ::(nvllA*57j ZZ(U7577 ::(dan) =0.

Conversely, take any « € Uy. For each x € OA* that is in exactly one of the faces of IA*,
there is exactly one directed edge e = (z,y), with y € Afj, that is incident to . Define
n(x) := a(e). Let n be zero outside this set of z’s. We claim that

> nz)=o0. (16.7.10)

reExZ4

To see this, note that if A denotes the 0-form that is 1 on A and 0 elsewhere. Then it is

easy to see that

> n(z) = (a,dh).

rEXZ4

268



CHAPTER 16. LATTICE GAUGE THEORIES IN d > 3

Since (o, dh) = (da, h), h is supported on Ajj, and do vanishes on A, this proves the
claim (16.7.10).

Now, by equation (16.7.10) and the Poincaré lemma for 0-forms (Lemma C.8.6), there
is a 1-form k supported on boundary edges of A*, such that n = dk. Let £ := o — k. Then,
for x € A,

3¢ (x) = dafx) — dr(x) =0,

since da(z) = 0 and dk(z) = n(z) = 0. Similarly, 6¢(x) = 0 for x ¢ A*. Finally, for
x € OA*, the definition of n shows that n(z) = da(z), and therefore, 6¢(z) = 0. Thus,
0¢ = 0 everywhere. Consequently, there is a 2-form 7 such that £ = d7. We claim that
a = I[Ip~d7. Indeed, for e € Ef, d7(e) = £(e) = a(e), since k(e) = 0. This completes the
proof. ]

The next lemma shows that a certain operator, which will turn out to be the limit (in a

certain sense) of V.71 as € — 0, is invertible on Uy.

Lemma 16.7.11. The operator IIp«dd maps U into Uy, and its restriction to Uy is self-

adjoint, positive semidefinite, and invertible.

Proof. First, we claim that IIx+dd maps U into Uy. To see this, take any o € U and n € V.
Then (n,IIz+dda) = (n, dda), since n € U. By Lemma C.8.5, this is equal to (dn, da), which
is zero since dn = 0. Thus, ITx«dda € Vd‘ =Uy.

Next, let T denote the restriction of IIx=dd to Uy. We need to show that T is invertible.
Since Uy is finite-dimensional, this is equivalent to showing that ker 7' = {0}. Take any
a € kerT. Then (a, Tar) = 0. But, since o € U,

(o, Ta) = (o, dda) = (da, dav).

Thus, da = 0, which means that a € Vy. But « is also in Uy = Vd‘. Therefore, o = 0. This
shows that 7' is invertible. Moreover, the identity («,Ta’) = (da,da’) shows that T is

self-adjoint and positive semidefinite. O
Lemma 16.7.11 yields the following corollary.

Corollary 16.7.12. For any € > 0, the operator IIx«(dd + €) maps Uy into Uy, and its

restriction to Uy is invertible. Consequently, the same assertions are also true for V.
Proof. Take any a € Uy. By Lemma 16.7.11, IIx«dda € Uy. Since Uy is a subspace of U,
this implies that

Iz« (0d + €)ae = g« 0dax + ellp+ o = TTp~dda + e € Up.

Thus, Tz~ (dd + €) maps Uy into Uy. Since this map is injective on U, it is also injective on
Upy. Since Uy is finite-dimensional, we deduce that this map is invertible on Uy. Clearly,
its inverse is the restriction of V, to Uy, and therefore, the same conclusions hold for V
too. ]
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Let || - || denote the norm induced by the inner product (-,-) on &. We need the following

lemma.
Lemma 16.7.13. There is a positive constant ¢ such that ||da|| > c|la| for all oo € Up.

Proof. By linearity of the exterior derivative operator, this is equivalent to showing that
there is some ¢ > 0 such that ||da| > ¢ for all a € Uy with ||a|| = 1. Suppose that this is
not true. Then by a compactness argument, we deduce that there is some o € Uy with
ofl = 1 and da = 0. But this means a € Uy NUs- = {0}, giving a contradiction. O

Lemma 16.7.13 and Corollary 16.7.12 yield the following corollary.

Corollary 16.7.14. There is some C > 0 such that for any € > 0 and o € Uy, ||Veer| <
Cllal.

Proof. Take any o € Uy and € > 0. Let ¢ be as in Lemma 16.7.13. Let n := V.a. By
Corollary 16.7.12, n € Uy. Thus, by equation (16.7.9) and Lemma 16.7.13,

(0, Vea) = (n, V)
= lldnl® + ellnl® > ldnll* > [ln]|*.

By the Cauchy—Schwarz inequality, this gives

llnl* < felllinll,
which implies that ||Via|| = ||n]| < ¢ 2|l O

Let V' denote the inverse of the restriction of IIy«dd to Uy. By Lemma 16.7.11, this
is a positive definite operator. Let g denote the centered Gaussian measure on Uy with
covariance V. The next lemma identifies the behavior of a random 1-form drawn from the

probability measure 7, and its behavior as € — 0.

Lemma 16.7.15. Let e be a random 1-form with law .. Let ng . and ¢ be its orthogonal
projections on to Uy and Vy. Then 1o and 11 are independent centered Gaussian 1-forms
on Uy and Vy, with covariance matrices BV, and Be I, respectively. Moreover, as € — 0,

the law of ng e converges weakly to .

Proof. Since 7. is a centered Gaussian 1-form and 7o, 71, are obtained by applying linear
transformations to 7., they are jointly centered Gaussian. Let IIy denote the orthogonal
projection from U on to Uy, so that ng e = Hone and m = (I — Ip)ne. Take any a, o’ € U.
Let o := Ipar, a1 := (I — p)er, af) := Ipa’ and of := (I — IIp)c’. Then note that

E[((c, mo,e) + (¢, 11,6))?] = E[((c, Hone) + (o, (I — To)ne))?]
(Mo, ne) + (I — Tp)a, )]
[(ao + 0/17776)2] = 5(040 + 0/1’ Ve(ao + a/1)>

E
E
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But since o € V), we have doj = 0. Thus,
A« (0d + €)a) = eal.

This implies that
Vealy = (Tp+(6d + e))flo/l = 67104/1.

Since V¢ is self-adjoint, this gives

1
BE[((avnO,E) + (0/777176))2] = (Oé(), V;Oé()) + (Oé(), ‘/60/1) + (O/Ia Vveao) + (0/17 ‘/60/1)

= (a0, Vea) + 2(ao, Vea) + (a4, Veary)
= (ap, Viag) + € 1o |12 (16.7.11)

This proves the first assertion of the lemma. Next, for each € > 0, let & := V.ap, so that
ag = V¢ = - (6d + €)é..

By Corollary 16.7.14, there is some constant C' such that ||&|| < C|lay|| for any € > 0.
Thus, & has at least one subsequential limit as € — 0. Let & be any such limit. Then by
the above equation, ag = IIp+dd€. But this means that £ = Vagy. Thus, & — € as e — 0.
Consequently, (ag, Veap) = (g, &) — (a0, &) = (ap, Vag) as € — 0. By equation (16.7.11),
this completes the proof. ]

16.7.4 Relating the discrete and continuous models

Recall the countable sets A and Ag, and the probability measure pg on Ay defined in
Subsection 16.7.1: A is the set of all Z-valued 1-forms o on *Z* such that « vanishes
outside E* and xda vanishes outside P, Ay = A/ ~ where ~ is the equivalence relation
a~a if dla —a') =0, and pg is the probability measure on Ay with probability mass
function proportional to exp(—%”daHQ).

We will now relate po with the Gaussian measure 79 defined in the previous subsection.
The first step is to show that pg can be obtained as the limit of a sequence of probability
measures on A, analogous to 7, from the previous subsection. For each ¢ > 0, let p. be the

probability measure on Ay with probability mass function proportional to

1
exp(—wuda? +e||a||2>).

Let (). denote expectation with respect to fi..

Instead of viewing Ag as the set of equivalence classes, we will henceforth take Ay to
be a subset of A comprised of one element from each equivalence class. Specifically, we
will take an element with minimum norm from each class. This makes sense, because the
squared norms of the elements are nonnegative integers. With this convention, po can be

viewed as a probability measure on A which is supported on Ajy.
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Lemma 16.7.16. There is a positive constant ¢y, possibly depending on A, such that
llda|| > colle|| for all a € Ay.

Proof. Take any a € Ay. Let ag be the orthogonal projection of a on the subspace Uy
defined in the previous section, and let o be its projection on the orthogonal subspace V.
Since dap = 0 and «q is supported on *A, there is a 0-form x supported on *A such that
aq = dk. Construct an ‘integer approximation’ i of x by defining n(z) := |&(x)] for each
x € *Z%. Let 0 := a — dn. Then 6 € A and 6 ~ a. Thus, |la|| < [|0]|. Now,

10 = aoll = [lax — d|| = ||dr — do].

But from the above construction, it is clear that ||dx — df|| < C for some constant C' that

depends only on the size of A. Combining this with Lemma 16.7.13, we see that
161 < llaoll + € < ¢ | dao|| + C.

But dag = da. This gives |laf < ||| < ¢ |dal| + C. But ||a|? and |da||? are integer-
valued, and ||a|| = 0 when ||da|| = 0, because da = 0 implies that « ~ 0. This completes
the proof. O

We will say that a function f : A — C has sub-exponential growth if there are constants
Cy and Cy such that |f(a)] < Cre®2lel for all o € Ag. We are now ready to show that .

converges to pg as € tends to zero.

Lemma 16.7.17. Let f : A — C be a function of sub-exponential growth which is constant

on equivalence classes. Then

(f)7 = lim(f)c.

e—0

Proof. In this proof, C, Cy, C1, ... will denote positive constants that may depend only on
[ and the size of A, whose values may change from line to line. For a € Ay, the equivalence

class of « is given by
[l ={a+n:ne A dp=0} =a+B,
where B := {n € A:dn=0}. Note that for any n € B and o/ = a+n,
lde[[? + elle/|[* = [[dall® + ellal® + ellnl* + 2¢(a, n).

Since f is constant on equivalence classes, this shows that

> fta)exp( - g5 (ldall + clal?) )

acA

=Y > fla)exp (—;ﬁ(lldall2 +ellall? + ellnll* + 2¢(a, n))). (16.7.12)

acAgneB

272



CHAPTER 16. LATTICE GAUGE THEORIES IN d > 3

Recall that Af := A*\ OA* denotes the set of interior vertices of A*. For a € Ay, let

) = Y exp (= S (lal? + Dl + 2 ) )

neB

Equation (16.7.12) shows that

We claim that n € B if and only if n = df for some Z-valued 0-form 6 supported on Aj. To
see this, first take any 6 as above. Then it is easy to see that df is a 1-form that is zero
outside Ef. Also, by Lemma C.8.1, ddff = 0. Conversely, take any n € B. Since dn = 0 and
7 is supported in Afj, there is a Z-valued 0-form supported on Aj such that n = df. By the

Poincaré lemma for 0-forms, 6 is unique. This shows that for any o € Ay,

gee) = A1 5 xp (=l + bl + 2, a9)) )
670

1A% 1
BT exp<—25(€||a||2 T ldolP + 2ﬁ(a,d9))>. (16.7.13)

0/ ez™o

For each 6 € \/eZ"0, let By denote the open cube of side-length /e and center 6 in R49.
Define a function he : Ag x R — [0,00) as follows. For each a € Ay, 6y € \/eZ*, and
6 € By,, let

he(,0) = exp<—;ﬁ<ena2 + [[d6o]2 + M(a,deo))).

We define he = 0 on the boundaries of the cubes. Then equation (16.7.13) can be rewritten
as

ge() = he(a, 0)d6.
RAS

Thus,

(Fge)* /A (o, 0)dBdio ).

By the Poincaré lemma (Lemma C.8.2), df = 0 for a real-valued 0-form 6 if and only if
f = 0. By linearity and compactness, this implies the existence of a positive constant C
such that ||d@]| > Cpl|@]| for all § € RAG.

For any € > 0, 0y € \/eA{, and 6 € By,,

he(a.0) < oxp( g ellall + Gl + 2y, dto)

< eXP(—QlﬁC§||90|2 - f(éa, eo>).
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Now, [|§ — || < C+/e€, which implies that ||§]|* < 2||6]|? + 2C?¢. Similarly,
(61, 00) — (60 6)] < Cellal].

Combining the above observations, we get that for any ¢y > 0 and ¢ € (0, €),

1
he(or, 0) < CpreCelel+Cse oy (MCSIIGIQ - f(&x, 9))

< 20, eC2elollFCse oxpy (—4150%||0||2) cosh(f(da, 0))

1
< 20, eC20llell+Caeo oxy <_4508H9H2> cosh(?(éa, 9)) =: H(a,0).

Note that

H(O{ o)da o ClecgeoHaH+Cgeo+C4eoH5aH2
RA0
By Lemma 16.7.16 and the assumption that f has sub-exponential growth, this shows that

/A A |H a, e)deduo( ) . 0160260HD&H+C'360+C4EOHa”Qduo(a)
0 0

<0 E cCaeollall+Caco+Cacollal|*~Cs lo*

aGAo

The right side is finite if ¢y is chosen small enough. Thus, by the dominated convergence

theorem,

hm ge(a) = hm/ / (ar, 0)dOd o ()
RAG

e—0

/A O /R ) lim he(a, 0)d0dpuy(c).

But lime_0 he(a, 0) = exp(—%HdQHQ}, which has no dependence on «. This completes the
proof. O

Our next goal is to show how certain expectations with respect to ug can be computed

using integrals with respect to . Heuristically, the following result says that

o) x (3 o) (16714

aceANUy

Of course, this doesn’t make sense rigorously as written, since pg is not absolutely continuous
with respect to 7g, and the above sum is not convergent. But it can still have a rigorous

meaning as follows.

Lemma 16.7.18. Take any 7 € Uy. Let f(a) := ™ for oo € U. Let 1y be an Up-valued
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centered Gaussian 1-form with law ~y. Then

D ae At E[f (no)e?mi(@m0)]
ZQGAQUO E[e2771(a,770)] )

=

where the sums on the right are absolutely convergent.

Proof. Fix € € (0,1). Let m, denote the probability mass function of the measure p. and

Z. denote the normalizing constant

1
2= 3 exp( =55 ldall + lal?)).

aEAy

From the given conditions on f, it is easy to see that fm is a Schwartz function. Thus, by

the Poisson summation formula’,

()= fme(2ma)

acA

=5 3 [ st exp (L lanl + el ),

€ acA

and the sum on the right is absolutely convergent. Using this with f =1 and recalling that

e is a probability measure, we get
; 1
2= 3 [ 0 xp((~ Ll + lel) )
acA’HU 25
Let 1. be a random 1-form with law .. Combining the above observations, we get
(e = e Ju Fme™ ) exp(—g5 ([|dwl® + e|[]?))dr
‘ e Ju € exp(—g5 (| de|? + €|ls]?))dr

_ TacaBlf e
Yaea BT

Let 19, and 19, be the projections of n. on to Uy and Vy respectively. By Lemma 16.7.15,
and the fact that f(n.) = e(™1) = e(Tm0.) = f(ng ) (since T € Up), we get

E[f (1e)e*™ ()] = B[ f (g ¢ ) > (e )]
— ]E[f(noﬁ)e%i(aomo,e)]6*%256’1Hoq,e\lz’

where «q, a; denote the orthogonal projections of o on Uy and Vy, respectively. Now,

as shown in the proof of Lemma 16.7.17, any £ € A can be decomposed as £ = a + db,

where o € Ap and 6 is an integer-valued 0-form supported on Aj. Moreover, note that this

decomposition is unique, since d(6 — #') = 0 implies § = ¢’, by the Poincaré lemma. Thus,

if © denotes the set of Z-valued 0-form supported on Af, and «, @1 denote the projections

"See Subsection A.3.5 in Chapter A.

275



CHAPTER 16. LATTICE GAUGE THEORIES IN d > 3

of a € Ap on to Uy and Vp, then

Z E[f(ne)eQ‘/ri(a,Ws)] — Z E[f(?]e)ezﬂi(a+d€’nf)]

acA a€Ap, €0
Z E[f(n0,€)€27"i(0‘0,770,e)eZ‘fri(alere,m.E)]
aEAp, 0O

. o 2
> E[f(noe)e’m0me)]em2m e lon ol
acAp, €O

We claim that there is some finite constant C', not depending on « or € (recall that 0 < € < 1),
such that

Z e~ 2B Hlar+dol? < (o (16.7.15)
0co

To see this, take any «. Since day = 0, there is some real-valued 0-form £ supported on *A
such that ay = d¢. Take an integer approximation x of ¢ by defining x(z) := |£(z)] for
each z. Then |ag — dk|| = ||d¢ — dk|| < C for some C' that does not depend on « or €. But

since k is Z-valued,

Z 6*27T2ﬂ€_1”0t1+d9”2 — Z6727r2,86_1|\(a17d/€)+d0\|2
0cO 0cO
< 3 2Bl dn)taol?
(4SS

Since ||aq — dk|| < C, a simple argument using compactness now proves the claim (16.7.15).
Moreover, note that if mingeg ||a1 + df|| = 0, then oy = —df for some integer-valued
0-form 6 supported on Af. In particular, o is integer-valued. But this is impossible unless
a1 = 0, since we chose o to minimize the norm in the equivalence of . Thus, we conclude
that
lim 6—27"255_1Ha1+d9“2 _ 1 ifae Ay Ny,
%o 0 ifaedy\U.

By Lemma 16.7.15,
E[f(n076)62ﬂi(a0’n016):| = exp<§(7' + 27TiOé0, VET + 27TiOé0)>
= exp<§((7', Ver) + 4, Ver) — 4% (o, Veao))>.

From the spectral decomposition of V, it follows that if € < €', then (&, V.£) > (€, V&) for
any & € Up. Thus, for any € € (0,1),

Bl )0 < exp (7). View)) ).

Note that the bound has no dependence on €, and is summable in aig. The above observations
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allow us to apply the dominated convergence theorem and conclude that

hm<f>: = ZaoerﬁUo E[f(nO)eQWi(aom())] 7

e=0 D anedorid, EleZmi(e0:m)]

where 79 has law 9. Moreover, it also shows that the sums on the right are absolutely
convergent.

To complete the proof, we now show that AgNUy = ANUy. Indeed, take any a € ANUpy.
We claim that « is the unique norm minimizing element in its equivalence class. To see
this, take any o/ ~ a. Then d(a¢/ — ) = 0, which means that o’ — « is in V) and hence,

orthogonal to elements of Uy. In particular, it is orthogonal to «. Thus,

/]I = lle” = alf* + 2(a’ — &, @) + [

= lla’ = af* + [laf* > [lo]*

To show uniqueness, just observe by the above calculation, if o' is another norm minimizing
element in the equivalence class of «, then ||o/ — «| = 0. Thus, we conclude that o € Ay.

This completes the proof. O

16.7.5 Towards renormalization

Although Lemma 16.7.18 does give a rigorous meaning to the heuristic identity (16.7.14), it
does not give it in a way that can be exploited gainfully. We will now do a further ‘processing’
of this identity to bring it to form that is more suitable for applying a renormalization step
later. First, we rewrite the conclusion of Lemma 16.7.18 in a more convenient form. Let

{21521 be a sequence of positive numbers such that
o
2
>
=11

The result that we are going to state below is valid for any choice of this sequence. Let
Q:=1{1,2,...}%. For each q € Q, let

(q) = [[ =

e€E} Z‘I(e)

For each N > 1, let Qn 1= {1,...,N}Ef*). Let

so that ay 11 as N — oco. For a € U, define

on(a) == Z c(q) H (1 + anzg(e) cos(2mig(e)a(e))).

q€QON ecE}
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The following lemma is a restatement of Lemma 16.7.18.

Lemma 16.7.19. Tuke any 7 € Uy and define f : U — C as f(a) := el®7). For each e > 0,
let me be a random 1-form with law ve. Let no. be the projection of ne on Uy. Then

o Elf(mden(n)]
(= il = ol

Proof. Let Ay := {—N,...,N}¥ so that A is the increasing limit of Ay as N — ooc.

Since the sums in Lemma 16.7.18 are absolutely convergent, we have

E eQﬂ'i(a,nO)
<f>* — lim ZO&GANQUO [f(7702) < ; ]
N—o00 ZD&GANHL{O ]E[e i(o,no ]

Take any N and o € Ay. Let g and 1 be the projections of o on Uy and Vy. Let 19 and
M1,c denote the projections of n. on Uy and Vy. Since f is constant on equivalence classes,

Lemma 16.7.15 gives

62ﬂ'i(0¢0’770,e)62771(041’771,6)]

@00, )R [2mi(a1,m,6)]

62”1(0607770,5)]6*27725671 llo |2

~
= = =
3
p
(9}
L

(200, )] =278 o |2

Thus, we have (again by Lemma 16.7.15),

E[f(no)e*™(@m)] if a ¢ U,

lim E[f (nc)e*™(*)] =
=0 0 otherwise.

Since Ay is a finite set, this gives

Z E[£(10)e2™(@0)] = lim Z ]E[f(no,e)€2”i(o""€)].
e—0
acAnNUy acAy

Clearly, this holds also with f = 1. Thus, we conclude that

E . 2mi(o,ne)
() = lim ti 2zecs F )T
N—00 e—0 ZaEAN E[e%"l(aﬂk)}

o Ef 0,0 (e, €M)
= lim lim _
N—o00 e—0 E[ZQEAN 627”(047776)]
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Now note that

Z eQ‘n’i(a,ns) _ Z H 627ria(e)ne(€)

acAN a€AN ecEf

N ' N
=1 > emaom=T1] <1+2 > cos(ZWiq(e)ne(e)))
e€E] ge)=—N e€E] q(e)=1
Rewriting
N N,
1+2 Z cos(2mig(e)ne(e)) = Z . (ay + Zg(e) €08(27ig(e)ne(e))),
a(e)=1 gle)=1 ")
we get

N *
11 (1 +2 ) cos<2mq<e>ne<e>>) = ay ox ().

e€ Ly q(e)=1

. —|E3 . .
Since the factor aN‘ 6l cancels out between the numerator and the denominator, this

completes the proof. O

We will now do a further ‘processing’ to get an even more convenient version of the
‘density’ of pg with respect to 9. For an element o € A, we define the edge-support of a,
denoted by F(a), as the set of edges e € Fy where a(e) # 0. We define the distance dist(e, )
between two edges e, ¢/ € Fgy as the minimum of the Euclidean distance between a vertex of e
and a vertex of ¢’. For B, F' C Ej, we define dist(E, ') := min{dist(e,¢’) : e € E, ¢’ € E'}.
We will say that a finite set £ C A is an ensemble if for any distinct o, o’ € £, F(a) and
E(d') are disjoint. For k = 0,1,2,..., will say that £ is a k-ensemble if for any distinct
o, € &, dist(E(a), B(a’)) > 2k/2.

Lemma 16.7.20. Given any q € Q, there is a finite set I'(q), strictly positive coefficients
{ey}yer(q), and 1-ensembles {E, }yer(q), such that the following is true. For any N > 1,
there are strictly positive coefficients {K,Jyv(g)},\/er(q)éeg,W such that for any o € U,

IT (1 + anzyey cos@ma(e)ale) = > ey [T (1 + KX (€) cos(2n(a, €))),

ecEf Vel (q) &€&y

and moreover, for each v € I'(q) and & € &,,

K€ < 3N H 2i¢(e)|»
ecE(¢)

where N1(§) is the number of edges in Ej which at distance <1 from E(§).
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Proof. Note that for any K, Ko,601,60> € R, we have the identity

1 1
5(1 + 3K cosbr) + §(1 + 3K cos 02)

1 1
+ 6(1 + 3K K3 cos(61 — 02)) + 6(1 + 3K K3 cos(01 + 62))

=1+ Kjcos8 + Kycosby + K1 K5 cos b1 cos O

= (14 Kjcosbr)(1+ Kacosby). (16.7.16)
Now, let
I:= H (1 + anzg(e) cos(2mq(e)ale))).
ecEy
Note that I can be written as
> ey [] 0+ KV (©) cos(2r(a, €))), (16.7.17)

vel'(q) &€&y

where I'(q) = {0}, co = 1, & C A is the set of 1-forms {& }ecr,, defined as

f()y= {1 =

0 otherwise,

and K (&) = anzg(e) for each e. This is an expression of the form that we see in the
statement of the lemma, except that & is not a 1-ensemble (although it is an ensemble).

The strategy, now, is to inductively modify I'(¢) until it becomes a collection of 1-
ensembles. In the first step, take two distinct edges a,b € Ej such that dist(a, b) < V2. By
the identity (16.7.16), we get

(1 + anzg(a) cos(2mg(a)a(a)))(1 + anzyp) cos(2mq(b)a(b)))

= 1(1 + 3anzg(a) cos(2mg(a)a(a))) + 1(1 + 3an zq(p) cos(2mq(b)au(b)))

3 3
+ (14 332,00 700 cos(2n(g(a)a(a) — a(b)a (b))
+ é(l + 3a?vzq(a)zq(b) cos(2m(q(a)a(a) + q(b)a(d)))).

Substituting this expression back into the product defining I and expanding, we again get
an expression of the form (16.7.17), where now I'(q) = {1,2, 3,4}, with & = {c}eeps\ (b}

& = {&eteery\(ays €3 = {€eteem\(apy U L&}, and Ex = {&c}eeps\ (o) U {§2}, where

q(a) if ¢ = a, q(a) ife =a,
G(e) = q—qb) ife =0, a(¢) = qq(b) ife =0,
0 otherwise, 0 otherwise.

If &, &, &3, Eq are 1-ensembles, there is nothing more to do. If not, we proceed by induction,
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as described in the following paragraph. Note that |&;| < |€] for i = 1,2,3,4 in this base
case of the induction.

Suppose we have that I is equal to the expression (16.7.17) for some I'(q), where &, is
not a 1-ensemble for at least one v € I'(¢). This means that there are distinct £,£" € &, such
that dist(E(¢), B(¢')) < v/2. Then there is a pair of edges a, b such that dist(a,b) < v/2
and both £(a) and &'(b) are nonzero. By the identity (16.7.16), we get

(1 4+ K2 (€) cos(2m(e, ) (1 + K2 (&) cos2n(a, )
= S04+ 3K (€) cos(2m(a, ) + (14 8K () cos(2n(a, )
+ 23RV QRN () cos(2n(0, €~ €)))

(BN OKN(€) cos(2m(a, € +€)).

We use this to decompose the product coming from &, into a linear combination of four

products, corresponding to the collections &,,,&,,,Ey,, &y, given by

g’Yl = g’Y \ {f/}7 g’Yz = g’y \ {5}7
Eyy = (E\{EEH VLG & = (E\ {6, U{é)

where & =§ — ¢ and & = £+ ¢. In particular, |E,,| < |E,| for i =1,2,3,4.

Thus, we have shown that if at least one £, that is not a 1-ensemble, we can replace this
element by four new elements, each having size strictly less than |£,|. Since this process
cannot go on indefinitely, this completes the proof of the formula claimed in the lemma.
Also, the construction makes it clear that ¢, and K,]YV (€) are strictly positive, and T'(g), the
c4’s, and the &,’s have no dependence on V.

It remains to prove the upper bound on Kév (£). Note that in the above construction,
at any step, we are replacing an ensemble £, by four ‘children’ &,,,&,,,&,,,&,,. Thus, the
ensembles evolve like a tree. We will talk about ancestors and descendants in the usual
sense below.

Now take any r € &, for some i. If k € &\ {¢, ¢}, then KNV (k) = KN (k). If i = 1
and £ = ¢, then Kﬁ(n) = 3K§V(n). Similarly, ¢ = 2 and k = &', then K%(/{) = 3K§V(n). If
i=3and Kk =& or i =4 and k = &, then Kg(n) = 3K§V(§)K§V(§'). Also, if i =3 or 4,
we will say that £, £ are the parents of k, and if i = 1 or 2, we will say that & is its own
parent.

We will say that the pair {a,b} was ‘used’ in the above birthing process. For any
ensemble &, obtained at any stage of the algorithm, and any £ € &,, we will say a pair
{a,b} of edges (with dist(a,b) < v/2) was ‘used’ in the construction ¢ if it was used in the
birthing process of an ancestor &y of £&. Note that £ must have been an element of an
ancestor & of &,.

A pair {a, b} cannot be used more than once in the construction of £, for the following

reason. When {a, b} is used, one of the following happens. Either a is thrown out of the
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child ensemble of & that is an ancestor of &, or b is thrown out of it, or a,b are both
included in the support of a single element of the child ensemble that is an ancestor of &,.
In none of these cases can we encounter the situation that {a, b} is used again at some later
stage.

From the above observations, it is now easy to see by induction that Kffv(f) can be at
most 3" HeeE(g) 2|¢(e)|» Where n is the number of pairs {a,b} used in the construction of §.
But if {a, b} is used, then either a or b or both must be present in E(&). This is because
at least one of them must be present in E(&) (where &y is the ancestor of £ which was
produced using {a,b}), and E(§) 2 E(&). Thus, n < Ni(£). This completes the proof. [

Since the I'(g)’s in Lemma 16.7.20 are indexing sets, we can assume without loss that

they are disjoint. Then, letting
r=JI, Tn:= J ),
qeQ q€EQN

we obtain the following corollary.
Corollary 16.7.21. Let ' and I'y be as above. Then, there are strictly positive coefficients

{¢y}yer and {Ké\’(g)}szepN{egw, and 1-ensembles {E,}er, such that for any o € U
and N > 1,

pn(a) = D e [T+ K () cos(2n(a,£))),

vel'n  £€&

and moreover, for each N > 1, v €'y, and § € &,

KY€ <3MO T #eens
ecE(¢)

where N1(§) is the number of edges in Ef which at distance <1 from E(§).

The next step is to further simplify the form of py. We define 53 =&, NUp, and then
define p% : U — R as

() == Z Cy H (1+ K,jyv(f) cos(2m (v, §))). (16.7.18)

veln  ge&d

The following lemma shows that py can be replaced by p?v in Lemma 16.7.19. This is the

version that will assist us in our renormalization step.

Lemma 16.7.22. Take any 7 € Uy and define f : U — C as f(a) := el Let ny be a

random 1-form with law ~vo. Then

i ELO10)PR(m0)]
(7= Jm, E[p% (n0)]

Proof. Let ne be a random 1-form with law ~. and let ng  and 1 . be its projections on Uy
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and Vp. Then note that by Corollary 16.7.21,

E(f(mo)on(10) = 3 07E<f(no,e) o+ <s>cos<2w<ne,s>>>>.

vyel'n £ee,

The expectation on the right can be expanded as

5 (T1 @ )& st T cost2ntune) ).

ECE, “teE tee

Take any nonempty £ C &,. Then

E( f(moe) [[cos@r(ne,€)) ) =270 >~ E( flno.) [] 77"
( ) ( )

ge€ oe{-1,1}¢ gel
— o l€l Z E(f(no’e)e%(”“a”)x
oe{-1,1}¢

where

Qy 1= 2055'

£eg
We claim that if £ \ Uy is nonempty, then «, ¢ Uy for each o. Indeed, suppose that
k € €\ Up. Then by Lemma 16.7.10, there is some x € Aj such that dk(z) # 0. This
implies that there is some e € Ej with = being one of the vertices of e, such that x(e) # 0.
That is, e € E(k). Since & is a l-ensemble, this implies that no other edge incident to
x can be in E(&) for any £ € £\ {k}. Consequently, da,(z) = dk(z) # 0. So, again by
Lemma 16.7.10, oy ¢ Up. This proves the claim. (Note that in this step, we do not need
the full power of the 1-ensemble property; it would be enough to have that each &, is a
0-ensemble. We will need the 1-ensemble property later.)
Thus, by Lemma 16.7.15, it follows that if £ \ Up is nonempty, then

tng 2 0) [ cost2n(3.6)) ) 0.
e
Consequently,

i 70m) [ -+ KO cont2n(a ) )

¢eE,

~ iy 3 (TLRY© ) (1m0 [[eostent©)

£CEY NeeE ce€

~ () [ 1+ K@) cost2n(.)) ).

£egy

But for € € 527 we have (1e,€) = (o,e, &) It is now clear how the proof can be completed
using Lemma 16.7.15. O
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16.7.6 Completing the square

Recall the function Dy : Ay — [0,00) defined in Lemma 16.7.7. Note that for a € Ay,

Di(e) = exp(( 5 X wdatr) - )

where *p is the dual plaquette of p. Let *X be the set of plaquettes that are duals of
plaquettes in ¥. Let o be the 2-form on *Z* defined as

1 if p e xX,
o(p) ==
0 otherwise.
Then note that
by 1 1
S da(sp) ~ 2 = (do o)~ Llol? = (@.60) ~ Slol%. (16719)

peEX

We claim that do € Up. Indeed, for any & € Vy, (€§,00) = (d§,0) = 0, and Jo(e) = 0 for
e ¢ E{ since £ does not touch the boundary of A. Thus, we can apply Lemma 16.7.22 to

conclude that

where 79 is a random 1-form with law 79, and D, is extended to U in the natural way.
We will now employ a standard ‘completing the square’ trick to re-express the above
formula differently. Recall the discrete Hodge Laplacian operator A = dé + dd discussed in
Subsection C.8.10 of Appendix C, and the restrictions of A to hypercubes. Specifically, we
will need the restriction of A to the hypercube A*. Since ¢ does not touch 9A, it follows
that o(p) = 0 unless all vertices of p are in A*. Thus, o € rangeIlx- (where IIx+ is now

acting on 2-forms), which means that AK}U is well-defined.

Lemma 16.7.23. Let ny be a random 1-form with law 7y, as before. Let T := —5AX*10,
70 := lp+T, and Kk := —HA*(SdAX*lO'. Then 9 € Uy, and

0
(D)t — sl TP ll? BN C0 + 7))
N—oo  E[p}(n0)]
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Proof. We begin with the calculation

My+dr = —j+dSA o
= —IIp«(dd + 6d)Ajto + TIa-0dA o
= -0 —k=0—K, (16.7.20)

1 dall?
Next, recall that g has density proportional to e 2 lldedl®, Thus,

1 o)— Lo

E[De(10)p% (110)] = E[e# )= 251717 50 (7))
_ 1

Z() Z'{O

1 e
_ ?/ e~ 240l 0 ()N (), (16.7.21)
0 JUy

e%(daﬁ)*%HCfHLﬁ||d0é|\2p5)v(a)d>\(a)

where A denotes Lebesgue measure on Uy and Z; is the normalizing constant of v9. Now,

by equation (16.7.20), we have that for any o € Uy,

ldoe — ,'<V||2 = ||[da 4 TIp«dT — 0||2
= ||de||? + 2(dev, Ip+d7 — 0) + || pxdT — o||?
= ||da||® + 2(da, dT — &) + ||dT — o||* + ||dT — T p«dT|?
= ||d(a +7) = o||® + ||dT — Ip-dT|?,

where the third equality follows from the fact that da and ¢ are in the range of IIx+, and
that IIx~ is an orthogonal projection. By the translation invariance of Lebesgue measure
on Uy, this shows that

/ e~ 31901 0 (@)dA (o) = / e 14T 0 (0 + 7)dA (@)
Mo Z/{0

e / e~ dsldarl? 0 (o 4 1VaN(a). (16.7.22)
Uo
But note that

ldes — k[ = |dad||* = 2(dav, k) + [|5]|* = ||dex]|* + 2(der, TTa-6dA o) + |||
= ||dal|* + 2(da, 6dAro) + k]| = [|da || + 2(dda, dAT o) + x|
= ||dal|* + ||]1>.

Combining this with equations (16.7.21) and (16.7.22), we get

1 Tl asdr|?2— L 2 1 2
E[Dy(110) pix (m0)] = 762ﬁ“d e drl™= s ] / e 2% (a + 7)dA(a)
0 Uo
1 1
= eﬁ\ldT—HA*dTHQ—@HHHZE[p(])V(nO + 7).

Note that by the definition (16.7.18) of pQ;, we have p% (no + 7) = p% (1m0 + 70). Also, by
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Lemma 16.7.10, it follows that 79 € Uy. This completes the proof. O

16.7.7 The renormalization transform

Let np be a random 1-form with law ~y. Fix some N. We will now introduce certain
‘renormalization transforms’ £ — & and Kfy\' &) — Rév (€) such that for any v € I'y and real

numbers (95)5652, we have

| [T (4 K€ cost2nn. &)~ 0) | | T[ (1 R0 costenlm. &) - 661,

€egy cegd

with the idea being that R,YN(f) is ‘small’ (whereas Kév(f) can be very large).

Defining the transforms requires some work, which we now commence. For € > 0, let
ne be a random 1-form with law 7. Recall that P* denotes the set of plaquettes with all
vertices in A*. Note that each e € Ej is contained in exactly 6 elements of P*. For e € Ef,

define the random variable

Z Z Se,e’ne(e/)v

pEP*, poee’ep, e Fe

where s, = —1 if e and €' are both oriented positively or both oriented negatively
when traversing p as a loop, and s, = 1 otherwise. Notice that 7 (e) is a function of
{ne(€') : ¢’ # e, € shares a plaquette with e}. We extend the definition of s, . by setting

Se.er = 0 if e,€’ do not share a plaquette.

Lemma 16.7.24. Take any € > 0 and e € Ej. Conditionally on {ng(e’)}e/eES\{e}, no(e) is

distributed as a normal random variable with mean 67.(e)/(6 + €) and variance 3/(6 + €).

Proof. From the form of the density of 7., we see that the conditional density of 7.(e) given
{ne(€') }ere g\ (ey at a point = € R is proportional to

(g5 (0-2 X T wsemie) - )

pEP*, poee’Ep, e Fe

exp (51647~ 1207,(6) - )

_ 6+c(  07(e))* (67.(c)’

_exp<— 23 (x—6+6 + 61 e .
Clearly, this proportional to the density of the normal distribution with mean 67.(e)/(6 + ¢)
and variance 3/(6 + ¢). O

Take any v € I'y and & € 53 . Consider the following undirected graph structure on
E(£). We will say that two distinct edges e,/ € E(£) are neighbors if dist(e, e’) < v/2.
The maximum degree of this graph is at most a universal constant ¢. From this, it follows

easily (by the greedy algorithm) that this graph can be colored with ¢+ 1 colors, such that
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no two neighboring nodes receive the same color. Thus, we can write F(£) as the disjoint
union of ¢ + 1 subsets, such that no two edges within the same subset share a plaquette.
Consequently, we can find B¢ C E(€) such that dist(e, e’) > /2 for any distinct e, e’ € B,

and

1
> &= el (16.7.23)

6665

Fix B as above, and let B := E(£) \ B¢. We are now ready to define the renormalization
transforms. For £ € 59/ , we define

B mee)tg X Y sekl)

pEP*,poee’Ep, e’ €B;

if e € Bf, and {(e) = 0 if e € Be; and we define
RN(&) = KY ——2 2 16.7.24
5 (&) = 7(«E)exp( 3 > &(e) ) (16.7.24)

We will now prove the following lemma.

Lemma 16.7.25. If ¢ and ijv(g) are defined as above, then we have for each v € T'y,

E[H (1 4+ KN(E) cos(2n(0. ) — 95»} - E[H (1 4+ RY(€) cos(2n(0. ©) - )]

€egy €egd
The first step towards the proof of Lemma 16.7.25 is the following.
Lemma 16.7.26. If £ € Uy, then € € Up.

Proof. By Lemma 16.7.10, we have to show that ¢(z) = 0 for all # € A§. Take any such z.
If none of the edges incident to x are in B, then 6¢(z) = §¢(z) = 0, since £ € Up. Since
dist(e, ') > /2 for any distinct e, e’ € Be, the only other possibility is that exactly one
edge e € B is incident to x, and for any other edge €’ incident to x, either €’ does not share
a plaquette with any element of Be, or e is the only element of B¢ with which ¢’ shares a

plaquette. Thus, for any such ¢/,

E(¢) = £() + goewt(e).

It is easy to see from the definition of the coderivative operator that

(55(1:) = Z te’,xg(e/>7

e'Sx

where t.r, = 1 if ¢/ is entering into x and —1 if ¢’ is exiting from x. Thus, by the previous
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display, we get

Ew = 3 a6+ foeele))

ez, e'Fe

= Z te/’xf(el) + é Z terxSeeré(€)

e/Sx, e’ Fe ez, e'Fe
But s¢ e = teate o if €, € share a plaquette, and zero otherwise. Therefore, we get

(55(1’) = Z te’,xf(el) + % Z te,zse,e’§<€)

ez, e'Fe e/dx,e'Fe

= Zte’,xg(e/) = 65(3‘.) =

e/sz
This proves the claim. O

The second step is the prove an ‘e-version’ of Lemma 16.7.25. Define ‘e-versions’ of &
and R,]YV (&) as

Ee(e) :: Z Z Se’,eg(e/)'

pEP* plee’€p, e’ €Be

if e € B¢, and é.(e) :==0if e € Be; and

RY(€) = K} (€) exp< ?fg > &) >
e€Be

Lemma 16.7.27. With &, and Ké\fe(f) defined as above, we have

E[H (1 4+ KN(E) cos(2n(ne,€) eg»} - H«:[H (14 RY.(€) cos(2n (0. .) — 00)) .

£egd eegy

Proof. Let us begin by expanding

E[H (14 K (&) cos(2m (11, €) — 9&))}

£egy
=) E [H K3Y(€) cos(2m(ne, €) — eg))}
£cey  eee
- ggg (&Hg Kiv(f)) {25| 06{21;1}5 E [exp (i gzg;(%ag(ne, €) — 0595))] }

Take any nonempty £ C 52 . Let

Be = | Be,
§e€
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and let Bg := Ejj \ Be. Note that since 52 is an ensemble, the right side above is a disjoint
union. Next, note that by construction, no two elements of B¢ can share a plaquette. Also,
since 5,? is a 1-ensemble, no two elements from two different B¢ and By can share a plaquette.

Thus, no two elements from Bg¢ can share a plaquette. Therefore by Lemma 16.7.24,

oo (21 30 3 aenlele(e)) (e

£e€ eeB;
= [I I Ele*™ %) {n(e)}eene]
el eehe
_ H H exp<127fiaé775(e)§(e) B 2”255(6)2)_
el eehe Te Te

This implies that

E {exp (12(27705(77675) - Uiaé)ﬂ

fes
. 273
=E {exp{l Z (27r05(17€75 &) — 5 Z &(e)* — 0595> H ,
+e€
£e€ e€Be
where

ne(e) if e € B¢,

Te,g(€) . .
G—Jrens(e) ifee B

Now note that

775,55 Zne 6+EZ77€

eEBC EEBE

= Z ne(e)f(e) Z Z Z Se,e 776 )
eeBg EEBg pEP* , poee’ep, e’ Fe

= Z ﬂe(e)f(e) Z Z Z Se, 6’776 )
eeBg e eBC pEP* p3e’ e€p,ecBg

= (1, €.),

where Combining all of the above, we get

27l Y E[€Xp<i2(27r05(77e7§)—0595))]

oe{-1,1}¢ cee
27r ﬁ -
= exp Z Z &(e H cos(2m(ne, &) — be) |-
{65 e€Be el
Tracing back the steps, it is clear that this completes the proof. O
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We are now ready to prove Lemma 16.7.25.

Proof of Lemma 16.7.25. Let 1o and 1, be the orthogonal projections of 1y on Uy and
Vo. Now, any £ € £) is in Up. This implies that (1o,c,€) = (1¢,€). Thus, by Lemma 16.7.15,

we get
E[H (1+ K2 (€) cos(2m (0, &) — 95))]
£esl

=limE [ [T @+ K5 (€) cos(2m (o, €) — 95))}

e—0
€egy

=limE [ [T @+ KN () cos(2m(ne, &) — 95))} .

€egy

Applying Lemma 16.7.27 to the last line, we get

| T (1-+ KO costznn. &)~ 00)

£el

— i | T 1+ R0 cos2n (. E) — 09

€y

From the definitions of £ and &, it is easy to see that || — £, || < C¢||€||, where C has no
dependence on € or €. Also, by Lemma 16.7.26,

(neyge) = ("767%) + (776755 - g)
= (770,6»@ + (nﬁvge - g)

This gives

|(77€7Ee) - ("70,675” = ‘(nﬁge _E)|
< mellllée — €Il < Celiéllllnell < CelléllUlmoell + llmel)-

By Lemma 16.7.15, we see that the upper bound on the right tends to zero in probability

as € — 0. From this, and another application of Lemma 16.7.15, we get

tig | T (14 RY.(6) cos(zn(n &) )

€egd

=limE [ H (1+ foe(&) cos(2m(1o.¢, &) — 95))]

e—0
€e&l

— 5| [T (14 RY(€) costznlm.) ~ b))

€e&y

This completes the proof. O
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16.7.8 The key step

Recall Theorem 16.7.8, which allowed us to express (W) as the expectation (Dy)* under
the dual model, and Lemma 16.7.23, which let us express (D;)* as a limit involving the
function p% defined in equation (16.7.18). Lemma 16.7.25 gives an alternate expression for

p?v, which yields the following corollary.

Corollary 16.7.28. Let £ and Rffv be defined as in the previous subsection, and define

Z Cy H +RN ) cos(2m(a, €))). (16.7.25)

yeln  €e&l
Let ng, 7, 10, and k be as in Lemma 16.7.23. Then

1
(W) = esllar—ThasdrP =5l E[PN(lno + 7]
N—oo  Elpy (m0)]

Proof. Taking 0¢ = 0 for all £ in Lemma 16.7.25, we get E[p%(n0)] = E[p (m0)]. Similarly,
taking 0 = 2m(7,€) in Lemma 16.7.25, we get E[p (no + 7)] = E[p}(no + 7)]. By
Lemma 16.7.25 and Theorem 16.7.8, this completes the proof. O

The advantage of Corollary 16.7.28 over Lemma 16.7.25 is that the function P}v does
not become more and more singular as N — oco. We will now work towards establishing
this claim. We now make a specific choice for the sequence {z;}4>1 introduced in Subsec-

tion 16.7.5. Recall that {z;},>1 can be any sequence of positive real numbers satisfying the
52
: z a

. 2 . . . .
Now consider the form z; = e . Then the above sum is a strictly decreasing continuous

condition

function of A, which goes to infinity as A — 0 and to 0 as A\ — co. Thus, there is a unique
A such that the above sum is equal to one. We define z, := e ” with this A. Note that \ is
a universal constant.

The first step towards showing the stability of p}; is to show that the coefficients RJWV €3
are not allowed to blow up as N grows, unlike the coefficients Kfyv (€). The following lemma

shows that this happens if § is greater than a universal constant.

Lemma 16.7.29. Forany N > 1, y€I'y, and € € 52, we have
N Co—C15)||€]?
O<R,Y(§)§e( o—C1B)IEI”
where Cy, Cy are positive universal constants.

Proof. From Corollary 16.7.21, recall that

0 < KY(€) <3N T 2z,
ecE(¢)
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where Ni(€) is the number of edges in Ej which at distance < 1 from E(§). With our
choice of zy, this gives
2
0< K,jyv(f) < 3N1(©) AliEN”,

Now, N1(€) < C|E(£)], where C' a universal constant. Also, |E(€)] < ||€]|?, since |£(e)] > 1
for each e € E(§). Since A is a universal constant, these observations show that that there

is a universal constant Cy such that
0< Knjyv(f) < eCollEl?,
Now, by the definition (16.7.24) of Rf/\'(ﬁ) and the inequality (16.7.23), we get
0 < RY(€) < K (§)e I,

where C] is a positive universal constant. The proof is now completed by combining the

last two displays. ]

The main utility of Lemma 16.7.29 is that it shows that each term in the sum defining
p}v is a positive function if § is large enough. This allows us to apply Jensen’s inequality in

a useful way. First, we need the following lemma.
Lemma 16.7.30. For any z € [0,1) and o,0 € R, we have

1 _ 92 202
Ltzcos(a—0) exp(E(a,Q) +0(a,0) - Z%)

1+ zcosa (1-2)
where
Bla,0) = z(cos a)(cos O — 1)’ O(a,0) = zsinasiné.
1+ zcosa 1+ zcosa
Moreover, we have the bound
262

|E(a, 0)] < m

Proof. Fix z € [0,1) and o, 0 € R. Set

14 zcos(a—0)

R:
1+ zcosa

Since z € [0,1) and cosz > —1, we have 1 + zcosz > 1 — 2z > 0 for all z € R, hence R > 0.

Using cos(a — 0) = cosa cos @ + sinasin @, we obtain
1+ zcos(e—0) =14 zcosa+ zcosa(cosf — 1) + zsin asin .

Dividing by 1 4 z cos « gives

zcosa(cosf —1)  zsinasinf

R=1+ =1+ E(a,0) + O(a, 6),

1+ zcosa 1+ zcosa
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where E and O are as in the statement of the lemma. Next, recall the elementary inequality
1

logez >1— = (z > 0). (16.7.26)
x

(Indeed, for f(z) :=logz 4+ 1 — 1 we have f/(z) = %}, so f is minimized at z = 1 and
f(1) =0.) Applying (16.7.26) with = = R yields

1 R-1 (R—1)?
logR>1— — =" "= (R—1)—
gltzl-p="p - =E-D-"7
Since R — 1 = E + O, this becomes
(R-1)?
log R > E(a,0) + O(a, 6) — —F (16.7.27)
Now, observe that
R_1— z(cos(a — 6) — cosoz).
1+ zcosa
Therefore,
(R—1)*  2*(cos(a — 6) — cos a)? 1+ zcosa
R (14 zcosa)? 1+ zcos(a — )
B 2%(cos(a — ) — cos a)?
(14 zcosa) (1 + zcos(a — )’
Since 1 4+ zcosx > 1 — z for all x € R, we get
(R—1)? _ z*(cos(a — ) — cos ar)?
< 16.7.2
R~ (1—2)2 (16.7:28)
Next, using the trigonometric identity
- 0)—cosa—cos(a— ) _cosfa_ 1"
cos(a cosa=cos{a—g — cos{ =5+ 5
0 ) 0 0
=cos|a— < ]cos| - | +sm|{a— = |sin| =
2 2 2 2
_ _! N _snfa-? 0
cos{ & — 5 | cos{ 5 sin | « sin{ 5
= 2sin a—g sin Q
2 2)’
we obtain )
2 o0 o 2
(cos(aw — 0) — cosa)” < 4sin 3 <4 3 =02,
where we used |sinu| < |u]. Combining this with (16.7.28) gives
(R—1)? 220* 22202 (16.7.29)

T T (=
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Substituting (16.7.29) into (16.7.27) yields

22262
Exponentiating both sides proves the first claim of the lemma. For the second, recall that

zcosafcos —1) (1 — cos ) —cos

E(a,0) =

1+ zcosa 14+ zcosa

Since z € [0,1) and cosa > —1, we have 1 + zcosa > 1 — z > 0. Therefore, the above

identity shows that
z(1 — cosf)
1—2z

2 2
1—cosf = 251n2<g> < 2(2) = %’

using |sinz| < |z|. Combining the last two displays yields

[E(a, 0)] <

Finally,

z 62 262

< : L
11—z 2 2(1-2)

This completes the proof. O

Lemma 16.7.31. Let Cy and Cy be as in Lemma 16.7.29, and let By := Cy/Cy. Suppose
that B > By. Let ny and 19 be as in Lemma 16.7.23. Let

x 222

Mol =sa—y Y a—ar

Then for any N, there are positive weights (W )~yery which add up to 1, and

Elpy (mo +70)] S wns [1 o~ h(RY (€))62
Eloy(mo)]  — & cee0

where O¢ := 27(719,§).

Proof. Take any N and any v € I'y. For a € Uy, let

Ynq(a) = J] (1 +RY(€)cos(2n(a,))). (16.7.30)
£e&y

Since 8 > By, Lemma 16.7.29 shows that Yy, is a positive function. Also, clearly, it
is a bounded function (although the bound may depend on N and +). Thus, there is a
probability measure vy, on Uy that has density proportional to Yy, with respect to the
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law of 19. Let © be a random variable with law vy . Then note that

T O+
E[Y N (n0 + 10)] = Zn,E [M} ,

TN,“/(G)

where Zy y := E[Yn~(n0)]. By Jensen’s inequality, this shows that

E[TN (10 + 70)] > Zn,y exp (E [log W] >

Sl e )

=ZNy H exp
£egl

Define

ag :==2m(0,8), O¢ :=2m(70,E),

noting that a is a random variable and 6 is deterministic. Then by Lemma 16.7.30,

1+ Rfyv(f) cos(27m(O + 79, £))
1+ RY(€) cos(2m(0,€))

2RY (€)02
(1= RY(€)®

> E(ag, 0¢) + O(ag, 0¢) —

Thus, we arrive at the lower bound

2R (€)267 >

E[Y N0+ 70)] > Zny ] exp <]E[E(Oé§»9f)] +EO(ae 0l = v
Y

£egy

Since 79 has the same law as —n9, and Ty (o) = T, (—a), we see that © has the same law
as —0O. From this it follows that O(ag, 0¢) has the same law as —O(ag, 6¢). Consequently,
E(O(ag,8¢)) = 0. Next, by the bound on |E(a, #)| from Lemma 16.7.30, we have

RY(€)62
|E(ag,be)| < 2(1 - RN (9))

Combining, we get

— N 2
E[Y N (0 +70)] > Zny [] " %,
cegl

where h is as in the statement of the lemma. Recalling the formula (16.7.25) for p}, and

the formula (16.7.30) for Yy -, and applying the above inequality, we see that

Eloi (0 +70)] = D B (00 + 70)]

vyel'n
=Y ezn, I e (BT ()6
Yel'n cegl

295



CHAPTER 16. LATTICE GAUGE THEORIES IN d > 3

But again, by the formulas (16.7.25) and (16.7.30),

Elpn(no)] = Z E[Y Ny (n0)] = Z Cy4Ny-

vel'n vel'n

Clearly, this completes the proof. O
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Appendix A

Measure Theory and Analysis

A.1 Basics of measure theory

A.1.1 Measure spaces

Let Q be a set. A o-algebra F on (2 is a collection of subsets such that
e () € F (where () denotes the empty set),
e if A€ F,then A° € F (where A° denotes the complement of A in ), and

e if Ay, Ao, ... is a countable collection of sets in F, then
oo
4. er
n=1

A pair (Q, F), where Q is a set and F is a o-algebra on {2, is called a measurable space. If
the countable union condition is replaced by a finite union condition, then F is called an
algebra instead of a o-algebra. Note that o-algebras are also closed under finite unions,
since we can append empty sets to convert a finite collection into a countable collection.

Let © be a set and A be a collection of subsets of . It is easy to show that the
intersection of any arbitrary collection of o-algebras is a o-algebra. The intersection of
all o-algebras containing A is therefore a o-algebra (because there is at least one, namely,
the power set of Q), which is the smallest o-algebra containing A. The smallest o-algebra
containing A is called the o-algebra generated by A, and is denoted by o(A). The following
is an important class of o-algebras. Let {2 be a set endowed with a topology. The Borel
o-algebra on () is the o-algebra generated by the collection of open subsets of €. It is
sometimes denoted by B(£2). In particular, the Borel o-algebra of the real line R is the
o-algebra generated by all open subsets of R.

Let (Q, F) be a measurable space and take any ' € F. Consider the set 7' := {ANQ :
A € F}. Tt is easy to see that this is a o-algebra. The o-algebra F’ is called the restriction

of F to . The following lemma is sometimes useful.
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Lemma A.1.1. Let F' be as above. If F is generated by a collection of sets A, then F' is
generated by the collection A" := {ANQ : Ae A}.

Proof. Since F' is a o-algebra and it contains A’, we have that o(A’) C F'. For the reverse

inclusion, take any o-algebra G’ on € that contains A’. Define
G={BCQ:BNQ €d}.

An easy check shows that G is a g-algebra on 2. Moreover, G O A since ANQY € A’ C G
for all A € A. Thus, G D F. This means that for all B € F, BN € G’'. This implies
that 7' C G'. Thus, 7' C o(A). O

Let (22, F) be a measurable space. A measure u on this space is a function from F into
[0, 00] such that

e u(0) =0, and

e if Ay, Ay, ... is a countable sequence of disjoint sets in F, then
o0 o0
M(U An) = ZM(An)'
n=1 n=1

The triple (2, F, 1) is called a measure space. The second condition above is known as the
countable additivity condition. Note that finite additivity is also valid, since we can append
empty sets to a finite collection to make it countable. If a measure p on a measurable space
(Q, F) satisfies p(£2) = 1, then it is called a probability measure, and the triple (2, F, u) is

called a probability space. In this case, elements of F are often called ‘events’.

A.1.2 Dynkin’s -\ theorem

Let © be a set. A collection P of subsets of € is called a m-system if it is closed under
finite intersections. A collection £ of subsets of € is called a A-system (or Dynkin system)
if @ € £ and L is closed under taking complements and countable disjoint unions. The

following theorem is a cornerstone of measure theory.

Theorem A.1.2 (Dynkin’s 7-A theorem). Let Q be a set. Let P be a mw-system of subsets
of Q, and let L D P be a \-system of subsets of Q. Then L D o(P).

We need a small lemma for the proof.

Lemma A.1.3 (Dynkin’s 7-\ theorem). If a A-system is also a w-system, then it is a

o-algebra.

Proof. Let L be a A-system which is also a m-system. Then L is closed under complements
by definition, and clearly, # € £. Suppose that A1, As,... € L. Let By = A, and for each
i>2, let

B,=ANA{NASN---NAS ;.
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Since L is a A-system, each Af is in £. Therefore, since £ is also a m-system, each B; € L.

By construction, Bi, Bs, ... are disjoint sets and
[ee] oo
U4 =JB.
i=1 i=1
Thus UA; € L. This shows that £ is a o-algebra. O

We are now ready to prove Theorem A.1.2.

Proof of Theorem A.1.2. Since the intersection of all A-systems containing P is again a
A-system, we may assume that £ is the smallest A-system containing P.
Take any A € P. Let

Ga={BeL:ANBeL}. (A.1.1)

Then G4 O P since P is a w-system and P C L. Clearly, Q € G4. If B € G4, then B¢ € L
and
ANB¢=(A°U(ANB))°eL,

since A¢ and AN B are disjoint elements of £ and L is a A-system. Thus, B¢ € G4. If
By, By, ... are disjoint sets in G4, then

AN(BiUBU---)=(ANB)U(ANBy)U--- €L,

again since L is a A-system. Thus, G4 is a A-system containing P. By the minimality of £,
this shows that G4 = L. In particular, if A € P and B € L, then AN B € L.

Next, for A € L, let G4 be defined as in (A.1.1). By the deduction in the previous
paragraph, G4 O P. As before, G4 is a A-system. Thus, G4 = L. In particular, £ is a
m-system. By Lemma A.1.3, this completes the proof. O

A.1.3 Uniqueness of measures

An important corollary of the 7w-A theorem is the following result about uniqueness of

measures.

Theorem A.1.4. Let P be a w-system. If u1 and pa are measures on o(P) that agree on
P, and there is a sequence Ay, Aa,... € P such that A, increases to Q and u1(4,) and
u2(Ay) are finite for every n, then uy = po on o(P).

Proof. Take any A € P such that p1(A) = pa(A4) < co. Let

L:={Be€od(P): ;i(ANB)=pu(ANB)}.
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Clearly, Q € L. If B € L, then

pi(ANBY) = pi(A) — (AN B)
= p2(A) — p2(AN B) = p2(AN BF),

and hence B¢ € L. If By, By, ... € L are disjoint and B is their union, then
o0
pm(ANB) =Y (AN B)
i=1

oo
= Z p2(A N B;) = pa (AN B),
i=1
and therefore B € £. This shows that £ is a A-system. Therefore by the m-A theorem,
L = o(P). In other words, for every B € o(P) and A € P such that p;(4) < oo,
w1 (AN B) = p2(AN B). By the given condition, there is a sequence Aq, Ag, ... € P such
that u1(Ay) < oo for every n and A, 1 Q. Thus, for any B € o(P),

u1(B) = lim (A, N B) = nlLrI;oug(An N B) = ps(B).

n—0o0

This completes the proof of the theorem. O

A.1.4 An approximation theorem for measurable sets

Let (Q, F, u) be a measure space. In measure theory, u(A) is thought of as a measure of
the ‘size’ of A. When p(A) is small, we think of A as a ‘small’ set. Following this line of
thought, we think of u(AAB) as a kind of distance between two sets A and B (where AAB
is the symmetric difference of A and B). If this is small, then A and B are ‘almost the
same set’. The following useful result shows that if 4 is a finite measure space (meaning
that u(Q2) < co), then any element of F can be arbitrarily well-approximated by elements

of any generating algebra.

Theorem A.1.5. Let (Q,F,u) be a finite measure space, and let A be an algebra of
sets generating F. Then for any A € F and any € > 0, there is some B € A such that
w(AAB) < €, where AAB is the symmetric difference of A and B.

Proof. Let G be the collection of all A € F for which the stated property holds. Clearly,
A C G. In particular, Q € G. Take A € G and any ¢ > 0. Find B € A such that
H(AAB) < e. Since A°AB¢ = AAB, we get p(A°AB¢) < e. Thus, A° € G. Finally, take
any Ay, Az,... € G. Let A :=U52, A; and take any € > 0. Since p is a probability measure,

there is some n large enough such that
" €
u(A\ U AZ) <3
i=1
For each i, find B; € A such that u(4;AB;) <27 le. Let A’ := U | A; and B’ := U, B;.
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It is not hard to see that .
A'AB' C | J(AiAB).
i=1
Thus,

n
u(A'AB') < ZH(AiABz‘) <
=1

DN | ™

Again, it is not hard to check that AAB’ C (A\ A") U (A’AB’). Therefore
w(AAB') < u(A\ A') + u(AAB') < e.
Thus, A € G. This proves that G is a o-algebra, and hence contains o(A) = F. O

A.1.5 Outer measures

Let  be any set and let 2 denote its power set. A function ¢ : 2 — [0, 00| is called an

outer measure if it satisfies the following conditions:
e ¢(0)=0.
e ¢(A) < ¢(B) whenever A C B.
e For any Ay, Ag,... C Q,

¢(f_j A) < §¢<Ai>.

Note that there is no o-algebra in the definition of an outer measure. In fact, we will show
below that an outer measure generates its own o-algebra. If ¢ is an outer measure on a set
Q, a subset A C Q is called ¢-measurable if for all B C €2,

6(B) = 6(B N A) + 6(B N A°).
Note that A is ¢-measurable if and only if
¢(B) = ¢(BNA) + ¢(BN A%

for every B, since the opposite inequality follows by subadditivity. The following result is

the most important fact about outer measures.

Theorem A.1.6. Let Q) be a set and ¢ be an outer measure on ). Let F be the collection

of all p-measurable subsets of Q). Then F is a o-algebra and ¢ is a measure on F.
The proof of Theorem A.1.6 is divided into a sequence of lemmas.

Lemma A.1.7. The collection F is an algebra.
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Proof. Clearly, § € F, since ¢() = 0. If A € F, then A° € F by the definition of F. If
A, B € F,let D:= AU B and note that by subadditivity of ¢, for any E we have

d»(EN D)+ ¢(END°)
=¢((ENA)U(ENBNAY)+ ¢(EN AN B°)
<P(ENA)+d(ENBNAS)+ d(EN A N BS).

But since B € F,
P(ENBNAY) +¢(ENA°NB°) = ¢(ENAS).

Thus,
P(END)+p(END) < H(ENA) +p(ENA°.

But since A € F, the right side equals ¢(F). This completes the proof. O

Lemma A.1.8. If Ay,..., A, € F are disjoint and E C ), then
HEN(AU---UA,)) = ¢(ENA).

Proof. For each j, let Bj := Ay U---UA;. Since A, € F,
d(ENBy)=¢(ENB,NA,) +d(ENB,NA;).
But since A4,..., A, are disjoint, B, N A = B, and B, N A, = A,. Thus,
d(ENB,) =¢(ENA,) +¢(ENBy_1).

The proof is now completed by induction. ]

A consequence of the last two lemmas is the following.

Lemma A.1.9. If Ay, Ao, ... is a sequence of sets in F increasing to a set A C Q, then
for any E C Q,
P(ENA)= lim ¢(ENA,).
n—oo

Proof. By monotonicity of ¢, the left side dominates the right. For the opposite inequality,
let B, := A, N (A1 U---UA,_1)¢ for each n, so that the sets By, Bo, ... are disjoint and
A, = B1U---UB,, for each n. By Lemma A.1.7, B,, € F for each n. Thus, by Lemma A.1.8,

H(ENA,) = Z¢ ENB)

Consequently,
lim ¢(E N Ay,) qu ENB)

n—oo
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Since ¢ is countably subadditive, this completes the proof of the lemma. O
We are now ready to prove Theorem A.1.6.

Proof of Theorem A.1.6. Let Ay, Ao, ... € F and let A := UA;. For each n, let

Take any F C € and any n. By Lemma A.1.7, B, € F and hence
O(E) = ¢(EN By) + ¢(E N By).

By monotonicity of ¢, ¢(E N BS) > ¢(E N A°). Thus,
¢(E) > ¢(ENBy) + ¢(EN A°).

By Lemma A.1.9,
lim ¢(ENB,) =¢(ENA).

n—oo
Thus, A € F. Together with Lemma A.1.7, this shows that F is a o-algebra. To show that
¢ is a measure on F, take any disjoint collection of sets A1, As,... € F. Let B be the union

of these sets, and let B, = A; U---U A,,. By the monotonicity of ¢ and Lemma A.1.8,

Letting n — oo, we get ¢(B) > > #(A;). On the other hand, subadditivity of ¢ gives the
opposite inequality. This shows that ¢ is a measure on F and completes the proof. O
A.1.6 Carathéodory’s extension theorem

Let Q be a set and A be an algebra of subsets of 2. A function p: A — [0, 00] is called a

measure on A if
e () =0, and

e if Ay, Ay, ... is a countable collection of disjoint elements of A such that their union

is also in A, then
o0 oo
M(U Ai) = ZM(Ai)-
i=1 i=1
A measure g on an algebra A is called o-finite if there is a countable family of sets
Ay, Ag, ... € Asuch that u(4;) < oo for each i, and Q = U, A;.

Theorem A.1.10 (Carathéodory’s extension theorem). If A is an algebra of subsets of a
set Q and p is a measure on A, then p has an extension to o(A). Moreover, if u is o-finite

on A, then the extension is unique.
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The plan of the proof is to construct an outer measure on €2 that agrees with p on A.
Then Theorem A.1.6 will give the required extension. The outer measure is defined as
follows. For each A C €, let

o0 o0
(A = inf{z p(Ai): Ay Ay, e A AC Al}. (A.1.2)
i=1 i=1
The next lemma establishes that p* is an outer measure on €.
Lemma A.1.11. The functional p* is an outer measure on §2.

Proof. Tt is obvious from the definition of p* that p*(@) = 0 and p* is monotone. For
proving subadditivity, take any sequence of sets {4;};>1 and let A := UA;. Fix some ¢ > 0,
and for each 14, let {Aij}]‘?‘;l be a collection of elements of A such that A; C U;A;; and

o0

Z p(Aij) < pt(Ay) + 27"
j=1

Then {4;;}75_; is a countable cover for A, and so

pH(A) <> n(Ay)
ij=1
<S (A 270 = e+ St (A,
i=1 i=1

Since € is arbitrary, this completes the proof of the lemma. O
The next lemma shows that p* is a viable candidate for an extension.
Lemma A.1.12. For Ac A, u*(A) = p(A).

Proof. Take any A € A. By definition, u*(A) < u(A). Conversely, take any Aj, Ag,... € A
such that A C UA;. Then A =U(AN A4;). Note that each AN A; € A, and their union is
A, which is also in A. It is easy to check that countable subadditivity continues to be valid

for measures on algebras, provided that the union belongs to the algebra. Thus, we get
n(A) < Z n(ANA4;) < ZM(Ai)~
i=1

This shows that u(A) < u*(A). O
We are now ready to prove Carathéodory’s extension theorem.

Proof of Theorem A.1.10. Let A* be the set of all p*-measurable sets. By Theorem A.1.6,
we know that A* is a o-algebra and that p* is a measure on A*. We now claim that A C A*.

To prove this, take any A € A and E C Q. Let A1, As, ... be any sequence of elements of
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A that cover E. Then {AN A;}$2, is a cover for EN A and {A°N A4;}5°, is a cover for
E N Ac¢. Consequently,

WBNA) + (B A) < S (u(AN A) + (A% 0 A))
=1

= Z 1(As).
i=1

Taking infimum over all choices of {A4;}5°,, this shows that u*(ENA)+u*(ENA°) < u*(E),
which means that A € A*. Thus, A C A*. This proves the existence part of the theorem.

If p is o-finite on A, then the uniqueness of the extension follows from Theorem A.1.4. [

A.1.7 Construction of Lebesgue measure

Let A be the set of all subsets of R that are finite disjoint unions of half-open intervals
of the form (a,b] NR, where —oo < a < b < co. Here we write (a,b] NR to ensure that
the interval is (a,00) if b = co. If a = b, the interval is empty. It is easy to show that A

is an algebra of sets, and that it generates the Borel o-algebra of R. Define a functional

ArA—Ras: n n
A(U(ai,bi] HR) = (b — a),

i=1 i=1
where remember that (ai,b1],..., (an,b,] are disjoint. In other words, A\ measures the
length of an element of A, as understood in the traditional sense. It is obvious that A is
finitely additive on A (that is, A(Aj U---UA,) = A(A1) + -+ - + AM(An) when Ay,..., A,
are disjoint elements of A). It is also obvious that A is monotone, that is, A(4) < A(B)
when A C B (just observe that B is the disjoint union of A and B\ A, and apply finite
additivity).

Lemma A.1.13. For any Ay,..., A, € Aand any A C A1 U---UA,, A(A) <> A(A).
Proof. Let By = A; and B; = A; \ (A1 U---UA;_1) for 2 <i <n. Then By,...,B, are

disjoint and their union is the same as the union of Aq,..., A,. Therefore by the finite

additivity and monotonicity of A,

n n n
AMA) =D "MANB) <D OAMB) < A(A),
i=1 i=1 i=1
where the last inequality holds because B; C A; for each 1. ]

Proposition A.1.14. The functional A defined above is a o-finite measure on A.

Proof. Suppose that an element A € A is a countable disjoint union of elements A;, As, ... €
A. We have to show that

A(A) = i A(Ay). (A.1.3)
=1
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It suffices to show this when A = (a,b] "R and A; = (a;, b;] NR for each ¢, since each
element of A is a finite disjoint union of such intervals. There is nothing to prove if a = b,
so assume that a < b.

First suppose that —oco < a < b < co. Take any § > 0 such that a + 9 < b, and take
any € > 0. Then the closed interval [a + 6,b] is contained in the union of (a;, b; + 27 %),
i > 1. To see this, take any x € [a + 0,b]. Then z € (a,b], and hence = € (a;, b;] for some 1.
Thus, = € (a;, b; + 27%).

Since [a + §,b] is compact, it is therefore contained in the union of finitely many

(a;,b; +27%). Consequently, there exists k such that

k
((l + 67 b] g U(ai7 bi + 27i€]'
i=1

Thus, by Lemma A.1.13,
k ) 00
b—a—éﬁZ(bi+2_’e—ai) SE—FZ(bi—ai).
i=1 i=1
Since this holds for any € and J, we get
b—a <y (bi—a) (A.1.4)
i=1

On other hand, for any k, finite additivity and monotonicity of A implies that

k k
b—a=\A) > M) => (b —a).
=1 =1
Thus,
b—a> i(bi—ai), (A.1.5)
i=1

which proves (A.1.3) when a and b are finite. If either a or b is infinite, we find finite a’, &’

such that (a’,b] C (a,b] NR. Repeating the above steps, we arrive at the inequality
[ee]
b/ — (l/ S Z(bz — ai).
i=1

Since this hold for any finite o’ > a and b’ < b, we recover (A.1.4), and (A.1.5) continues
to hold as before. This completes the proof of countable additivity of A\. The o-finiteness is
trivial. O

Corollary A.1.15. The functional A has a unique extension to a measure on B(R).

Proof. Tt is easy to check that the algebra A generates the Borel o-algebra. The existence

306



APPENDIX A. MEASURE THEORY AND ANALYSIS

and uniqueness of the extension now follows by Proposition A.1.14 and Carathéodory’s

extension theorem. O

The unique extension of A given by Corollary A.1.15 is called the Lebesgue measure
on the real line. The outer measure defined by the formula (A.1.2) in this case is called
Lebesgue outer measure, and the o-algebra induced by this outer measure is called the
Lebesgue o-algebra. Lebesgue measure is the measure that corresponds to our intuitive
notion of the ‘length’ of a set, because A((a, b]) = b — a for any interval (a, b], and the same

holds for closed and open intervals.

A.1.8 Measurable functions

Let (2,F) and (£, F') be two measurable spaces. A function f : Q@ — Q' is called
measurable if f~1(A) € F for every A € F'. Here, as usual, f~1(A) denotes the set of all
x € Q such that f(z) € A. The main way to check that a function is measurable is the

following lemma.

Lemma A.1.16. Let (Q,F) and (', F') be two measurable spaces and f:Q — ' be a
function. Suppose that there is a set A C F' that generates F', and suppose that f~*(A) € F
for all A€ A. Then f is measurable.

Proof. Tt is easy to verify that the set of all B C €' such that f~!(B) € F is a o-algebra.
Since this set contains A, it must also contains the o-algebra generated by A, which is F.

Thus, f is measurable. O

Essentially all functions that arise in practice are measurable. Let us now see why that

is the case by identifying some large classes of measurable functions.

Proposition A.1.17. Suppose that Q and Q' are topological spaces, and F and F' are

their Borel o-algebras. Then any continuous function from Q into Q' is measurable.
Proof. Use Lemma A.1.16 with A = the set of all open subsets of . O

It is easy to show that compositions of measurable functions are measurable. Combining
this with Proposition A.1.17 shows, for example, that sums and products of real-valued
measurable functions are measurable, since addition and multiplication are continuous maps
from R? to R, and if f,g:Q — R are measurable, then (f, g) : Q — R? is measurable with
respect to B(R?) (easy to show).

Often, we will have occasion to consider measurable functions that take value in the
set R* = R U {—00, 00}, equipped with the o-algebra generated by all intervals of the form

[a,b] where —oco < a < b < 0.

Proposition A.1.18. Let (Q, F) be a measurable space and let {f,}n>1 be a sequence of
measurable functions from Q into R*. Let g(w) := inf,>1 fn(w) and h(w) := sup,,;>1 fn(w)
forw € Q. Then g and h are also measurable functions. As a consequence, the functions

liminf, oo frn and limsup,,_,. fn are also measurable.
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Proof. For any t € R*, g(w) > t if and only if f,(w) >t for all n. Thus,
oo
g ([t,00) = () i " ([t,00)),
n=1

which shows that g=1([t,00]) € F. It is straightforward to verify that sets of the form [t, o]
generate the o-algebra of R*. Thus, g is measurable. The proof for A is similar. For lim sup

and liminf, simply recall that

limsup fo(2) = inf sup fi(x), liminf fu(z) = sup inf fi(a),

n—00 nzlp>q n—00 n>1k>1
and iterate the results for sup and inf. O

The above result shows that if { f,}»>1 is a sequence of real-valued measurable functions
converging pointwise to a limit f, then f is measurable. For functions that take values in

more abstract spaces, the following result is often useful.

Proposition A.1.19. Let (2, F) be a measurable space and let S be a separable metric
space endowed with its Borel o-algebra. If {fn}n>1 is a sequence of measurable functions

from Q into S that converge pointwise to a limit function f, then f is also measurable.

Proof. Let B(x,r) denote the open ball with center x and radius r in S. Since S is separable,
any open set is a countable union of open balls. Therefore by Lemma A.1.16 it suffices to
check that f~!(B) € F for any open ball B. Take such a ball B(xz,r). For any w € €, if
f(w) € B(z,r), then there is some large enough integer k such that f(w) € B(z,r — k~1).
Since f,(w) — f(w), this implies that f,(w) € B(z,r — k~!) for all large enough n. On
the other hand, if there exists k > 1 such that f,(w) € B(x,r — k~!) for all large enough
n, then f(w) € B(z,r). Thus, we have shown that f(w) € B(x,r) if and only if there is
some integer k > 1 such that f,(w) € B(z,r — k~1) for all large enough n. In set theoretic
notation, this statement can be written as

e -U U

Bz, — k7).

HC8
HDg

Since each f,, is measurable, and o-algebras are closed under countable unions and intersec-
tions, this shows that f~1(B(z,r)) € F, completing the proof. O

Measurable maps generate o-algebras of their own, which are important for various
purposes. Let (Q,F) and (€, ) be two measurable spaces and let f : Q — Q' be a

measurable function. The o-algebra generated by f is defined as

o(f) = {f1(4): Ae F}.
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A.1.9 Lebesgue integration

Let (Q, F, 1) be a measure space. This space will be fixed throughout this section. Let
f:Q — R* be a measurable function, where R* = RU{—00, 00}, as defined in the previous

section. Our goal in this section is to define the Lebesgue integral

/Q F(w)dp(w)

The definition comes in several steps. For A € F, define the indicator function 14 as

1 ifweA,
1a(w) =
0 ifwégA.
Suppose that
n
f= ZailAi (A.1.6)
i=1
for some aq,...,a, € [0,00) and disjoint sets Ay, ..., A, € F. Such functions are called

‘nonnegative simple functions’. For a nonnegative simple function f as above, define

/ fw)du(w Zazu (A.1.7)

A subtle point here is that the same simple function can have many different representations
like (A.1.6). It is not difficult to show that all of them yield the same answer in (A.1.7).

Next, take any measurable f : Q — [0,00]. Let SFT(f) be the set of all nonnegative
simple functions g such that g(w) < f(w) for all w. Define

[ t@dn)i= s [ g)dute.
Q geSFT(f) JQ

It is not difficult to prove that if f is a nonnegative simple function, then this definition
gives the same answer as (A.1.7), so there is no inconsistency.

Finally, take any measurable f : Q — R*. Define f*(w) = max{f(w),0} and f~(w) =
—min{f(w),0}. Then f* and f~ are nonnegative measurable functions (easy to show),
and f = fT — f~. We say that the integral of f is defined when the integrals of at least

one of f and f~ is finite. In this situation, we define

/f e /f+ e /f w)dp(w

Often, we will simply write [ fdu for the integral of f.

A measurable function f : @ — R* is called integrable if [ fTdu and [ f~du are both
finite. Note that for the integral [ fdu to be defined, the function f need not be integrable.
As defined above, it suffices to have at least one of [ fTdu and [ f~du finite.
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Sometimes, we will need to integrate a function f over a measurable subset S C () rather
than the whole of . This is defined simply by making f zero outside S and integrating

the resulting function. That is, we define

/S fan = [ fisdn,

provided that the right side is defined. Here and everywhere else, we use the convention
o0 - 0 = 0, which is a standard convention in measure theory and probability. The integral
over S can also be defined in a different way, by considering S itself as a set endowed with
a o-algebra and a measure. To be precise, let Fg be the restriction of F to S, that is, the
set of all subsets of S that belong to F. Let pug be the restriction of u to Fg. Let fg be
the restriction of f to S. It is easy to see that (S, Fg, ug) is a measure space and fg is a
measurable function from this space into R*. The integral of f over the set S can then be
defined as the integral of fg on the measure space (S, Fg, pis), provided that the integral
exists. When S = (), the integral can be defined to be zero.

A.1.10 The monotone convergence theorem

The following fundamental result of measure theory is known as the monotone convergence

theorem.

Theorem A.1.20 (Monotone convergence theorem). Suppose that { fn}n>1 is a sequence of
measurable functions from Q into [0, 00|, which are increasing pointwise to a limit function

f. Then f is measurable, and [ fdp =lim [ fhdu.
We need two lemmas. Throughout, (€2, F, 1) denotes a measure space.

Lemma A.1.21. If f,g : Q — [0,00] are two measurable functions such that f < g
everywhere, then [ fdu < [ gdu.

Proof. 1f s € SF*(f), then s is also in SFT(g). Thus, the definition of | gdu takes supremum
over a larger set than | fdu. This proves the inequality. ]

Lemma A.1.22. Let s: Q — [0,00) be a measurable simple function. For each S € F, let
v(S) == [gsdu. Then v is a measure on (Q, F).

Proof. Suppose that
n
s = Z a;la,.
i=1

Since v(f)) = 0 by definition, it suffices to show countable additivity of v. Let S1, Sa, ... be

a sequence of disjoint sets in F, and let .S be their union. Then

a;in(A4;NS)

oo

(ZuA ns,) )

)= o
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Since an infinite series with nonnegative summands may be rearranged any way we like

without altering the result, this gives
oo n
v(S) = Y ap(AinS;) =Y v(S)).
j=1i=1 j=1
This proves the countable additivity of v. ]
We are now ready to prove Theorem A.1.20.

Proof of Theorem A.1.20. The measurability of f follows from Proposition A.1.18. Since
[ > fn for every n, Lemma A.1.21 gives [ fdu > lim [ f,dp, where the limit on the right

exists because the integrals on the right are increasing with n. For the opposite inequality,

take any s € SF1(f). Define
v(S) = / sdu,
S

so that by Lemma A.1.22, v is a measure on Q. Take any « € (0,1). Let

Spi={w:as(w) < fn(w)}.

It is easy to see that these sets are measurable and increasing with n. Moreover, note that
any w € 2 belongs to S, for all sufficiently large n, because f,(w) increases to f(w) and
as(w) < f(w) (unless f(w) =0, in which case as(w) = fp(w) = 0 for all n). Thus, Q is the

union of the increasing sequence Si, So,.... Since v is a measure, this shows that

/sdu =v() = lim v(S,) = lim sdju.

n—oo n—oo S
n

But as < f,, on S,,. Moreover, it is easy to see that

/asdu:a/ sdp

since s is a simple function. Thus, by Lemma A.1.21,

a/ sdu:/ asdug/ fndug/fndu.
n S’Il STI, Q

Combining the last two steps, we get « [ sdy < lim [ fdu. Since o € (0,1) is arbitrary,
this shows that [ sdp < lim [ f,dp. Taking supremum over s, we get the desired result. [

A.1.11 An approximation theorem for measurable functions

The following result is often useful in applications of the monotone convergence theorem.

Theorem A.1.23. Given any measurable f : Q — [0, 00], there is a sequence of nonnegative

simple functions increasing pointwise to f.
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Proof. Take any n. If k27" < f(w) < (k + 1)27" for some integer 0 < k < n2", let
fo(w) =k27" If f(w) > n, let fr(w) =n. It is easy to check that the sequence {fy,}n>1 is

a sequence of nonnegative simple functions that increase pointwise to f. ]

An important corollary is the following fact about about Lebesgue integration on the

real line, which will be needed later.

Corollary A.1.24. Let f : R — R be a Lebesgue integrable function. Take any a € R and
let g(x) == f(x +a). Then [ gd\ = [ fdX, where X is Lebesque measure.

Proof. For indicator functions, this follows from translation invariance of Lebesgue measure.
This implies the claim for simple functions. We can then use Theorem A.1.23 and the
monotone convergence theorem to pass to nonnegative measurable functions. Finally, for
integrable functions, we break it into positive and negative parts, and apply the result for

nonnegative functions. O

A.1.12 Linearity of the Lebesgue integral

A basic result about Lebesgue integration, which is not quite obvious from the definition,
is that the map f — [ fdu is linear. This is a little surprising, because the Lebesgue
integral is defined as a supremum, and functionals that are defined as suprema or infima
are rarely linear. In the following, when defining the sum of two functions, we adopt the
convention that oo — oo = 0. Typically such a convention can lead to inconsistencies, but if
the functions are integrable then such occurrences will only take place on sets of measure

zero and will not cause any problems.

Proposition A.1.25. If f and g are two integrable functions from  into R*, then for
any a, 8 € R, the function af + By is integrable and [(af + Bg)dp = o [ fdp+ B [ gdp.
Moreover, if f and g are measurable functions from Q into [0,00] (but not necessarily

integrable), then [(f + g)dp = [ fdu+ [ gdp, and for any a € R, [afdp=a [ fdu.

Proof. 1t is easy to check that additivity of the integral holds for nonnegative simple
functions. Take any measurable f,g: Q — [0,00]. Then by Theorem A.1.23, there exist
sequences of nonnegative simple functions {u,},>1 and {vn}n21 increasing to f and g
pointwise. Then u,, + v, increases to f + g pointwise. Thus, by the linearity of integral for

nonnegative simple functions and the monotone convergence theorem,

/(f +g)dp = lim [ (up + vyp)dp

n—oo

lim </undu+/vndu> = /fdu+/gdu-

Next, take any o > 0 and any measurable f : @ — [0, 00]. Any element of SF™(af) must
be of the form ag for some g € SFT(f). Thus

/ozfdu: sup /agdu:a sup /gdu:a/fdu.
geSF(f) gESFH(f)
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If « <0, then (af)T =0 and (af)” = —af. Thus,

/afdu= —/(—af)du=a/fdu-

This completes the proofs of the assertions about nonnegative functions. Next, take any
integrable f and g. It is easy to see that a consequence of integrability is that set where
f or g take infinite values is a set of measure zero. The only problem in defining the
function f + g is that at some w, it may happen that one of f(w) and g(w) is co and the
other is —oco. At any such point, define (f + ¢g)(w) = 0. Then f + g is defined everywhere,
is measurable, and (f + ¢g)T < f + g*. Therefore, by the additivity of integration for
nonnegative functions and the integrability of f and g, [(f + ¢)"du is finite. Similarly,
J(f +g)~du is finite. Thus, f + g is integrable. Now,

(f+9)T—(f+9) =f+g9=f"—f+9"—-g,

which can be written as
F+9) "+ +9 =U+9 +f+g"

Note that the above identity holds even if one or more of the summands on either side are

infinity. Thus, by additivity of integration for nonnegative functions,

/(f+9)+du+/f’du+/g’du=/(f+9)’du+/f+du+/g+du,

which rearranges to give [(f + g)du = [ fdu + [gdp. Finally, if f is integrable and
a > 0, then (af)™ = aft and (af)” = af™, which shows that af is integrable and
Jafdpy =« [ fdu. Similarly, o <0, then (af)* = —af~ and (af)” = —af*, and the

proof can be completed as before. O

An immediate consequence of Proposition A.1.25 is that if f and g are measurable
real-valued functions such that f > g everywhere, then [ fdu > [ gdu. This can be seen
easily by writing f = (f — g) + g, and observing that f — g is nonnegative. Another
immediate consequence is that integrability of f is equivalent to the condition that f |f|du
is finite, since |f| = f* + f~. Finally, another inequality that we will often use, which

is an easy consequence of the triangle inequality, the definition of the Lebesgue integral,
and the fact that |f| = f* + f7, is that for any f: Q — R* such that [ fdu is defined,

| [ fdul < [1fl|dp.

A.1.13 Fatou’s lemma and dominated convergence

In this section we will establish two results about sequences of integrals that are widely

used in probability theory. Throughout, (€2, F, i) is a measure space.
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Theorem A.1.26 (Fatou’s lemma). Let {fn}n>1 be a sequence of measurable functions
from Q into [0,00]. Then [(liminf f,)du < liminf [ f,du.

Proof. For each n, let g, := inf;,>, f,. Then, as n — oo, g, increases pointwise to
g = liminf,, . f,. Moreover, g, < f, everywhere and g, and g are measurable by

Proposition A.1.18. Therefore by the monotone convergence theorem,

/gd,u = lim /gndﬂ <lim inf/fnd,u7
n—oo n—oo
which completes the proof. O

Theorem A.1.27 (Dominated convergence theorem). Let {fy,}n>1 be a sequence of mea-
surable functions from Q into R* that converge pointwise to a limit function f. Suppose
that there exists an integrable function h such that for each n, |f,| < h everywhere. Then

lim [ fodu = [ fdu. Moreover, we also have the stronger result im [ |f, — f|du = 0.

Proof. We know that f is measurable since it is the limit of a sequence of measurable
functions (Proposition A.1.18). Moreover, |f| < h everywhere. Thus, f, + h and f + h are
nonnegative integrable functions and f,, +h — f+h pointwise. Therefore by Fatou’s lemma,
J(f + h)dp < liminf [(f, + h)dp. Since all integrals are finite (due to the integrability of
h and the fact that |f,| and |f| are bounded by h), this gives [ fdu < liminf [ f,du.

Now replace f, by —f, and f by —f. All the conditions still hold, and therefore the
same deduction shows that [(—f)du < liminf [(—f,)dp, which is the same as [ fdu >
limsup [ frdp. Thus, we get [ fdp =lim [ frdu.

Finally, to show that lim [ |f, — f|du = 0, observe that |f, — f| — 0 pointwise, and
| fn — f] is bounded by the integrable function 2h everywhere. Then apply the first part. [

A.1.14 The concept of almost everywhere

Let (Q, F, u) be a measure space. An event A € F is said to ‘happen almost everywhere’
if u(A°) = 0. Almost everywhere is usually abbreviated as a.e. Sometimes, in probability
theory, we say ‘almost surely (a.s.)’ instead of a.e. When the measure u may not be specified
from the context, we say p-a.e. If f and g are two functions such that the {w : f(w) = g(w)}
is an a.e. event, we say that f = g a.e. Similarly, if {f,}n>1 is a sequence of functions such
that {w : lim,_,o0 fn(w) = f(w)} is an a.e. event, we say f, — f a.e. The following lemma

is a basic fact.

Proposition A.1.28. Let f : Q — [0,00] be a measurable function. Then [ fdu =0 if
and only if f =0 a.e.

Proof. First suppose that u({w : f(w) > 0}) = 0. Take any nonnegative measurable
simple function g such that ¢ < f everywhere. Then g = 0 whenever f = 0. Thus,
p({w : g(w) > 0}) = 0. Since g is a simple function, this implies that | gdy = 0. Taking
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supremum over all such g gives | fdp = 0. Conversely, suppose that u({w : f(w) > 0}) > 0.
Then

u({w: fw) > 0)) M(U fw: fw) > n—l})

= nllféo p({w: f(w) >n"1}) >0,

where the second equality follows from the observation that the sets in the union form an
increasing sequence. Therefore for some n, j(A,) > 0, where A4, := {w: f(w) >n"'}. But
then

/fdu > /flA”dM > /n‘llAndu =n""pu(A,) > 0.
This completes the proof of the proposition. L]

Broadly speaking, the idea is that ‘almost everywhere’ and ‘everywhere’ can be treated
as basically the same thing. There are some exceptions to this rule of thumb, but in most
situations it is valid. Often, when a function or a limit is defined almost everywhere, we
will treat it as being defined everywhere by defining it arbitrarily (for example, equal to

zero) on the set where it is undefined.

A.1.15 Finite dimensional product spaces

Let (1, F1),..., (s, Fn) be measurable spaces. Let Q@ = Qy X -+ x Q,, be the Cartesian
product of Qy,...,8,. The product o-algebra F on (2 is defined as the o-algebra generated
by sets of the form Ay x --- x A, where A; € F; for i =1,...,n. It is usually denoted by
Fi1 XX Fp.

Proposition A.1.29. Let Q and F be as above. If each Q; is endowed with a o-finite

measure ;, then there is a unique measure u on ) which satisfies
n
(AL x - x Ayp) = HMi(Ai) (A.1.8)
i=1
for each Ay € Fy,..., A, € Fp.

Proof. Tt is easy to check that the collection of finite disjoint unions of sets of the form
Ajp X+ x Ay, (sometimes called ‘rectangles’) form an algebra. Therefore by Carathéodory’s
theorem, it suffices to show that p defined through (A.1.8) is a countably additive measure
on this algebra.

We will prove this by induction on n. It is true for n = 1 by the definition of a measure.
Suppose that it holds for n — 1. Take any rectangular set Ay x --- x A,,. Suppose that this

set is a disjoint union of A;; X --- x A;, for i =1,2,..., where A; ; € F; for each 7 and j.
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It suffices to show that
o0
P(AL X X Ap) = p(Agy X - X Aig).
i=1

Take any € Ay x -+ x Ap_1. Let I be the collection of indices ¢ such that x € A;1 x -+ x
A;n_1. Take any y € A,,. Then (z,y) € A1 x--- x Ay, and hence (z,y) € Aj1---x---Ain
for some ¢. In particular, z € A;1 x --- x A; ,—1 and hence ¢ € I. Also, y € A;,,. Thus,

An € Ain-
el
On the other hand, if y € A;,, for some i € I, then (z,y) € A;1 x --- x A;,. Thus,
(z,y) € A1 X --- x A, and therefore y € A,. This shows that A, is the union of 4,,
over i € I. Now, if y € A;,, N A;, for some distinct i, j € I, then since x € (A;1 x --- x
Ain—1)N(Aj1 X -+ x Ajn1), we get that (z,y) € (Aj1 X - X Ain) N (Aj1 X -+ X Ajp),

which is impossible. Thus, the sets A; ,,, as ¢ ranges over I, are disjoint. This gives

pn(An) = Z pin(Ain).

i€l

Finally,ifx € Ay x---xA,—1andx € A;1 x- - X A; 1 for some 7, then A;, must be empty,
because otherwise (x,y) € Aj1 X -+ X A;p, for any y € A; ,, and so (z,y) € Ay X -+ X Ay,
which implies that x € Ay x --- x A,_1. Therefore we have proved that

o0
Layxx An_y (%) pin(An) = Z LA i xx Ay (@) pin (Ain).-
i=1

Let p := p1 X -+ X p_1, which exists by the induction hypothesis. Integrating both sides
with respect to the measure p’ on Q1 x -+ - x Q,,_1, and applying the monotone convergence

theorem to the right, we get
(o)
!/ /
(AL XX A1) (An) =Y (Aig X - X A1) pn (Ai)-
i=1

The desired result now follows by applying the induction hypothesis to u’ on both sides. [
The measure p of Proposition A.1.15 is called the product of pq, ..., i, and is usually

denoted by p1 X -+ X fiy.

A.1.16 Fubini’s theorem

We will now learn how to integrate with respect to product measures. The natural idea is to
compute an integral with respect to a product measure as an iterated integral, integrating
with respect to one coordinate at a time. This works under certain conditions. The

conditions are given by Fubini’s theorem, stated below.
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Theorem A.1.30 (Fubini’s theorem). Let (1, F1, 1) and (2, Fa, p2) be two o-finite
measure spaces. Let = py X po, and let f: Q1 X Qo — R* be a measurable function. If f
1s either nonnegative or integrable, then the map x — fQ2 f(z,y)dusa(y) on Q1 and the map
T le fz,y)dpi(x) on Qo are well-defined and measurable (when set equal to zero if the

integral is undefined). Moreover, we have

/ F@,y)du(e,y) = / F(@,y)dua(y)dpn ()
leﬂg Ql Qz
- / F (&, y)dpn (2)dpa(y),
Qs SO

Finally, if either of

/Q s @) or /Q 2 /Q 1S )l @)dna(y)

1s finite, then f is integrable.
We need a preparatory lemma.

Lemma A.1.31. Let (£;,F;) be measurable spaces for i =1,2,3. Let f: Q1 x Qo — Qg be

a measurable function. Then for each x € Qy, the map y — f(x,y) is measurable on Q.

Proof. Take any A € F3 and = € €. Let B := f~(A) and
By :={yeQ:(r,y) e B} ={yeQ: f(z,y) € A}.

We want to show that B, € F». For the given z, let G be the set of all £ € F; x F5 such
that E, € Fo, where E; := {y € Qs : (x,y) € E}. An easy verification shows that G is a
o-algebra. Moreover, it contains every rectangular set. Thus, G O F; x Fa, which shows
in particular that B, € F» for every = € ()1, since B € F; x F» due to the measurability
of f. O

We are now ready to prove Fubini’s theorem.

Proof of Fubini’s theorem. First, suppose that f = 14 for some A € F; x F5. Then notice
that for any x € Qy,

/Q Fly)dua(y) = pa(Ay),

where A, == {y € Qa2 : (z,y) € A}. The integral is well-defined by Lemma A.1.31. We will
first prove that « — p2(Ay) is a measurable map, and its integral equals p(A). This will
prove Fubini’s theorem for this f.

Let £ be the set of all E € F; x F» such that the map x — ps(E,) is measurable and
integrates to u(F). We will now show that £ is a A-system. We will first prove this under
the assumption that pq and po are finite measures. Clearly Q1 x Qo € L. If B, Ea,... € L
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are disjoint, and E is their union, then for any x, E, is the disjoint union of (E1),, (E2)4, - - -

and hence

p2(Ey) = Z 12((Ei)z)-
i=1

This shows that « — po(E;) is measurable. The monotone convergence theorem and the
fact that E; € L for each i show that

oo

| meEdm@) =3 [ a(Edm @) = 3 uE) = ()
O i—1 7 i—

Thus, E € L, and therefore L is closed under countable disjoint unions.

Finally, take any E € £. Since p; and pg are finite measures, we have

p2((E%)z) = p2((Br)®) = p2(Q2) — p2(Ey),

which proves that z — p2((E€);) is measurable. It also proves that

/ 12 ((E9) ) dpan () = pua () o) — / yi2(Ea)dpa ()
(o3 Q1
= p() — W(E) = p(E).

Thus, £ is a A-system. Since it contains the m-system of all rectangles, which generates
F1 x Fa, we have now established the claim that for any E € F; X Fa, the map x +— po(E;)
is measurable and integrates to p(FE), provided that pq and ug are finite measures.

Now let 1 and po be o-finite measures. Let {E, 1}n>1 and {E, 2}n>2 be sequences
of measurable sets of finite measure increasing to €2y and (2o, respectively. For each n,
let B, := E,1 x Ep9, and define the functionals p,1(A) := pi(AN Epq), pn2(B) =
ua(B N Ey2) and py(E) == p(ENEy,) for Ae Fi, Be Fyand E € Fy x Fa. It is easy to
see that these are finite measures, increasing to p1, po and pu.

If f:Q; — [0,00] is a measurable function, it is easy see that

f(@)dpna(z) = [ f(2)lg,, (z)dm (), (A.1.9)
0 Q1

where we use the convention oo - 0 = 0 on the right. To see this, first note that it holds for
indicator functions by the definition of p,, 1. From this, pass to simple functions by linearity
and then to nonnegative measurable functions by the monotone convergence theorem and
Theorem A.1.23.

Next, note that for any F € F; x Fo and any = € Q1, pua(FE,) is the increasing limit
of pin2(Ez)1E, () as n — oco. Firstly, this shows that x — ua(E;) is a measurable map.
Moreover, for each n, i, = pn1 X ln2, as can be seen by verifying on rectangles and

using the uniqueness of product measures on o-finite spaces. Therefore by the monotone
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convergence theorem and equation (A.1.9),

/Q po(Eg)dp(z) = lim [ pno2(Ey)lE, , (2)dp (2)

n—oo 0

= lim pin,2(Ez)dpin 1 ()
1951

n—oo

= lim 11, (E) = u(E).
This completes the proof of Fubini’s theorem for all indicator functions. By linearity,
this extends to all simple functions. Using the monotone convergence theorem and The-
orem A.1.23, it is straightforward the extend the result to all nonnegative measurable
functions.

Now take any integrable f : 1 x Q9 — R*. Applying Fubini’s theorem to f* and f—,

we get
/ fu = /Q | /Q ) =) - /Q 5 i
- /Q (@)in (=) - /Q ()i @)
where
g(x) := A fH(z,y)dua(y), h(z):= A [ (z,y)dpa(y).

By Fubini’s theorem for nonnegative functions and the integrability of f, it follows that g

and h are integrable functions. Thus,

[ ran= | (o(a) b)),

where we have adopted the convention that oo — 0o = 0, as in Proposition A.1.25.

Now, at any x where at least one of g(x) and h(x) is finite,

o)~ hia) = [

Qo

(@) — F (@ y)dua(y) = /Q f@w)dm(y).  (AL10)

On the other hand, the set where g(x) and h(z) are both infinite is a set of measure zero,

and therefore we may define

fx,y)dpa(y) =0
Qo

on this set, so that again (A.1.10) is valid under the convention co — oo = 0. (The
construction ensures, among other things, that z — fQ2 f(x,y)dua(y) is a measurable
function.) This concludes the proof of Fubini’s theorem for integrable functions. The final

assertion of the theorem follows easily from Fubini’s theorem for nonnegative functions. [
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A.1.17 Infinite dimensional product spaces

Suppose now that {(€, Fi, ;) 132, is a countable sequence of o-finite measure spaces. Let
Q=01 xQ9 x---. The product o-algebra F = F; X Fa X --- is defined to be the o-algebra
generated by all sets of the form Ay x Ay X - -+, where A; = Q; for all but finitely many 7.
Such sets generalize the notion of rectangles to infinite product spaces.

Although the definition of the product o-algebra is just as before, the existence of a
product measure is a slightly trickier question. In particular, we need that each u; is a
probability measure to even define the infinite product measure on rectangles in a meaningful
way. To see why this condition is necessary, suppose that the measure spaces are all the
same. Then if 11;(€;) > 1, each rectangle must have measure oo, and if 1;(€2;) < 1, each

rectangle must have measure zero. To avoid these trivialities, we need to have u;(Q;) = 1.

Theorem A.1.32. Let all notation be as above. Suppose that {p;}2, are probability

measures. Then there erists a unique probability measure p on (2, F) that satisfies
o0
p(Ar x Ag o) = [ ma(Ai)
i=1

for every Ay x Ag X -+ such that A; = Q; for all but finitely many i.

Proof. First note that by the existence of finite dimensional product measures, the measure
Up = 41 X -+ X pn is defined for each n.

Next, define QM := Q11 x Qp0 x ---. Let A € F be called a cylinder set if it is of
the form B x Q™ for some n and some B € Fy x --- x F,,. Define pu(A) := v,(B). It is
easy to see that this is a well-defined functional on A, and that it satisfies the product
property for rectangles.

Let A be the collection of all cylinder sets. It is not difficult to check that A is an algebra,
and that p is finitely additive and o-finite on A. Therefore by Carathéodory’s theorem, we
only need to check that p is countably additive on A. Suppose that A € A is the union of
a sequence of disjoint sets Aj, Ao, ... € A. For each n, let B, := A\ (41 U---UA,). Since
A is an algebra, each B,, € A. Since p is finitely additive on A, u(A) = pu(By) + n(A1) +
-+« 4+ pu(Ay) for each n. Therefore we have to show that lim u(B,,) = 0. Suppose that this
is not true. Since {B,}n>1 is a decreasing sequence of sets, this implies that there is some
€ > 0 such that u(B,,) > € for all n. Using this, we will now get a contradiction to the fact
that NB,, = 0.

For each n, let A be the algebra of all cylinder sets in Q| and let (™) be defined
on A™ using fini1, fing2, ..., the same way we defined p on A. For any n, m, and
(1, Tm) € Q1 X -+ X Qpp, define

Bo(z1,- -y 7m) = {(Tmt1, Tma2,---) € Qi . (z1,29,...) € By}

Since By, is a cylinder set, it is of the form C), x Q™) for some m and some C,, € Fy X+ X Fop.
Therefore by Lemma A.1.31, B,(x1) € AW for any z; € Q1, and by Fubini’s theorem, the
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map z; — (B, (x1)) is measurable. (Although we have not yet shown that x() is a
measure on the product o-algebra of Q)| it is evidently a measure on the o-algebra G of
all sets of the form D x Q™ C QM) where D € Fy X - -+ x F,. Moreover, By, € F; X G.

This allows us to use Fubini’s theorem to reach the above conclusion.) Thus, the set
F, = {z1 € Q1 : tD(By(z1)) > €¢/2}

is an element of F;. But again by Fubini’s theorem,

1‘1 d,u1 (1‘1)

0= [
/ o))+ [ nO (Bl ()
"

Fo) +

IN

Since p(By) > €, this shows that u1(F,) > €/2. Since {F,,},>1 is a decreasing sequence of
sets, this shows that NF,, # . Choose a point =} € NF,.

Note that { By, (z%)}n>1 is a decreasing sequence of sets in F(), such that u() (B, (z})) >
€/2 for each n. Repeating the above argument for the product space QM and the sequence
{Bn(x%)}n>1, we see that there exists % € Qg such that u(® (B, (z},23)) > ¢/4 for every n.

Proceeding like this, we obtain a point = = (z3, 5, ...) € Q such that for any m and n,
™ (By(xt, ... 2k)) > 27 M.

Take any n. Since B, is a cylinder set, it is of the form C,, x Q™ for some m and some

Cy € Fix- X Fm. Since u™ (B, (x%,...,2%,)) > 0, there is some (L, 41, Tmy2, . ..) € Q™
such that (z7,...,2%,, Tm+1, Tm+2,...) € Bp. But by the form of By, this implies that
x € B,. Thus, x € NB,. This completes the proof. ]

A.1.18 Cylinder o-algebras

Having constructed products of countably many probability spaces, one may now wonder
about uncountable products. Surprisingly, this is quite simple, given that we know how
to handle the countable case. Suppose that {(€;, Fi, it;) }ier is an arbitrary collection of
probability spaces. Let  := x;c7€);, and let F := X;c1F; be defined using rectangles as in
the countable case. Now take any countable set J C I, and let F; := x;c;F;. Consider a
set A € F of the form {(w;)icr : (wj)jes € B}, where B is some element of F;. Let G be
the collection of all such A, as B varies in F; and J varies over all countable subsets of I.
It is not hard to check that G is in fact a o-algebra. Moreover, it is contained in F, and it
contains all rectangles. Therefore G = F. Thus, we can define p on this o-algebra simply
using the definition of the product measure on countable product spaces. The o-algebra G
is sometimes called the cylinder o-algebra on Q2. We will see later that cylinder o-algebras

and probability measures on cylinder o-algebras are important in probabilistic constructions

321



APPENDIX A. MEASURE THEORY AND ANALYSIS

of quantum field theories.

A.2 [P spaces

A.2.1 Markov’s inequality and Jensen’s inequality

The following simple but important inequality is called Markov’s inequality in the probability

literature.

Theorem A.2.1 (Markov’s inequality). Let (Q, F, 1) be a measure space and f : Q — [0, 0]

be a measurable function. Then for any t > 0,

pllw: Fw) > 1) < 1 / fdp.

Proof. Take any ¢t > 0. Define a function g as

1 if flw) > ¢,

g(w) = .
0 if f(w) <t.

Then ¢g < t~'f everywhere. Thus,

/gdué %/fdu-

The proof is completed by observing that [ gdp = p({w : f(w) > t}) by the definition of

Lebesgue integral for simple functions. O

Jensen’s inequality is another basic tool in probability theory. Unlike Markov’s inequality,
this inequality holds for probability measures only. First, recall that a function ¢ : R — R
is called convex if for all z,y € R and ¢ € [0, 1],

otz + (1 - t)y) < té(x) + (1 — D(y). (A2.1)

A simple criterion that is often used to prove convexity is that ¢” is continuous and
nonnegative everywhere. Indeed, if this holds, then a simple application of second order
Taylor expansion at x immediately implies the above inequality.

The inequality (A.2.1) implies that for y > x and ¢ € (0,1),

Btz +(1— ) — 6(2) _ 9(y) — 9(a)
(tx+(1—-t)y) —x — y—

)

and for y < z, the inequality is reversed. Thus, the fraction (¢(y) — ¢(x))/(y — =) decreases
as y decreases to x, and increases as y increases to x. Thus, the left and right derivatives

exist at x:
Or¢(x) = lim M Ord(x) == 1imM.

ytz y—x ylz y—x
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(This proves, in particular, that ¢ is continuous.) Now, for z < y and ¢ € (0,1), the

inequality (A.2.1) can also be rewritten as

Ptz + (1 —t)y) — o(x)
(tz+(1—t)y) —x

Ply) — otz + (1 —t)y)
y—(tz+ (1 -ty

This shows that for x <y < z, (¢(2) — o(v))/(z —y) > (é(y) — ¢(x))/(y — ). This shows,
in particular, that dp¢(x) < Oré(z) for any x.

<

Now, take any x and a number a € [01,¢(z), Orp(x)]. Then for any y > y' > =,

o) —oy) _ o) = d(x)
y—y y -z

>

)

as we deduced above. Taking 3 | =, and recalling that ¢ is continuous, we get

y—x
By a similar argument, for any y < z,
Sly) — 0a) _
y—x T

Thus, ¢(y) > ¢(x) + a(y — ) for all y € R. This is a fundamental fact about convex

functions that we will use in the proof of Jensen’s inequality below.

Theorem A.2.2 (Jensen’s inequality). Let X be an integrable random variable, and let
¢ : R — R be a convez function such that $(X) is also integrable. Then E(p(X)) > ¢(E(X)).

Proof. Let z := E(X). Choose a € [01.¢(z),Oré(x)]. Then by the above deduction,
P(X) = ¢(x) +a(X — ).

Taking expectation on both sides completes the proof. ]

A function ¢ is called concave if —¢ is convex. Clearly, the opposite of Jensen’s
inequality holds for concave functions. An important concave function is the logarithm,
whose concavity can be verified by simply noting that its second derivative is negative
everywhere on the positive real line. A consequence of the concavity of the logarithm is
Young’s inequality: If 2 and y are positive real numbers, and p, ¢ € (1, 00) are number such
that 1/p+1/q = 1, then

To show this, simply take the logarithm of the right side and apply the definition of concavity.

We will use Young’s inequality later in the proof of Holder’s inequality.
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A.2.2 The first Borel-Cantelli lemma

The first Borel-Cantelli lemma is an important tool for proving limit theorems in probability

theory. We will use it in the next section to prove the completeness of LP spaces.

Theorem A.2.3 (The first Borel-Cantelli lemma). Let (2, F, i) be a measure space,
and let Ay, As,... € F be events such that > o7, pu(A,) < oo. Then p({fw : w €
infinitely many A,’s}) = 0.

Proof. Tt is not difficult to see that in set theoretic notation,

o o0
{w : w € infinitely many A4,’s} = m U Ap.

n=1k=n

Since the inner union on the right is decreasing in n,

o0
p({w : w € infinitely many A,,’s}) < inf “(U Ak>
nzl k=n

< legfl,; n(Ax) = nli_{gog 1(A).

The finiteness of Y p(A4,) shows that the limit on the right equals zero, completing the
proof. ]

A.2.3 [P spaces and inequalities

Let (Q, F, 1) be a measure space, to be fixed throughout this section. Let f: Q@ — C be a

measurable function. Given any p € [1,00), the LP norm of f is defined as

1/p
1l = ( / flpdu> .

The space LP(Q, F, ) (or simply LP(Q2) or LP(u)) is the set of all measurable f: Q@ — C

such that || f||zr is finite. In addition to the above, there is also the L™ norm, defined as
[IfllLee :=nf{K € [0,00] : |f] < K a.e.}.

The right side is called the ‘essential supremum’ of the function |f|. It is not hard to see
that |f| < ||fllz~ a.e. As before, L>(Q, F, 1) is the set of all f with finite L norm.

It turns out that for any 1 < p < oo, LP(, F, u) is actually a vector space and the
LP? is actually a norm on this space, provided that we first quotient out the space by
the equivalence relation of being equal almost everywhere. Moreover, these norms are
complete (that is, Cauchy sequences converge). The only thing that is obvious is that
lafllze = ||l fllze for any o € C and any p and f. Proving the other claims, however,

requires some work, which we do below.
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Theorem A.2.4 (Holder’s inequality). Take any measurable f,g : @ — C, and any
p € [1,00]. Let q be the solution of 1/p+1/q=1. Then || fgllp < | fllzellgllLe-

Proof. If p =1, then ¢ = co. The claimed inequality then follows simply as

/ ol < gl / Fldw = [l gl e

If p = oo, then ¢ = 1 and the proof is exactly the same. So assume that p € (1, 00), which
implies that ¢ € (1,00). Let a:=1/||f||zr and 8 :=1/||g||ze, and let u := af and v := Sg.
Then ||u|lrr = o/ fllzr = 1 and ||v||ze = B]lgllze = 1. Now, by Young’s inequality,

ful? ol
luv| < +
p q

everywhere. Integrating both sides, we get

ul|?, |2, 1 1
HUUHLISH ||LP+|| ||L1:7+7:1.
q p q
It is now easy to see that this is precisely the inequality that we wanted to prove. O

Using Holder’s inequality, it is now easy to prove that the LP norms satisfy the triangle

inequality.

Theorem A.2.5 (Minkowski’s inequality). For any 1 < p < oo and any measurable
F9:Q=C |lf +glle < Ifllze + llgllze-

Proof. If the right side is infinite, there is nothing to prove. So assume that the right side
is finite. First, consider the case p = co. Since |f| < ||f|lz~ a.e. and |g] < ||g||lz~ a.e., it
follows that |f + g| < || f|lze + |lgllz= a.e., which completes the proof by the definition
of essential supremum. On the other hand, if p = 1, then the claimed inequality follows
trivially from the triangle inequality and the additivity of integration. So, let us assume
that p € (1,00). Then by Holder’s inequality,

/|f+g\”du - / 4 gllf + glPtdu
< / FIF+ gl + / gllf + gPdu

< Neelllf + gl lza + lgllzolllf + gl zo,

where ¢ solves 1/p+1/q=1. But

1/q 1/q
1F + g = ( / |f+g|(’””qdu) - ( / |f+9|”du) .

325



APPENDIX A. MEASURE THEORY AND ANALYSIS

Combining, and using the finiteness of || f + g||z», we get

1-1/q
1 + gl = ( / |f+g|Pdu) < fller + lgllor,

which is what we wanted to prove. ]

Minkowski’s inequality shows, in particular, that LP(Q, F, u) is a vector space, and the
LP norm satisfies two of the three required properties of a norm on this space. The only
property that it does not satisfy is that f may be nonzero even if || f||z» = 0. But this is
not a serious problem, since by Proposition A.1.28, the vanishing of the LP? norm implies
that f = 0 a.e. More generally, ||f — g||z» = 0 if and only if f = g a.e. This shows that if
we quotient out LP(Q, F, 1) by the equivalence relation of being equal a.e., the resulting
quotient space is a vector space where the LP norm is indeed a norm. Since we already
think of two functions which are equal a.e. as effectively the same function, we will not
worry about this technicality too much and continue to treat our definition of LP space as
a vector space with LP norm.

The fact that is somewhat nontrivial, however, is that the LP norm is complete. That is,
any sequence of functions that is Cauchy in the LP norm converges to a limit in LP space.

A first step towards the proof is the following lemma, which is important in its own right.

Lemma A.2.6. If {fy}n>1 is a Cauchy sequence in the LP norm for some 1 < p < oo,
then there is function f € LP(QQ,F, ), and a subsequence {fn, }k>1, such that fn, — f

a.e. as k — oo.

Proof. First suppose that p € [1,00). It is not difficult to see that using the Cauchy
criterion, we can extract a subsequence { fn, }y>1 such that || fo, — fre,, [l2r < 27F for every
k. Define the event

Ay = {w: |f”k (w) — fnk+1(w)| > 27]6/2}-

Then by Markov’s inequality,

uAR) = pl{w s [far (@) = fgeer ()P = 277772
< okp/2 / |fnk - fnk+1|pd/u
= Qkp/Qank - fnk+1Hz£p < 27kp/2-
Thus, > u(Ax) < oo. Therefore by the first Borel-Cantelli lemma, u(B) = 0, where
B := {w : w € infinitely many Ay’s}. If w € B¢, then w belongs to only finitely many of
the Ay’s. This means that |fy, (W) — fr,,, (W)] < 275/2 for all sufficiently large k. From
this, it follows that {f,, (w)}r>1 is a Cauchy sequence of complex numbers. Define f(w)

to be the limit of this sequence. For w € B, define f(w) = 0. Then f is measurable and

fn, = f a.e. Moreover, by the a.e. version of Fatou’s lemma,

[ 187 <t [ 1, P = timint 21, < .
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since a Cauchy sequence of real numbers must be bounded. Thus, f has finite LP norm.
Next, suppose that p = co. Extract a subsequence {fy, }x>1 as before. Then for each k,
| fax = frgsa] < 27F ace. Therefore, if we define

Ei={w [ (@) = frpss (w)] <27 for all &},

then pu(E°) = 0. For any w € E, {fn, (w)}x>1 is a Cauchy sequence of complex numbers.
Define f(w) to be the limit of this sequence. For w € E€, define f(w) = 0. Then f is

measurable and f;,, — f a.e. Moreover, on E,

(o] (o]
LS ol D U = Fud < |+ 275,
k=1 k=1

which shows that f has finite L norm. O

Theorem A.2.7 (Riesz—Fischer theorem). For any 1 < p < oo, the LP norm on LP(Q2, F, )

is complete.

Proof. Take any sequence {f,}n>1 that is Cauchy in LP. Then note that by Lemma A.2.6,
there is a subsequence {fy, }x>1 that converges a.e. to a function f which is also in L”.
First, suppose that p € [1,00). Take any € > 0, and find N such that for all m,n > N,
| fr — fillr < €. Take any n > N. Then by the a.e. version of Fatou’s lemma,

150 = g = [t 1 fuulan
— 00
< liminf/ |fr — [, [Pdp < €P.
k—00

This shows that f,, — f in the LP? norm. Next, suppose that p = co. Take any € > 0 and
find N as before. Let

E:={w:|fa(w) = fin(w)| < e for all m,n > N},
so that u(E°) = 0. Take any n > N. Then for any w such that w € E and f,, (w) = f(w),
|fn(w) = f(W)] = Tm | fr(w) = fo, ()| < e
k—ro0

This shows that ||f, — f]lr~ <€, completing the proof that f, — f in the L* norm. [

The following fact about LP spaces of probability measures is very important in proba-

bility theory. It does not hold for general measures.

Theorem A.2.8 (Monotonicity of L? norms for probability measures). Suppose that p
s a probability measure. Then for any measurable f : Q@ — C and any 1 < p < ¢ < o0,

||f||L17 < ”fHLq.
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Proof. If p = q = oo, there is nothing to prove. So let p be finite. If ¢ = oo, then

/wamis|uuiwu«n::Wﬂ&m,

which proves the claim. So let g be also finite. First assume that || f|/z» and || f]L« are

both finite. Applying Jensen’s inequality with the convex function ¢(z) = \x|‘I/ P we get

(/HMOMS/VWM

Finally, let us drop the assumption of finiteness of || f||» and ||f]/zs. Take a sequence

the desired inequality

of nonnegative simple functions {gn}n>1 increasing pointwise to |f| (which exists by
Theorem A.1.23). Since p is a probability measure, ||gn||zr and ||gn||ze« are both finite.
Therefore ||gnllze < ||gnllre for each n. We can now complete the proof by applying the

monotone convergence theorem to both sides. [

The space L? holds a special status among all the LP spaces, because it has a natural

rendition as a Hilbert space with respect to the inner product

(f9) = /f?dm (A2.2)

where g denotes the complex conjugate of g. It is easy to verify that this is indeed an inner
product on L?(Q, F, i), and the norm generated by this inner product is the L? norm (after
quotienting out by the equivalence relation of a.e. equality, as usual). The completeness of
the L? norm guarantees that this is indeed a Hilbert space. The Cauchy-Schwarz inequality

on this Hilbert space is a special case of Holder’s inequality with p = ¢ = 2.

A.2.4 Approximation theorems for L” functions

For p,q > 1 and a measure p, define the LP4(u) norm as

1 fllzraguy == Ny + 1l Lagu)-

Note that convergence happens in LP-? if and only if it happens in both LP and L?. Recall the
approximation theorem that we proved for measurable sets in Section A.1.4 (Theorem A.1.5).

The following is an analogous result for functions in L? and in LP9.

Theorem A.2.9. Let (2, F,u) be a probability space and f be a function in LP(Q, F, 1)
for some p € [1,00). Let A be an algebra that generates F. Then there is a sequence of
A-measurable complez-valued simple functions {fn}n>1 converging to f in LP. The same
holds for LP1, for any p,q € [1,00).

Proof. Breaking up into real and imaginary parts, it is clear that it suffices to prove the
theorem for real-valued f. Let fT and f~ denote the positive and negative parts of f.

By Theorem A.1.23, we know that there is a sequence of nonnegative simple functions
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{gn}n>1 that are increasing to f*. Since f* isin LP and |fT(z) — gn(z)] < f1(z) for each
n and z, the dominated convergence theorem implies that g, — f in LP. Similarly, there
is a sequence of nonnegative simple functions converging to f~ in LP. Thus, it suffices to
prove the theorem under the assumption that f is a nonnegative simple function. Clearly,
we can further reduce this to the case that f is an indicator function. But for indicator

functions, this is a simple consequence of Theorem A.1.5. Exactly the same proof goes
through for LP4. O

The following is an important corollary of Theorem A.2.9.

Corollary A.2.10. Take any p > 1. Let {(%, F;) }ier be an arbitrary collection of measure
spaces, and let Q) be the product space with cylinder o-algebra F. Let p be a probability
measure on (Q, F). Then for any f € LP(Q), F, u), there is a sequence of function { fn}n>1
converging to f in LP, such that for eachn, f, is measurable with respect to the sub-o-algebra

generated by a finite collection of coordinate maps.

Proof. For any finite set J C I, let F; be the o-algebra generated by the coordinate maps
(xi)ier — xj, j € J. Let A be the union of F; over all finite subsets J C I. It is easy
to see that A is algebra, and that it generates F. Thus, we get the claimed result by
Theorem A.2.9, because any A-measurable simple function is necessarily a function of

finitely many coordinates. The same holds for LP? for any p,q € [1, ). O

A function f: R"™ — R is said to be rapidly decaying if for any « > 0, there is some
C such that |f(z)] < C(1 + ||z||)~* for all z € R™. Let S(R™,R) denote the space of
real-valued Schwartz functions on R™, that is, infinitely differentiable functions f such that
f and all its derivatives of all orders are rapidly decaying functions. Let S(R", C) denote
the space of all complex-valued functions on R™, that is, functions whose real and imaginary
parts are Schwartz functions. We use different notations for real- and complex-valued
Schwartz functions because Schwartz functions are typically assume to be real-valued; but
we will need complex-valued Schwartz functions for certain purposes, such as the following

approximation theorem.

Theorem A.2.11. Let LP(R™) denote the LP space of Lebesgue measure on R™. Then
S(R™, C) is a dense subspace of LP(R™) for each p € [1,00). The same holds for LP4(R™),
for any p,q € [1,00).

Proof. As already observed in the proof of Theorem A.2.9; it is a consequence of Theo-
rem A.1.23 that simple functions are dense in LP(R"™). Thus, it suffices to prove that for
any A € B(R™) with finite Lebesgue measure, there is a sequence {f,}n>1 in S(R",R)
converging to 14 in LP. But if A has finite Lebesgue measure, it is easy to see by the
dominated convergence theorem that we can construct a sequence of bounded Borel sets
{An}n>1 such that 14, — 14 in LP. Thus, it suffices to prove the above claim when A is a
bounded Borel set.

Let A be a bounded Borel subset of R”. Let A be the collection of subsets of R™ that

are disjoint unions of sets of the form [a1,b1) X -+ X [an, by,) for some finite ay, ..., a, and
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Re—i9/2

Figure A.1: The contour C from the proof of Lemma A.3.2.

bi,...,bn. As we observed earlier in our construction of Lebesgue measure, A is an algebra
of sets. Therefore by Theorem A.1.5 applied to the restriction of Lebesgue measure to a
large enough cube that contains A (and recalling Lemma A.1.1), we can find a sequence
of sets {A,}n>1 in A such that 14, — 14 in LP. This allows us to further reduce to the
case where A is of the form [a1,b1) X - -+ X [an, by,). But for sets of this form, it is easy to
construct a sequence in S(R™,R) that converges to 14 in LP. The proof for LP9(R™) is

exactly the same. O

A.3 Fourier transforms

A.3.1 The inversion formula

Let C(R™) denote the space of continuous complex-valued functions on R™. For f €
C(R™) N LY (R™), define

fyi= [ s

to be the Fourier transform of f, where the integral on the right is the sum of the integrals
of the real and imaginary parts of the integrand. The following results is known as the

Fourier inversion theorem.
Theorem A.3.1. For any f € C(R") N LY(R"), f(t) is well-defined, continuous and

integrable on R™, and satisfies the Fourier inversion formula

f(2) = lim —— / Ftyeteelzl® g
]RTL

e—0 (27‘(’)"
Moreover, if f € S(R™,C), then fe S(R™, C), and the inversion formula reduces to

1 7 —it-z
)= G [ Foe e

We need the following lemma, which will also have other uses later.
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Lemma A.3.2. Let a and b be two complex numbers such that a = re'? for some r > 0
and 0 € (—m/2,7/2). Then

e 2 2 ; [T
/ e —b::cda7 _ eb /4ae—19/2 Z
— 0 r

Proof. First of all, note that the integral is absolutely convergent since Re(a) > 0. Next, let
L be the line in the complex plane that is parallel to the real line and passes through —b/2a.
Since Re(a) > 0, it is easy to justify that the contour of integration can be shifted from the
real line to the line L without changing the value of the integral. The value, therefore, is

equal to
o0 2 2 o0 2
/ o—alz—b/20)*b(z—b/2a) g, _ b /4(1/ oz g
—0 —00

Again, the integral on the right is absolutely convergent because Re(a) > 0. Moreover, by

o0 2
2/ e " dx.
0

Recall that a = rel? for some r > 0 and 6 € (—7/2,7/2). Take any R > 0. Let C denote
—i6/2

symmetry, it is equal to

the closed contour which goes from 0 to R, then along a circular arc from R to Re

and then along a straight line from Re™%/2 back to 0 (see Figure A.1). Since the function

70422
2
j{e 4 dz = 0.
C

e
Let C1, Cy and C3 denote the three parts of C' described above. Then

R
a2 a2
/eazdz:/ e "dx,
Ch 0

R , _ _ R
/ e % dz = — / el 0 gy = 70/ / e d.
Cs 0 0

Next, note that

is analytic on C, we have that

and

2 0/2 —is)2 1
/ e *dz :/ e~ EeT) (LiRe 1) ds.
Cy 0
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Thus, if § € [0,7/2), then
2 0/2 —is)2 H
/ e dz| < / e~ (_iRe™1%)|ds
Cy 0
6/2 ,
— / e~ Re(aR2e’2‘s)ds
0

0/2
— R/ 67R2'r’cos(9725)d8.
0

Now, since 6 € [0,7/2), it follows that for all s € [0,6/2], cos(f — 2s) > cosf > 0. Using

this in the above expression, we get

.2
/eazdz
Co

If 6 € (—7/2,0], a similar argument shows that

_ 2
/ e % dz
Ca

Thus, in either case, the integral over Cy tends to zero as R — oco. Combining this with

< %Ree—RQT 0056’.

< %R|9|67R21"c050.

the expressions for the integrals over C| and C3 obtained above, we get that

[°S) o) —i6/2
—_ax? —j 2 € ™
e~y — ¢ i6/2 e dp — =,
0 0 2 r

where the last identity follows by a standard formula for Gaussian integrals. Together with

the computation at the beginning of the proof, this completes the argument. ]
We are now ready to prove Theorem A.3.1.

Proof of Theorem A.3.1. First, note that since f € L'(R"™), |f| is uniformly bounded. Thus,

for any € > 0, it makes sense to write

ﬁ / f(t)e*“‘“”t”zdtz(21)n / ( f<y)eit~ydy)eit-zflf“dt. (A.3.1)
)" JRrn m n \JRn

Now, since f € LY(R") and € > 0,

/ / \f(x)|e_€‘|t“2dxdt < 0.

Thus, we can apply Fubini’s theorem to the right side in (A.3.1) and get

7T n 7T n n
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By Lemma A.3.2,
/ it =)=l gy  (27)7/2(9¢) /2= I3l

Thus,

1 it-(y—z)—e||t]|? 1 L ly—z|I?
@) /n/ Fla)et =)=t grgq — BT [ S Aelly==l? gy

1 L),012
- - v/ —zlizl
1) Jo fz+ V2ez)e 21717 dz.
Since f is continuous and in L', the above identity and the dominated convergence theorem

imply that

. 1 T —ita—elt2g _ 1 —3ll=02 4, —
lim @ /nf(t)e dt = )7 g (z)e 2* 0 dz = f(x).

This completes the proof of the first claim. For the second claim, note that if f € S(R"™, C),

then we can apply integration by parts to deduce that for any 1 < i < n and for any ¢ such

that ¢; # 0,
ity = — / e 09, f (x)da,
Rn

o —it;

where 0; denotes the partial derivative in coordinate i. Iterating this, it is easy to show
that f decays faster than any polynomial in 1/|¢] as ||t — co. Iterating this argument,
one can show that ]?is a Schwartz function. The second claim follows from this observation

and the dominated convergence theorem. O

A.3.2 The Plancherel identity

The inversion formula yields, among other things, the Plancherel identity.

Theorem A.3.3. For f,g € S(R",C),

N 1 ~
[ttt = o [ Fa0

Proof. For € > 0, define

) e L B —it-z—e||z||?
@)= sz [ Floe dt,
(o) = o [ e

By the decay rates of f and g from Theorem A.3.1, we can apply Fubini’s theorem to
deduce that

[ gt = i [ [ FOGGI( [ et ) asar
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By Lemma A.3.2,

B 2 2 ™ n/2
/ oilt—s)a—2ellz|? g, _ ~(t—s) /&() _
n 26

Combining the above displays and applying a change of variable, we get

f() @) = — / f(t)A(S)e(ts)z/85<7T>n/2dsdt
— Ge = 212" Jan Jan g %

1 N~ T 2
= @ / . FOG(t + V8eu)e™ (4m)" 2 dudt.
By the decay properties of J?and g, the right side tends to

1 N ’\76—u2 ,n_n/2u :L YRy
e o L FOT0e e = o [ [ g

as € = 0. On the other hand, by Theorem A.3.1 and the dominated convergence theorem,

it is easy to see that

lim fe(x)ge(x)dx = lim lim f(x)g(z)dx = - f(z)g(x)dx.

e—0 Jrn €0 Jrn €0
This completes the proof. O
A consequence of Theorem A.3.3 is that for all f,g € S(R",C),

1

I = ol = Gmyallf

Since S(R", C) is dense in L?(R™) by Theorem A.2.11, this allows us to extend the definition
of the Fourier transform to all of L?(R"), as follows. For any f € L?(R"), take a sequence
{fr}k>1 of Schwartz functions converging to f in L?. By the above identity, the sequence
{fk}kzl is Cauchy in L2. Thus, there is some function fe L?(R™) such that fk — fin 2.
We declare fto be the Fourier transform of f. It is easy to see by the above identity that
fdoes not depend on the choice of the approximating sequence. Moreover, Theorem A.3.3

strengthens to the following, whose proof is obvious from the above construction.

Theorem A.3.4. For f,g € L*(R"),

S 1 ~
[ttt = s [ Fa0a

Although the Fourier transform does not always have an explicit form for functions in

L2, it does have the usual form for functions that are both in L' and L2.

Theorem A.3.5. For f € LY(R™) N L?(R™) and almost every t € R™, we have

~

f&)y=] flz)e"*daz.
Rn
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Proof. By Theorem A.2.11, we can choose a sequence {f;}r>1 of Schwartz functions

converging to f in both L' and L?. From L' convergence, it is clear that for each t,
lim ﬁ(t) = f(z)e*d.
k—o0 R™

But fk — fin L?, since fy — f in L2 Thus, by Lemma A.2.6, there is a subsequence that

converges pointwise a.e. to f This completes the proof. L]

A.3.3 Fourier transforms in Minkowski space

For various reasons, we will need to work with the notion of Fourier transforms under the

Minkowski inner product. The Minkowski inner product on R* is defined as

(z,y) == Toyo — T1Y1 — T2Y2 — T3Y3-
The norm of a vector & under this inner product is defined as

2= (x,2) = 22 — 2} — 23 — 23,

Note that this norm is not positive definite. For a function f € S(R*, C), one defines its

Fourier transform under the Minkowski inner product as

fo) = [ &9 ).

Clearly, this is well-defined since f is a Schwartz function. Moreover, it has its own version

of the inversion formula, as follows.

Theorem A.3.6. Let f € S(R*, C) and f be its Fourier transform under the Minkowski
inner product. Then ]76 S(R*,C), and

@) = oyt L ¢ .

Proof. Let g(xo,x1,x2,x3) := f(xo, —x1, —22, —2x3). Then g is a Schwartz function, and
9(p) = / / / / el(wopotaipiteapatess) f (g gy —9, —13)dzodzideades

- //// €i(yopojhpl71}21)27%17350(ym Y1, Y2, y3)dyody1dy2dys3
= f(p)

This shows that fE S(R*,C). Moreover, by the inversion formula for the ordinary Fourier
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transform, this gives

f(m07x17x27x3) = g(x()v —I1, —x2, —1'3)

= *@iy / e PG(p)dp = (271r)4 / e f(p)dp.

This completes the proof. O
The Minkowski space Fourier transform has its own version of the Plancherel identity:
Theorem A.3.7. For f,g € S(R*,C),

- 1 -
L f@s@e = o [ Tt

Proof. As in the proof of Theorem A.3.6, if we take u(xzg, 21, x2, x3) := f(x0, —21, —T2, —3)
and v(zg, z1, 29, 23) = g(xo, —x1, —T2,—x3), then f = 4w and ¢ = ©. Thus, by the

Plancherel identity for the ordinary Fourier transform (Theorem A.3.3),

» f(@)g(x)dx = /R4 u(z)v(z)dx
1

- o /]R )
]. -~ =, ~
- gyt L, T
which completes the proof. O
Theorem A.3.7 yields the following corollary.
Corollary A.3.8. For f € S(RY,R),
Vf(@)de = — 2 f(p)|2d
R4( f(z)) dz = W R4p |f(p)|"dp-

Proof. Let 0; denote partial derivative in coordinate j. Then by integration by parts,

9;f(p) = —inp; f (p),

where 79 = 1, 1 = 12 = n3 = —1. Thus, by Theorem A.3.7,

1 ~
L @r@rt =g [ ifw)a,
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This gives
3
| r@Pde=3"n; [ @6
R4 =0 Jm
- 4 Z 77] / p] |f ‘de
1

= o /R 1) P,

which completes the proof. O

A.3.4 Fourier transforms on the unit circle

Let S' := {z € R? : ||z|| = 1} denote the unit circle in R?, equipped with its natural
Riemannian metric and the corresponding volume form. It is not hard to see that if we
identify S! as [~, ) through the correspondence 6 ~ (cos 6, sin @), then integration with
respect to the volume form on S! corresponds to integration with respect to Lebesgue
measure on [—7,m). A function f € C°°(S!,C) corresponds to a map f : [-m,7) — C
which is infinitely differentiable in (—m, ), and for each k > 0,

lim f®)(z) =1lim f®) () € C,

AR i

where f(*) denotes the k" derivative of f (with f(0) := f).
For a function f : [—m,m) — C that is integrable with respect to Lebesgue measure, the

th Fourier coefficient of f, for n € Z, is defined as

fln) = i f(z)e™dz.

The following lemma shows that the coefficients are rapidly decaying if f is smooth.
Lemma A.3.9. If f € C°°(S',C), then for any o> 0, |f(n)| = o(|n|™®) as |n| — cc.

Proof. Since f(z) has the same limit as * — +m, integration by parts gives

i = [f(x)] i [ rwear

in in
1 inx
=—— M d.
[ raeras
Thus, |f(n)| = O(|n|™1) as |n| — oco. Since for each k, F () has the same limit as

x — =7, we can iterate the above argument to show that \f(n)| = O(|n|™%) for any k. This
completes the proof. O
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For f € C*(S!,C), the above lemma allows us to define

27T Z f —mm

ne”L

and deduce that g is also in C°°(S!,C). It turns out that g is equal to f. This is the

Fourier inversion lemma for the unit circle:
Lemma A.3.10. Let f and g be as above. Then f = g.

Proof. For N > 0, define
Z f —mx
and then define

@) = T o

We know that gy (z) — g(z) as N — oo. This implies that hy(z) also converges to g(z) as
N — oo. Thus, it suffices to prove that hy(z) — f(x). Moreover, by the continuity of f

and g, it suffices to prove this for |z| < 7. Fix some x € (—m, 7), and note that

N k
hN(l') _ 2 Z Z 71n1‘

k=0n=—k

Z Z f(n)e—inx

Plugging in the expression for f(n), we get

us

hn(z) = 3 f(W)Fn(z —y)dy, (A.3.2)
where
1 al B
Fn(u) == mn;N(N —|n]+1)e™ ™"

Now, by the formula for the sum of a geometric series, we have, for u Z 0 (mod 27),

N s
e Lo O s £ Du)
1—e v sin(3u)
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This gives
. N
SIHQ(%(N‘F 1)U) _ Zefinu ?
SiHQ(%U) =
— Z e—l(m—n)u _ Z (N _ |n‘ + 1)e—mu.
m,n=0 n=—N
Thus, we get
0201
sin“(5(N + 1)u

21(N + 1) sin?(3u)”
Plugging this into equation (A.3.2) gives

sin®(3 (N +1)(z — y))

- (z
hy(z) = f( )27T(N—|— 1) sin?(3(z — y))

dy.

Making the change of variable z := (N + 1)(z — y), we get

LIN+1) (z47) 2 2

2 z sin” z

hy(x) = / f(x - ) dz.
%(N+1)($7Tr) N+1 (N + 1) sin (N+1)

As N — o0, the integrand converges to

Moreover, within the range of integration we have

2l _ 1

N1 2l

1
< 5(7r—|—|x\) <7

by our assumption that |x| < 7. Thus, there is a positive constant C' depending on = such

that throughout the range of integration, we have

sin z S C|z|
N+1)| 7 N+1

Thus, the absolute value of the integrand is bounded above by

C'sin? z

22 7

where C” is a finite constant depending on f and z. This allows us to apply the dominated

convergence theorem and conclude that

lim hy(z / f(z sm “d dz = f(z),

N—oo

where the last identity follows by considering the case f = 1, where hy = 1 for each N. [
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We will now extend this result to smooth functions on (S')? for arbitrary d. Let
fi[-mmd—=R
A.3.5 The Poisson summation formula

The following important result is known as the Poisson summation formula.

Theorem A.3.11. For f € S(R% C), we have
Y f) =" femn).
nezd nezd
Proof. Define a function g : [—7,m)¢ — C as
9@) = 3 £(@r) Nz + ).
nezd

This is well-defined since f is a Schwartz function. Moreover, the Schwartzian nature of f
allows us to differentiate g as many times as we want, by taking the derivatives inside the

sum. If ¢*) and f®) denote the k" derivatives of g and f, then we get

gW(@) == 2m) 7" P (2r) 2+ n).

nez

This shows, in particular, that

lim ¢ (z) = lim ¢ (2)

o zl—m
for each k. Thus, by Lemma A.3.10,
1 —~
> fn) =g(0) = = > G(n). (A33)
nez nezZ
Now note that by the dominated convergence theorem,

) = [ (3 sl e m) )i

meZL

= Z /W f((2m) "tz + m)e®de

mezZ"”

1
=27 Z /21 fy +m)e2™ ™y,
2

mezZ"”
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But, we have

=

3 1
[ e mimmsay = [ sty mieeray
B 2

o=

m+1
_ 2 27Tinyd
= / fly)e™dy.

1
m—3

Plugging this into the previous display and again applying the dominated convergence

theorem, we get

2 ~

)y = o /_ " H)@m vy — om f(2mn).

By equation (A.3.3), this completes the proof. |
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Appendix B

Probability Theory

B.1 Basics of probability theory

B.1.1 Random variables

If (Q, F) is a measurable space, a measurable function X from  into R or R* = RU{—00, o0}
is called a random variable. More generally, if (', F') is another measurable space, then a
measurable function X from € into Q' is called a '-valued random variable defined on €.
In particular, if Q' = R"™, we say that X is a random vector.

Let (Q2, F,P) be a probability space and let X be a random variable defined on Q. It
is the common convention in probability theory to write P(X € A) instead of P({w €
Q: X(w) € A}). Similarly, we write {X € A} to denote the set {w € 2 : X(w) € A}.
Similarly, if X and Y are two random variables, the event {X € A)Y € B} is the set
{w: X(w) € A,Y(w) € B}.

Another commonly used convention is that if f: ' — R is a measurable function and
X is an Q-valued random variable, f(X) denotes the real-valued random variable f o X.
The o-algebra generated by a random variable X is denoted by o(X), and if {X; }ier is a
collection of random variables defined on the same probability space, then the o-algebra
o({X;}ier) generated by the collection {X;}icr is defined to be the o-algebra generated by
the union of the sets o(X;), i € I. We will have use for the following result.

Proposition B.1.1. Let {X;}ics be a collection of (R*) -valued random variables defined
on a probability space (2, F,P). Define a map X : @ — (R*)! as X(w) = (X;(w))ier-
Suppose we endow (R*)! with its cylinder o-algebra. Then X is a measurable map, and
o(X) =o({X;:i€I}). Moreover, two (R*)! -valued random variables X and Y have the
same law if and only if for every finite set J C I, the random vectors (X;)jes and (Y;)jes

have the same distribution

Proof. To prove that X is measurable, it suffices to show that X ~!(A) € F for every
rectangular set A. This follows easily from the fact that each X; is measurable. This also
implies that o(X) C o({X; : ¢ € I'}). The reverse inclusion follows from the measurability

(with respect to the cylinder o-algebra) of coordinate maps on (R*)!. The second assertion
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follows by Theorem A.1.4, the measurability of the coordinate maps, and the fact that the

coordinate maps generate the cylinder o-algebra. ]

We will have use for the following result about real-valued random variables that are
measurable with respect to the o-algebra generated by a random variable taking value in

some measurable space.

Proposition B.1.2. Let (Q, F,P) be a probability space, and let X be an ' -valued random
variable, where (Q, F') is a measurable space. Let Y be an R*-valued random variable
defined on  that is measurable with respect to o(X). Then there exists a measurable map
F:Q — R* such that Y = F(X). Moreover, if F and G are two such maps, then F = G
a.e. with respect to the law of X.

Proof. First, suppose that Y = 14 for some A € 0(X). Then A = X ~(B) for some B € F'.
Define F' := 1p. Then F is a measurable map, and Y (w) = 14(w) = 15(X(w)) = F(X(w)).
Thus, Y = F(X). This proves the result when Y is an indicator function. Clearly, this
extends to nonnegative simple functions. Next, let Y be any [0, oo]-valued random variable
defined on 2 that is o(X)-measurable. By Theorem A.1.23, we can find an increasing
sequence of nonnegative simple o(X)-measurable random variables {Y,},>1 increasing to
Y. For each n, let F,, : ' — R* be a measurable map such that V;, = F,,(X). Define

F :=limsup,,_,, Fy, pointwise. Then F is measurable. Note that for all w € Q,

F(X(w)) = limsup F, (X (w))

n—oo
= liﬁnj;p Yo (w) = nl;rgo Y, (w) =Y (w).

This completes the proof when Y is nonnegative. Lastly, for a general R*-valued o(X)-
measurable random variable Y, let Y and Y~ denote the positive and negative parts of Y.
Let ) and F» denote measurable functions on €’ such that Y+ = Fy(X) and Y~ = F,(X),
constructed as above. The construction guarantees that F; and F5 cannot be simultaneously
oo at any point in Q. It is easy to argue from this that F := F} — F; is a well-defined
measurable map. Clearly, we have Y = F(X). For the last assertion, note that if Y = F(X)
and Y = G(X), then F(X) = G(X) and hence

P(X'({w € FW)=GW)})=P{weN: F(X(w) = G(X(w))}) = 1.

Thus, F' = G a.e. with respect to the law of X. O

Let X be a random variable defined on a probability space (€2, F,P) and taking values
in some measurable space (2, 7). Then X induces a probability measure px on this space,
defined as

ux(A) =P(X € A).

The probability measure px is called the law of X or the distribution of X.
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The expected value (or expectation, or mean) of an R*-valued random variable X,
denoted by E(X), is simply the integral [ XdP, provided that the integral exists. A
random variable X is called integrable if it is integrable as a measurable function, that is,
if E|X| < co. A notation that is often used is that if X is a random variable and A is an

event (defined on the same space), then
E(X;A) :=E(X14).
The variance of X is defined as
Var(X) := E(X?) - (E(X))?,

provided that E(X?) is finite (such random variables are called ‘square integrable’). Note
that by the monotonicity of Hélder norms for probability measures, the finiteness of E(X?)
automatically implies the finiteness of E|X| and in particular the existence of E(X). The
covariance of two random variables X and Y defined on the same probability space is
defined as

Cov(X,Y) := E(XY) — E(X)E(Y),

provided that both X, ¥ and XY are integrable. Notice that Var(X) = Cov(X, X). It is

easy to see that covariance is a bilinear form on square integrable random variables.

B.1.2 Independence

Let (2, F,P) be a probability space, and suppose that Gy, ..., G, are sub-c-algebras of F.
We say that Gy, ...,G, are independent if for any A; € G1, As € Go, ..., Ay € Gy,

P(Ar NN Ay) = [[P(A)).

More generally, an arbitrary collection {G;};cs of sub-o-algebras are called independent if
any finitely many of them are independent.

The independence of o-algebras is used to define the independence of random variables
and events. A collection of events {A;}ier in F are said to be independent if the o-algebras
Gi = {0, A;, A5, Q} generated by the A;’s are independent. Moreover, an event A is said to
be independent of a o-algebra G is the o-algebras {0}, A, A°,Q} and G are independent.

A collection of random variables {X;}ic; defined on 2 are said to be independent
if {o(X;)}ier are independent sub-o-algebras of F. A random variable X is said to be
independent of a g-algebra G if the o-algebras o(X) and G are independent.

A particularly important definition in probability theory is the notion of an independent
and identically distributed (i.i.d.) sequence of random variables. A sequence {X;}°; is
said to be i.i.d. if the X;’s are independent and all have the same distribution.

An important property of independent random variables is the following.
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Proposition B.1.3. If X and Y are independent random variables such that X andY are
integrable, then the product XY is also integrable and E(XY) = E(X)E(Y). The identity

also holds if X and Y are nonnegative but not necessarily integrable.

Proof. First, suppose that X = Zle ajly, and Y = Z;nzl b; 1B, for some nonnegative a;’s
and b;’s, and measurable A;’s and Bj;’s. Without loss of generality, assume that all the
a;’s are distinct and all the b;’s are distinct. Then each A; € 0(X) and each B; € o(Y),
because A; = X 1({a;}) and B; = Y~1({b;}). Thus, for each i and j, A; and B; are
independent. This gives

kE m k m
E(XY) = ZzazbElAlB =ZZ b;P(4; N B))
k. m
=" > aibP(A)P(B) = E(X)E(Y).

Next take any nonnegative X and Y that are independent. Construct nonnegative simple
random variables X, and Y,, increasing to X and Y, using the method from the proof of
Theorem A.1.23. From the construction, it is easy to see that each X, is (X )-measurable
and each Y, is o(Y)-measurable. Therefore X,, and Y, are independent, and hence
E(X,Y,) = E(X,)E(Y,), since we have already proved this identity for nonnegative simple
random variables. Now note that since X, T X and Y,, 1Y, we have X,,Y,, T XY . Therefore

by the monotone convergence theorem,

E(XY) = lim E(X,Y,) = lim E(X,)E(Y,) = E(X)E(Y)

n—oo n—oo

Finally, take any independent X and Y. It is easy to see that Xt and X~ are o(X)-

measurable, and Y and Y~ are o(Y')-measurable. Therefore

EXY|=E(XtT+X) YT +Y"))
=EXTYN+EXTY ) +EX YT +EX YY)
=EXNEY ") +EXNHEY )+ EX EY ) +E(X )E(Y ")
=E|X[E|Y].

Since E| X | and E|Y'| are both finite, this shows that XY is integrable. Repeating the steps in
the above display starting with E(XY") instead of E| XY, we get E(XY) = E(X)E(Y). O

The next result is often useful for proving independence of o-algebras.

Theorem B.1.4. Let {X;}icr and {Yj}jcs be two collections of random variables defined
on the same probability space. Suppose that for any finite F C I and G C J, the collections
{Xi}ier and {Yj}jcc are independent. Then o({X;}icr) and o({Y}}jers) are independent.

To prove the theorem, we need the following lemma.
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Lemma B.1.5. If A is a w-system of sets and B is an event such that B and A are
independent for every A € A, show that B and o(A) are independent.

Proof. Let L be the set of all A € o(A) such that B and A are independent. By assumption,
A C L. Since A is a w-system, Dynkin’s theorem tells us that it suffices to prove that L is
a A-system. Since Q2 € o(A) and P(BNQ) = P(B) = P(B) NP(Q), we conclude that Q € L.
Next, take any A € L. Note that

P(B N A°) = P(B) — P(B N A)
= P(B) — P(B)P(A) = P(B)(1 — P(A)) = P(B)P(A°).

Thus, L is closed under taking complements. A similar argument shows that £ is closed

under taking countable disjoint unions. ]
We are now ready to prove Theorem B.1.4.

Proof of Theorem B.1.4. Let A be the union of o({X;}icr) over all finite sets F' C I, and
let B be the union of o({Y;}icq) over all finite sets G C J. It is easy to see that A and
B are algebras; in particular, they are m-systems. Take any B € B. Then B and A are
independent for every A € A. Thus, by Lemma B.1.5, B and A are independent for every
A€ o(A) =c({X,}icr). Next, take any A € o({X;}icr). We have already established that
A and B are independent for any B € B. By another application of Dynkin’s theorem, we
conclude that A and B are independent for all B € o(B). O

B.1.3 Probability densities

Let (2, F, u) be a measure space and let v be another measure on (€2, F). We say that v
has a density p with respect to u if p : Q@ — [0, 00) is a measurable function such that for
all A € F,

v(4) = [ pla)ina).
We sometimes denote this relation by

dv

dv(z) = p(z)du(x), or i =p.

If v is a probability measure, we say that p is its probability density function (p.d.f.).

Conversely, if p : @ — [0, 00) is any measurable function such that

/mwwmzL
Q

then it is easy to check that the functional

umw=Amwww>
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defines a probability measure on (2, F).

Lemma B.1.6. Let (2, F, u) be a measure space and let v be a probability measure (2, F)
that has density p with respect to p. Then for any measurable g : Q — R that is integrable

with respect to v, we have

/Q g(a)dv(x) = /Q o(2)p(x)d(z).

Proof. When g is an indicator function, the result follows from the definition of p.d.f.
Therefore, the result holds when g is a simple function, by the linearity of Lebesgue
integrals. We can now pass to nonnegative measurable g using Theorem A.1.5 and the
monotone convergence theorem, and finally to integrable g by decomposing into positive

and negative parts. O

B.1.4 Total variation distance

Let (£2,F) be a measurable space and vy, s be two probability measures on this space.

The total variation distance between v1, v5 is defined as
dTV(Vh 1/2) = 1nf]P’(X 75 Y),

where the infimum is take over all pairs of {2-valued random variables (X,Y") defined on
the same probability space, such that X ~ vy and Y ~ 1. Another way to say this is that
drv(v1,12) is the infimum of y({(x,y) € Q2 :  # y}) over all probability measures v on
(92, F?) that has marginals vy and v, (meaning that v1(A) = v(Ax Q) and v5(A) = v(2x A)
for all A € F). The following lemma gives a useful alternative formula for the total variation

distance.

Lemma B.1.7. Let vi,vs be as above, and let u be a measure on (2, F) such that vy has
density p1 with respect to p and vy has density pa with respect to p. Then

drv(vi, ve) /|/)1 (z)|dp(z).

Moreover, the infimum in the definition of total variation distance is attained at some

probability measure on Q2.

Proof. Let a(x) := min{pi(x), p2(x)}, and let p := [ a(z)du(z). Construct a pair of
Q-valued random variables (X,Y") as follows. If p = 0, generate X ~ v; and Y ~ 1n
independently. If p = 1, generate X ~ vy and let Y = X. If 0 < p < 1, let B be the
probability density function «/p, and let ;1 and 65 be the probability density functions
(p1 — a)/(1 —p) and (p2 — a)/(1 — p). With probability p, generate X from S and let
Y = X. With probability 1 — p, generate X and Y independently from #; and #5. Note

that #; and 62 cannot be simultaneously nonzero anywhere. This implies that
P(X#£A£Y)=1-p. (B.1.1)
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We claim that X ~ v and Y ~ v5. To see this, note that if 0 < p < 1, then for any A € F,

pxed)=p [ “Wau)+1-p) [ 2= gu00)

_ / pr()dp(z) = i (A),
A

and by a similar argument P(Y € A) = 1»(A). If p = 0, then o = 0 a.e., which again
implies the above identity. Finally, if p = 1, then [(p; — a)du = 0 for j = 1,2. Since
p; > «, this implies that o = p; = p2, which ensures that X ~ v and Y ~ vs.

Next, note that
3 | (@) = a(@lduta)

- / (p1(@) + pa() — 2min pr (2), po(@)} ()
=1- /Qa(ac)du(x) =1-p.

Combining this with equation (B.1.1) and the observation from the previous paragraph, we
get that

drv(vi, ) SP(X £Y)=1-p=1 /Q 1p1(2) — o) |du(a).

For the reverse inequality, let A := {z € Q : pi(z) > pa(x)}. Take any (X,Y) such that
X ~vyand Y ~ 5. Since

0= [ (p1(e) = pata))duta)
- / (p1(z) — o)) dpa(z) — / (p1() — po(a))~dpu(z),
Q Q
we get
/ 1p1(2) — pa()du(z) = / (p1(@) — o)) du(z) + / (p1(@) — pala)) " dpu(z)
Q Q
—o /Q (01(2) — po(2))*du(z)
—2 [ (p1(0) ~ pala))dule) = 2(B(X € )~ B(Y € 4)).
A

But, we have

PXeA)-PYecA)<PXecA)-PXecAYecA
=P(X €AY ¢gA)<PXAY).
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Thus, we get
/Q 1p1(@) — pa(e)|da(z) < PX £Y).

Taking infimum over (X,Y’) proves the reverse inequality. ]

B.2 Gaussian random variables

B.2.1 Real-valued Gaussian random variables

It is common to say that a real-valued random variable has a p.d.f. if its law has a density
with respect to Lebesgue measure. An important example of such a p.d.f. is the density

function for the normal (or Gaussian) distribution with mean parameter p € R and standard

1 (z —p)?
exp| —~——~1" .
2ro P 202

If a random variable X has this distribution, we write X ~ N(u,0?). The special case of

deviation parameter o > 0, given by

fz) =

=0 and o =1 is known as the standard normal (or standard Gaussian) distribution. It
is easy to check that the above function is indeed a probability density function, and that

its expected value is p and variance is .

B.2.2 Gaussian random vectors

Recall that a random vector X is simply an R"-valued random variable for some positive
integer n. The probability density function of X, if it exists, is a measurable function
f:R™ = [0, 00) such that for any A € B(R"),

]P’(XEA):/f(xl,...,xn)d:r1~~dxn,
A

where dzxq - - - dx, denotes integration with respect to Lebesgue measure on R”. The law
px of X the probability measure on R™ induced by X, that is, ux(A) :=P(X € A). The
mean vector of a random vector X = (Xi,...,X,,) is the vector pu = (u1,...,un), where
w; = E(X;), assuming that the means exist. The covariance matrix of a random vector
X = (X1,...,X,) is the n x n matrix ¥ = (0y;)

that these covariances exist. The covariance matrix is sometimes denoted by Cov(X).

ij=1, Where o;; = Cov(X;, X;), provided

The higher dimensional analogues of normal random variables are multivariate normal
(or multivariate Gaussian) random vectors. Given p € R™ and a strictly positive definite
matrix X of order n, the multivariate normal distribution with mean p and covariance

matrix X is the probability measure on R™ with probability density function

1
(27)"/2(det 2

)iz P (—;(x — 'S e - u)).
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If X has this law, we write X ~ N,(u,X). An easy computation shows that if X ~
Ny (i, 2), then E(X) = p and Cov(X) = X. The N,(0,I) distribution is called the n-
dimensional standard normal distribution (where I denotes the identity matrix). Note
that if X ~ N,(0,I), the probability density function of X factorizes into the product of
N(0,1) densities, one for each coordinate. From this, it follows that the coordinates of X

are i.i.d. N(0,1) random variables.

B.2.3 Gaussian fields

A Gaussian field or a Gaussian process is any collection of Gaussian random variables
X = (Xj)ier such that for any finite set J C I, the random vector (X;);es has a multivariate
Gaussian distribution. Recall that X can be viewed as an R-valued random variable, and
by Proposition B.1.1, that its distribution is completely determined by its finite-dimensional
distributions (i.e., the distributions of (Xj) e for finite subsets J C I). We will make

frequent use of the following result.

Proposition B.2.1. Let X = (X;);c; be a Gaussian field. Suppose that J and K are
disjoint subsets of I such that Cov(X;, Xy) = 0 for every j € J and k € K. Then the
Gaussian fields (X;)jes and (Xg)rek are independent.

Proof. If JUK is finite, then this is easy to see that this is true simply by writing down the
probability density of (X;);cjui and observing that the density factorizes into a product
of two densities. For the general case, the same argument establishes that (Xj);c and
(Xk)rek are independent for any finite J' C J and any finite K’ C K. By Theorem B.1.4,

the result follows. O

B.2.4 Characteristic functions of Gaussian random variables

An important function associated with an n-dimensional random vector X is its characteristic
function ¢x : R™ — C, defined as

dx(t) := E(eit'X),

where i = y/—1 and ¢ - X is the inner product of ¢ and X. The right side of the above

expression is defined as
E(e"X) := E(cost - X) +iE(sint - X),

and the two expectations on the right always exist because cos and sin are bounded functions.
In fact, the expected value of any complex random variable can be defined in the same
manner, provided that the expected values of the real and imaginary parts exist and are
finite.

Proposition B.2.2. If X and Y are integrable random variables and Z = X +1iY, and
E(Z) is defined as B(X) +iE(Y), then |E(Z)| < E|Z|.
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Proof. Let o := E(Z) and @ denote the complex conjugate of a.. It is easy to check the

linearity of expectation holds for complex random variables. Thus,

[E(2)|* = aE(2) = E(@Z)
= E(Re(aZ)) + iE(Im(aZ)),

where Re(z) and Im(z) denote the real and imaginary parts of a complex number z. Since
|E(Z)|? is real, the above identity show that |E(Z)|? = E(Re(aZ)). But Re(aZ) < [aZ| =
|a||Z|. Thus, |E(Z)|? < ||E|Z|, which completes the proof. O

The above result shows, in particular, that |¢x(¢)| < 1 for any random vector X and

any t. The next result shows that the characteristic function characterizes the law of X.

Theorem B.2.3. If two n-dimensional random vectors X and 'Y have the same character-

istic function, then they have the same law.

Proof. Take any Schwartz function f on R™. By Theorem A.3.1 and Fubini’s theorem,

B 0) = B e [ Pl at)

1
- & /R Fyox (s
1 ~
= oy [ T = E(r0)

Now, it is easy to see that the indicator function of any set of the form [a1,b1) X -+ - X [an, by)
can be approach pointwise almost everywhere by a sequence of uniformly bounded Schwartz
functions. Thus, the above identity shows that P(X € A) = P(Y € A) for any such set A.
By Theorem A.1.4, this proves that X and Y have the same law. ]

We now compute the characteristic function of the N, (i, X) distribution. Let X be a
random vector with this distribution. Let ©!/2 denote the positive definite square-root of
and ©~1/2 denote its inverse. Then applying the change of variable y = $~V/2(z — 1), we
get

1
ox(0) = /R (2m)/2/det ©

1 . 1/2 lyl*
= nWeXp it-(p+3% y)—T dy

it 1 : ly[I?
_ it
= [ Gy exp(la'y‘g &,

exp <it x— %(x — s (- u)) da
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where a := £¥/2¢. Thus, by Lemma A.3.2,
2
iay — y> dy

_ it & 1 x
S TER

. 1 . 1
_ 61t~,u—§||a|\2 _ 6'Lt-u—5tTEt'

An important consequence of the above calculation is the following fact. Suppose that
X ~ Np(p1,X), and A is an m x n real matrix for some positive integer m. Let b € R™,
and let Y := AX 4+ b. Then

oy (t) = E("Y)
_ E(eit~(AX+b))
_ eitAbE(ei(ATt)-X)

: 1
— it (Ap+b)— §A2AT ]

Thus, by Theorem B.2.3, we deduce that if A has rank m, then Y ~ N,,(Ap + b, ALAT).
But even if A does not have full rank, the above formula for the characteristic function of
Y is still valid. This allows us to define the N, (i, ¥) distribution even if ¥ is only positive
semidefinite and not positive definite. Namely, for any g € R™ and any n X n positive
semidefinite matrix X, the N, (i, X) is the unique probability distribution on R™ that has
characteristic function e#t=2¢" =t,

The most important consequence of the above discussion is that if we have a Gaussian
random vector, and take any linear transformation of it, possibly mapping to a different
dimension, the result is still a Gaussian random vector. Its distribution is determined
simply by calculating its mean vector and covariance matrix.

A result about Gaussian random vectors that we will use later is the following.

Theorem B.2.4. Let X ~ N,(u,X), where p € R™ and ¥ is an n X n positive semidefinite
matriz. Let v be the law of X. Then the span of the functions x — e*®, as t ranges over
R"™, is a dense subspace of L*(R™, B(R™),v).

Proof. Let m be the rank of ¥. Then there is an n x m matrix A of rank m such
that ¥ = AAT. Thus, if Y ~ N,,(0,1), then g+ AY ~ N, (11, %). So let us assume that
X = p+AY. Take any f € L3(R", B(R"),v,C), so that E|f(X)|? < co. Define g : R™ — R
as

ga) = f(u+ Ax),

Suppose we can show that for any € > 0, there exist some k£ > 1, some s1,...,s5;, € R™,

and some aq,...,a; € C such that

k 2
Elg(Y) — Zajeisj'y <e.
j=1
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Since rank(A) = m and m < n, there exist t,...,t;, € R" such that ATt; = s; for
j=1,...,k. Thus,

k 2
E’f(X) - Z aje kel X <.
j=1

2 k
= E‘g(Y) — Z ajeisj'y
j=1

This shows that it suffices to prove the following: The span of the functions z — %%,
as t ranges over R™ is a dense subspace of L?(R™, B(R™),~, C), where v is the standard
Gaussian measure on R™. Let us denote this L? space by L?(v), and let L?(R™) denote
the L? space of complex-valued functions on R™ under Lebesgue measure. Let S denote
the closure of the span of the functions z + €% in L?(y). Take any g € L?(y). Let
gn(z) := g(x)1jg<n- Then by the dominated convergence theorem, gy — g in L?(v) as
N — co. Thus, it suffices to prove that any g € L?(v) that vanishes outside a bounded
region is in S.

Now, any g € L?(v) that vanishes outside a bounded region is in L?(R™), and conver-
gence in L?(R™) implies convergence in L?(y). By Theorem A.2.11, Schwartz functions are
dense in L?(R™). Combining these observations, we see that it suffices to prove that any
Schwartz function is in S.

Take any Schwartz function h. Recall that by Theorem A.3.1, its Fourier transform B is
also a Schwartz function, and the Fourier inversion formula holds. Using smoothness and
decay properties of Schwartz functions and their derivatives, it is now easy to approximate
is-x

the inversion formula by a finite linear combination of functions of the form e** up to any

desired degree of accuracy in the L?(7) norm. O
We will also use the following corollary of Theorem B.2.4.

Corollary B.2.5. Let X ~ N,(u,X), where p € R™ and X is an n X n positive semidefinite
matriz. Let v be the law of X. Then the span of polynomial functions of X (with complex
coefficients) is a dense subspace of L*(R™, B(R™),v).

Proof. A straightforward calculation using the classical gamma integral shows that if Z ~
N(0,1), then E|Z|P grows like pP/2to() ag p — co0. Using this and various applications of
Holder’s inequality, it follows that any function like e X can be arbitrarily well-approximated
in L? by a polynomial, simply by truncating the power series for e**. By Theorem B.2.4,

this completes the proof. O

B.2.5 The Wick product formula

The Wick product formula is an important fact about Gaussian random variables that is
widely used in quantum field theory. In the following theorem and elsewhere, we will say
that Gaussian random variable is ‘centered’ if it has expected value zero. Recall that a
perfect matching of a vertex set V is a set of undirected edges E on V such that every
vertex has degree exactly equal to 1. A perfect matching exists if and only if the size of V'

is even.
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Theorem B.2.6 (Wick product formula). Suppose that X1,..., X, are jointly centered

Gaussian random variables, where n is even. Then

E(X1Xs--- X,,) = > II Exx)).

all perfect matchings {i,j}€E
Eof1 n

[

If n is odd, the above expectation is equal to zero.

Proof. We will prove the Wick product formula by induction on n. For n =1 and n = 2,
the result is trivial. Let us take n > 3 and assume that the claim is true for smaller values
of n. Note that for Z ~ N(0,1) and any integer k > 2, integration by parts gives

E(Z") “* d

k:
-7
= \T/ (k — 1)a* 22" de = B((k — 1)2%72).

In other words, E(Z f(Z)) = E(f'(Z)) for any monomial f. Taking linear combinations, we
see that this holds for any polynomial f. By Fubini’s theorem, this implies that if Z1,...,Z,
are independent N (0,1) random variables, then for any polynomial f in n variables and

any j,
E(ij(Zlﬁ R Zn)) = E<ajf(Zla ceey Zn)), (B.Q.l)

where 0; f is the partial derivative of f in coordinate j.

Let ¥ = (0ij)1<ij<n denote the covariance matrix of X = (Xi,...,X,), so that
oij = E(X;X;). Let A = (aij)1<ij<n be an n x n matrix such that £ = AAT. (Such a
matrix exists because ¥ is positive semidefinite.) Then we can express X as AZ, where
Z ~ Np(0,I). Take any polynomial f in n variables. Then f(X) = f(AZ) is also a

polynomial in Z, and by an abuse of notation,

-y o)

Zauaf

Thus, by equation (B.2.1),
X)) = ZaijE(ij(X
j=1
= ia'E(af(X))
= Y\ 07,

= Z al]akj akf ZgzkE akf )) (B22)

3k=1 k=1
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In particular, taking i = 1 and f(X) = XoX3--- X,,, we get

11 Xj).
1<j<n,
J#Lk

n
E(X1 Xy Xp) = Zo—lkIE(
k=1

It is now easy to see how the claim follows from the induction hypothesis. ]

The Wick product formula stated in the above theorem is for products of real Gaussian
random variables. We will need a generalization of that to complex Gaussian random
variables. A complex Gaussian random variable is simply a complex random variable whose
real and imaginary parts are jointly Gaussian. The Wick product formula has exactly the

same form in the complex case as in the real case.

Theorem B.2.7 (Wick product formula, complex case). Suppose that Xi,...,X, are

jointly centered complex Gaussian random variables, where n is even. Then

E(X1 Xy Xp) = > II E&xix;).
all perfect matchings {i,j}€E
Eofl,....n

If n is odd, the above expectation is equal to zero.
Proof. Let P denote the set of perfect matchings of 1,...,n. Let X? and Xl-1 denote the
real and imaginary parts of X;. Then

E(X1 X2 Xn) = E((X] +1X7) (X3 +1X3) - (X +1X,,))

_ Z is1+~~+snE(Xf1X282 . X;@Ln)
s€{0,1}m

If n is odd, Theorem B.2.6 shows that each term on the right is zero. If n is even, then

again by Theorem B.2.6, this gives
]E(XlXQ...Xn) = Z 131+“‘+sn(z H E(X:’XJSJ)>
s€{0,1}" E€P {ij}eE

Exchanging the order of summation, we get

E(X1X2 .. Xn) — Z Z js1ttsn H ]E(XjIXjJ)

EeP se{0,1}" {i.j}eE

= > I B +ixh) +ix7)

Ee€P{ijlcE

=> ]I Exx)).

Ec€P {i,j}eE
This completes the proof. O

The following corollary is sometimes useful.
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Corollary B.2.8. Suppose that Xi,..., Xpm4n are jointly centered complex Gaussian
random variables, where m+mn is even and m < n. Let P’ be the set of all perfect matchings

of 1,...,m+n where at least one i < m is matched with some j > m. Then

Cov(X1 - Xon, Xpng1 - Xmin) = Z H E(X; X;).
EcP' {ij}eE

If m +n is odd, the covariance is zero.

Proof. Writing E(X; - -+ X;4p) using the Wick product formula, and subtracting off
E(X: - Xpm)E(Xmt1 - Xm4n), where both expectations are written using the Wick prod-

uct formula, we see that terms corresponding to matchings outside P’ cancel out. O

B.2.6 Wick ordered monomials of Gaussian random variables

Let {X;}ier be a centered complex Gaussian field — that is, a collection of jointly centered
complex Gaussian random variables. Given any 41,...,4, € I (not necessarily distinct), we
say that the product X;, X;, --- X

in

is a monomial of degree n. The Wick ordered version
of this monomial is defined as follows. For any finite set V, let P(V) denote the set of
perfect matchings of V. Denoting V := {1,...,n}, we define the Wick ordered version of

the monomial X;, X;, --- X, as

Xy Xy Xipi = Y (1)'U|/2< > 11 E(XiaXib)>( 11 X>
‘[EJ‘QV, EeP(U) {a,b}eFE aeV\U

To understand this definition, let us look at the case n = 4. Then V = {1,2,3,4} has 8
subsets of even size. Therefore, we have 8 choices of U. The term corresponding to U = ()
is equal to X;, X;, X, X;,. Next, let us look at the case U = {1,2}. This U has exactly one
perfect matching, which implies that the contribution from this term is —E(X;, X;,) X, X, -

Similar contributions come from the other subsets of size 2. Finally, the contribution from

U=1{1,2,3,4} is
> I ExXxs,).

EeP(V) {ab}€E

Putting it all together, we have

X, Xy Xy Xy

= X, Xi, Xiu Xiy — B(Xi, Xiy) X0 Xy, — E(XG, X)) X, Xy, — B(XG, Xay) X, X
— E(X;, Xi3) Xy Xiy — B(X5, X3,) Xi, Xiy — B(X4 X5,) X4, Xy
+ E(X;, Xy E(X4, X5,) + E(XG, X ) E(XG, Xa,) + E(XG, Xo,)E(XG, XG,)
+ E(X;, Xy ) E(X5, X,) + E(Xi, X, ) E(XG, Xiy) + E(XG, X0, ) E(XG, Xy )-
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So, for example, for a single centered Gaussian random variable X,
X1 = X1 - 6E(X?)X? + 6(E(X?))>.
The key property of Wick ordered monomials is captured by the following result.

Theorem B.2.9. Let {X;}icr be a centered complex Gaussian field. Any Wick ordered
monomial associated with this field has mean zero, and the expected value of the product of
two Wick ordered monomials of different degrees is equal to zero. Lastly, for any n and any

iy yin €1 and j1,...,9n € 1,

B(:Xi - Xin X, Xj) = > H]E X))
eSS, a=1
Proof. Take any n > 1, m > 0, and 41,...,%mtn € I, not necessarily distinct. Let

V:={1,...,n} and W :={1,...,m + n}. Then note that

:XZ -

1

X

in

X X = Y |U|/2( S OI[ Ex n))( I Xia).
\I%%\‘;n EcP(U) {a,blcE a€W\U

By the Wick product formula for complex Gaussian random variables,
E( 11 Xia) = > ]J] Exx
aeW\U FeP(W\U) {cd}eF

Combining the last two displays, we get

E(: X, Xiyt Xipyy o Xi) = (=12 > I Ex.x,).
‘[EJ‘QV, EeP(U), FEP(W\U) {a,b}e EUF
even

The right side can be rewritten as

Y @ [ EBxix

GeP(W) {a,b}eC

where the coefficient ¢(G) is given by

oG = Y (-1)"P¢q,v),
UucCy,
|U| even

where ¢(G,U) = 1 if G can be decomposed as EUF for some E € P(U) and F € P(W\U),
and 0 otherwise.

Take any G € P(W). Let G’ be the subset of edges in G whose endpoints are both in V.
If G’ is empty, then no nonempty U C V can have ¢(G,U) = 1. Also, trivially, ¢(G,0) = 1.
Therefore in this case, ¢(G) = 1. Next, suppose that |G’| = k > 0. Then ¢(G,U) =1 if and
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only if U consists of the endpoints of some subset of edges in G’. This shows that
LA _
o(G) =) ( > (-1)) = 0.
=0 M

Thus, we conclude that

E(Xi Xy Xiyy o Xio) = > [ BE(Xi,X5,), (B.2.3)
GeP!' (W) {a,b}eG

where P'(W) consists of all G € P(W) such that every edge in G connects a vertex in V' to
a vertex in W\ V. Note that P'(W) is empty if m < n. In particular, it is empty if m = 0.
This proves that E(:X;, - -+ X;,:) = 0. Moreover, it shows that

E(:Xil . 'Xin: XinJrl e Xiner) =0
whenever m < n, which implies that
]E(ZXil et Xin::Xin+1 s Xin+m:) = O

when m < n, and that

E(:Xil e Xin::Xin+l . -Xi%:) = E(5Xi1 . ‘Xin: Xi . Xizn)'

n+1 :

But by equation (B.2.3), it is easy to see that the right side is equal to the claimed value. [

B.3 Some other distributions

B.3.1 Convolutions

Given two probability measures 1 and uo on R, their convolution g * us is defined to be the
push-forward of p11 x 2 under the addition map from R? to R. That is, if ¢(z,y) := = + v,
then for any A € B(R),

g * pa(A) i= X pa(61(A)).

It is not hard to show that in the language of random variables, the convolution of two
probability measures has the following description: If X and Y are independent random

variables with laws p; and po, then pq * pg is the law of X + Y.

Proposition B.3.1. Let X and Y be independent random variables. Suppose that' Y has
probability density function g. Then the sum Z := X +Y has probability density function
h(z) =Eg(z — X). Consequently, if X has probability density function f, then

he) = [ fagte - )i,
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Proof. Let pu; be the law of X and po be the law of Y. Let p := p1 X po. Then the

discussion preceding the statement of the proposition shows that for any A € B(R),

P(Z € A) = p * pa(A) = u(¢~ ' (A))

- / Ly () (2 9)dule, ).
RQ

By Fubini’s theorem, this integral equals

| [ 1o ndn@in @)
RJR

But for any x,

/ L1 () dpia(y) = / La(z + y)dpa(y)
R R
- /R La(z + 9)9(y)dy

— [ 4@tz — otz = [ gl )iz
R A
where the last step follows by the translation invariance of Lebesgue measure (Corol-

lary A.1.24). Thus again by Fubini’s theorem,

P(Z € A) = /R /A oz — 2)dzdp ()

:/A/Rg(z—x)d,ul(a?)dz

= /AIEg(z — X)dz.

This proves the first claim. The second claim follows by combining the first claim and
Lemma B.1.6. ]

B.3.2 The Cauchy distribution

The standard Cauchy distribution is the probability measure on the real line that has

probability density function
1

——, z€R.

(1 + 22?)

Note that this is a probability density since it is the derivative of % arctan x, which goes

from —% to % as x goes from —oo to co. We will now compute the characteristic function
of the standard Cauchy distribution.

Take any t € R. First, suppose that ¢ > 0. Take any R > 1. Consider the semicircular

contour C' on the upper half-plane with vertices at —R and R. Let
itz

f(z) = a0 ) z € C\ {-i,i}.
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The contour C' encloses the pole i of f. Therefore, by the residue theorem,

j{ f(z)dz = 2nilim(z — i) f(2) = 27ilim _t =et
C

z—i z—i 7T(Z + 1)

Now, it is easy to see that the contribution to integral from the circular part is of order
1/R. Thus,

R
¢ 1tz = [ fde+o0/m),
C —R

Taking R — oo, we see that for ¢t > 0,

[e'e] eltT .
——dx =¢"".
/,Oo rl+az2) ¢

A similar argument using the semicircular contour in the lower half-plane with vertices at
—R and R shows that for ¢t < 0,

0o elt;r: p '
[miﬂ(1+$2) T =e€.

Combining, we see that the characteristic function of the standard Cauchy distribution is

given by ¢(t) = eIl We will need this fact at a later point.

B.3.3 The Lévy distribution

The standard Lévy distribution is the probability measure on (0, co) with probability density

function )
e 2z 0
— z>0.
V2ma3/2
To see that this is indeed a p.d.f., note that by the change of variable y = 271/2, we get

o o3 %0 9p= 3V
/ 7dx:/ 2 -
o \V2mx3/? 0 V2T
Let us now calculate the characteristic function of this distribution. The characteristic

function is given by

o] eitzfi © 9 it y2
=[] ———de=[ ——exp(——2L)dy, B.3.1
0= [ oo = [ ol - o B

where again, we used the change of variable y = 2~ /2,

When ¢t = 0, we already know that ¢(t) = 0. So let us take nonzero ¢t. The imaginary
number —2it has two square-roots. One square-root has positive real part, and the other
has negative real part. Let v/—2it denote the square-root that has positive real part, and
let (—2it)1/4 denote the square-root of this v/—2it that has positive real part. A simple

argument shows that in the rightmost integral in equation (B.3.1), the integration can be
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shifted to any ray from the origin that goes rightward. In particular, we can choose the ray

that passes through (—2it)'/4. This gives

o) = \/5(—2175)1/4 /OO exp it - —2ity” dy
m 0 \V —2ity2 2
2 e vV =2it 1
= \/7(2115)1/4/ exp| — : y? + — | |dy
7T 0 2 Yy
2 i [ V=2t 1\?
= \/7(2115)1/46_ _21t/ exp < ! <y — > )dy.
™ 0 2 Y
Let I denote the integral in the last line. Then the change of variable z = 1/y shows that
> 1 V=2t 1\?
I= —exp| — 5 z— 2 dz.
0 z
Averaging this new expression for I with the original expression, we get
1 [ 1 V—2it 1\
sz/ 1+ — )exp| — : Yy—— dy.
2 Jo Y 2 (]

Doing the change of variable z =y — % in the above integral, we get

1 [ Vv —2i
1= 5/ exp(— 5 ltz2>dz

—0o0

By Lemma A.3.2, the above integral is equal to v/27/(—2it)'/%. Substituting this value, we
get
(b(t) _ e*\/*Qit_

The above form of the characteristic function implies that if X and Y are independent
random variables from the Lévy distribution, then for any a,b > 0, a®>X + b*Y has the

same law as (a + b)?X. This is because

d)a?XerQY (t) — E(eit(a2X+b2Y))
(eita2X)]E(eitb2Y)

E
O(ta?)o(1h?) = e~V eI _ o @HIVII (1),

It is easy to see that the p.d.f. of a®X is the function

a a?

pa(fﬂ) = /;27_‘_1‘3/26 2

on the nonnegative axis. Thus, the convolution of p, and py is pe+p. We will need this fact

later.
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B.4 Conditional probability

B.4.1 Conditional expectation

Let (2, F,P) be a probability space and let X be a real-valued random variable defined on
this space. Suppose that X is integrable (that is, E|X| is finite). Let G be a sub-o-algebra
of F. The conditional expectation of X given G, denoted by E(X|G), is a G-measurable
integrable random variable Y such that for any B € G, E(X; B) = E(Y; B).

It is not clear from the above definition whether such a random variable exists, but if it

does, then almost sure uniqueness is not difficult to prove.

Lemma B.4.1. IfY and Z are two random variables that qualify as BE(X|G), then Y = Z
a.s.

Proof. Let B := {w : Y(w) > Z(w)}. Note that B € G. Since E(X;B) = E(Y;B) =
E(Z;B), we get E(Y — Z); B) = 0. But (Y — Z)1p is a nonnegative random variable.
Thus, (Y — Z)1p = 0 a.s., which implies that Y < Z a.s. Similarly, Y > Z a.s. O

We will now show that conditional expectation always exists. To do this, we will follow
the usual route — that is, first show it for simple random variables, then use monotonicity
to show it for all nonnegative random variables, and finally use positive and negative parts

to cover all integrable random variables.
Lemma B.4.2. If X is a simple random variable, then E(X|G) ezists.
Proof. Since X is simple, it is square-integrable. Let H denote the Hilbert space L?(2, G, P).

Let {Y, }n>1 be a sequence of elements of A such that

lim E(X —Y,)? = s:= inf E(X —Y)2. B.4.1
im E(X —Y,)" =s:= inf E( ) (B-4.1)

n—oo

Take any m and n. Let Z := (Y, +Y,)/2. Recall the parallelogram identity (a — b)? + (a +
b)? = 2a® + 2b%. Taking a = (X —Y,;,)/2 and b = (X —Y,,)/2, we get

1 1 1
E(X — Z)? + 1BV - Y,)? = SE(X - V)2 + SE(X - Y,)2
Since Z € H, E(X — Z)? > s. Thus,

1 1
Z1E(Ym —Y,)? < ZE(X —Y,)% + 5IE(X ~Y,)% - s.

DN | =

By (B.4.1), this proves that {Y},},>1 is a Cauchy sequence in H. Since H is a Hilbert space,

this sequence has a G-measurable L? limit Y. Clearly,

E(X —Y)?= lim E(X —Y,)? =s.

n—oo

Now take any Z € H. Then for any A € R, Y + AZ € H, and so by the above property of
Y, E(X —Y — A\Z)? is minimized when A\ = 0. But this is just a quadratic polynomial in
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A, and so the condition that it is minimized at 0 implies that the coefficient of A, namely
E((X —Y)Z), is zero. Taking Z = 1p for any B € G proves that Y = E(X|G). O

Lemma B.4.3. If X7 and X2 are simple random variables and a,b € R, then E(aX; +
bX2|G) = aE(X1|G) + bE(X2|G) a.s.

Proof. Tt is easy to see from the definition that aE(X1|G) + bE(X2|G) is a valid candidate
for E(aX; + bX3|G), and therefore the result follows by the uniqueness of conditional

expectation. ]

Lemma B.4.4. If X is a nonnegative simple random variable, then E(X|G) is also a

nonnegative random variable.

Proof. Let Y = E(X|G). Let B := {w: Y(w) < 0}. Then B € G, and hence E(Y; B) =
E(X; B). Since X is nonnegative, E(X; B) > 0. Thus, E(Y; B) > 0. But this implies that
Y >0 a.s. O

Lemma B.4.5. If X is [0, co]-valued, E(X|G) exists and is [0, co]-valued. If X is integrable,
then so is B(X|G), and these random variables have the same expected value. Lastly, if
X1 and Xy are [0, 00]-valued random wvariables and a,b > 0, then E(aX; + bX2|G) =
aB(X1]G) + bE(X2|G) a.s.

Proof. By Theorem A.1.23, we can find a sequence of nonnegative simple functions {X;, },>1
increasing to X. By Lemma B.4.2, Y, := E(X,,|G) exists for every n. By Lemma B.4.3,
E(X, — Xn-1|G) =Y, — Y,_1 for every n. Therefore by Lemma B.4.4, {Y,,},>1 is also an
increasing sequence of nonnegative random variables. Let Y be the pointwise limit of this
sequence. Then for any B € G, the monotone convergence theorem gives us

E(X;B) = lim E(X,;B)

n—oo

= lim E(Y,;B) = E(Y;B).

n—oo
Thus, Y = E(X|G). Clearly, Y is [0, co]-valued. If E(X) < oo, then E(Y) = E(Y;Q2) =
E(X;Q) = E(X) is also finite. Linearity is proved exactly as in Lemma B.4.3. O
Finally, we arrive at the main result of this section.

Theorem B.4.6. For any integrable random variable X, E(X|G) exists and is unique
almost everywhere. Moreover, |E(X|G)| < E(|X]|G) a.s.

Proof. We have already established uniqueness in Lemma B.4.1. To prove existence, let X+
and X~ denote the positive and negative parts of X. Then by Lemma B.4.5, Y} := E(XT|G)
and Yz := E(X|G) exist. Let Y := Y} — Y. Since X is integrable, so are Xt and X~. So
by the last assertion of Lemma B.4.5, Y7 and Y5 are integrable, and thus, so is Y. Therefore
for any B € G,

E(X;B)=E(X":;B) —E(X";B)
=E(W1; B) - E(Ys; B) = E((Y1 — Y2); B) = E(Y; B).
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Thus, Y qualifies as E(X|G). Finally, by the linearity of conditional expectation for
nonnegative random variables, |Y| < Y; + Yy = E(X1|G) + E(X~|G) = E(|X]||G) a.s. O

Thus, we have established the existence and uniqueness of the conditional expectation
of an integrable random variable given a o-algebra. One can similarly define the conditional
probability of an event, as P(A|G) := E(14|G). Another common notation is that if X
and Y are two random variables, then E(Y|o(X)) is written as E(Y|X). Recall that by
Proposition B.1.2; any o(X)-measurable random variable can be expressed as F'(X) for
some function F' that is unique up to a.e. equivalences with respect to the law of X. We

can use this function F' to write
EY|X =z) = F(x), (B.4.2)

with the understanding that both sides are equivalence classes of functions (equivalent up
to a.e. equality under the law of X) rather than actual functions. A case where F' can be

easily computed is the following.

Lemma B.4.7. Let X and X3 be independent random variables defined on a probability
space (2, F,P) and taking values in some measurable spaces (1, F1) and (02, F2), re-
spectively. Let F : Q1 x Qo — R* be a measurable map such that the random variable
Y = F(X4, X2) is integrable. Then

E(Y|X; = ) =/Q F(x,y)dux,(y)-

Proof. Let g(x) denote the integral displayed in the statement of the lemma. The in-
tegrability of Y means that F is an integrable map. Therefore g is well-defined and
integrable with respect to the law of X7, and by Fubini’s theorem, we have that for any
B =X;1(A) € o(Xy),

E(g(Xy); B) = /A o(@)dpx, (z)

- / / F(,y)dp, (v)dpix, (z) = E(Y: Xy € B),
A JQo

This shows that g(X;) =E(Y|X1). O

It is clear from the definition that if conditional expectation exists, it must be linear.
That is,
E(aX1 + bX2|g) = aE(X1|g) + b]E(X2|g) a.s.

This holds because the right side is easily seen to be a valid candidate for the conditional
expectation of a X + bX» given G, and we know that conditional expectation is unique. By
Lemma B.4.5, the conditional expectation of a nonnegative random variable is a nonnegative

random variable. Together with linearity, this implies that conditional expectation is
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monotone. That is, if X <Y a.s., then E(X|G) < E(Y|G). This implies Jensen’s inequality

for conditional expectation:

Theorem B.4.8 (Jensen’s inequality for conditional expectation). Let X be an integrable
random variable defined on some probability space (Q, F,P) and let ¢ : R — R be a convex
function such that ¢(X) is also integrable. Then for any o-algebra G C F, E(¢(X)|G) >
H(E(X]G)) a.s.

Proof. Let r1,ra,... be an enumeration of the rationals on the real line. For each n, choose
an € [0r¢(ryn), Ord(ry)]. Then, as observed earlier,

¢(X) > (b(rn) + an(X - rn)-

Thus, by the monotonicity of conditional expectation,
E(¢(X)|G) > o(rn) + an(E(X|G) —rn) a.s.

Since the intersection of countably many event of probability one has probability one, we
get that

E(¢(X)|G) = sup(d(rn) + an(E(X|G) — ) as.

n>1

Since there are rational numbers arbitrarily close to E(X|G), and ¢ is continuous, the above
inequality implies that E(¢(X)|G) > ¢(E(X]G)) a.s. O

We end this section with two further properties of conditional expectation.

Proposition B.4.9 (Tower property of conditional expectation). Let X be a random
variable defined on a probability space (Q, F,P) and let G' C G be two sub-o-algebras of F.
Then

E(X|¢) = E(E(X|G)|G") a.s.

Proof. Take any B € G'. Then B € G, and hence
E(E(X|G); B) = E(X; B) = E(E(X|G'); B).

Thus, E(X|G’) satisfies the defining property of the conditional expectation of E(X|G) given
G’, which proves the claim. O

Proposition B.4.10. If Y is G-measurable and XY s integrable (in addition to X being
integrable), then

E(XY|G) =YE(X|G) a.s.
Proof. Let us first prove the weaker statement
E(XY) =E(YE(X]|9)). (B.4.3)
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Note that this follows from the definition of conditional expectation if Y = 15 for some
B € G. Therefore it holds for any simple G-measurable Y. Next, if X and Y are both
nonnegative, we can take a sequence of nonnegative, simple, G-measurable random variables
increasing to Y and apply the monotone convergence theorem on both sides to get (B.4.3).
In particular, this shows that if X and Y are nonnegative and XY is integrable, then so is
YE(X|G).

Finally, in the general case, note that the integrability of XY implies that XY+,
X1TY ™, X“Y ™" and X~Y "~ are all integrable. By linearity, this gives us (B.4.3) for any X
and Y such that X and XY are integrable, and Y is G-measurable.

Next, replace Y by Y1p in (B.4.3), where B € G. Since the integrability of XY implies
that of XY'1p, we get

E(XY; B) = E(VE(X|9); B).

Since this holds for any B € G, this completes the proof. L]

B.4.2 Conditional independence

Let (Q, F,P) be a probability space. We say that two sub-c-algebras G; and Gy of F are
conditionally independent given a third sub-o-algebra G if for every A € G; and B € Go,
we have

P(A N B|Go) = P(A|Go)P(B|Go) a.s.

In the same spirit, we say that two random variables X and Y are conditionally independent
given a third random variable Z if 0(X) and o(Y") are conditionally independent given o(Z).

The following lemma gives a useful criterion for proving conditional independence.

Lemma B.4.11. Let Xy, X1 and Xy be three random variables defined on a probability
space (Q, F,P) and taking values in some measurable spaces (Qo, Fo), (Q1, F1) and (Qa, Fa),
respectively. Suppose that Xo can be expressed as F(Xo, Z), where Z is an (3, F3)-valued
random variable (which is another measurable space), Z is independent of (Xo, X1), and
F:Qyx Q3 = Qo is a measurable map. Then Xy is conditionally independent of X3
given Xj.

Proof. Take any A € F1 and B € F3. Then for any C' € Fy, we have

]E(P(Xl €A Xy € B|X0);X0 S O) = ]P’(Xl €A Xo€B, Xp€ 0)
=P(X;€ A, F(Xo,Z) € B, Xg€C)

/ duz(2)dp xy,x,) (70, 1)
AXC J{z:F(zo,2)€B}

But by Lemma B.4.7, the function

G(xp) := / duz(2)
{z:F(z0,2)€B}
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is a representation of P(X, € B| Xy = xg). Thus, we get

E(P(Xl € A7 Xy € B|X0);X0 S C) = IP)(]P)(XQ € B|X0);X1 € A, Xo € C)
= P(P(X» € B|Xo)P(X1 € A|Xo); Xo € O)

This proves the claim. ]

B.4.3 A criterion for independence

Conditional distributions can be used to give the following useful criterion for two random

variables to be independent.

Lemma B.4.12. Let X and Y be two random variables defined on the same probability
space, but possibly taking values in different spaces. Suppose that the conditional law of Y
given X does not depend on the value of X, in the sense that for any f such that f(Y) is
integrable, we have E(f(Y)|X) is a constant almost surely. Then X andY are independent.

Proof. Since E(E(f(Y)|X)) = E(f(Y)), the given condition implies that E(f(Y)|X) =
E(f(Y)) almost surely. Thus, for any A and B,

P(X € A, Y € B) = E(14(X)15(Y))
=E(14(X)E(1(Y)[X)) = E(1a(X)E(15(Y)))
= E(14(X))E(15(Y)) = P(X € A)P(Y € B).

Therefore, X and Y are independent. ]

B.4.4 Conditional probability densities

Let (Q;, F;), ¢ = 1,2, be two measurable spaces. Let uq, o be measures on 7, Q. Suppose
that we have a probability measure v on {2 x (29 that has density p with respect to py X po.
Let (X1, X2) be a Q1 x Qg-valued random variable, so that p is the p.d.f. of (X1, X2) with
respect to 1 X po. Then it is an easy consequence of Fubini’s theorem that the p.d.f. of X3
with respect to p; is given by

pia) = [ plaraz)duaen).

Similarly, the p.d.f. of Xy with respect to uo is

pata) = | ploraa)d (o).

The densities p; and ps are called the marginal densities of p. The conditional probability
density of X1 given X5 = x4 is defined as

p(r1,72)

prip(mle) = p2(2)
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if p(x2) > 0, and arbitrarily if p(x2) = 0. The reason why we call this the conditional
density is because of the following fact (recalling the definition of E(Y|X = z) from
Subsection B.4.1).

Lemma B.4.13. Take any bounded measurable function f: Q1 x Qo — R. For xo € Qo,
define

oar) = [ Floreprp(erian)din o).
1
Then g is well-defined, and g(X2) = P(f(X1, X2)|X2) a.s.

Proof. Take any B € F,. Then by Fubini’s theorem,

E(15(Xa)g(X2)) = /Q 15 (22)g(22)pa(2)dpin(22)

— [ tntaa) ([ s aalpteonsaidinen) )anaten)
Qs o

=/ 1p(x2) f(x1, x2)dv(z1, 22).
leﬂz

This proves that g(Xs) = P(f(X1, X2)|X2) a.s. O

B.5 Markov chains and Markov processes

B.5.1 Markov chains

A Markov chain is defined by its transition kernel. A transition kernel, or transition
probability, is defined as follows. Let (.5, S) be a measurable space. A function K : SxS — R

is called a ‘Markov transition probability’ or ‘Markov transition kernel’ if
1. for each z € S, A — K(x, A) is probability measure on (5,S), and
2. for each A € S, x — K(x, A) is a measurable function.

Let (S, S) be a measurable space. Let {X,}n>0 be a sequence of S-valued random variables
adapted to a filtration of o-algebras {F,}n>0. Let K be a Markov transition kernel on S
and o be a probability measure on 0. We say that { X, }n>0 is a time-homogeneous Markov
chain with kernel K and initial distribution o if Xy ~ o, and for all n > 0 and B € S,
P(X,+1 € B|F,) = K(X,, B) as.

The n-step transition kernel of the above Markov chain is a kernel K™ such that
Kn(XO,B) = P(Xn S B|f0)

An easy inductive argument via the tower property of conditional expectation shows that

K"(xO,B):/S/S~o~/BK(xn,1,da:n)~~K(x1,dx2)K(z0,dx1),
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where [ --- K(z,dy) denotes integration with respect to the measure K(z,-).
Suppose that we have a measure p on (S, S) such that for each x € S, the probability
measure K (z,-) has a probability density p(x,-) with respect to p. That is, for all A € S,

K(r,A) = /A P, y)du(y).

In this case, we say that p is the transition probability density function of our Markov chain.

One can show that in this case, K™(z,-) also has a density with respect to p, given by

P (a,y) = /S /S P, 2)p(1, 2) -+ P, y)dp(a1) - - da(ans).

A probability measure v on (5, S) is said to be an invariant measure for the Markov chain
if for any A € S,

/ K(z,A)dv(z) = v(A).
S

In case there is a measure p as above, and v has a density f with respect to p, we say
that f is an invariant probability density for the Markov chain. We will need the following

special case of a theorem of Doeblin.

Theorem B.5.1 (Special case of Doeblin’s theorem). Consider a Markov chain on a
state space (S,S) that has transition probability density p with respect to some measure .
Suppose also that it has an invariant probability measure v that has density f with respect

to . Suppose that there is some € > O such that for all x,y € S,
p(z,y) = ef(y). (B.5.1)
Then for anyn > 1, x € S,
L@ = s <20 -0

Proof. Define

_ p@,y) —ef(y)
q(z,y) = T 1-¢

Then note that ¢(z,y) > 0, and

[t = ([ penautn) e [ swan) =1, ©52)

Next, define

I (ey) = /S - /S 0, 20)a(w1,72) - Qs y)dp(a1) - da(ns).
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Iterating (B.5.2) gives

/q”(w,y)du(y) =1
S

Now, note that since f is an invariant density, we have

/f q(z, y)dp(z) = 1_6(/f p(x y)du(w)—e/sf(w)f(y)du

:17_6(10( y) —ef () = fy)-

Next, we claim that for each n,

p(y) = (1 —e)"¢"(z,y) + (1 — (1 —€)")f(y).

We will prove this by induction on n. Since

p(z,y) = (1 —€)q(z,y) +ef(y),

the claim is true for n = 1. Suppose that it holds for n — 1. Then

P (z,y) = /S PN, 2)p(z, y)du(z)

= /S((l =" @, 2) + (L= (L= ") f(2))((1 = €)alz,y) + ef (y))dp

Let us expand the brackets and evaluate the terms one by one. First, note that

[gq"‘l($,2)q(z,y)du(2) =q"(z,y).

Next, by equation (B.5.4),

/f q(z,y)du(z) = f(y)-

Lastly, by equation (B.5.3) and the fact that f is a probability density,

/S ¢ (@, ) f(y)du(z / e

By the above calculations, we get

Phzy) = (1= )" (zy) + (1= (1—&)" (L - e)f(y)
+(L =" ef(y) + (1 - (1—&" Hef(y)

=[1-"¢"(z,y)+ (1 -1-¢")f(y)
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This completes the induction step, proving the claim (B.5.5). Now, equation (B.5.5) gives

/ Ip" (z,y) — f(y)|du(y) = (1 - 6)”/ lq"(z,y) — f(y)ldu(y)
S S
< 01—-er1/2<mn<w,yn-+|f<yn>du<y»

But ¢" and f are both nonnegative functions and integrate to 1. This completes the

proof. O

A corollary of Doeblin’s theorem is that Markov chains that satisfy the Doeblin con-

dition (B.5.1) have exponentially decaying correlations, as given by the following result.

Corollary B.5.2. Let {X,}n>0 be a Markov chain satisfying the conditions of Theo-
rem B.5.1, and suppose that Xog has a probability density with respect to p. Let g be
the joint probability density of Xo,...,X;, and gs be the joint probability density func-
tion of Xj,..., Xy, where 1 < j < k. Let g be the joint probability density function of
Xo,. .., X5, Xj, ..., Xg. Then

/ lg(zo, ..., xi x5, ... xk) — g1(zo, .-, i) g2 (@, - .o )|
- dp(xo) - - - dplas)dp(zy) - - dp(ag) < 4(1—e) "

Consequently, if F is a measurable [—1,1]-valued function of Xo,...,X; and G is a mea-
surable [—1, 1]-valued function of Xj, ..., Xy, then

|E(FG) — E(F)E(G)| < 4(1 — €)™
Proof. Let h be the probability density function of Xy. Then note that
g1(wo, . .., x;) = h(zo)p(zo, 1) - p(wi-1, i)

Similarly,

g(zo, ... T4, x4, ..., Tk)

= h(zo)p(zo, 1) - - p(iz1, )P’ (25, 2)p(xf, Tj31) - - P(Tp1, Th),
and
92(1']', ce "Tk) = w(xj)p(xjaijrl) o 'p(xk—la zk)a

where w is the probability density of X;, given by

w(@) = [ a0l (o, 2)dulao)
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These expressions show that

/ lg(xo, .., xi, @), ... Tk) — g1(To, -+, i) g2(x), . o, )|
~dp(wo) - - - dp(; )dp(x;) - - - dp(zy)
< /h(l’O)P(xo’xl)"'p(xi—laﬂﬁi)\pj*i(%xj) —w(zj)|p(zj, xjt1) -+ p(Tp—1, Tk)

sdp(xo) - - dp(wi)dp(x;) - - - dp(a).

Now, we can successively integrate out x,Tx—1,...,;+1, and reduce the above expression

to
/h(l’o)P(l’o,Il) s p(ioa, @) [P (@i, ) — w(ag)|dp(xo) - - - dp(as)dp(xy).  (B.5.6)

For a fixed x;, Theorem B.5.1 gives

[0 iy) = faldntey) < 201 -
and
[ wt@) = saidutey) = [ \ [ )@ o, 2) = )t )
< [ [ #tao)lpao,m;) = fGaldntao)du(z;)
<2(1- o) [ hlan)dulao) = 2(1 - .

Combining the last two displays and applying the triangle inequality, we get

[ imy) = e day) < (1= €77
Using this in equation (B.5.6), we get
/ ‘g(x(]a ey Ly Ly eee ,l'k) - gl($07 s 7xi)92(xj7 cee ,1’k)|
~dp(wo) -+ - dp(@s)dp(wy) - - - dp(ay)

<4(1—e)i ™t / h(zo)p(xo, x1) - - - p(ai—1, z;)dp(zo) - - - dp(x;)

=4(1— €)™
This completes the proof. O

B.5.2 The Gibbs sampling algorithm

Let (2, F) be a measurable space and let v be a probability measure on (Q", F™) for some

n > 1. The Gibbs sampler is an algorithm for generating a random vector X = (X1,...,X,)
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with law v if we know how to generate, for each ¢, from the conditional distribution of X;
given (Xj) ;. The algorithm produces a Markov chain X 0 X1 ...on Q" as follows. For
simplicity, let us work under the assumption that v has a density p with respect to some

product measure p™ on Q". Then the marginal density of (X;);; is

poil(e)is) = [ plorse. on)dn(a), (B:5.7)
and the conditional density of X; given (X});-; is

p(x1, ..., xn)

p—i((@5) i) (B.58)

pi(wi|(x) i) =

if p—_i((x});2i) # 0, and defined arbitrarily (for example, zero) if the denominator is zero.
(See Subsection B.4.4 for a discussion on conditional probability densities.) The transition

kernel of the Gibbs sampler is given by
K(z, ) Z / P (@3) ) LA, - Tt s Tigrs - Tn)dpa()

for x = (1,...,2,) € Q" and A € F". In words, this means that to transition from X* to
X*+1 we choose a coordinate i € {1,...,n} uniformly at random, draw Xf"'1 from the
conditional distribution of X¥ given (XJ]-“)J-#, and let XJ]?'H = X]’-C for all j # 1.

Proposition B.5.3. The probability measure v is an invariant measure for the Gibbs

sampler defined above.

Proof. Note that for any A € F™,
[RELEE
72/ / pz y| Zj j;é’t)]-A(xla"'7xi717yaxi+la'"ax'ﬂ)du(y)dlj’n(‘r)'

Since the integrand on the right depends on x; only through p(x), integrating out x; leaves

us with

/ p(@) K (2, A)da" ()
— 7Z/m 1/ ((z5)j0) Pi(Yl(25) )

(1"17 s Ti—1, Y Titls - - - 7xn)du(y)dunil<('xﬂ)];ﬁl) (B59>

Now, note that

p—i((x)j2)pi(Yl(2)j2i) = p(T1, -0 Tim1, Yy Tig1s -+ Tn) (B.5.10)
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for p-a.e. y. This follows from the definition (B.5.8) of p;(y|(x;);jx:) if p—i((x;)ji) # 0. On
the other hand, if p_;((x;);2i) = 0, then the definition (B.5.7) of p_;((x;) ;) shows that
p(X1, .o X1, Yy Tigt1, - - -, ) = 0 for p-a.e. y. Thus, equation (B.5.10) holds for u-a.e. y.
Using this in equation (B.5.9), we get

[ o)K@ A" 0)

1
=— E P(T1, ey T 1, Yy Tig 1y - oo Tp)
n “ Qn—l (9]
i=1
cla(xn, . T, Yy Tigd, - - Jn)dﬂ(y)dﬂn_l((%)j;&i)-

But each term on the right is equal to v(A). This completes the proof. ]

B.5.3 Markov processes

Let {X¢}ter be random variables defined on a probability space (2, F,P) and taking values
in some measurable space (', F'). For each t, let F; := o(X;), F<i := 0({Xs}s<t), and
F>i = 0({Xs}s>t). We say that {X;}ier is a Markov process if for every ¢, the o-algebras

F>¢ and F<; are conditionally independent given F;. The following lemma is often useful.

Lemma B.5.4. Let {X;}ier be a Markov process as above. Then for any t € R, and any

integrable random variable Z that is F>¢-measurable, we have
E(Z|F<:) =E(Z|F) a.s.
Proof. By the Markov property, we have that for any A € F<,,
E(Z14lF:) = E(ZIF)P(AF,).
By Proposition B.4.10, this shows that
E(Z14) = E[E(Z|F)P(A|Fy)] = E[E(Z]Fs)14].

This proves the claim. ]

A Markov process as above is called stationary if for any s € R, the process { X; s Her,
as an (€')®-valued random variable, has the same law as the original process { X;}scr. Note
that by Proposition B.1.1, this simply means that for any n and any t1,t2,...,t, € R, the
random vector (Xt ys,...,Xt,+s) has the same law as the random vector (X3,,..., X,).
Note that, in particular, the law of X is the same for all ¢ if {X;},cr is a stationary process.

The Markov process {X;}ier is called reversible if it has the same law as the time-
reversed process {X_; }er.

Let {X;}ter be a stationary, reversible Markov process as above and p be the law of
Xo. Let H denote the Hilbert space L2(Q, F', u,C) (where the C denotes that we are
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considering complex-valued L? functions), with inner product

(F,G) := /Q/ F(z)G(z)dp(z).
For F € H and t > 0, define
P(t)F(z) .= E(F(Xy)| X0 = ).

By the definition of conditional expectation and Theorem B.4.6, we know that P(¢)F is an
integrable function on (', ', u). The following theorem establishes some properties that

will be useful later.

Theorem B.5.5. For each t > 0, P(t) is a linear map from H into H, with norm < 1,
which is symmetric, meaning that (P(t)F,G) = (F, P(t)G) for all F,G € H. Moreover, for
all s,t >0, P(s+t) = P(s)P(t).

Proof. The fact that P(t)F € H follows from Jensen’s inequality for conditional expectation,
which also shows that ||P(t)|| < 1, because for any F € H,

IP(#)F||7: = E[(E(F(X:)|X0))?] < E[E(F(X)?[Xo0)] = E(F(X0)?) = ||F|Z..

Linearity of P(t) follows from linearity of conditional expectation. To see that P(t) is a
symmetric operator, notice that by reversibility, (Xo, X;) has the same law as (Xo, X_¢);
and by stationarity, (Xo, X_;) has the same law as (X, Xo). Thus, (Xo, X;) has the same
law as (Xy, Xo). By Proposition B.4.10, this shows that

(P(t)F,G) = E(P(t)F(X0)G(Xo))
= E(F(X1)G(Xo)) = E(F(X0)G(X1)) = E(F(Xo) P(1)G(X0)) = (F, P(1)G).

It remains to prove the last assertion. Take any F' € H and any s,t > 0. Let G := P(t)F.
We claim that

G(Xs) = E(F(Xs41)|Fs). (B.5.11)
To see this, note that for any H € H, two applications of stationarity give

E(F(Xs+t)H(Xs)) = ]E(F(Xt)H(XO))

This proves equation (B.5.11). Therefore, by the tower property of conditional expectation
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and Lemma B.5.4,

P(s +t)F(Xo) = E(F(Xs4¢)|F0)
= E(F(Xs44)|F<o)
= E[E(F (Xs4t) | F<s) | F<o]
= E[G(X;)|F<o0] = E[G(X,)[Fo] = P(s)G(Xo).
This proves that P(s 4+ t)F = P(s)P(t)F. O

B.6 Brownian motion

We define a random curve on the time interval [0, ] to be a measurable map B : (Q, F) —
(Clo,t],B(C[0,t])), where C]0,] is the set of continuous functions from [0,¢] into R, and
B(C0,t]) is the Borel o-algebra of C[0,t], defined as follows. First, we define a norm on
C0,t] as
1f1l == sup [£(s)]-
0<s<t

This is sometimes called the supremum norm of the sup-norm. This norm induces a metric
on C]0,t] in the usual way, that is, the distance between f and g is ||f — g||. The metric
defines a topology on C0, ], that is, the topology generated by the open balls of this metric.
Finally, the Borel o-algebra of C[0, ] is the o-algebra generated by the open sets in this
topology.

A CJ0,t]-valued random curve B is called standard Brownian motion on the time
interval [0,¢] if for any n and any 0 < s1,...,8, < t, the random vector (B(s1),..., B(sy))
is multivariate normal with E(B(s;)) = 0 for each i and E(B(s;)B(s;)) = min{s;, s;} for
each 1 <i,57 < n. It is a simple consequence of Theorem A.1.4 that these finite-dimensional
distributions uniquely determine the law of Brownian motion.

It is not immediately clear that one can indeed construct Brownian motion as described
above. We now show that this is possible, by an explicit construction due to Paul Lévy.
Let € and {&; : k> 1,5 =1,3,5,...,2% — 1} be independent N (0, 1) random variables, all
defined on a probability space (2, F,P). Standard facts from probability theory show that
such a construction is possible. We will now define a sequence of random curves { By }>0
on the time interval [0, t] using these random variables, and then show that this sequence
converges to Brownian motion as k — oo.

Let By(0) = 0 and By(t) = /%&£, and define By(s) for all s € (0,t) by linear interpolation.
That is, Bo(s) = (s/t)Bo(t) for all s € [0,¢]. Then define By, inductively as follows, such that
for each k, the random curve By, is continuous on [0,¢] and piecewise linear in each interval
of the form [t(j — 1)27% ¢j27*] for j = 1,...,2*. Note that this is true for k = 0. Suppose
we have constructed up to By_1. Take any 0 < j < 2%, Let By (tj27%) = B_1(tj27%) if j
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is even. If j is odd, let
By(tj27%) == By_1(t527%) + V2~ k+D/2¢, (B.6.1)

This defines By(s) at every s of the form #j27% for j = 0,1,...,2*. Within each interval of
the form (t(j —1)27%,¢j27%), define By, by linearly interpolating the values at the endpoints
of the interval. That is, if s = at(j — 1)27%F 4+ (1 — a)tj27F for some a € (0,1), we define

By(s) := aBy(t(j — 1)27%) + (1 — @) By (t527").
The following lemma shows that By converges to a limiting random curve B as k goes to
infinity.

Lemma B.6.1. With probability one, the sequence {By}r>1 is Cauchy in the supremum
norm on C[0,t]. Consequently, there is a C[0, t]-valued random curve B defined on (2, F,P)
such that with probability one, || By, — B|| — 0 as k — oo.

Proof. Take any even number j between 0 and 2¥. Then note that by construction, Bj_;
is linear in the interval [tj27%,¢(j + 2)27%]. Also by construction, By, is equal to Bj_; at
the endpoints of this interval, and linear in each half of the interval. This shows that the
maximum value of |Bg(s) — Big_1(s)| for s in this interval is attained at the midpoint of
the interval, that is, at s = ¢(j + 1)27%. Now, by equation (B.6.1),

Bi(t(5 +1)27%) = Bp_1(t(j + 1)27F) = Ve~ (:HD/2¢; o
Thus, we conclude that

sup |Bi(s) — Br_1(s)] = V2~ D2|g ).
sE[tj2—F t(j+2)27F]

Taking supremum over all even j between 0 and 2%, we get

IBe — Beall = vVE27 D2 max (g4 (B.6.2)
j=1,35,...,.26—1

Now, if £ ~ N(0,1), then for any x > 0,

E(652/4)
er?/4

P(l¢] > z) = P(e¥/* > e7/%) < =Ce ™/, (B.6.3)

where C' is a finite constant that does not depend on x. Thus,

P 1>k < P(|&| > k) < C2ke=F/4,
(j_173{%ﬁf2k1|§k4| ) = Z (16,51 ) < €
§j=1,3,5,....2k—1

Thus, we conclude that
P(IBi ~ Bl > Vi) < Cote b
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Note that the bound on the right is summable in k. Thus, by the first Borel-Cantelli lemma
from basic probability theory,

P(|| B, — Br_1|| > vVt2~*+Y/2k for only finitely many k) = 1.

But if || By — Bi_1]| > vt2~ T1D/2k for only finitely many k, then the sequence {By}p>1 is
Cauchy in the supremum norm. Let B denote the limit of By on the set where this sequence
is Cauchy, and let B = 0 on the set where it is not. Note that B is a C[0, t]-valued random
curve, since the uniform limit of a limit of continuous functions on [0, ¢] is continuous. It is

a standard exercise to show that the random curve B so constructed is a measurable map
from (2, F) into (C[0,¢], B(C[0,¢])). This completes the proof. O

The following lemma shows that the random continuous function B constructed in

Lemma B.6.1 is standard Brownian motion on the time interval [0, ¢].

Lemma B.6.2. For any 0 < s1,...,s, < t, the random vector (B(s1),...,B(sp)) is
multivariate normal with E(B(s;)) = 0 for each i and E(B(s;)B(s;)) = min{s;, s;} for each
1<i,j<n.

Proof. First, let us assume that si,...,s, are of the form ¢tj127%,...,tj,2% for some k
and some 0 < j1,...,jn, < 2F. Then note that by construction, for each 4, the value of
Bi(s;) remains the same for all [ > k. Consequently, B(s;) = By/(s;) for each .

Again, from construction and the fact that affine transformations preserve normality, it
is clear that (Bg(s1),...,Bk(sp)) is a normal random vector and that E(By(s;)) = 0 for
each i. We will now show by induction on k that each Bj has the covariance structure of

Brownian motion in the sense that for each k and each 0 < 7,5 < 2%,
E(By(ti27 %) By (t727%)) = t2 ¥ min{i, j}. (B.6.4)

This true for £ = 0 because By(0) = 0 and By(t) ~ N(0,¢). Suppose that this holds up to
k—1. Take any 0 < i,j < 2%, If i and j are both even, then

By(ti2™") = By (ti27%) = By ((i/2)27"Y),
Bk(th*k) = Bk—l(tj27k) _ Bkil(t(j/Q)Qf(lcfl))7

and thus, by the induction hypothesis,

E(By,(ti27%) By, (tj27%)) = E(Bj_1(1(i/2)2~ %) By(t(j/2)2~*~1))
=12~ * U min{i/2,;/2} = 2~ F min{i, j}.
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Next, suppose that ¢ is even and j is odd. Then by equation (B.6.1),

By(tj27%) = Br_1(tj27%) + V272

= %(Bk,l(t(j —1)27F) + B 1 (t( 4+ 1)27F)) + Vi~ D2,

1 . (k- . (k- _
= S (B (G = 1/2270570) + By (o(( +1)/2)27470)) + Vi D2, (B65)
The formula for By, (#i27%) remains the same as before. Thus,
E(By(ti2 ") Bu(tj2 %) = 5127~ min(i/2, (7~ 1)/2) + mini/2, ( +1)/2}).

If j > 4, then the right side is t27%4, whereas if j < i, then the right side is t27%j. This
takes care of this case. Next, suppose that ¢ and j are both odd, and not equal. Then by

the above calculations.

1
E(Be(ti2 ) Bu(tj2 ) = 11274~ (min{(i —1)/2, (G 1)/2} + min{(i + 1)/2, (G ~ 1)/2)
+min{(i —1)/2,(j +1)/2}, min{(i +1)/2, (j + 1)/2}).
Again, separately considering the cases i < j and ¢ > j, we see that equation (B.6.4) holds

for both. The final possibility is that ¢ is odd and j = 4. Then by the formula (B.6.5) and
the induction hypothesis, we get that

E(By(tj27%)?) = i(fﬂt((j —1)/2)27 %D 4 4((j + 1)/2)27*Y) 4 27D
= it(4j —2)27F 4 o) — 407k,

This completes the induction step and validates the claim of the theorem when sq,..., s,
are of the form ¢j;27%,...,tj,27% for some k and some 0 < j1,...,j, < 2*. Now, given
S1y-..,8n € [0,t], one can find sequence (s7*,...,s7), for m = 1,2,..., such that each

(sT,...,sp) is of the above form and s{* — s; as m — oo for each i¢. Since B is a

continuous function, this means that the random vector (B(s]*),..., B(s}')) converges to
the random vector (B(s1),...,B(sy)) as m — oco. Computing the characteristic function
of (B(s1),...,B(sy)) immediately shows that it has the claimed distribution. O

We will need the following property of standard Brownian motion later.

Lemma B.6.3. Let B be standard Brownian motion on [0,t]. Let M(t) := maxo<s<t |B(S)].

There are positive universal constants Cy and Co such that for any x > 0,
P(M(t) > z) < Cre~ 2%/,

Proof. Since P(M > z) < 1, it suffices to prove the claim for z > Vt. So let us assume
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henceforth that = > v/#. Since B, — B in the supremum norm, it is easy to see that
[ee]
M(t) < || Boll + > 1Bk = Bill-
k=1
Therefore,
B(M(t) > 2) < B(|Byl| > Cox) + 3 B(I1 B — By || > 274+,
k=1

where
oo

Cop:=1-— Z o~ (k+1)/4,
k=1

Thus, by the inequalities (B.6.2) and (B.6.3), and the fact that || By|| = v/t[£], we get

P(M(t) > z) < P(|¢| > t7/2Cox) + Z]P(.  Dax 1€k, > t1/22(’““)/4a:>
k=1 NTERes T

< P(lg] > 71 2Com) + Y 2FP(g] > /22D g
k=1

oo
< Ot OB N gkt (B.6.6)
k=1

x2>1 1+x2
t 2 t )

Since z > v/t, we have

Using this, we get

o

o0
Z 2ke—t*12(k+1)/2x2/4 < Z 2k6_2(k+1)/2/8_t—12(k+1)/2x2/8
k=1 k=1

o0
.2 _o(k+1)/2 /g
Sew/8t22k62 /8
k=1

Plugging this into equation (B.6.6) completes the proof. ]

We will now construct Brownian motion on the time interval [0, 00). Let C[0,00) be

the space of all continuous functions from [0, c0) into R, with the metric

oy I =gl
p(f,g) =) 277 ’ ;
9= 2 S gl

where

If=9glljjen = sup |f(z) — g(x)].
xelj,j+1]

It is easy to show that this is a Polish space, and moreover, that f, — f on this space if
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and only if f,, — f uniformly on compact sets.

Let B!, B2,... be a sequence of i.i.d. Brownian motions on the time interval [0, 1].
Define a C|0, 00)-valued random variable B as follows. If k <t < k + 1 for some integer
k > 0, define

k—1
B(t) =Y B(1) + B*(t — k).
j=1

The random function B is called standard Brownian motion on the time interval [0, c0).
It is easy to check that the process B defined above is indeed a C[0, 00)-valued random
variable, and that for any n and any 0 < ¢; < --- <, < 0o, the vector (B(t1),...,B(tn))
is a multivariate Gaussian random vector with mean vector zero and covariance structure
given by Cov(B(t;), B(t;)) = min{t;, t;}.

382



Appendix C

Differential Geometry

C.1 Review of topics from linear algebra

C.1.1 Tensor products of vector spaces

Let Vi,...,V} be vector spaces over a field F. The tensor product V1 @ Vo ® -+ ®@ Vi is a
vector space over F defined as follows. Consider the Cartesian product V7 x --- x V.. Let
L be the vector space of F with V; x --- x V}, as its basis. That is, the elements of L are

finite linear combinations of the form

n
Z ai(vi,lv e ;Ui7k);

i=1

where n is arbitrary, ai,...,a, € F, and (v;1,...,v%) € Vi X --- x V, for each i. Let R be
the subspace of L spanned by the following elements:

1. Elements of the form
(ul, ey Up—1,Ug + Viy Uj4-15 - - - ,uk) — (ul, e ,uk) — (ul, ey Ui—15UV5 Uj41y v vy uk),
foreach 1 <i <k and uy,...,usv; € V.
2. Elements of the form
(Uty e oy Uim 1, QUG Uit 1, - - - UE) — aUT, .. UE),

foreach 1<i<k,a€elF, and uy,...,u € V.

We define V1 @ - - - ® Vj;, to be the quotient space L/R. We denote the image of (v1,...,vx)
in this quotient space by
V1 Q- Q V.
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The construction implies that

UL ® - @ ui—1 ® (Ui + Vi) @ U1 -+ @ uy,
:Ul®"'®Uk+ul®"‘®Ui71®Uz‘®ui+1®"'®uk,

and
U ® - @uimq ® (au;) @ Ujp1 - Qup = alug @ -+ @ ug).

As an example, consider R" as a vector space over R. We claim that for any k£ > 1, the
tensor power (R™)®* (that is, the k-fold tensor product of R™ with itself) can be identified

with the space of k-tensors of order n, that is, arrays of the form

(@ir,ig 11 ig <

To see this, let ey, ..., e, denote the standard basis vectors of R™. It is easy to check that
the vectors
€, @ ®e,, 1<i,...,,<n

form a basis of (R™)®*. Thus, any element of (R™)®* can be uniquely represented as

E ai1,...,ikei1 X ® eik

1<it,yip<n
for some coefficients a;,,..;, € R. This gives the required isomorphism. Note that this
shows, in particular, that dim((R")®*) = n*.
A useful way to think about the tensor product of two finite dimensional vector spaces

U and V is the following. Let uy,...,u,, be a basis of U and vy,...,v, be a basis of V.
Then the vectors u; ® v; form a basis of U ® V. Thus, any element of U ® V' can be uniquely

m n
E E QiU & Vj,

i=1 j=1

written as a linear combination

which can be rewritten as
n
E Zj ® vj,
Jj=1
where

n
Tj = E aiju; € U.
=1

Seen this way, each element of U ® V' is sort of a linear combination of the basis elements
of V', but with coefficients in U instead of in F.
We use V¥ to denote the tensor product of V with itself & times. It is the convention

to let V® denote the vector space F over itself.
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C.1.2 Exterior powers of a vector space

Let V be a vector space over a field F. For an integer k& > 1, the k' exterior power of
V, denoted A¥(V), is a vector space over F defined as follows. Let V¥ be the k' tensor
power of V. Let R be the subspace of V®* spanned by elements of the form v; ® - - - ® vy,
with v; = v;41 for some 1 <i < k — 1. We define A¥(V) to be the quotient space VE¥/R.
The image of v; ® - -+ ® v, in this quotient space is denoted by

v ANvg A= N Vg

The quotienting by R has the following consequence. With k = 2, note that by the definition

of R, we have

0:(111—1—1)2)/\(1)1—1—1)2)
=01 Av1 +v1 Avg 4+ v Avy + vo A v

=v1 ANvg 4+ v2 Ay,

Thus, for any vy,vy € V,

v1 N\ vy = —vo A V1.
This extends more generally to
Ur(1) A+ A p(ry = sign(m)vr A== Ay, (C.1.1)
for any k and any permutation m € Sj, where Sy, is the group of all permutations of 1, ...k,

and sign(7) is the sign of 7. Lastly, by convention, A°(V) denotes the vector space F over
itself.

As an example, consider R™ as a vector space over R. We claim that for 1 < k < n, the
exterior power A¥(R™) can be identified with the space of antisymmetric k-tensors of order
n, that is, arrays of the form

(Qir..oyig 1<t i <

satisfying
Qi (1yeesim (k) = sign(m)ai, ..iy (C.1.2)

for all w € S,,. To see this, let eq, ..., e, denote the standard basis vectors of R™. It is easy
to check that the vectors

€y N Nejy, 1<y <<z <n
form a basis of A¥(R™). Thus, any element of A¥(R™) can be uniquely represented as

E Qiy,..i, €3y N N ey
1<ip < <ip<n
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for some coefficients a;,,..;, € R. The definition of a;,,. 4, can then be extended to all

k
1 <i4y,...,ir < n using the relation (C.1.2). This gives the required isomorphism. Note
that this shows, in particular, that dim(A*(R")) = (}) (which coheres the convention that

A%(V) =TF). For k > n, A*(R") = {0}. '

C.1.3 Exterior algebra of a vector space

Let V be a vector space over a field F. The exterior algebra A(V') of V| also known as the
Grassmann algebra, is an algebra obtained by ‘putting together’ all the exterior powers in

a certain way. First, we define the tensor algebra of V' as the direct sum
o0
(V) = P Ve,
k=0

where V® := F (meaning that the elements of T(V) are formal linear combinations of
elements from V®* k=0,1,..., with coefficients from F, only finitely many of which are
nonzero), and the product that makes this an algebra, denoted by ®, is defined via the

prescription
(MR QU)W R - Quw) =R QU QW Q-+ wy. (C.1.3)

It is not hard to show that this gives a well-defined product on T'(V') that makes T(V)
an algebra. A consequence of this definition is that if v € V® and w € V®!, then
v@w e VOFEHD Now, let I be the two-sided ideal of this algebra generated by elements of
the form v ® v, v € V. Explicitly,

m
I:{Zsi@)vi@vi@ti:mZO, si,ti € T(V), viGVforizl,...,m}.
i=1

Definition C.1.1. Let V' be a vector space over a field F, and let T(V') and I be defined as
above. We define the exterior algebra of V', denoted A(V'), to be the quotient T(V)/I.

The product of two elements v, w € A(V), induced from the product (C.1.3) on T'(V),
is denoted by v A w. This is called the exterior product or the wedge product. The exterior

algebra decomposes — as a vector space — as the direct sum
oo
A(V) =P ArW), (C.1.4)
k=0

where A°(V) = F. Tt is not hard to check that if v € A¥(V) and w € AY(V), then
vAw € AFTH(V). An important observation is that w A v is also in A¥*(V), and it is

related to v A w by the relation
wAv=(=1)kvAw. (C.1.5)
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This can be easily verified by decomposing v and w as linear combinations of basis elements.

C.2 Review of basic differential geometry

C.2.1 Smooth manifolds

Let us recall some basic definitions from differential geometry. We assume that the reader
is familiar with basic topological terminology. A smooth n-dimensional manifold is a set

which locally looks like an open subset of R™. More precisely:

Definition C.2.1. An n-dimensional smooth manifold M with an atlas {(Ua, ¥a)taca S

a second countable Hausdorff topological space, such that
1. Each U, is an open subset of M.
2. Each @4 is a homeomorphism between U, and an open set oo (U,) € R™.
3. The union of U, over all a € A is equal to M.

4. If UaNUg # O for some a, B € A, then the map @aowgl 1 03(UaNUg) = pa(UaNUp)
is smooth (i.e., infinitely differentiable).

For example, R™ is an n-dimensional smooth manifold, with one possible atlas being
just the pair consisting of R” and the identity map on R”. The unit sphere S" ! = {x €
R™: ||z|| = 1} is an (n — 1)-dimensional smooth manifold.

The elements of an atlas are called charts. A chart (U, ¢) is said to be ‘around’ a point
reMifzeU.

The atlas of a manifold is not unique. Two atlases are said to be compatible if their
union is also an atlas. The union of all atlases that are compatible with a given atlas is
called a maximal atlas. The maximal atlas is unique and determines the structure of the
manifold.

Recall that a map f from a smooth manifold M into a smooth manifold N is said to be
smooth if it is smooth in local neighborhoods of points of M, viewing them as subsets of

R™. More precisely:

Definition C.2.2. Let M and N be two smooth manifolds. A map f: M — N is said to
be smooth if for any x € M, there is a chart (U, ) around x and a chart (V,4) around
f(z) such that o fop™t:pUN f~1(V)) = (V) is smooth. A smooth map f: M — N
is called a diffeomorphism if f is a bijection and f~' is also smooth. The set of all smooth
maps from M into R is denoted by C*°(M). The set of all smooth maps from M into N is
denoted by C*° (M, N).

Let {(Ua;@a)}taca be an atlas for a manifold M. For any a,3 € A, let po X ¢g :
Uy xUg — R?" denote the map

(Pa x pp)(@,y) = (pa(T), 05(Y))-
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Then, endowing M x M with the atlas {(Uy X Ug, o X ©8)}a,8ec4 makes it a smooth
2n-dimensional manifold. We can similarly endow manifold structures to the Cartesian
product of any finite number of manifolds.

We will need the concept of an orientable manifold later. The definition is as follows.

Recall that the Jacobian of a smooth map f = (f1,..., fn) : U = R™ where U is an open
subset of R”, is defined as
J(x) :det((afi) >
Ox; 1<i,j<n

Definition C.2.3. Let M be a smooth n-dimensional manifold. We say that M is orientable
if there is an atlas {(Ua, @a)}aca of M such that for any o, 8 € A such that Uy, N Ug # 0,
the map @q © gpgl tg(Ua NUB) = wa(Ua NUg) has a positive Jacobian everywhere on
©s(Ua N Up).

An orientable manifold has the notion of an ‘outward direction’ everywhere. The Mobius

strip, for example, is not orientable.

C.2.2 Fiber bundles and vector bundles

Let M and F be two smooth manifolds. A fiber bundle is essentially a smooth varying
collection of manifolds (called ‘fibers’), each having the same structure as F', and indexed

by elements of M. The formal definition is as follows.

Definition C.2.4. A smooth fiber bundle is a 4-tuple (E, B,m, F), where
1. the ‘total space’ E, the ‘base space’ B, and the ‘typical fiber’ F' are smooth manifolds,
2. the ‘projection map’ 7 is a smooth surjective map from E onto B, and

3. for each x € B, there is an open neighborhood U containing x and a diffeomorphism
o :m Y U) = U x F such that m(¢~'(z,y)) =2z forall z € U and y € F.

The pair (U, ¢) in the above definition is called a ‘local trivialization’ of the fiber bundle.
Note that the condition 7(p~!(z,y)) = z implies that if u € 771 ({z}) for some z € U, then
©(u) must be of the form (z,v) for some v € F. We will sometimes denote this v by @(u).

The inverse images 7~ 1({x}), for x € B, are called the ‘fibers’ of the fiber bundle. The
simplest kind of fiber bundle is just the Cartesian product E = B x F' (endowed with the
product manifold structure), with n(z,y) = =, U = B, and ¢(z,y) = (x,y). These are

called ‘trivial’ bundles.

Definition C.2.5. Given a fiber bundle (E, B, 7, F), a smooth section of the bundle is a
smooth map s : B — E such that w(s(x)) = x for all x € B.
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In other words, a smooth section is simply a way of choosing one element from each
fiber in a ‘smooth’ way. Often, we simply refer to the total space F, instead of the 4-tuple
(E,B,m, F), as a fiber bundle.

Vector bundles are special kinds of fiber bundles where the typical fibers are finite

dimensional vector spaces over R. The precise definition is as follows.
Definition C.2.6. A fiber bundle is called a vector bundle if
1. there is some n such that each fiber m=1({z’}) is a vector space of dimension n over R,

2. the typical fiber is R, and

3. each local trivialization ¢ : m=1(U) — U x R™ has the property that ¢~ 1(x,-) is a

linear isomorphism between the vector spaces R™ and ©=1({z}), for each x € U.

Let M be a smooth n-dimensional manifold and V' be an m-dimensional vector space
over R. The trivial bundle M x V is defined as follows. Take any linear isomorphism
¢ :V — R™. Then ¢ can be used to define a topology and a manifold structure on V. It is
easy to see that this structure does not depend on the choice of the isomorphism. Once
that is defined, one can define the bundle M x V' as we defined trivial fiber bundles above.

Besides trivial vector bundles, two other important examples of vector bundles are the
tangent and cotangent bundles of a manifold. We will encounter them in the next section.

We will sometimes need to work with tensor products of vector bundles. The tensor

product of two vector bundles is defined as follows.

Definition C.2.7. Let (Eq, B,71,R™) and (E3, B, 7, R™) be two vector bundles over the
same base space B. We define the tensor product (E, B, 7,R™ @ R") as:

1. The total space E consists of all pairs (x,w), where x € B, w € n; ' ({z}) @ 75 ' ({z}).
2. The projection map 7 is given by 7(x,w) = x.

3. Take any x € B, an open neighborhood U of x, and local trivializations p1 and @2 of
Ey and Ey on U. A local trivialization ¢ : 7= 1(U) — U x (R™ @ R") is defined as
o, u ) = (35, F1(w) ® Go(v)), where y € U, u € w7 ({y}), v € 75 ({y}), ond for
i=1,2, §; is the map defined through p;(u) = (m;(u), @i(u)).

We denote the total space E by F1 @ Fs.

C.2.3 Tangent and cotangent bundles

Let M be an n-dimensional smooth manifold. A tangent vector at a point € M is defined
as follows. Let v : (—e,e) = M be a smooth map (considering (—¢, €) as a 1-dimensional
smooth manifold). We will refer to v as a ‘curve’ in M. Suppose that v(0) = . Take any
f € C®(M). The derivative of f at x in the direction + is the real number

Gom|
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(It is not hard to verify from the given conditions that this derivative exists.) Let us say
that two curves =1 and =9 are equivalent if the derivatives of any f at z in the directions 1
and 7o are the same. The set of equivalence classes is known as the tangent space of M at
x, denoted by Ty M. For any v € T, M and any f € C°°(M), we define

o) = g a0) (C21)
where v is any element of the equivalence class v.

Recall that for any z € M, T, M is an n-dimensional vector space, isomorphic to R™.
Indeed, given a chart (U, ) around x, T, M has the following explicit description. For
1 <i<mn,let vy :R— M be the curve v;(t) = o~ (p(x) + te;), where eq,. .., e, denote
the standard basis vectors of R™. Note that ~;(0) = = for each i. The element of T,, M that

contains -y; is denoted by

0
axi ’

and we denote derivative of ¢ — f(7;(t)) at ¢ = 0 by

of
E)x,—

().
It is not hard to verify using the above definition that

of 0

7@ = ETyi(f oo N(y)

. (C.2.2)
y=¢(z)
where f o ¢~! is from o(U) C R" into R.

Then T,.M is a vector space with basis %, t=1,...,n. That is, for any v € T, M
represented by a curve +, there exist unique ag,...,a, € R such that for any f,

Gem)| = > 6 (@),

or in other words,
n
> oy
v = a;=—-.
=1

Conversely, given any ay,...,a, € R, the curve v(t) = go_l(tal, ..., tay,) satisfies the above
identity. Note that the basis Bixi’ i =1,...,n is dependent on the choice of chart (U, p),
but the definition of T, M is not dependent on the choice of the chart.

The cotangent space at a point x, denoted Tx M, is the dual of the vector space T, M
(that is the space of all linear maps from T, M into R). Given a chart (U, ) around z, a

canonical basis of T M is given by dx1,...,dz,, where dx; : T, M — R is the linear map

defined by
0
o (3%') = %
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where §;; =1 if i = j and 0 if 4 # j.
Definition C.2.8. The tangent bundle of M, denoted TM, is the set of all pairs (z,v)

where © € M and v € T, M. Similarly, the cotangent bundle of M, denoted T*M, is the
set of all pairs (x,w) where x € M and w € Ty M.

The sets TM and T*M the total spaces of two vector bundles, which we now define.
First, we give manifold structures to TM and T*M. Let {(Uq, ¢a)}aca be an atlas of M.
We use this atlas to define atlases for TM and T*M. For T M, the set of neighborhoods
are {V, taeca, where

Vo i={(z,v) 12 €Uy, v € T, M}.

Take any = € U, and v € T, M. Then there is a unique set of coefficients ai,...,a, € R
such that
- 0
v = Zz:; a’%

Define (¢q)«(v) := (a1,...,a,) € R", and let

Ya(,0) = (pa(2), (Pa)«(v)) € R*™.
The collection {(Va, %) }aca gives the required atlas for TM. Similarly, for T*M, let

W i={(z,w) :x €Uy, w e Ty M}.

For any x € U, and w € T M, there is a unique set of coeflicients by, ..., b, such that

n
i=1
Define ¢} (w) := (b1,...,by), and let

Ea(z, W) = (pa(), @Z(w)) € R,

The collection {(Wq, &) }aca gives the required atlas for T* M.

The projection maps, fibers and local trivializations should now be obvious. For the
tangent bundle, the projection map is simply the map that takes (x,v) € TM to x. Similarly,
the projection map for the cotangent bundle takes (x,w) € T*M to . The typical fibers
in both cases is just R", and the fibers are tangent and cotangent spaces at points of M,
which are n-dimensional vector spaces over R. The pairs (Uy, (¢a)«) and (Uy, ¢%,) are local
trivializations of TM and T* M.

For 1 < k < n, the k" exterior power of the cotangent bundle, denoted AFT*M, is
defined to be the set of all pairs of the form (x,w), where z € M and w € A*TM. We
make this a smooth manifold in the same way that did for T*M above. Namely, for each «,
define

Zy = {(z,w) : x € Uy, w € AFTIM}.
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Take any 2 € M and w € A*T* M. Then by the discussion at the end of Section C.1.2, it is

easy to see that w can be represented as

w = Z a’ilwuyikdl‘il VANEERIVAN dl’ik

1< << <n

for a unique set of coefficients a;, .. ;. This gives us a natural way to define a homeomor-
phism 7, from Z, into an open subset of R"*+(%). The collection {(ZusNa) }aca gives an
atlas for AFT* M.

As before, we can construct a fiber bundle with A*T™* M as the total space and M as the
base space. For example, the projection map 7 : A¥T*M — M is defined as 7(z,w) = z.

It is not hard to show that 7 is a smooth map between the two manifolds.

C.2.4 Vector fields on a manifold

A vector field X on a smooth manifold is a map that assigns an element of T, M to each

x € M, in such a way that X (z) varies smoothly with z. The precise definition is as follows.

Definition C.2.9. Let M be a smooth manifold. A smooth vector field X on M is a smooth
section of the tangent bundle TM. The space of all vector fields on M is denoted by X (M).

A vector field on M acts on C*°(M) in a natural way. Given f € C°°(M) and a smooth
vector field X on M, we define X(f) € C*°(M) as

where the action of the tangent vector X (z) on the function f is defined as in equation
(C.2.1). Tt is easy to verify that X (f) is indeed an element of C*°(M).

Let n be the dimension of M. Let (U,¢) be a chart on M. With respect to
the coordinates given by this chart, we can write X at a point x € U as a vector
(X1(z),..., Xn(z)) € R". Then

of
o (C.2.3)

n
X(f)= X;
(=3 X
=1
where we are suppressing the argument x on both sides. Thus, locally, a vector field X can
be viewed as a smooth map from U into R™. But the abstract definition is necessary for
defining vector fields in a coordinate-free manner.

Given two smooth vectors fields X and Y on a smooth manifold M, we define the Lie
bracket of X and Y as the map [X,Y]: C°(M) — C*°(M) given by

(X, YI(f) = X(Y(f)) = Y(X(]))-

Recall the following fundamental lemma. Its proof gives the explicit formula for [X,Y] in

coordinates.
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Lemma C.2.10. For any two smooth vector field X,Y on a smooth manifold M, there is
a smooth vector field Z on M such that Z = [X,Y] as a map on C°(M).

Proof. Let (U, ) be a chart on M. In the coordinates defined by this chart, the formula

(C.2.3) shows that we can write

1) = X () YK ()
- Z (V) ~ D Vi (X()

i=1

of "0 [ of
- ZX"MZ%J L (S0
i=1 ' Nj=1 J i=1 b Nj=1 J
- Z {Z <X1 o0x; Y o0x; )} oxj’

j=1li=1

where the last identity holds because

0% f 0% f

8$i61‘j a (9$J8IZ ’

which causes the terms involving second derivatives of f to cancel out. Thus, if we define

the field
8Y 8X
Z:= Z( Ox; {‘);vZ )

K2

on the neighborhood U, then Z(f) = [X,Y](f) on U. It is not hard to verify that the
above definition of Z remains invariant under any local change of coordinates, and if we
define Z like this on every chart, then Z is a smooth vector field on M and Z = [X,Y] as
a map on C*(M). O

C.3 Lie groups and Lie algebras

C.3.1 Lie groups
Recall the following definition of Lie group.

Definition C.3.1. Let G be a group that is also a smooth n-dimensional manifold. We say
that G is a Lie group if the following hold:

1. The map (g,h) — gh from G x G into G is smooth.
2. The map g — g~ from G into G is smooth.

Lie groups are central to gauge theory. Some Lie groups that will be important for us

are the following:

1. The group GL(n,C) of all n x n invertible complex matrices, with the group operation

of matrix multiplication.
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2. The group U(n) of all n x n unitary matrices.
3. The group SU(n) of all n X n unitary matrices with determinant 1.

It is not entirely trivial to verify that the above groups are indeed Lie groups. Proofs can
be found in any standard textbook on Lie theory. It is important to note that although
GL(n,C), U(n) and SU(n) are groups of matrices with complex entries, as manifolds they
are still viewed as locally like R™, where m is the dimension of the manifold (m = 2n? for
GL(n,C), m = n? for U(n) and m = n? — 1 for SU(n)).

For example, to see that GL(n,C) has dimension 2n?, observe that by considering the
real and complex parts of the entries of a matrix in GL(n,C), the matrix can be identified
with a collection of 2n? real numbers. Moreover, since any matrix that is sufficiently close to
an invertible matrix is also invertible, it is easy to show that the single chart (GL(n, C), )

gives an atlas for GL(n, C), where ¢ takes a matrix to a point in R2"* as above.

C.3.2 Lie algebras

In general, one can compute the dimension of a Lie group by identifying its Lie algebra,

which is defined as follows.

Definition C.3.2. Let G be a Lie group. The Lie algebra g of G is the tangent space of G

at the identity element.

We will mostly be concerned with Lie groups that are subgroups of GL(n,C) and
inherit the manifold structure from GL(n,C). These groups are sometimes called ‘matrix
Lie groups’. Let G be such a group, of dimension m < 2n?. For g € G, the tangent
space T,G can be represented as a subspace of the vector space M(n,C) of all n x n
complex matrices, as follows. Let 7 : (—¢,€) — G be a smooth curve such that v(0) = g.
One can show that the element v € T;G corresponding to 7 is determined by the matrix
X = (714(0)1<i,j<n € M(n, C). Moreover, the mapping v + X is injective and linear. Thus,
one can use the matrix X to represent the tangent space element v. In particular, g can be
represented as an m-dimensional subspace of M(n,C). For example, it turns out that the
Lie algebra u(n) of U(n) is the space of all n x n complex skew-Hermitian matrices, and
the Lie algebra su(n) of SU(n) is the space of all n x n complex skew-Hermitian matrices
with trace zero.

For example, to see that u(n) is the space of all n x n skew-Hermitian matrices, observe
that for any curve « in U(n) with (0) = I (where I is the identity matrix), we must have
v(t)y(t)* = I for all t, where (¢)* denotes the adjoint of y(¢). Differentiating on both sides,
we get

YY) + ()Y () =0

for all ¢. Since y(0) = I, this implies that

7'(0) ++/(0)* =0.
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That is, 7/(0) is skew-Hermitian. Therefore, every element of u(n) is skew-Hermitian. To
show that every skew-Hermitian matrix is in u(n), the simplest way is to consider the curve
~(t) := exp(tX) (see below for the definition of exp), where X is a skew-Hermitian matrix,
and deduce that 7 is a curve in U(n) satisfying v(0) = I and /'(0) = X.

Next, let G be any Lie group and g denote its Lie algebra. A Lie algebra element X € g
defines a smooth vector field on G, which we also denote by X, as follows. Let e be the
identity element of G, and take any g € G. Take any smooth curve v : (—¢,€) — G with
~v(0) = e, representing the vector X. We ‘push forward’ v to a curve 7 passing through g
by defining

n(t) = gv(t).

The tangent vector X is then pushed forward to a tangent vector X (g) at g corresponding
to the equivalence class of the curve 7. It is not hard to show that X (g) does not depend on
the choice of the curve v representing X. If G is a matrix Lie group, then X (g) is explicitly
given by g7'(0) = gX.

Given X,Y € g, and viewing them as vector fields on M in the above manner, we can
define the Lie bracket [X,Y] as in Section C.2.4. The value of this field at e is an element of
g, which is also denoted by [X,Y]. The mapping (X,Y) — [X,Y] is bilinear and satisfies
the Jacobi identity

X, 1Y, Z)) + [V, [2, X)) + [Z,[X, Y]] = 0.

This defines an algebraic structure on g, which is why g is called an algebra instead of
just a vector space. When G is a matrix Lie group, the element [X,Y] € g turns out to
be simply the commutator of the matrices X and Y, that is, [X,Y] = XY — Y X. The

following definition generalizes this observation.

Definition C.3.3. Let V be a vector space over a field F. The Lie algebra gl(V') is the
vector space GL(V') endowed with the Lie product [X,Y]:= XY =YX for X, Y € GL(V).

Take a Lie group G with Lie algebra g and identity element e. Given X € g, there is a
natural curve through e that represents X, given by the exponential map v(t) = exp(tX).
This is the unique smooth curve from R into G such that v(0) = e, v(¢)y(s) = y(t + s) for
all t,s € R, and ~y represents X. It can be shown that for any X € g, exp(tX) exists and is
unique. When G is a matrix Lie group, the exponential map is explicitly given by

o 4k
exp(tX) = —X* (C.3.1)

k!
k=0

Note that in this case, the derivative of exp(tX) with respect to ¢ is equal to X at ¢ = 0.

C.3.3 Representations of Lie groups and Lie algebras

Representations of Lie groups and Lie algebras are central to the study of Yang—Mills

theories. Recall the following definition of representation of a Lie group.
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Definition C.3.4. Let G be a Lie group and V be a vector space over R or C. Let GL(V)
denote the group of invertible linear maps from V into V. A representation of G in 'V is a

group homomorphism p : G — GL(V), that is, a map satisfying
1. p(e) =1, where e is the identity of G and I is the identity of GL(V), and

2. p(gh) = p(g)p(h) for all g,h € G.

A representation is called finite-dimensional if the vector space is finite-dimensional.
Henceforth, we will assume that all representations are finite-dimensional unless otherwise

stated. Two kinds of representations will occur frequently:

1. Let G be a Lie group that is a subgroup of GL(n, C) for some n. The fundamental
representation (or standard representation) of G is the map p : G — GL(n,C) that
takes g € G to the the linear map x — gx on C”, where gx is the product of the

matrix g and the column vector x.

2. Let G be a Lie group with identity element e, and let g be its Lie algebra. The adjoint
representation of G is the map Ad : G — GL(g) defined as follows. Take any g € G
and X € g. Let v : (—¢,€) = G be a smooth curve representing X in g = T.G. Let
n(t) := gy(t)g~!, so that 7 is also a smooth curve with 1(0) = e. We define Ad(g)(X)
to be the element of T.G corresponding to the curve 7. When G is a matrix Lie

group, we simply have Ad(g)(X) = gXg~!. Usually, we write Ad, instead of Ad(g).

We will also need to deal with representations of Lie algebras. Let V' be a finite-dimensional
vector space over R or C. Recall that the Lie algebra gl(V) of the Lie group GL(V) is simply
the vector space (over R) of all linear maps from V into V. Lie algebra representations are

defined as follows.

Definition C.3.5. Let G be a Lie group with Lie algebra g. A representation of g in a
vector space V is an algebra homomorphism from g into gl(V'), meaning that it is linear,

and for any X,Y € g, p([X,Y]) = [(X), p(Y)].

An important example is the adjoint representation of a Lie algebra. This is defined as
follows. Let G be a Lie group with Lie algebra g. The adjoint representation of g, denoted
ad, is the map from g into gl(g) given by

ad(X)(Y) == [X,Y].

(Note that gl(g) is the real vector space of all linear maps from g into g, and ad(X), as
defined above, is an element of this space.) Usually, we write ady instead of ad(X). Note

that this is a representation of g because it is obviously linear, and by the Jacobi identity
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for the Lie product,

adix,y)(2) = [[X,Y], Z]
= [X,[Y, Z]] - [V, [X, Z]]
= adx([Y; Z]) — ady ([Z, X])
=adx(ady(Z)) — ady(adx(Z)),

which shows that ad|x y] = [adx, ady].
The adjoint representation is used to define a certain symmetric bilinear form on g,

known as the Killing form. It is defined as
B(X, Y) = Tr(aandy).

Let g* denote the dual space g, that is, the space of all linear maps from g into R. The

Killing form B can be alternatively viewed as a linear map B : g — g*, defined as
B(X)(Y) := B(X,Y).
For any X € g, we define a linear map ad : g* — g* as
ad (6)(Y) := ¢ladx (V) = #([X, Y)),

where ¢ € g*. The following lemma establishes an important ‘intertwining’ property of the

Killing form.

Lemma C.3.6. In the above setting, we have that for any X € g, the Killing form B
satisfies Badx = —ad% B.

Proof. Note that for any XY, Z € g,

B(IX.Y], 2) = Tr(adyx,yjadz)
= TI“([adx, ady]adz)
= Tr(adxadyadz) — Tr(adyadxadyz).

But Tr(adxadyadz) = Tr(adyadzadx). Thus, we get

B([X, Y], Z) = Tr(adyadzadx) — Tr(adyaandZ)
= — ﬂ(ady[adx,adz]) = — Tr(adyad[X’Z])
= ’I‘r(ad[X,Z]adY) = _B([X7 Z]a Y)

Now, for any XY, Z € g,

(Badx (Y))(2) = B([X,Y])(2) = B([X,Y], Z),
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and
(adxB(Y))(Z2) = B(Y)([X, Z]) = B([X, Z].Y).
Combining the last three displays completes the proof. ]

C.3.4 Structure constants of a Lie algebra

Let r be the dimension of a Lie algebra g. A set of generators T,, a = 1,2,...,r of g is
simply any basis of the vector space g. The structure constants of a given set of generators

are real numbers f5; such that for any a, b, c,

r
[Tav Tb] = Z fngo
c=1

For example, consider the Lie algebra su(2). This is the space of all 2 x 2 skew-Hermitian
matrices with trace zero. A well-known basis of su(2) is the set io1, 09,103, where o1, 09, 03

are the three Pauli matrices

01 0 —i 1 0
o1 = , 09 = , 03 = .
o) o o -1
An easy verification shows that [0, 0,] = 0 for each a, and

[01,09] = 2i03, [02,03] = 2i01, [o3,01] = 2i09.

Thus, in this example, f, = —2sign(7), where 7 € S3 is the permutation given by 7(1) = a,
m(2) =b, 7(3) = c.
It is clear that f7), is antisymmetric in a,b; that is, f;, = —f5. There is a special

situation in which fS also changes sign upon exchanging ¢ and a, or ¢ and b. If this holds,
then we say that the structure constants are totally antisymmetric. A sufficient condition

for total antisymmetry of the structure constants is given by the following lemma.

Lemma C.3.7. Suppose that G is a compact Lie subgroup of U(n) for some n. Let g be its
Lie algebra, so that the elements of g are skew-Hermitian matrices of order n. Define an

inner product on g as
(X,Y) :=Tr(XY™).

Let Ty, ..., T, be an orthonormal basis of g with respect to this inner product. Then the

structure constants for this basis are totally antisymmetric.

Proof. 1t is easy to see that the inner product defined above is indeed a positive definite
inner product on g. Since 71,...,7T, is an orthonormal basis and the elements of g are

skew-Hermitian, we have
f;b = <[Ta7 Tb]; Tc> = TI'([T(“ Tb}Tc*) = - TI'([T(“ Tb]Tc)
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Thus,

—

fgb = —Te(T,TyT;) + Tr(TpTo 1)
== Tr(TchTa) + I'(TCTbTa)
= 7Tr([TbaTC]Ta = <[Tb7TC}Ta> = fg’c = — gb'

—

Thus, f¢ changes sign upon exchanging ¢ and a. Consequently, we also have
b b
fac = _fca = flt):a = _fgb'
We conclude that the structure constants are totally antisymmetric. O

C.3.5 Structure constants of simple Lie algebras

Let g be the Lie algebra of a Lie group G. An ideal of g is a subspace J such that for any
x€Jandy € g, [z,y] is an element of J. A Lie algebra is called ‘simple’ if it is non-Abelian
and the only ideals of g are {0} and g. For example, it is well known that su(n) is simple
for every n > 2. The following lemma is a basic property of simple Lie algebras, which says

that the adjoint representation of a simple Lie algebra is irreducible.

Lemma C.3.8. Let g be a simple Lie algebra. If a subspace by of g is mapped into itself by
adx for every X € g, then b is either {0} or g.

Proof. Take any Y € hh and X € g. Then [X,Y] =adx(Y) € h. Thus, b is an ideal. This

proves the claim. O

Let us now specialize to the following setting. Let g be a simple matrix Lie algebra
contained in U(n) for some n. Let f{ be its structure constants in a basis T1,..., T, that
is orthonormal with respect to the inner product (X,Y) = Tr(XY™). Then note that the
dual space g* can be identified with g via the map X — (X, -), and each element of g can
be viewed as an element of R™ by identifying it with its coefficients in the above basis.
Under this correspondence, the Killing for B is a symmetric m x m real matrix, and for
each X € g, ady is an m x m real matrix. We claim that ad’ is the transpose of ady. To
see this, take any ¢ € g* and X,Y € g. Let u,v,w € R™ be the representatives of ¢, X, Y,
respectively, and let M be the matrix representing adx. Then

adk (¢)(Y) = ¢(adx(Y)) = v Muw,

where u”" denotes the transpose of the column vector u. This shows that ad%(¢) is
represented by the vector M7u. Thus, ad% is represented by the matrix MT. This

observation lets us prove the following lemma.

Lemma C.3.9. In the above setting, the matrix representing the Killing form is a constant

multiple of the identity matrix.
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Proof. For simplicity, let B denote the m x m matrix that represents the Killing form,
and for any X, let adx denote the m x m matrix that represents adyx. Since B is a real
symmetric matrix, it has a spectral decomposition B = UDU”, where U is an orthogonal
matrix and D is a diagonal matrix. Lemma C.3.6 implies that Badx = —(adx)? B, which

can be rewritten as
UDUTadyx = —(adx)TUDU?.
Multiplying both sides by U on the left and U on the right, we get
DVx = —ViD,

where Vx := UTadxU. Let Vx(i,5) be the (i, )" entry of Vx, and D; be the i*" diagonal
entry of D. The above identity shows that for all i, 7,

D;Vx(i,j) = D;Vx (i, ).

Define an undirected graph on {1,...,m} by putting an edge between two distinct vertices
i and j whenever there exists some X € g such that Vx(i,5) # 0. The above identity
implies that whenever ¢ and j are connected by an edge, D; must be equal to D;. Thus, if
this graph is connected, then we can conclude that the D;’s are all equal, which implies
that B is a constant multiple of the identity matrix. We claim that the graph is indeed
connected. To see this, suppose that the graph is not connected. Then we can partition
{1,...,m} into a pair of nonempty disjoint subsets A and B, such that there is no edge
from A to B. In other words, for any i € A and j € B, Vx(i,5) =0 for all X € g. Since
Vx = UTadxU, this means that u] adxu; = 0 for each i € A, j € B, and X € g, where
U, ..., Uy are the columns of U. Let § be the span of u;, j € B. Then the orthogonal
complement b is the span of u;, i € A. But by the above observation, adx maps b into
(h+)+ = p. Thus, by Lemma C.3.8, b is either {0} or g. But this contradicts the hypothesis
that A and B are both nonempty. This completes the proof. O

The above lemma yields the following corollary, which is important in the study of
Yang—Mills theories.

Corollary C.3.10. In the above setting, we have

> fifi = Cla

b,c=1

for some constant C that depends only on g.
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Proof. Note that

c=1
m

(e

adr, (é beb> zil: o[ T, T
= z:l: <i fanTe )
>

Thus, the matrix representation of adr, is given by (f$,)cp=1,..,m- Since the (a,a’ )t entry
of B is given by Tr(adTaadTa,), this shows that this entry is equal to

Z fgbfg’c'

c,b=1

But by Lemma C.3.7, this is equal to

- Z fl?cfl?é'

c,b=1

By Lemma C.3.9, this completes the proof. O

C.4 Differential forms

C.4.1 Differential forms on a smooth manifold

Recall the definition of smooth section of a vector bundle from Section C.2.2.

Definition C.4.1. Let M be an n-dimensional smooth manifold. A differential O-form on
M is a smooth map from M into R. For 1 < k < n, a differential k-form w is a smooth
section of A¥T* M. The set of all k-forms is denoted by QF(M).

Let w be a k-form for some 1 < k < n. Given a chart (U, ¢), we can represent w on U
as
w(x) = Z Wiy, (@)dziy A -+ Adxg,,
1<i) <<ip<n
by a slight abuse of notation, because the right side is the second coordinate of w(zx), and

we are ignoring the first coordinate because it is simply x. The maps wj, ... ;, are smooth

sk
functions from U into R. (Note that dz1,...,dz, on the right are also dependent on z,
but we suppress that for simplicity of notation.) Thus, within a chart (U, ¢), a differential
k-form can be viewed simply as a collection of smooth functions (wj, . i, )i<ii<--<i,<n. But
the abstract definition k-forms is necessary for defining them in a way that does not depend

on the choice of charts.
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We will also need to work with vector space-valued k forms, where w;, _; () is an
element of a vector space instead of being a real number. To make sense of this, let us recall
the discussion in Section C.1.1, where we observed that an element of a tensor product
space U ® V can be viewed as a linear combination of basis elements of V' with coefficients

in U. In the same way, we define:

Definition C.4.2. Let M be an n-dimensional smooth manifold, and V' be a finite-
dimensional vector space over R. For k > 0, a V-valued k-form is a smooth section
of the vector bundle (M x V) @ A*T* M, where M x V is the trivial vector bundle with base
space M and typical fiber V. The set of all V-valued k-forms is denoted by QF(M,V).

On a chart (U, @), an element of QF(M, V) takes the form

A(I) = Z Ail,“.,ik (1‘) X (dx,‘l VANEERWAN di?ik),

1<y < <ip<n

for some smooth functions A;, . ; : U — V. For simplicity of notation, we usually omit

the ® symbol, and write

A= Z Agy i dayy N Ndag,

1<ip<<ix<n

Of particular importance is the case V' = g, where g is a Lie algebra. We will return to Lie

algebra-valued differential forms later.

C.4.2 Wedge product and exterior derivative

As noted in Section C.4, a differential k-form w on a smooth manifold M can be viewed as
a map that sends each z € M to a vector w(x) € AyTxM. In particular, w(x) is an element
of the exterior algebra A(TM). As such, we can define the wedge product of a k-form w

and an [-form wy pointwise as
k4L
(w1 Awa)(z) := wi(z) Awa(x) € A*HTH*M.

It turns out that the object w1 Awsy defined above is indeed a smooth differential (k+1)-form
on M. Thus, the wedge product defined above is a valid operation on differential forms.
An important observation is that due to the relation (C.1.5), the wedge products wy A wo

and wo A wy are related by the identity
wo Awy = (—1)klw1 A wo. (C4.1)

The exterior derivative df of a k-form f is a (k + 1)-form, defined as follows. Let n be the
dimension of M. Axiomatically, the mapping f +— df should have the following properties:

1. (Definition for 0-forms.) If f is a O-form, df should be the differential of f, defined in
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local coordinates as

ox;
i=1 "

where ng is defined as in equation (C.2.2).

2. (Linearity.) If f and g are two k-forms, then d(af + bg) = adf + bdg for any a,b € R.
3. (Leibniz rule.) If f is a k-form and g is an I-form, then d(f Ag) = df Ag+ (—1)¥f Adg.
4. (Poincaré lemma.) For any differential form f, ddf = 0.

It turns out that there is a unique definition of d that satisfies the above properties. Indeed,

if fis a k-form for some 1 < k < n — 1, let us write f as

f= Z fil,...,ikdxil VARERIVAN d:L'Zk
1<in<-<ig<n
Let (U, ¢) be a chart of M. We can consider U itself to be a manifold, with atlas {(U, ¢)}.
Then the summand on the right side above is actually the wedge product of the O-form
fir,...i,, and the 1-forms dx;,, ..., dx;, on this manifold. Thus, by the properties of d listed

above, we get

df S dlfa i dai Ao Ady,)

1<ty <—<iz<n
Z (dfil,...,ik) A\ dl‘il VANREIWAN d.’lﬁik

1< < <ix<n

S (3 %) na o

1<ip<-<ip<n Vi=1

Take any 1 <4y < --- < i <n and any 1 <4 < n. Note that if i € {i1,...,ir}, then
dx; ANdzy A--- ANdzg, = 0.
On the other hand, if i; < ¢ < 4j41 for some j, then
do; Adaiy A+ ANdagy, = (=1 dag, A Adag, Adzg Adaig A A da,

Combining these observations, we get that

as i 18fi1 Tj— 1585415 lk41
df = Z (Z(_l)]_ geens 351;'J+ s lk+ )dxil AR d‘rik+1' (042)
i

1§i1<'-~<ik+1§n =1

Equation (C.4.2) gives the formula for df in local coordinates. One can show that this is

an intrinsic definition, that is, independent of the choice of coordinates.
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As an example, let us explicitly write down the formula for df when f is the 1-form

n
f=Y_ fidm.
i=1
in local coordinates. Then by the formula (C.4.2), we get

B ofi  0fi 4 ,
df =y (8% 8mj>dxmdx].

1<i<j<n

The exterior derivative can be defined also for vector space-valued differential forms, as

follows. Let V' be a vector space over R. Let vy, ..., v, be a basis of V. Then any V-valued

m
w= E VWi,
i=1

where w1, ..., wy, are real-valued k-forms. We define

m
dw = Z v;dw;.
i=1

To define wedge products of vector space-valued differential forms, we need a product on

k-form w can be written as

the vector space. That is, we need V' to be an algebra over R. Recall that the rank of such
an algebra is its dimension as a vector space. Let V' be an algebra over R of rank m. Let

V1,...,Up be a linear basis of V. Let w be a V-valued k-form and n be a V-valued [-form.

m m
W= E Viwg, 1= E Vil
i=1 i=1

where w;’s and 7);’s are real-valued differential forms. Then we define

Let us write

m
wAn:i= g ViUjw; N\ Wy
i,j=1

An important example is the algebra M(m, C) of all m x m complex matrices under ordinary

matrix multiplication, which is an algebra of rank 2m? over R.

C.4.3 Wedge products and exterior derivatives of Lie algebra-valued
differential forms

Recall the wedge product on matrix-valued differential forms defined in the previous section,
where the product on M(m,C) was taken to be the ordinary matrix product. One can
alternatively take the Lie product on this vector space, which also makes it an algebra over
R. If G is a matrix Lie group contained in GL(m, C), its Lie algebra g is a Lie sub-algebra
of M(m,C). The Lie product gives a definition of the wedge product of g-valued differential

forms that is different than the one given by ordinary matrix multiplication. To distinguish

404



APPENDIX C. DIFFERENTIAL GEOMETRY

the two, we use the notation [w A 7] or [w,n] to denote the wedge product of two g-valued
differential forms when using the Lie product structure of g, and use the notation w A n

when using ordinary matrix multiplication.

Lemma C.4.3. Let g be a matriz Lie algebra. If w is a g-valued k-form and n is a g-valued
l-form, then
wAn = wnl=wAn— (=) Aw.

Proof. Let us write in local coordinates

w = E Wil,...,ikdmil VANRERWAN d(Ezk
1<i1 << <n
n= § ni17-~~7ildxi1 ARERRA dxil’

1<ip<-<yy<n

where w;, .. 4, and 7;, . ; are smooth matrix-valued functions defined locally. Then

[w,n] = Z Z [wi17~wik7 77j1,~~~,jz}dxi1 Ao Ndwy, Ndxgy N N dig,
1<i1 <<, <n 1< < <ji1<n
= > D Wi g A Adag Adag, A A day,
1<in < <ip<n 1<j1 < <1 <n.
- Z Z njlyv--v]'lwilvwvikdxil ASERRA dmik A dle AREERA dwjl'

1<i1 << <n 1<j1 < <ji<n

Now note that forany 1 < i) < <ip<nand 1 <j; <--- <5 <n,
drjy Ao Ndoj, Ndxgy A~ Adag, = (—1)Fdag, Ao Adeg, Adxg, A A d,.

Plugging this into the previous expression gives the desired result. ]

When g is a matrix Lie algebra, the fact that [wAn] and w A7 are two different objects is
admittedly quite confusing; but it is standard. An important point to observe is that while
[w A 7] is defined for an arbitrary Lie algebra, w A 7 is defined only for matrix Lie algebras.
Moreover, [w A 7] is a g-valued differential form, but w A 7 may not be g-valued. Lastly,
note that when w is a g-valued 1-forms and g is a matrix Lie algebra, w A w = %[w Aw]. In
particular, w A w is a g-valued 2-form. This will be important later.

Let g be a Lie algebra with generators T,, a =1,...,r. If w is a g-valued k-form on a

manifold M, we can write w as
.
w= E Towg
a=1

for some real-valued k-forms w,, a = 1,...,r. (Recall that the summand is actually T, @ w,,

but we omit the ® symbol.) The exterior derivative of w is defined as
dw = Z T,dw,.
a=1
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When g is a matrix Lie algebra, it is not hard to verify that this is the same as the definition
of the exterior derivative of a matrix-valued k-form given in Section C.4.2. It can be shown
that the exterior derivative of Lie algebra-valued differential forms satisfies the Leibniz rule
and the Poincaré lemma, just like real-valued differential forms.

Let w be a g-valued k-form and 7 be a g-valued [-form. From the definition of [w A 7)
and the identity (C.4.1), it follows that

T

mAw] = Z [Ty, Tl (1 A wa)

a,b=1
= > (T TD((=1) wa A )
a,b=1
= —(=DMw An). (C.4.3)

Another identity that will be useful for us is the following.

Lemma C.4.4. Let g be a Lie algebra and M be a smooth manifold. Let w be a g-valued
k-form on M, for some 1 <k <n. Then [wA [wAw]] =0.

Proof. Let w = Y, T,w, be the decomposition of w in terms of a set of generators
Ti,...,T,, of g. Then by the associativity of the wedge product on exterior algebras, the
relation (C.4.1), and the Jacobi identity for the Lie product, we get

T

wAwAw] = Y [Ta, [T, Tl (wa A (b A we))
a,b,c=1

== > [T [Te, TalJ(wa A (wp Awe) = > [Tey [Ty Tyl (wa A (w A we))

a,b,c=1 a,b,c=1

r

=- Z [Ty, [Te, Tal(wp A (we Awa)) — Z [Te, [Ta, Ty]J(we A (wa Awp))

a,b,c=1 a,b,c=1
= 2w A [wAw]].
This proves the claim. ]

C.4.4 Integrals of differential forms

Let M be an orientable, smooth n-dimensional manifold. Let (U, ¢) be a chart of M. Let w
be an n-form on M which vanishes outside U. The integral of w on M is defined as follows.

Let us express w in the coordinates defined by (U, ) as
w(z) = a(z)dry A -+ Aday,.

Then we define
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where the integral on the right is just an ordinary Riemann integral on R”. It is instructive
the verify that this definition does not depend on the choice of the chart. Suppose that
(V,%) is another chart such that w vanishes outside V and the Jacobian J of p o1 is
positive everywhere. A simple calculation shows that the basis vectors dx1, ..., dx, of Ty M
in the coordinates specified by (U, ¢) are related to the basis vector dxf, ..., dz), of TXM
in the coordinates specified by (V, ) through the relation

n

o d(po 7/}71)1‘ ’
dx; = ; 78% dz;. (C.4.4)

Thus,

“rd(po _1i / /
= a(x) Z <H W)dmh A ANdxy

1<g1500n<n Ni=1
Now, note that da’ A--- Adx) =sign(j)dz} A--- Adaj, if j is a permutation of 1,...,n,
and 0 otherwise. Thus,

w(z) = a(x)J(z)dz) A - A da,. (C.4.5)

n

This shows that in the coordinates specified by (V,v), w is expressed as b(z)dz] A--- Adzx,

ny

where

But by the change of variable formula for Riemann integrals and the positivity of J,

/ a(p(@))dz = / a(p~ o 471 () (2)de
e(UNV)

PUNV)

:/ a(¢_1(x))J(x)dm:/ b(x)dx.
H(UNV) UNV)

This shows that |  w does not depend on the choice of the chart, as long as w vanishes
outside the chart.

For a general n-form w on an orientable manifold, [ W is defined as follows. Suppose
that it is possible to find a finite collection of charts {(U;, ¢i)}i=1,.. n such that w vanishes
outside Uy U --- U Up. This is always possible if M is compact, but may be possible even if
M is not compact — for example, for M = R™. Suppose further that one can find a finite
collection of smooth maps p; : M — [0,1], ¢ = 1,..., N, such that for each i, p; is zero
outside U;, and for each x, ;" | pi(z) = 1. Such a collection is known as a partition of

unity subordinate to the collection {(Uj, ¢;)}i=1,.. .~. Again, a partition of unity always
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exists when M is compact, but may exist even for non-compact manifolds, such as R".

Given a partition of unity, we define

N
W= piw,
L=,

where, for each x, p;w(x) is the scalar multiple of w(x) by p;(z). It can be shown that the
choice of the partition of unity or the finite atlas does not affect the outcome.

An important fact about integrals of differential forms is Stokes’ theorem.

Theorem C.4.5 (Stokes’ theorem for manifolds without boundary). Let M be a smooth n
dimensional manifold, and let w be an (n — 1)-form on M. Suppose that w vanishes outside
UrU---UUy, where {(U;, pi) }i=1,.. N is a finite collection of charts that admits a partition
of unity {pi}ti=1,. n. Suppose that for each i, (piw)(m) — 0 for any sequence {Tm}m>1

that eventually exits any compact set contained in U;. Further, assume that if
n
pPiw = Z fjdl‘l VARIERIVAN dLL'j_l A\ dl’j+1 A ANdxy, (046)
j=1
in local coordinates on the chart (U;, ), then for each j,

/%(Ui)

0

87j(fj o p; M)(x)

/ dw = 0.
M

Proof. Let us prove the theorem when N =1 and pjw = w. The general case is similar.

dzr < 0. (C4.7)

Then we have that

Note that by the definition of exterior derivative,

- ., Of;
_ 1
dw = <E (—1)! 3z;>dac1 Ao A day.

=1

Thus, by the identity (C.2.2), we get

Now take any j, and any 1,...,%j-1,%j+1,...,Tn € R. Let

V.= {l‘ eR: (ml,...,x]—_l,x,gcj+1,...795”) S L,Dl(Ul)}.
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Then V is an open subset of R, and hence, a finite or countable disjoint union of open
intervals which are the connected components of V. By the fundamental theorem of calculus
and the fact that f; o <pf1 vanishes at the boundaries of these intervals (which is an easy
consequence of the assumption that ¢ (x,,) — 0 for any sequence {,, }m>1 that eventually

exits any given compact set contained in Uy ), we get that

0 _
/V ﬁ(fj o] 1)(x1, ey L1, T, T, - - -, T )dr = 0.
j

Since this holds for any z1,...,2;-1,241,...,Zn, and by the assumption (C.4.7) we can

apply Fubini’s theorem to integrate coordinate by coordinate, we get that

P
9 oo @)de = 0.
/mUl) Qa; 7 T

This completes the proof. ]

A simple situation where the assumptions of Theorem C.4.5 are satisfied for any (n —1)-
form is when M is compact. In that case, one can always find a finite atlas {(U;, ¢i) }i=1,...N,
and a partition of unity py, ..., px such that each p; is zero outside a compact set contained
in U;.

Another simple case is when M = R" with the usual manifold structure. In this case,
the following condition on w ensures that it satisfies the assumptions of Theorem C.4.5.
Suppose that w has the form displayed on the right side of equation (C.4.6), in the usual
local coordinates on R™. Then we need that the condition (C.4.7) is satisfied (with ¢; being
the identity map), and that each f; vanishes at infinity.

C.5 Principal bundles

C.5.1 Definition of a principal bundle

Principal bundles are special cases of fiber bundles where the typical fiber is a Lie group.

The precise definition is as follows.

Definition C.5.1. A smooth principal bundle (P, M, m,G) is a smooth fiber bundle where
G is a Lie group, which has a smooth right action on P (that is, a smooth map from P x G

into P which has the properties of a group action) that satisfies the following conditions:

1. The action preserves each fiber 11 (x), x € M, meaning that ©(pg) = 7(p) for all
peP.

2. The action is free, meaning that if g is not the identity element, then pg # p for all
peP.

3. The action 1is transitive on each fiber, meaning that for any p,q € P such that
w(p) = 7(q), there exists g € G such that pg = q.
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The simplest kinds of principal bundles are trivial bundles, where P = M x G, and
m(z,g) = for all z € M and g € G. For trivial bundles, local trivializations are obtained
by simply taking U = M and ¢ to be the identity map on M x G. The group action for
a trivial bundle is also very simple: (z, g)h = (x, gh) for any © € M and g,h € G. Note
that for the trivial bundle, the tangent space TP at a point p = (x,g) € P is simply the
product vector space T, M x TyG. We will exclusively deal with trivial principal bundles in

these lectures.

C.5.2 Connections on a trivial principal bundle

The basic objects of study in quantum gauge theories are principal connections on principal
bundles. While the definition of a principal connection on a general principal bundle is

somewhat complicated, it reduces to something quite simple for trivial principal bundles.

Definition C.5.2. Let P = M x G be a trivial principal bundle, and let g be the Lie algebra

of G. A principal G-connection on P is a g-valued differential 1-form on M.

Let P = M x G be a a trivial principal bundle, and let g be the Lie algebra of G. Let
A € QY(M,g) be a principal G-connection on P. The curvature form of A is the g-valued

2-form defined as )
F = dA+ §[A/\A],

where dA is the exterior derivative of A and [A A A] denotes the wedge product of A with
itself, as defined in Section C.4.3. Note that an alternative notation for [A A A] is [A, A].
Note also that when g is a matrix Lie algebra, then %[A NAl = AN A, where AN A is the
wedge product of A with itself when we view A as a matrix-valued differential form. Thus,

we may rewrite F' as

F=dA+ANA

when g is a matrix Lie algebra.
As an illustration, let us now work out the explicit formula for the curvature form when
G is a matrix Lie group. Suppose that G is a Lie subgroup of GL(m,C), so that g is a

subspace of M(m, C). Let n be the dimension of M. In local coordinates, let us write

A= zn: Ald:vz,
=1

where Ay, ..., A, are smooth g-valued maps. Then recall from the discussion at the end of
Section C.4.2 that

dA;  OA;
dA= > (8@ — 8Ij>dxz/\dmj.
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Next, note that

ANA= (zn: Azdl’z> A (zn: Ajdl‘j)
i=1 =1

zn: AZA]dl’Z AN dxj

ij=1

> [Ai Ajldz; A day,

1<i<j<n

where [A4;, A;] := A;A; — A, A; is the commutator of A; and A;. Combining, we get that

F= > <8Aj _ o4 + [Ai,Aj]>dIi Adz;. (C.5.1)

— axi 6$j
1<i<j<n

The curvature form is crucial to the definition of Yang-Mills theories.

C.6 Riemannian manifolds

C.6.1 Definition of a Reimannian manifold

Let M be a smooth manifold. Let S be the set of all triples (z,u,v) where p € M and
u,v € TpM. We can give a manifold structure to S in the same way that we did for
AFT*M in Section C.2.3. Having done that, we define a Riemannian metric g on M to
be a smooth map from S into R satisfying the property that for each x € M, the map
g(x,,) : TpyM x T, M — R is a positive definite inner product on the vector space T, M.
A smooth manifold endowed with a Riemmanian metric is called a Riemannian manifold.

Given a coordinate chart on M, a Riemannian metric g can be described by an n x n

matrix g(z) = (945())1<ij<n (called the metric tensor), where

)
gij\x) = ¢ x’@xi’axj .

Note that although the inner product g(z,-,-) is an intrinsically defined object, the matrix
g(x) depends on the choice of a coordinate chart.

Recall the definition of orientability from Section C.2. Let M be an orientable compact
Riemannian manifold with a smooth Riemannian metric g and dimension n. The volume

form on M is the differential n-form given in local coordinates by

w(z) == /det(g(z))dxy A -+ A day,. (C.6.1)

Using the calculation in (C.4.5), one can check that this is indeed a valid definition — that
is, it remains unaffected by a change of coordinates.
Definition C.6.1. Let M be a compact, orientable Riemannian manifold with metric g.

For f € C*(M), the integral of f over M, denoted fM f, is defined to be the integral
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fM fw, where w is the volume form of M and fw is the differential form defined as
fu(z) = f(z)w().

If M = R™, for instance, the tangent space at each point is a copy of R™. The
standard inner product on this tangent space defines the standard Riemannian metric
on R”. Integration with respect to the volume form of this metric is ordinary Riemann

integration on R™.

C.6.2 Hodge duals of differential forms

Let (M, g) be an n-dimensional Riemannian manifold. Let 1 be a k-form on M, for some
0 < k < n. The Hodge dual of 5, denoted 7, is an (n — k)-form defined as follows. For

any i1,...,i, € {1,...,n}, let €, ;. denote the Levi-Civita symbol, defined as

sign(m)  if 4y,...,4%, are distinct, and 7w denote the permutation 7(j) := i ,
Eilw“vin =

0 if 41,...,14, are not distinct.

Take any coordinate chart (U, ¢). Let g(x) = (gij())1<ij<n denote the metric tensor at a
point x € U, with respect to this coordinate chart. Let (¢¥(x))1<; j<n denote the matrix

g(x)~!, following standard convention. Suppose that 1 has the local representation

n= E nil,...,ikdxil JARERIAN dm’bk
1<i1 << <n

1
= E Z Th—lanwikdxil VANEIERIVAN d{EZ‘k7

T 1<y, ik<n

where in the second line, we extended the definition of n;, .. ;, by defining

Mir(1yseiney = sign(m)niy,...,iy

when i; < --- <4 and 7 € S, and defining 7;,, . ;, := 0 when ¢1,...,%; are not distinct.

Then 7 is locally given by

1
*) = m Z M) gt sein @y Ao+ A i,
T 1< kg 15 nn<n

where
det(g) o .
(D= LSS g g . (©62)

1<y, ig<n 1<41,..,jk <.

It can be shown that this definition of *n is intrinsic, that is, it does not depend on the
choice of the coordinate chart. When k& = 0, the above notation simply means that *n
is the n-form nw, where w is the volume form defined in equation (C.6.1). The mapping

n — xn is called the action of the Hodge star operator on 7.
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The Hodge dual of a matrix-valued differential form is defined in the same manner,
through the formula (C.6.2).

We now state and prove two lemmas about the Hodge dual that will be useful for us.

Lemma C.6.2. Let n be a k-form or a matriz-valued k-form on an n-dimensional Rie-

mannian manifold (M, g). Then sxn = (—1)k=kp,

Proof. Let v := *n, so that « is represented in local coordinates by the formula displayed

in equation (C.6.2). Let 6 := xv, and let its coordinate representation be

6= > On.pday A Aday,

1<lhi<-<lx<n

Then again by equation (C.6.2), we see that for any 1 <1l; < -+ <l <n,

0 V/ det(g)
Lyeeny

_ Jetilet1 . gindna )
e = (n _ k)l Z Z Clittsenslnidiyenlip 9 ik G Vg1 yerin
D 1< k15 dn SN 1<l 1 e ln<n

—1)k(n=F) det
- gn— ) k! i > > > > Ehtn€iiin

1<jk4150dn<n 1<l y 1,0 ln <n 1<in, . i, <N 1<71,...,5k <N

jk+1lk inln 8151 Uk . )
.gﬂ +1 +1...gjnng J ceeg J Minpooosin -

Now, suppose that [1,...,[, are distinct, and i1,...,4; are distinct. It suffices to work
under these conditions, because otherwise the summand in the above sum is zero. Note

that by the symmetric nature of g,

E ) . gJk+1lk inln 1171 ik
6]1,_,,7]7“(]] +1 +1,,,g]n ng J ceeg J

1<, 0dns<n

_ E . . olk+1dk Injn 40151 kK

= 6']1’“.Jng +1J +1...gn-7ng J s g J .
1<51,dn<n

Now, if {i1,...,ik} N {lks1,---,ln} # 0, then the above sum is the determinant of a
matrix with repeated rows, and hence zero. If this is not the case, then i,...,i; is a
permutation of lq,...,l;. Let us call this permutation w. Then the above sum equals
sign(m)ey, ... 1, det(g™!). But

SIEO(T) iy, ie = Myl

Putting it all together, we get 6, ;, = (f1)’“(’“’“)7711”‘,,1,67 which completes the proof. [

Lemma C.6.3. Let n and v be two k-forms or matriz-valued k-forms on an n-dimensional

Riemannian manifold (M, g) with volume form w. Then

nAxy = (n,7w,
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where
R D1 yeenyl
M) = D Mgy, (C.6.3)
1<i1 << <n
with
Y = Z R T
1<j1, 00k <n

Proof. First, note that in local coordinates

1
nAxy = m Z Z Miteesie KV jis 1 i

T 1<t i S 1< g 15 dn <R
dmil /\~--/\Cl.%‘¢‘,C /\dxij /\---/\dxjn
det(g) - o
- VvV I .. glkIkp. . A o€ .
(k)2 — k) 2. > DD Y e I T e -
<1 in S01<i] il <n 101 e jn <

d.’bil ARER /\dlL’Z‘k /\d.’[jk+1 /\~--/\d$]’n.
Now, observe that

dxiy A~ Ndzg, Ndxj, N Ndxj, =€ dxi A --- Ndxy,.

UlseensThs Tkt 1oe-sdn

Next, observe that if €;, ;. and €iy ooyt by 1senfin ATE both nonzero, then ji, ..., jr must be a
permutation of i1, ...,4;. Moreover, in this case, the product of €;, .. ;, and €ir, it dotd s
is equal to the sign of this permutation. Combining these observations, and further observing

that ¢ = g%, we get

nAxy= ( Z Z Z gi,liw(l) ... gifciw(ld Sign(ﬂ)nh,...,ik’Yz"l,...,igc)w

1<y < <ip <n 1< <--<i) <n TES,

1 ‘ ‘
= (k' Z Z Sign(”)nil,...,ik’yl"(l)""”ﬂ(k)>w_

T 1<ii < <ip<n TES),

But for any w € S,

(@) en() = Z GirIt L gty
1<g1,0k<n

= Win=1(1) ... g% In=1(k)n. ‘ . .

= > Z B g g ( )'Yjﬂ__l(l),...,]ﬂ__l(k) blgn(ﬂ' )
<Jtyensfi<n

= sign(ﬂ_l)'yil"“’ik.

Plugging this into the previous display completes the proof. ]
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C.7 Haar measure on matrix Lie groups

Let G be a compact matrix Lie group, contained in U(n) for some n. The space M(n, C) of

all n x n complex matrices has a natural inner product, given by
(A, B) := Tr(AB"), (C.7.1)

where B* is the Hermitian conjugate of B. This inner product induces a Riemannian metric
p on G, as follows. Recall from the discussion in Section C.3 that a tangent vector at
g € G can be uniquely represented by a matrix X € M(n,C), where X = +/(0) for a curve
v : (—¢,€) — G representing the tangent vector. For two tangent vectors at g represented
by matrices X and Y, we define p(X,Y) := (X, Y).

Integration with respect to the volume form induced by the metric g, as defined in
Definition C.6.1, induces a measure on G that is called the (unnormalized) ‘Haar measure’.
It is not difficult to show that this measure has finite total mass. Upon dividing by the
total mass, we get a probability measure on G, called the ‘normalized Haar measure’. Let
1 denote the unnormalized Haar measure.

The key property of the Haar measure is that it is invariant under left- and right-actions

of G on itself, as shown by the following lemma.

Lemma C.7.1. For any smooth f: G — C and any h € G,

/ F(hg)dp(g) = / F(gh)dp(g) = / F(9)dulg).

Proof. To see this, suppose that f is supported on a coordinate chart (U, ¢), where ¢ maps
U homeomorphically onto an open subset of R”, with m being the dimension of G. At a

point g € U, the tangent vector % is given by

5% = 0ip  (¢(9)),

1 1.

where 9,0~ is the partial derivative of the map ¢+ : ¢(U) — G in coordinate i. Note

that the right side is an n x n matrix. Thus,

/(g 5 ) = @ (6l0). 0157 (000D
= TG~ (9(9)95¢™ (9(9)")-
For x € ¢(U), let p(z) denote the m x m matrix whose (i, 7)™ element is

pij () = Tr(@p ™ (@)d0 " (@)").

Then by the above calculation, the volume element of our Riemannian metric, in the local
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coordinate system of the chart (U, ¢), is given by

Vvdet p(z)dzy A -+ A dap,.

Thus,
/ F(9)du(g) = / F(o~ () /et pla)de. (C.72)
o(U)

Let V := h"'U = {hlg : g € U}, and define ¢ : V.— R™ and (g) := ¢(hg). Then
(V,1) is a local coordinate chart of G, and the smooth function f; : G — R given by
f1(g) :== f(hg) is supported on V. The analogue of p on this chart is given by 7, where

7i(x) = Te(ip~ " (2)0pnp ™ (2)*).
Then, as before,
[ hiyints / (0 (@)t 7 (@)da
- /¢ o S0 @) T
But note that

U(V) = p(hV) = p(hh™'U) = o(U),

and for x € p(U),
Y z) = hTheT (@)

L and hence,

Consequently, 990~ = h™19;¢~

Tij(x) = Te(h 'O~ (2) 050 ()" (W™ 1)")
= Te(0n) ™ (@)~ (2)") = pij (),

where the second equality holds because G C U(n). Combining the above displays, we get

[ ftkgrants) /f1 )dpu(g

= )/ det T(x)dx

w(V)

= [ s @At = [ o)
»(U)

This proves the left-invariance of p for functions supported on a single coordinate chart. It

is easy to extend this to all smooth functions. Right-invariance follows similarly. O

We will now discuss a specific choice of chart. Take any g € G. Recall from the

discussion in Section C.3 that since G is a matrix Lie group, the map X — e, where e¥
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is simply the matrix exponential defined via series expansion, maps from g into G. Let
| X| denote the Euclidean norm of X. The following lemma shows that X + e¥ is a

homeomorphism when restricted to the set of all X € g with || X|| small enough.

Lemma C.7.2. For any X,Y € g such that | X|, Y| < 1, we have

2 - PX -V < ¥ = <X Y.

Proof. The Cauchy—Schwarz inequality shows that the Euclidean norm on n x n matrices
is a submultiplicative, that is, | XY|| < | X|[|Y]. Thus, if | X}, |Y]| < 3, then

=1
leX =V <> HI\X’“ - Y|

k=0
o) 1k71 ) '

<> S I Y)Y E
k=0 j=0
o0 1 3 3

<> Sk X~y = X - V)
k=0

This proves the upper bound. For the lower bound, observe that

> 1
X Y k k
leX —e |HXY+§ (XY
k=2

(o]
1
> X =Y = |y k- vh)
k=2
=1
> X =Y =YD SlxE Y|
k=2

(o)
1 e
2 |X v =Y ke CV X -y = 2 - )X -y
k=2 "

This completes the proof. ]

Let T1,...,T,, be a set of generators of g that are orthonormal with respect to the

inner product displayed in equation (C.7.1). Define

f(-ﬁh S 7xm) ‘= exp (Z xaTa)
a=1

for (z1,...,2m) € R™, so that £ is an isomorphism of the inner product spaces R™ and g.

Lemma C.7.3. There is local coordinate chart (V,v) of G containing I, such that ¢p~! = ¢
on (V) and (V) is a bounded open neighborhood of zero in g.

Proof. Take any chart (U, ) of G that contains the identity. Since U is open and I € U,

U contains an open ball (with respect to the Euclidean metric on G) of some radius r > 0
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centered at 1. Without loss, let us assume that r < % If B denotes the open ball of radius

—1/2p centered at the origin in R™, then by Lemma C.7.2, the restriction of & to B is an

e
injective continuous map from B into U. Consequently, ¢ o £ is an injective continuous
map from B into ¢(U) C R™. By Brouwer’s invariance of domain theorem, this implies

that ¢ o £ is an open map on B. Consequently,

Vi=¢(B) = ¢~ (po&(B))

is an open neighborhood of I. Again by Lemma C.7.2, ¥ := ¢! is a homeomorphism
between V and B. Lastly, note that V C U and ¢ o~ ! = p o ¢ is a smooth map. Thus,
(V,4) is a local coordinate chart. O

Lemma C.7.3 leads to the following result.

Theorem C.7.4. Let G be a compact matriz Lie group, contained in U(n) for some n.
Let g denote the Lie algebra of G. Then there is a smooth function J : g — [0,00) such
that J(0) = 1, and for any open neighborhood V' of the identity in G with sufficiently small

diameter, there is a bounded open neighborhood U of zero in g such that

/ f(g)du(g) = / F(e)J(X)dx
174 U

for any smooth function f: G — C, where u is the unnormalized Haar measure on G and
dX denotes integration with respect to Lebesgue measure on g (upon identifying g with R™
using an orthonormal basis, where m is the dimension of G). Moreover, the diameter of U

goes to zero as the diameter of V' goes to zero.

Proof. Let (V,4) be the chart from Lemma C.7.3. Recall the function p from the proof of
Lemma C.7.1, with (V,4) in place of the chart (U, ). Then

pij(x) = Tr(0:&(x)0;€(x)).

From the explicit form of &, it is clear that p is a smooth function, and by the identity (C.7.2),

/ F(9)dp(g) = /w o €@ Vet s

for any f that vanishes outside V. Lastly, a simple calculation shows that

we have that

0i§(0) =T;

for i =1,...,m. By our choice of T1, ..., T}, this implies that p(0) is the identity matrix.

The claim follows by combining all of the above observations. ]
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C.8 Discrete differential geometry

In this section, we develop the tools of discrete differential geometry that are needed for

analyzing Abelian lattice gauge theories via duality transformations.

C.8.1 The cell complex of Z"

Take any n > 1 and any x € Z™. There are n edges coming out of = in the positive direction.
Let us denote these edges by dzxi,...,dx,. Foreach 1 <k <nand 1 <4 <ig < -- <
i < n, the edges dz;,, ..., dz;, define a positively oriented k-cell of Z". (For example, a

plaquette is a 2-cell.) We will denote this k-cell by the wedge product
d.%'il AN dl‘iQ VANRERWAN diL'ik.

A 0O-cell is simply a vertex. We will use —dz;; A--- Adx;, to denote the negatively oriented
version of dx;; A --- Adz;, . The collection of all oriented k-cells, as k ranges from 0 to n, is
called the cell complex of Z".

Now take any arbitrary 1 < iy,...,4; < n. Following the usual conventions for wedge
products, dz;; A --- Adz;, is defined to be equal to zero if 41,...,i, are not all distinct,
and to be equal to (—1)™dz;, A --- A dzj, otherwise, where ji,...,ji is the increasing
rearrangement of i1, ..., and m is the sign of the permutation that takes iy, ...,i; to

J1s ..., Jk. For example, dx1 A dry =0 and dzs A dxy = —dxy N dxs.

C.8.2 Differential forms on Z"

Let R be a ring. An R-valued k-form on Z" is a R-valued function on the set of positively
oriented k-cells, which is zero everywhere except at a finite number of k-cells. An R-valued

k-form f will be denoted by the formal expression

@)= > fuea@)dry A Ada,

1<i1 < <ix<n

where f;,...;, () is the value assigned to the positively oriented k-cell dz;, A- - - Adx;,. We will
use the convention that f;,...;, = 01if j1,...,ji are not distinct, and for distinct ji,...,j,
fji-j, denotes sfj,...;,, where iy, ..., is the increasing rearrangement of ji,...,j, and s
is the sign of the permutation that takes (j1,...,jk) to (é1,...,%k).

Note that a 0-form is simply a R-valued function on Z". For k > n or k < 0, there is
only one k-form, which is denoted by 0. The support of a k-form f, denoted by supp f, is
the set of x € Z™ such that f(z) # 0.

If f is an R-valued k-form and c is the k-cell dz;; A --- A dx;,, we will sometimes use
the notation f(c) to denote f;,...;, ().
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C.8.3 Discrete exterior derivative

For any function h : Z™ — R, any x € Z" and any 1 < ¢ < n, define the discrete derivative

of h in direction i at the point x as
Oih(z) := h(z + e;) — h(z),

where e; is the vector that has 1 in coordinate ¢ and 0 in all other coordinates. For
0 < k < n—1, the exterior derivative of a k-form f is the (k + 1)-form

df(x) == > > 0ifiyiy (@)dwi Adi, A+ A da, (C.8.1)

1< << <n 1<i<n

In other words, if g = df, then for any 1 <i; < -+ <igq1 < n,

Gi1-igy1 (x) = Z (_l)jilaijfil...{;...iwrl (3:)7 (C'8'2>

1<j<k+1

where iy - - ZA] -+ iy is the list obtained by omitting i; from 4175 - - - ix41. For example, if
n =4 and
f(l’) = flg(x)dl’l A dzy + f13($)d$1 Adzs, (C83)

then

df(x) = (83f12(17) - 82f13(1‘))d$1 A dxo A dxs
+ O4f12(x)dx1 A dxe A dxy + 04 f13(x)dzy A das A day.

The exterior derivative of any n-form is zero, consistent with our convention that 0 is the
only k-form when k& > n. A differential form f is called closed if df = 0, and ezact if f = dg

for some g.
Lemma C.8.1. For any R-valued differential form f on Z™, ddf = 0.

Proof. If f is a k-form for k > n — 1, then ddf = 0 automatically, so there is nothing
to prove. Assume that k¥ < n — 1. Since the exterior derivative is a linear operator, the
formula (C.8.1) implies that

ddf(l‘) = Z Z 8]'82']"1'1‘..% (x)dacj Adx; N d{,CZ‘l VARERIVAN dl’ik-

1<iy < <ip<n 1<i,j<n

Inside the sum, if ¢ = j, the term is zero since da; Adx; = 0. If i # j, the (4, j)-term cancels
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the (j, ¢)-term, since dz; A dz; = —dx; A dz; and for any h,

9;0;h(x) = dih(z + €;) — Oih(x)
= (h(z+ej+e)—h(z+e;)) — (h(z+e;) — h(z))
— (h(z + ¢ + ;) — h(z + 1)) — (h(z + ¢5) — h(z))
= 818]}1(3;‘)

Thus, all terms cancel, showing that ddf = 0. [

C.8.4 Discrete Poincaré lemma

An important result about the discrete exterior derivative is the discrete Poincaré lemma,
which says that every closed form is exact. In the following, a hypercube B C Z" is a set of
the form

([a1,b1] X [ag,ba] X - -+ X [an, by]) N Z",

where the a;’s and b;’s are integers.

Lemma C.8.2 (Discrete Poincaré lemma). Take any 1 < k <n — 1. Let R be a ring.
Then for any R-valued closed k-form f on Z", there is an R-valued (k — 1)-form g such that
dg = f. Moreover, supp g is contained in the smallest hypercube that contains supp f. The
result also holds for k =0, in the sense that f = 0 is the only 0-form that satisfies df = 0.

Proof. First, let us do the case k = 0, since it is easy. Let f be a 0-form satisfying df = 0.
This means that f(z) = f(y) for any z,y that are neighbors on the lattice. Since f has
finite support, it follows that f = 0 everywhere.

Next, let us do the case 1 < k <n — 1. Let ai,...,an,b1,...,b, be integers such that
f(z) = 0 whenever x ¢ [a1,b1] X -+ X [an, by]. For each r € Z, let

S, =71 x {r}.

We define g(z) = 0 if z € S, for some r < a,. Then, starting from r = a,, we define g
inductively on S,., given that it has been defined on S,_1, as follows. For 1 <i; < --- <
ir—1 <nand x € S,, let

Gireinr (@) = Gireip (@ =€) & (“1F i _in(@ — ea). (C8.4

Note that with this construction, g = 0 on S, for all r < a,, since f = 0 on S, for all
r < a,. The construction also ensures that g;,..;, ,(x) = 0 for all  when i,_; = n. Note
that g may not have finite support, but we will not worry about that yet.

Let h = dg. We claim that h = f. Take any = € Z. Suppose that x € S, for some
r < ap. Then f(x) = 0. On the other hand, h(z) depends only on the values of g on S,
and S,41, which are all zero since r < a,, and g = 0 on S, for all r < a,, as noted in the

previous paragraph.
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Next, take any 1 < i1 < -+ < i < n and x € S, for some r > a,. We will prove by
induction on r that
hir“ik ({E) = filu.ik (33) (085)

First, suppose that i = n. Recall that

hlllk(fv) = Z (_l)j_laijgilwi;---ik(x)'

1<j<k

Since gi;..i,_, () = 0 when ix_1 = n, we see that 8,‘].91,1___1.;”% () =0 for j < k. Also, by
equation (C.8.4),

angil"'ikfl(z) - (71)k_1fi1"'ik71n(x)'
Combining, we get
hil“'ik (l‘) = (_1)k716ngi1“‘ik71(x) = fil"‘ik—ln(‘r)'

This completes the induction step when i = n.
Next, suppose that iy, < n. Let y = x — e, so that y € S,_1. Let u = dh and v = df.
Then by Lemma C.8.1, u = 0, and by assumption, v = 0. Thus,

0= Uiy ipn(y) = (_1)kanhi1"-ik (y) + Z (_l)j_laijhil---i;nikn(y)? (C.8.6)
1<j<k
and
0= 'Ui1~~~ikn(y) = (_1)k8nfz1lk(y) + Z (_1)]_1aijfiln-'fj---ikn(y)‘ (C87)
1<5i<k

Take any 1 < j < k. Then

8zjh“{;zkn(y) - 8ij fi i;lkn(y)

Since ix < n, the point z := y + e;; belongs to S,_1, just like y. Therefore by the
identity (C.8.5) for points in S,_1, the above expression vanishes. Combining this with
equations (C.8.6) and (C.8.7), we get

8nfi1~~~ik (y) = 6nhi1~~~ik (y)

But by the induction hypothesis, f;,..;, = hi,...;; on S.—1. Since y + e, = x, the above
identity therefore reduces to equation (C.8.5) for points in S,. This completes the proof of
the claim that A = f.

It remains to show that g vanishes outside the hypercube B := ([a1,b1]X- - - X [an, bp])NZ™.
Take any x = (x1,...,2,) € Z". Then the inductive construction (C.8.4) ensures that if
x; ¢ [a;, b;] for some i < n, then g(x) = 0. Also, we have that g(z) = 0 if z,, < a,. Lastly,
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if g(x) =0 for all x € Sy, 41, then g(x) = 0 when z,, > b, + 1, by equation (C.8.4) and the
fact that f vanishes outside B. Thus, it suffices to show that g(x) = 0 if x,, = b, + 1.

It turns out that this is true only if K = 1. For k > 2, we will have to replace g by a
different (k — 1)-form ¢, also satisfying dg’ = f, which vanishes outside B. But first, let us
complete the proof for k = 1. Take any point € S, +1. Then dg(z) = f(z) = 0, which
implies that

0=0i9(z) = g(z +ei) — g(x)

for all 1 <4 < n — 1. This shows that g is constant on S;,41. But, as observed above,
g(x) =0 if z; ¢ [a;, b;] for some 1 < ¢ <mn —1. Thus, g =0 on Sp, ;. This completes the
proof of the lemma when k& = 1, for any n > 2. This also completes the proof of the lemma
when n = 2, because k must be 1 if n = 2.

Next, take any n > 3 and suppose that the lemma has been proved for dimensions
<n—1. Let g and f be as above, with 2 < k < n. Define a (k — 1)-form ¢ on Z"! as

q(y) == (~1)¥g(y, b, + 1), yezZ" L.

Since dg = f = 0 on Sp, 41, it follows that dg = 0. Moreover, g vanishes outside
[a1,b1] X -+ X [ap—1,bp—1]. Thus, by the induction hypothesis, there is a (k — 2)-form p on
Z" 1 such that dp = ¢, and p vanishes outside [a1,b1] X -+ X [an_1,bp_1].

Define a (k — 1)-form w on Z" as follows. Let w(x) = g(x) if x € S, for some r > b, +1,
and w(z) = 0if z € S, for some r < by,. If v = (x1,...,Tn_1,by) € Sh,, we define

’wil...ik72n(1‘) = pil"'ik—z ($17 e 71'”_1)

for 1 <y <--- <ip_g <n, and Wi, ..i,_, (z) = 0 if ip_; < n. We claim that dw = 0. To
see this, let s := dw. First, note that if x € S, for some r > b, + 1, then s(z) = dg(x) = 0.
Next, suppose that x € S, for some r < b,. Recall that for any 1 < i) < --- < i < n,

i—1
siein0) = Y By, (@)
j=1
If ix, < m, this is zero, since x +¢;; € S, for all j in this case, and w = 0 on S,. For the

same reason, if i = n, then

8i1~“ik71n(x) = (_1)n_1a7lwi1'“ik71 (:U)

(_1)n_1(wil“'ik—1(‘r +en) — Wiy, (X))

But wj,...s,_, () = 0 since € Sy, and wy,...;, _,(z+ey,) =0since x+e, € Sp1, r+1 < by,
and ix_1; < m. This shows that s(z) = 0 if € S, for some r < b,. Lastly, take x =
(T1y. oy Tp—1,bn) € Sp, and 1 < iy < -+ < i < n. If i, < n, then 8ijwl.l,,@mik () =0 for
any j, which implies that s;,..;, (z) = 0. So, suppose that iy = n. Let 2’/ := (z1,...,2,-1).
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Then for 1 < j <k -1,

algw“f]zk_ln(x) = il---{;**~ik_1n(x + eij) - w“l’;zk—ln(l.)
— ~ ! ; — o~ !
= pil'"ij“'ik—l (1' + elj) pi]"'ij"*ik—l (ZL’ )
- aljpil...z‘j“.ik_l (fE )’
and
OnWiy i1 (T) = Wiy iy, (T + €n) — Wiy iy, (T)
= gi1“'ik71($ + en).
Thus, we get
n—1
- k-1
S'L’1~“ik71n(x) = Z(_]‘)j aijpil'“i;"'ik—l (‘r/) + (_1) Gix-in—s (1’ + en)
Jj=1

= Qiyip_y (x/) + (_1)]6_191'1"'%'1@71(% + en)
= (—l)kgil...iki1 (x+e,) + (—1)’“_13%1...%71 (x+e,) =0.

This completes the proof of the claim that dw = 0. Now define ¢’ := g — w. Then
dg’ = dg — dw = dg = f. Also, note that ¢’ vanishes outside the hypercube B, since
g(x) = w(x) for when x € S, for some r > b, + 1, w(z) = 0 when z € S, for some r < by,
and w(z) =0 if x € Sy, but z; ¢ [a;, b;] for some 1 <i<n—1. O

C.8.5 Discrete coderivative

The exterior derivative operator d has an adjoint, denoted by § and sometimes called the

‘codifferential operator’ or simply ‘coderivative’. Letting
0ih(z) = h(z) — h(x — €;),

the operator ¢ is defined as

5f($) = Z Z (_1)l5ilfi1wik (l‘)dl‘il A A 6737\” VANREIRAN d,’Eik. (088)

1<iy < <ip<n 1<I<k

The operator ¢ takes k-forms to (k — 1)-forms. If £ = 0, then 6 f = 0 by definition. As an
example, suppose that n =4 and f is the 2-form defined in equation (C.8.3). Then

§f(x) = (D2f12(z) + 93 f13(x))dx1 — 01 fro(x)dze — O fr3(w)das.

Note that on manifolds, d; and J; are the same. But in the discrete setting, the two
operators are not the same, and we need to define ¢ using 9; as above.

The coderivative may be alternatively expressed as follows. Let g := df. Then
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equation (C.8.8) shows that for any 1 <iy < -+ <ix_1 <n,
n —
Gir gy (T) = — Z i fiiy gy, (2)- (C.8.9)
i=1

C.8.6 Discrete Hodge dual

An important object for us is the dual of the lattice Z™, which we will denote by *Z™. This
is just another copy of Z™, whose vertices are the centers of the n-cells of the primal lattice.
This gives a correspondence between the n-cells of the primal lattice and the 0-cells of the
dual lattice. This correspondence extends to a correspondence between the cell complex of
the primal lattice and the cell complex of the dual lattice, where an oriented k-cell ¢ of the
primal lattice is paired with an oriented (n — k)-cell *c of the dual lattice. The cell *c is
called the Hodge dual of the cell c¢. The duality is defined as follows.

Take any z in the primal lattice. Let y denote the center of the n-cell dzi A - -+ A dx,,
so that y = *(dzy1 A - -+ A dxyp,) according to our convention. The vertex y is sometimes
called the dual vertex of z. For any A C Z"™, *A denotes the set of duals of the vertices in
A. Explicitly, if

A=xi{ai,a; +1,...,b; — 1,b;},

then

3

1
*x\ = x?_l{ai + 3 @i + 5

1 1

Let dyi, ..., dy, be the edges coming out of y in the negative direction. Take any 1 < i; <
<o <ip <m. Let ji,..., ok be an enumeration of {1,...,n}\ {i1,...,i}, and define

*(dl‘“ A /\dxik) = dejl A /\dyjn,ka

where s is the sign of the permutation (i1, ..., %k, j1,- .-, jn_k)- It is easy to see that the

right side does not depend on our choice of ji,...,j,_r. By the same principle, define
) . — (_1)k(n—k) ) .
w(dyj, N+ ANdy;, ) = (—1) sdxi, Ao ANda,,

where (—1)k(”_k) is present because the sign of (j1,...,Jn—k,41,...,0k) I8 (—1)k("_k)s.
With x, y, s and j1,...,jn_r as above, the Hodge dual of an R-valued k-form f is defined

as the following (n — k)-form on the dual lattice:

*f(y) = Z fil'"ik ({E)S dyﬁ VANCERWAN dyjn—lc'

1< << <n

(Note that s and j1,...,Jn—k depend on iy, ..., i in the above sum, but this dependence

has been suppressed for notational clarity.) For example, if n = 4 and f is the 2-form
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defined in equation (C.8.3), then

*f(y) = frz(x)dys A dys — fiz(x)dyz A dya.

One can similarly define the dual of a k-form on the dual lattice, which is an (n — k)-form
on the primal lattice. The prescription is exactly the same as above, except that now
x € *Z" and y is the dual of x in Z", defined to be the center of the n-cell dxy A --- A dxy,.

It is easy to see that for a k-form f on the primal lattice,
s f = (=1)FR (C.8.11)

The exterior derivative operator on the cell complex of the dual lattice is defined just the
same way as on the primal lattice, but with 9; replaced by 0;, since the edges in the dual
lattice are oriented in the opposite direction. The exterior derivative on the dual lattice
is also denoted by d. With this definition, the following lemma connects the Hodge star
operator with the adjoint of the exterior derivative on the dual lattice. This is a discrete

version of a well-known lemma about differential forms on manifolds.

Lemma C.8.3. For any R-valued k-form f on Z",
0f(x) = (~1)" D e f (y),

where y is center of the n-cell dxy A -+ A dxy,.

Proof. Note that if f is a R-valued k-form on the primal lattice, and x, y, s and j1, ..., jn—&

are as in the paragraphs preceding the statement of the lemma, then

d*f(y) = Z Z gifilmik (l‘)S dy; N dyjl VANRRRIAN dyjnfk'

1<i <-<ip<n 1<i<n
The summand on the right is zero unless ¢ is one of i1,..., 4. If i = ¢; for some [, then

#(dyi A\ dyj, A=+ Ndyj, )

= ()R Ak g g A A dag A A da,

o~

since the sign of (i1, 1, - - Jn—ks @1, -- -5 80, - - -, ig) €quals

(_l)k(nfk)+n7k+l713.
Thus, putting r := k(n — k) +n — k — 1, we get

*dx f (y)
=y ST (=010 iy (x) iy Ao Ny, Ao A da,

1<iy <<ig<n 1<I<k

— (176 /().
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Since k(k + 1) is even, (—1)" = (—1)*F+D+1 O

C.8.7 Poincaré lemma for the coderivative

The following is a dual version of the Poincaré lemma. The proof is a combination of the

Poincaré lemma and Lemma C.8.3.

Lemma C.8.4 (Poincaré lemma for the coderivative). Take any 1 <k <n—1. Let [ be
an R-valued k-form on Z™ with 6 f = 0. Then there is a (k 4+ 1)-form h such that f = dh.
Moreover, supp h is contained in the smallest hypercube containing supp f. The result also
holds for k = n, in the sense that f = 0 is the only n-form that satisfies 6 f = 0.

Proof. Since § f =0, Lemma C.8.3 implies that dxf = 0. Let B be the smallest hypercube
that contains supp f. Let *B be the hypercube in *Z" consisting of the centers of all
the k-cells in B. Then it is easy to check that xB contains the support of xf. Thus, by
Lemma C.8.2, there is an (n — k — 1)-form g on *Z™ such that dg = *f and suppg C =B.

Let

ho= (_1)7(k71)(nfk+1)7lc(nflc)fnkfl*g7

so that
*h = (_1)7k(n7k)7nkflg.

Thus, by Lemma C.8.3,
Sh = (=1)"Fledsh = (—1)F"Pdg = f.
Lastly, note that by the definition of h, it follows that h vanishes outside B. O

C.8.8 Inner product of differential forms

Let f and g be two R-valued k-forms on Z", where R is a ring and 0 < k < n. The inner
product of f and g is defined as

(f.9) = Z Z fir i (%) Giy iy, (2).

zeZ™ 1< < <ip<n

When R = R, this inner product induces the norm
1= (£, 1Y

The above inner product satisfies the following ‘summation by parts’ identity.

Lemma C.8.5. Let R be a ring. For any R-valued (k + 1)-form f and k-form g on Z",
where 0 < k <n —1, we have

(f.dg) = (6f,9)
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Proof. Let h :=df. Recalling the formula for the coderivative from equation (C.8.9), we

see that
n J—
(h,g) = — Z Z Zaifii1~~~ik (2)Giy i ()
zeZM 1<i1 < <ip<n i=1

This gives

(hog) ==Y D> > (firwin(@) = fitrig (& = €0))Giy iy ()

zeZn 1<i1 <--<ip<n i=1

=Y > D fuei®)gie ()

T€ZN 1<i1 <-<ip<n i=1

+ Z Z Z fiil-uik(w — €i)Giy iy, ().

TEZN 1<iy <<ix<n i=1

But note that

Z Z Z iy (T = €3)Giyif, (T)

z€Z™ 1<i1 << <n i=1

= Z Z anllk (@) giy-wip, (x + €5).

z€Z" 1<i1 << <n =1

Plugging this back into the previous display, we get

)= Y. D finin[@)igiyiy (@),

z€Z™ 1<i1 < <ip<n i=1

Take any 1 < j; < -+ < jig1 < n. Then fj..j (x) occurs in the above sum as
(_1)l_lfj1“'ﬁ"'jk+1(x) forl=1,...,k+ 1. For each [, this comes multiplied by the factor
8jlgj1~~j7~~jk+1(x)' Thus, we get

k+1
(=% X @ (D 00,5, )

r€Zm 1<j1<<Jp+1<n =1

= Z Z fjl"'jk+1 (x)ujljk+1 (.’17),

z€Zm 1<j1 < <jp41<n

where u := dg. This completes the proof. ]

C.8.9 Poincaré lemma for 0-forms

Recall that § f = 0 for any 0-form f, by definition. But it is not hard to see that not all
0-forms can be expressed as d¢g for some 1-form g. Can we still have some version of the
coderivative Poincaré lemma for O-forms? The following result gives the necessary and

sufficient condition.
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Lemma C.8.6. Let R be a ring. An R-valued 0-form f on Z'™ satisfies f = dg for some
1-form g if and only if 3, cyn f(x) = 0. Moreover, if this criterion is satisfied and supp f
is connected in the usual graph structure on Z", then it can be arranged that g(e) = 0 unless

both endpoints of e are in supp f.

Proof. First, suppose that f = dg for some 1-form g. Let h be the 0-form that is equal to 1
at any vertex that is an endpoint of some edge e with g(e) # 0, and 0 elsewhere. Note that

the support of h contains the support of f. Thus, by Lemma C.8.5,

> f@) = (f,h) = (3g,h) = (g, dh).

TEL"

But by the definition of h, dh(e) = 0 for any edge e such that g(e) # 0. Thus, the right
side is zero. This proves one direction of the lemma.

For the other direction, suppose that > ;. f(z) = 0. For x € Z", let €, denote the
O-form that is 1 at = and 0 everywhere else. For any distinct z,y € Z", let €, := € — €.
For any such pair (z,y), choose a path of distinct vertices x, ...,z from z to y, with

29 =, ¥ = Y, and x;4; a neighbor of x; for each j. Define an R-valued 1-form 7., as

© 1 ife=(xj,xj41) forsome 0 < j <k —1,
Toy(e) =
0 otherwise.

A simple verification shows that
OTay = €y (C.8.12)

Next, let S denote the support of f. If S = (), we can simply take g = 0. Otherwise, let

be the smallest element of S in the lexicographic ordering. We claim that

f= > f@era (C.8.13)

z€S\{zo}

To see this, note that by the condition ) . f(z) = 0, we have

Z f(@)ezaq = Z f(@)(€x — €)

z€S\{zo} z€S\{zo}
- Y e X @)
zeS\{zo} zeS\{zo}
= > f@e+ f(@0)en, = f.
z€S\{zo}

This proves equation (C.8.13). Define

g:i= Z F(2) Tz 20-

z€S\{zo}
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Then by equation (C.8.12) and equation (C.8.13), we get

Sg= Y [@)0meme= Y. [(@)eas, = I-

z€S\{zo} z€S\{zo}

This completes the proof of the converse direction. Finally, if .S is connected, then the path
between x and y for any =,y € S can be chosen to lie entirely in S. Thus, 7 ,(e) = 0 for

any e whose endpoints are not both in S. Consequently, g inherits this property. O

C.8.10 The discrete Hodge Laplacian

Let R be a ring, and consider R-valued differential forms on Z™. The discrete Hodge
Laplacian is the operator
A:=dé+6d

that takes k-forms to k-forms. Let us now see what this turns out to be more explicitly.
First, consider O-forms. If f is a 0-form, then 6 f = 0 by definition. Let g := df and h := dg,
so that h = Af. Then g;(x) = f(z + ¢;) — f(z) for x € Z" and 1 < i < n, and by the
formula (C.8.9),

n n
W) == digi(x) = =Y (gi(x) — gi(z — €4))
i=1

i=1

== (flete) - flx) - (fl@) - flz—e)))
i=1
=2nf(z) = > (flx+e)+ flz—e)).

i=1

Thus, for O-forms, the Hodge Laplacian is the usual discrete Laplace operator. The following

lemma shows that this extends to k-forms in a simple way.

Lemma C.8.7. Let R be a ring and

[ = Z fiy i dwiy A Ndxg,

1<iy<-<ig<n

be an R-valued k-form on Z™. Then

Af= > Afiadzi A Aday,

1<ip<+<ip<n
where the A on the right stands for the usual discrete Laplacian.

Proof. Since we have already proved the claim for &k = 0 above, let us take 1 < k < n and
a k-form f. Let g := df and h := dg = ddf. If k = n, then df = 0 and therefore h = 0.
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Suppose that k& < n. Then by the formula (C.8.2),

k+1

Git--igqa (I) = Z( )J 181] le...lj...lkJrl (z)

Jj=1

Thus, by the formula (C.8.9),
11 Zk Z Zgnl Zk

B .

Z <6 firia Jrz(1)]8ijfii1~~i§~~ik(z)>

i=1 j=1

k pp—
= Afiyin (@) = Y N (=1)0:0;, £, .7

Next, let u:=4df and v := du = ddf. Then

Wiy -vig_q (z) = — Zgifiil“‘ik—l(x)7
=1

and therefore,

[
Mw

(1D, ()

vil...ik(x)

<.
Il

||
Mw —

(~1y 18, (Za fiopio (@ >)

i i=1

N

=1
S (Y0, Tif gy @)

1:=1

<.
I

Now, an easy verification shows that the operators 9; and 5]- commute for any 4, j. Thus,

the above calculations show that Af = h + v has the required form. Lastly, if £ = n, then

vien(@) = > (=1Y0;0i . 5., (@)
o
But
0 if 1 #£ j,
fil---]--»n = i1
(D) frm ifi=j
Thus,
Vi (x) = — Zaigiflmn(x) = Afi.n(x).
i=1
This completes the proof. L]
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Let A be a hypercube in Z". Let A be the boundary of A, meaning the set of vertices
in A that have at least one neighbor outside A. We will say that a k-cell ¢ is in A if all
of its vertices are in A. A k-cell of A will be called a ‘boundary k-cell’ if all of its vertices
are in JA. The remaining k-cells of A will be called ‘interior k-cells’. Let II5 denote the

following operator on R-valued differential forms. For any k-form «, Iy« is the k-form

a(c) if ¢ is an interior k-cell of A,
Mha(c) :=
0 otherwise.

It is not hard to see that for a given k, I, is the orthogonal projection (with respect to
the inner product defined in Subsection C.8.8) on to the subspace of k-forms which vanish
on all k-cells that are not interior k-cells of A. Define the restriction of A to A under zero
boundary condition as

Ap = TII5A.

It turns out that the AKl is well-defined on the range of II, as shown by the following

lemma.

Lemma C.8.8. For any 0 < k < n, the operator A, is a linear bijection on the space of
all R-valued k-forms that are in the range of 1.

Proof. Clearly, Aj maps into the range of II5. Since dim(rangeIl,) is finite, it suffices
to show that Ap is injective. Suppose that Apa = 0 for some o € rangelly. Then
(o, Apor) = 0. But

(o, Apa) = (o, Iy Acy)
— (0, 80) = (o, (d5 + 5d)a)
= [|6a]|? + [|der]?,

where the identity holds even if K =0 or k = n. Thus, da = 0 and da = 0. Suppose that
1 <k <n-—1. By the Poincaré lemmas for d and §, this means that there is a (k + 1)-form
7 and a (k — 1)-form ¢ such that o = é7 and a = d€. Thus,

e]|? = (67, d€) = (7,dd€) = 0,

which completes the proof. If k = 0, then the fact that da = 0 implies that & = 0 (by the
Poincaré lemma). Similarly, if £ = n, then the fact that da = 0 implies that oo = 0. O
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Functional Analysis

D.1 Some basic results

D.1.1 The Baire category theorem

Throughout this chapter, all Hilbert spaces and Banach spaces are over the field of complex

numbers. We will need the following basic fact about Banach spaces.

Theorem D.1.1 (Baire category theorem for Banach spaces). Let B be a Banach space.
Suppose that B is the union of a countable sequence of closed sets {Fy}n>1. Then at least

one F,, has nonempty interior.

Proof. Let U, := B\ F,. Then each U, is open. Suppose that each F,, has empty
interior. Then each U, is dense. Take any x1 € Uy and a radius r1 € (0,1) so small that
B(z1,r1) C Uy (where B(z,r) denotes the open ball of radius r and center x). Since Uy
is dense, there exists a point o € Uy N B(z1,7r1/2). Find ro € (0,71/2) so small that
B(z2,72) C Us. Continuing this way, we find sequences {z,, }n>1 and {ry}n>1 such that for
each n, Tpt1 € Upt1 N B(xn,mm/2), rnt1 € (0,7,/2), and B(zy,ry) C Uy. It is easy to see

that {z,}n>1 is a Cauchy sequence, and therefore, has a limit « € B. Now, for each n,

o0
lz = 2ll < llok — zaral]

k=n
1 & T — T
- n -j_n
ngrkg 222 9
k=n 7=0

Consequently, x € B(xy, 1) C U, for each n. This contradicts the fact that the intersection
of the Uy,’s is empty. O
D.1.2 The open mapping theorem

The Baire category theorem implies the following result.

Theorem D.1.2 (Open mapping theorem). Let By, By be two Banach spaces and A : By —

By be a continuous and surjective linear map. Then A maps open sets to open sets.
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Proof. Let F,, := A(B(0,n)) be the closure of the image of the open ball B(0,n) C B;
under A. Since A is surjective, the union of the Fj,’s equals By. Thus, by the Baire
category theorem, there is some n, some y € Ba, and some 0 > 0 such that B(y,d) C F,.
This implies that B(0,d) C F,, —y. Now, if 2,2’ € F,,, then there are sequences {zj }x>1
and {z}r>1 in By such that z, 2, € B(0,n) for every n, and Az, — z, Az, — 2. But
2, — 2, € B(0,2n) for every k, and A(z — 2;,) = « — . Thus,  — 2’ € Fy,,. In particular,
B(0,8) C Fy — y C Fan,.

We claim that B(0,0) € A(B(0,5n)). To see this, take any x € B(0,d). Since
B(0,0) C Fby,, there is some y; € B(0,2n) such that

1)
llz — Ayl < 3

Now, the above display shows that 2(x — A(y1)) € B(0, ). Thus, there is some y2 € B(0, 2n)
such that

200 — Ay) — Alw)] < 5.

Continuing like this, we find a sequence of points {yx}r>1 in B(0,2n) such that for each k,
_ )
|28z — 28 Ay — 2P T Ayy — - — Ay || < 7

Dividing both sides by 2¥ and sending k — oo, we see that

k
z=lim Y 279 Ay, (D.1.1)

k—o0 4
Jj=1

But note that if we define

k
— —j+1
zp = 22 Iy,
i=1

then {zx}r>1 is a Cauchy sequence, since the y;’s are all in B(0,2n). Thus, z; — z for

some z. Moreover,
oo

=l < Y2277 ly; ) < 4n.
j=1

Consequently, z € B(0,5n). But since A is a continuous map, equation (D.1.1) shows that

r= lim Az, = Az.
k—o00

Thus, z € A(B(0,5n)). This proves the claim that B(0,6) C A(B(0,5n)).

Now take any open set U C B;. Take any x € U and a radius r such that B(z,r) C U.
We claim that B(Az, dr/5n) C A(B(z,r)) C A(U). To see this, take any y € B(Az, dr/5n).
Then (5n/r)(y — Az) € B(0,0). Thus, there is some z € B(0,5n) C B; such that
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Az = (5n/r)(y — Azx). But then,
—Ar+ —Az=Alz+ —z) € A(B(x,1))
y=Av+ —Az=A{z+ 2 z,7)),
since z € B(0,5n). This proves that A(U) is open. O

D.1.3 The closed graph theorem

An important consequence of the open mapping theorem is the following. Recall that for a
Banach space B, the graph of a linear map A : B — B is the set {(z, Az) : z € B} C Bx B.

Theorem D.1.3 (Closed graph theorem for Banach spaces). Let B be a Banach space and
A : B — B be a linear map whose graph is a closed set in the product topology of B x B.

Then A is continuous.

Proof. Let || - || denote the norm on B. Define a new norm
]l == llz]| + || Az]].

It is easy to see that this is a norm. We claim that this norm is complete. To see this, take
a sequence {xp}n>1 that is Cauchy in the norm || - ||. Then {z,},>1 and {Az,},>1 are
both Cauchy in the norm || - ||. Since the graph of A is closed, it follows that there is some
x € B such that z,, — z and Ax,, — Az. Thus, ||z, —z|' — 0.

Now, it is clear that the identity map I : (B, -||') — (B,| - ||) is continuous and
surjective. Thus, by the open mapping theorem, its inverse I~ : (B,| - |) = (B,] - |') is
continuous. Since I~! is a linear map, continuity implies that it is bounded. Thus, there is
some C > 0 such that ||[I71z| < C||z|| for all z € B. But

[~ ]l = =] = |lz]| + | Az].
This proves that A is bounded, and hence, continuous. ]

D.1.4 The uniform boundedness principle

Another basic tool that we will need is the following. The very short proof given here is
due to Alan Sokal.

Theorem D.1.4 (Uniform boundedness principle). Let {T},}n>1 be a sequence of bounded
operators from a Banach space B into itself. Suppose that for each x € B, sup,>1 || Tnz|| is

finite. Then sup,,> | Ty|| is finite.

Proof. Suppose that the hypothesis holds but sup,,> [|7]| = oo. Then passing to a
subsequence if necessary, let us assume that ||T,] > 4" for each n. Let zo = 0, and

inductively define x1, zo, ... as follows. Suppose we have chosen up to x,_1. Note that for
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any y,

[Tl = S1To(acs + ) ~ Talar — )]
< 3 UTancs + )+ [Talens — )I)
< max{||Tn(zn—1 + y)ll, [Tn(zn-1 = y)Il}-
But the supremum of the left side over all y with ||y|| < 3™ is equal to || T,,]|3~™. This shows
that there exists y with [jy|| < 37" and | Ty (zn—1 +y)|| = 3|75 [I37". Let 2y 1= 251 +y.

Thus, we get a sequence {@y }n>1 such that ||z, — zp_1| < 37" and | Tz, > 3| T,[3™"

for each n. Clearly, this is a Cauchy sequence. Let x denote its limit. Then for each n,

o0 oo 1
—k _
B S;ka-&-l_ka Skzi% =53
=n =N

Thus, we get

2 _ 1 _ 1 _
1 Tnz ]| 2 | Taznll = I Talz —an)| 2 SITRl37" = SITal3™ = SITal37"

Since || T, || > 4™ for each n, this shows that sup,,>, [|Tz|| = oo, contradicting the hypothesis.
O
D.1.5 Riesz representation theorem for Hilbert spaces

The following result is known as the Riesz representation theorem for Hilbert spaces.

Theorem D.1.5 (Riesz representation theorem). Let H be a Hilbert space and A : H — C
be a continuous linear map. Then there exists unique © € H such that A(y) = (y, z) for all

yEH.

Proof. Let K := ker \. Since A is continuous, it is easy to see that K is a closed subspace of
‘H. If K = H, there is nothing more to prove, since we can simply take x = 0. Suppose that
K # H, and take any z € H \ K. Let d :=inf,ck ||z — z||. Since K is closed and z ¢ K, d
must be nonzero. Let {wp}n>1 be a sequence of points in K such that ||z — w,| — d. By

the parallelogram identity,
lwm = wal® = 2l|2 = wl|* + 2ll2 = wa | = 1|22 = (wn + wn)|*
for each m,n. Since 1 (wy, +wy) € K, this implies that
lwim = wal® < 2l|z = wl|* + 2l|z = wa|* — 4d.

Taking lim sup on both sides as m,n — oo, we get

lim sup ||wy, — w,||* < 0.
m,n—00
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Thus, {wp}n>1 is a Cauchy sequence, and therefore, has a limit w. Since K is closed,
w € K. Let u:= z —w. We claim that (u,z) = 0 for all z € K. To see this, take any
x € K and note that for any o € R, w + ax € K. Thus,

Iz = (w + az)| = d = ||z — w]|.

But

Iz = (w + az)[|* = [lz — wl® - 20(z — w, 2) + |||

Therefore, the above quadratic polynomial in « is minimized at o = 0. This implies that
its derivative at zero must vanish. This is equivalent to the claim that (u,z) = 0.
Since z # w, we conclude that u is nonzero. Note that for any y € H, the linearity of A

implies that
AA(w)y = Ay)u) = 0.

Thus, Au)y — AM(y)u € K. Consequently,

Thus, if we take

_ AMu
Ol
then for any y € H,
Ay) = (y,z)

This proves the existence of x. To prove uniqueness, simply observe that if 2’ is another

candidate, then the identities
(x —a',2) =Nz —2') = (x — 2/, 2')
imply that z = 2. O

D.1.6 The Hellinger—Toeplitz theorem

We will also need the following less well-known result.

Theorem D.1.6 (Hellinger—Toeplitz theorem). Let H be a Hilbert space and A :H — H

be a symmetric linear operator. Then A is continuous.

Proof. Since A is defined everywhere on H and is symmetric, we see that A is self-adjoint
with domain H. But by Lemma D.2.2, A* is a closed operator. Thus, A is a closed operator.
By the closed graph theorem, this implies that A is a bounded operator. ]
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D.2 Self-adjoint operators

D.2.1 Self-adjoint operators on a Hilbert space

Let H be a complex Hilbert space with inner product (-, -) that is linear in the first argument
and conjugate linear in the second argument. (This needs to be spelled out, since physics
textbooks sometimes take the opposite convention.) A densely defined linear operator on H
is a linear map A : D(A) — H, where D(A) is a dense subspace of H, called the ‘domain of
A’. Given a densely defined operator A, the adjoint A* of A is defined as follows. First, we
define the domain of A*. Let D(A*) be the set of all x € H such that there is some z € H
satisfying the condition that for all y € D(A),

In case such a z exists (and hence, x € D(A*)), we define A*x := z, so that we have
(Ay,z) = (y, A%x).

Note that A*z is well-defined, since if there exist z and 2’ satisfying the above criterion,
then (y,z — 2’) =0 for all y € D(A). But D(A) is dense, and therefore z = 2’. Similarly, it
is easy to verify that A* is linear. Lastly, it is easy to see that D(A*) is a subspace of H.
Note that if D(A) = H and A is continuous, then it is a simple consequence of the Riesz
representation theorem for Hilbert spaces that D(A*) = H.

A densely defined operator A is called symmetric (or Hermitian) if for all x,y € D(A),

we have

(Az,y) = (z, Ay).

Note that if A is symmetric, then D(A) C D(A*). This is because the above equation
shows that for any y € D(A), the vector Ay can serve as A*y. In particular, Ay = A*y for
all y € D(A) if A is symmetric.

Let A be a symmetric linear operator on a Hilbert space H, defined on a domain D(A)
that is a dense subspace of H. We say that A is self-adjoint if D(A*) = D(A). A trivial
but important observation is that if the domain of a symmetric operator A is the whole of
H, the A is self-adjoint.

D.2.2 Criteria for an operator to be self-adjoint

For a densely defined operator A, let ker B to denote the kernel of A and range A denote
its range. For any subset S C H, let

Sti={reM:(z,y)=0forallyecs}

denote its orthogonal complement. It is easy to see that for any subset S, the set St is

closed subspace of H. The following lemma is basic.
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Lemma D.2.1. Let A be a densely defined linear operator on a Hilbert space H. Then
(range A)1 = ker A*.

Proof. Take any = € (range A)*. Then (Ay,z) = 0 = (y,0) for all y € D(A). This shows
that © € D(A*) and A*z = 0. Thus, x € ker A*. Conversely, take any = € ker A*. Then
A*z = 0, and hence, (Ay, z) = (Ay,0) = 0 for all y € D(A). Thus, = € (range A)*. O

A linear operator A defined on a subspace D(A) of a Hilbert space H (which is not
necessarily dense in ) is said to be closed if for any sequence {xy,},n>1 in D(A) such that
xn = x € H and Az, — y € H, we have that z € D(A) and y = Az. Equivalently, A is
closed if its graph {(x, Az) : x € D(A)} is a closed subset of H x H in the product topology.

The following lemma shows that the adjoint of any densely defined operator is closed.

Lemma D.2.2. For any densely defined operator A on a Hilbert space H, its adjoint A* is

a closed operator.

Proof. Define an inner product on H X H as

<(1‘,y), (x’,y’)) = <1‘,JC/> + <y5y/>'

It is easy to verify that this is indeed an inner product and that H x H is a Hilbert space
under this inner product. Let S C H x H be the set

S :={(—Azx,z) : x € D(A)}.

We claim that the graph of A* is the set S*. To see this, first take any (x,y) € S*. Then
for all z € D(A), we have

0= <($7y)v (7AZ,Z)> = *<Z,AZ> + <y>Z>

Thus, for all z € D(A),
(Az,z) = (z,9).

Consequently, © € D(A*) and A*z =y. Thus, (z,y) is in the graph of A*. Conversely, if
(z,y) is in the graph of A*, then x € D(A*) and y = A*x. Thus, (Az,x) = (z,y) for all
x € D(A), and we can retrace the steps backwards to deduce that (x,y) € S*. Since the

orthogonal complement of any set is closed, this shows that A* is a closed operator. O

The following theorem gives two criteria for checking that a densely defined symmetric
operator is self-adjoint. It is useful because it is usually not easy to directly verify using
only the definition that a given operator is self-adjoint. Below, I is used to denote the

identity operator.

Theorem D.2.3. Let A be a densely defined symmetric operator on a Hilbert space H.

Then the following are equivalent:
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1. A is self-adjoint.
2. A is closed, and ker(A* +iI) = {0}.
3. range(A £il) =H.
Proof. First, let us prove that 1 implies 2. Let A be self-adjoint. Since A = A*, Lemma
D.2.2 shows that A is closed. Next, if z € D(A*) = D(A) is such that A*x = iz, then
il|2]* = (iz, 2) = (A*z,2)
= (Ax,x) = (x, A"z)
= (z,iz) = —il|z?.

Thus, z = 0. A similar argument shows that if A*x = —iz, then z = 0. Thus, 1 implies 2.

Next, suppose that condition 2 holds. Then by Lemma D.2.1,
range(A £ i)t = ker((A £ 1iI)*).

Now, it is easy to show that (A 4 il)* = A* Fil. Thus, range(A +il)* = {0}. Therefore,
to prove condition 3, we only need to show that range(A £1il) is closed. Let us prove it for
range(A + iI). The proof of the other case is similar.

Let {zp}n>1 be a sequence in range(A + il) converging to some z € H. Choose
yn € D(A) such that Ay, + iy, = x,,. Now, note that for z € D(A),

|Az 4 iz||? = (Az + iz, Az +iz)
= (Az, A2) +i(z, Az) —i(Az, 2) —i%(z, 2).
Now, since A is a symmetric operator and z € D(A), (Az, z) = (z, Az). Thus, the above

expression shows that
142 +iz)) = || A2|* + [|2]>.

In particular, for each m and n
|2m — xnllz = || Aym — Ayn”2 + lym — yn||2

This shows that both {y,}n>1 and {Ayy }n>1 are Cauchy sequences, and hence, convergent.
Suppose that y, — y and Ay, — z. By condition 2, A is closed. Thus, y € D(A) and
z = Ay. Consequently,

x = lim (Ayn + iyn) = Ay + iy € range(A +il).
n—oo

This proves that 2 implies 3. Finally, let us show that 3 implies 1. Assume that condition
3 holds. Since A is symmetric, we only need to show that D(A*) C D(A). Take any
x € D(A*), and let y := A*zr — iz. By condition 3, there exists z € D(A) such that
y = Az —iz. Since A is symmetric and z € D(A), we have that Az = A*z, by one of our
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previous observations. Combining, we get
Az —ix = A*z — iz
Thus, z — z € ker(A* —il). But by Lemma D.2.1 and condition 3,
ker(A* —iI) = ker((A +1iI)*) = range(A4 + il)* = {0}.
Thus, = z € D(A). This completes the proof. O

D.2.3 Spectrum of a self-adjoint operator

Let A be a densely defined linear operator on a Hilbert space H. We say that A is invertible
if A:D(A) — H is a bijection. The inverse of A is denoted by A~!. Clearly, A~ is a
linear operator. A complex number « is said to be in the resolvent set p(A) of a densely
defined linear operator A if the operator al — A : D(A) — H has a bounded inverse. The
complement of p(A) in C, denoted o(A), is called the spectrum of A. If o € p(A) then the
inverse of al — A, often denoted by R(«), is called the resolvent of A at . Note that R(«)
is defined on the whole of H, and is bounded.

Theorem D.2.4. Let A be a self-adjoint linear operator on a Hilbert space H. Then
o(A) CR. Moreover, for any o € C\ R, we have the bound

IR <

Proof. Take any A € R\ {0}. It is easy to see that A™1A is also self-adjoint. Thus, by
Theorem D.2.3, ker((A"1A)* —il) = {0}. But (\"1A)* = A"t A. Thus,

ker(A +i\) = ker(A™'A —iI) = {0}.
Also by Theorem D.2.3,
H = range(A\ 1A — il) = range(A — i\]).

This shows that A — i\ : D(A) — H is invertible for any A € R\ {0}. Now, for any
1 € R, it is easy to see that the operator A — ul is self-adjoint. Thus, repeating the above
argument with A — ul in place of A, we see that for any A € R\ {0}, A — (u + i\ is
invertible. Let o := p + i\ and R(a) := (al — A)~1. We claim that ||R(c)| is finite and
satisfies the claimed upper bound. To see this, note that for any « € D(A),

(el — A)xH2 = ((al — A)z, (al — A)x)
= |a?||z|]* — @(Az, z) — a(z, Az) + || Az|]*.
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Since A is self-adjoint (Az,z) = (x, Az). Thus, we get

(el — A)z|* = (4 + \?)|l2]|* - 2p( Az, z) + || A
> (1 + X)|2]® = 2lul | Az ]| + || Az||?
= Nal® + (ulllz] — | Az])?

> ||
Thus, for any y € H, taking x := R(a)y, we get
lyl1? = ll(al = A)z|* > N[|z]|* = N*|| R(e)y]|*.

This proves that |R(a)|] < 1/|A|. O

D.3 Stone’s theorem

Recall that a one parameter group of unitary operators on a Hilbert space H is a family
(U(t))tcr such that U(t) is unitary for each ¢ (meaning that U(t) : H — H is surjective, and
{U@)z,U(t)y) = (x,y) for all z,y € H) and U(s +t) = U(s)U(t) for all s,¢t € R. Recall
also that such a group is called strongly continuous if ¢ — U(t)x is continuous for any x.
Stone’s theorem is an important result that says strongly continuous one parameter groups

of unitary operators are in a one-to-one correspondence with self-adjoint operators.

Theorem D.3.1 (Stone’s theorem). Let (U(t))wer be a strongly continuous one parameter

group of unitary operators on a Hilbert space H. Let

t—=0 —1

D= {Jc € H : lim %ﬂct—x exists}.

Then D is a dense subspace on H. Furthermore, if we define an operator H : D — H as
the limit displayed above, then H is self-adjoint. Conversely, given any densely defined
self-adjoint operator H on H, there is a unique strongly continuous one parameter group of
ungtary operators (U(t))ier such that H and D arise from this group in the above manner,
with D = D(H).

The operator H, as obtained above, is called the ‘infinitesimal generator’ of the group
(U(t))¢er. In physics language, it is the Hamiltonian of the group. We write U(t) = e *H

to reflect that for any « € H, U(t)z is in D and satisfies the differential equation

d :
Utz = —iHU(t)z. (D.3.1)

(The assertion U(t) = e H also has an equivalent meaning via the spectral theorem, but

we omit that discussion.) To see that the above equation holds, first note that if x € D,
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then for any t,

lim Us)U(t)x —U(t)x — lim Ut)(U(s)x — x)

50 —is 5—0 —is

= U(t) (Pﬂé U(stx> — U(t)Haz,

where U(t) could be brought outside the limit because U(t) is a unitary operator (which
implies that ||U(t)z| = ||z|| for all z), and U(s)U(t) = U(t)U(s) because they are both
equal to U(s + t). This shows that U(t)x € D. Thus,

iU(t)a: ~ lim Ult+s)z—U(t)x
dt s—0 S
~ lim U(s)U(t)x — U(t)x — HU (),
s—0 S

where the last identity follows from the definition of H.
Lemma D.3.2. The set D is a dense subspace of H and H is a linear operator on D.

Proof. Take any x € H. First, we claim that ¢t — U(t)z is a uniformly continuous map on
any bounded interval. To see this, let {t,}n>1 and {s,}n>1 be two sequences in an interval
[a, b] such that ¢, — s, — 0. Passing to a subsequence if necessary, let us assume that both

sequences converge to some t € [a,b]. Then note that

Ultp)x —U(sp)x = (U(ty, — sp) — DU (sp)x
=(U(tn —sn) —DHU(8)x + (U(ty — sn) — I)(U(sy) —U(s))x

The first term on the right tends to zero because of strong continuity. For the second term,
note that

[(U(tn = sn) = D)(U(sn) = U(s))z| < 2[[(U(sn) = U(s))z]| = 0,

again by strong continuity. Thus, (U(t,) — U(sy))z — 0. This proves that ¢ — U(t)z is
uniformly continuous on any bounded interval.

Let f: R — R be a smooth function with compact support. Let [a,b] be a bounded
interval containing the support of f. For a partition P = {tg,...,t,} of [a,b] (where
a=tyg <ty <---<t,=0»>),let

1 n—1
1P, f)=— D (b = t) f(t)U (k).

=0

By the uniform continuity of ¢ — U (¢)x on [a, b], it is easy to show that I(P, f) has a limit

as we take a sequence of partitions with maxo<j<n—1(ti+1 — ¢;) tending to zero, just as in
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the construction of ordinary Riemann integrals. Let us denote this limit by

- /_ Z FOU ()t (D.3.2)

Next, we claim that x; € D for any compactly supported smooth f. To see this, first note

that by a simple argument involving the definition of the above integral, it follows that

U(s)xy = /700 F@U(s)U(t)zdt
_ / T HOU (s + tdt = / T (= ) Ut wdt. (D.3.3)

By the above identity, we get that for any s # 0,

U)oy —zp _ /°° FE=9) = 5O 1y,

Again, using the definition of the integral and the above identity, it is not hard to show that

Uty s _ [ gy (102910
oo 530 —is

lim a
s—0 —18

o0
)U(t)xdt = —i/ f U ()zdt. (D.3.4)

- —00
Thus, z¢ € D for any compactly supported smooth function f. Finally, using the uniformly
continuity of ¢ — U(t)z and the definition of the integral, one can show that for any
compactly supported nonnegative smooth function f which integrates to 1, we have x5, — z,
where f,(t) := nf(nt). This shows that D is dense in H. O

We are now ready to prove the forward direction of Theorem D.3.1.

Proof of the forward direction of Theorem D.3.1. Let (U(t))ter be a strongly continuous
one parameter group of unitary operators on ‘H. By Lemma D.3.2, D is dense in H and H
is a linear operator with domain D. We claim that H is self-adjoint. To show this, first

observe that for any z,y € D,

() = iy 5=y — iy (O 0,0) ~ ()

t—0 —i t—0 —it

where the second identity holds because the map = — (z,y) is continuous under the norm
topology on H. Since U(t) is unitary, it is invertible and U(¢)~! = U(¢)*. Since U(0) =
U(0)?, we see that U(0) = I. But then U(t)~! = U(—t), since U(t)U(—t) = U(0) = I.
Thus, U(t)* = U(—t). This shows that

(Ut)z,y) = (z, U(t)"y) = (z,U(-1)y).

Plugging this into the previous display (and recalling that the inner product is conjugate
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linear in the second argument), we get

(He,y) = lim — (2, U(~0)y) ~ (z.3))

—it
B Uty —y\ _

Thus, H is a symmetric operator. We will use Theorem D.2.3 to show that H is self-
adjoint. Specifically, we will use the criterion 3 from Theorem D.2.3, that is, show that
range(H +il) = H.

Recall that in the proof of Lemma D.3.2, we defined integrals of the form

/ffwvw%

for smooth compactly supported f : R — R. By the same argument (and using the unitary

nature of U(t)), it is easy to show that we can define a linear operator R : H — H as
R:= / e tU(t)dt (D.3.5)
0

as a limit of Riemann sums. It is easy to justify the steps below to show that for any x € H
and s € R,

(U(s) — I)Rx = /0 - e U (s)U(t)adt — /0 - e U (t)xdt
/000 e tU(s +t)xdt — /000 e U (t)xdt

=(e* — 1)(Rx - /Se_tU(t):z:dt) - /S e U (t)zdt, (D.3.6)

0 0

U (t)adt — / e tU (t)xdt
0

where [; means — fso when s < 0. Let us now divide both sides by —is and take s — 0.

Then note that
e —1

— — 1.
—1S8

Since ||U(t)z|| = |||,

/efwwwﬂs/nemeﬁsﬂmr
0 0

Thus,

lim L_(es -1) (Rx - /05 e_tU(t)a:dt) =1iRz. (D.3.7)

s—0 —18
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Next, note that

il </0 U (F)ads — sx> - </0 e (U ) — 2)dt + (1 — e — s):c).

S

Now, 1 —e™® — s =0(s) as s — 0, and by strong continuity,

sup [|U(t)z — z|| = o(1)
0<t<s

as s — 0. Using this in the previous display, we see that

1 S
lim —/ e U (t)xdt = ix. (D.3.8)
0

s—0 —18
Using equations (D.3.7) and (D.3.8) in equation (D.3.6), we get

lim (U(s) — I)Rx

- = iRz —ix.
t—0 —is

Thus, Rx € D, and HRxz = iRz — iz. This can be rewritten as (H —il)R(iz) = z. This
proves that range(H — il) = H. Similarly, taking

o0
S = / e tU(—t)dt,
0
one can show that (H +il)S(—iz) = x, proving that range(H +1iI) = H. This proves that

H is self-adjoint, thus completing the proof of the forward direction of the theorem. [

The converse direction requires some preparation. Suppose we are given a self-adjoint
operator H with domain D. Our task is to show that there is a unique strongly continuous
one parameter group of unitary operators (U (t)):cr such that H is the infinitesimal generator
of this group. We will construct U(¢) through a sequence of approximations. For each

n > 1, define a linear operator T, : H — H as
T, = (I +in '*H)™. (D.3.9)
Note that this is well-defined on H by Theorem D.2.4, and moreover, by the same theorem,
| Tl = nl|((=in)I + H) Y| < 1. (D.3.10)

For each n > 1 and £ > 0, let

oo

Un(t) _ e—ntentTn = e—nt Z
k=0

kk
("tlilT" . (D.3.11)

Note that the right side is well-defined because T, is a bounded operator. Moreover, by
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equation (D.3.10), we have
U] < *"tz HTkll

o~ ()"
*"tZ i< ey @y (D:312)
i 25

The idea is very simple. Since we can expect that T}, ~ I —in~'H when n is large, we can

also expect that
Un(t) _ ent(Tn—I) ~ e—itH'

However, making this precise takes a considerable amount of work. The starting point is

the following lemma.

Lemma D.3.3. For any k, m, n and t, the operators Ty, T, and U, (t) commute with
each other. Moreover, these operators map D into D, and H commutes with these operators
on D.

Proof. Take any z € H and any m,n. Let y := Tp,x, so that y € D and (I +in"'H)y = z.
Let z := Ty, so that z € D and (I + im~'H)z = y. Then note that z = T},T},z, and

r=T+in'H
= (I +in tH)(
= (I +im 'H)I +in"'H)z,

Y

)
)I+1m H)z

which shows that z = T}, T;,x. Thus, T, and T}, commute for any m and n. From this and
the definition of U,(t), it follows that Ty, T, and U, (t) commute for any k, m,n,t. Lastly,
take any x € D. Let y := Hx and z := T},y. Then note that z € D and y = (I —in" ' H)z,
so that

Hx=(I- inilH)z.

Now, let w := Tz, so that w € D (because T;, maps H into D) and (I +in 'H)w = x.

Thus, from the above equation, we get
(I+in'H)z=H({ +in 'H)yw= (I +in 'H)Huw.

Applying T, on both sides, we get z = Hw. That is, T,, Hx = HT,x. This proves that for
any n, H commutes with T, on D. To show that U, (¢) maps D into D and H commutes
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with Uy, (¢) on D, take any = € D. Then note that since H commutes with T},

& kpk
)T H
lfn(t) H efnt 2 : (n ) 'n €

k!

k=0

& k k
- (nt)*"HT x
="y Ll

k=0
= lim Hyn,

m—oQ

where

& (nt)rTE
ym5:6ntz( )k'n )
k=0 ’

By Theorem D.2.3, H is a closed operator. Since y,, — U, (t)x and Hy,, — U, (t)Hz as
m — 00, this shows that U, (¢t)x € D and U, (t)Hx = HU,(t)z. This completes the proof

of the lemma. O
Since Ty, (I +in~'H) = I, we have that for any x € D,
T,(I+in 'H)z = z.
This can be rewritten as
T.Hx =in(T, — Ix. (D.3.13)
An immediate consequence of the above identity is the following.

Lemma D.3.4. For each x € H, T,x — x as n — oo.

Proof. From the identity (D.3.13) and the inequality (D.3.10), we have that for any y € D,
(T = Dyl = n~ | T Hyll < n™ || Hyll,

and thus, T,y — y as n — co. Since D is dense and ||T,,|| < 1 for all n, this allows us to
conclude that T,z — = as n — oo for every x € H, as follows. For any x € H and y € D,

and any n,
[Thz — =l < | Ta(z = y)ll + 1Ty — yll + lly — 2] < 2[lz =yl + [ Thy — yll.

This implies that limsup,, ., [|[Thz — || < 2[|z — y||. Taking y — 2 through D shows that

limy, 00 || Tz — || = 0. O

From the definition of U, (t), we have Uy, (t) = e"(T»=D) (interpreted as a power series).

A simple calculation using the power series expansion shows that for any x € H,

%Un(t)x = (T, — DUp(t)z. (D.3.14)
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Combining (D.3.14) and (D.3.13), and recalling from Lemma D.3.3 that Uy, (t)z € D for
any x € D, we get that for any z € D,

d
£Un(t)az = —iT, HU,(t)x. (D.3.15)
This formula for the time derivative of U, (t)x allows us to construct U(t) as the limit of

U, (t) via the following lemma.

Lemma D.3.5. For each t > 0, there is a linear operator U(t) : H — H such that
U@ < 1, and for each x € H, Uy(t)x — U(t)x uniformly over t belonging to any

bounded interval in [0, 00).

Proof. Take any x € D. For any 0 < s <t and any m,n, it is easy to see from Lemma
D.3.3 and the identity (D.3.15) that
d

£Um(t = $)Un(s)x =T HUp (t — s)Up(s)x — iUp(t — s) T HUp(S)x.

Lemma D.3.3 and the above identity imply that

%Um(t ) Un(8)2 = iU (t — $)Un(8)Ton Ha — iUpn(t — 8)Un(s)Tu Hz

= iUpn(t — $)Un(8) (T, — Tn)Hz. (D.3.16)

It is easy to justify rigorously (using that U, (0) = Up,(0) = I) that

t
Unn () — Up(£) = —/ %Um(t — U (s)ads. (D.3.17)
0
Again, using this, it is easy to justify that
“l
U (t)x — Up(t)z|| < / %Um(t — 5)Up(s)x||ds. (D.3.18)
0
But by (D.3.12) and (D.3.16),
d
HdSUm(t —s)Un(s)z|| < (T, — To)Hzx||.
Thus, we get
[Um(t)z = Un(t)z| < t[(Tm — Tn) He|. (D.3.19)

But by Lemma D.3.4, we have that for any « € D, |[(T,, — Tn)Hz| — 0 as m,n — oc.
Together with equation (D.3.19), this shows that for any s > 0 and x € D, there exists a
point U(s)x € H such that

lim sup ||Up(s)z —U(s)x| = 0. (D.3.20)

n—oo 0<s<t
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It is easy to see that the map x +— U(t)z is linear for any ¢, since each Uy, (¢) is linear.
Now, since ||Up(t)]| < 1 for each n (by the inequality (D.3.12)), we have |U(¢)z| < ||z|]

for each x € D. Since D is dense in H, it is now easy to argue that U(¢) admits an extension

to H that satisfies ||U(¢)|| < 1, and equation (D.3.20) holds for all 2 € H. O

Having constructed the family of operators (U(t)):>0, we now want to show that it has

the required properties. The following lemma establishes some of the properties.
Lemma D.3.6. The family (U(t))t>0 satisfies the following properties:

1. U(0)=1.

2. For each s,t >0, U(s+1t) =U(s)U(t).

3. For each © € H, the map t — U(t)x is continuous.

Proof. Since U,(0) = I for each n, we have U(0) = I. It is easy to see from the definition
of Uy, (t) that U, (s+t) = Uy, (s)Uyn(t) for all s,¢ > 0. From this and Lemma D.3.5, it follows
that U(s+t) = U(s)U(t). Also, it is easy to verify that ¢t — U, (t)x is a continuous map
for any x and n. For any s,s € [0,t),n > 1 and z € H,

U (s)a = U(s")a|| < |U(s)a = Un(s)z]| + [Un(s)x = Un(s")zl| + [Un(s)z — U(s )]
< [[Un(8)z = Un(s')z]| + 2 sup, [Un(r)z = U(r)z|.

Thus,
limsup ||U(s)x — U(s)z| <2 sup ||Up(r)x — U(r)z|.
0<r<t

s'—s
Taking n — oo on the right and using Lemma D.3.5, we see that U(s")z — U(s)z as
s = s. O

The next lemma shows that H is the infinitesimal generator of the family (U(t))s>o0.

Lemma D.3.7. The operator H is the infinitesimal generator of (U(t))e>0, in the sense
that the set

D = {x EH: limM exists} (D.3.21)
tl0 —it

1s equal to the set D, and the limit displayed above is equal to Hx.

Proof. For x € D/, let H'z denote the limit displayed in equation (D.3.21). We have to
show that D = D' and H = H'. Take any « € D. The identity (D.3.15) and Lemma D.3.3
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imply that

Ut)r —z = lim (Up(t)z — x)

n—oo
td

= lim —
n—oo fq ds

(Un(s)x)ds

n—oo

¢
= —i lim / T,HU,(s)xds
0

t

Next, note that for any s € [0, ¢],

V()T Har = U(s)H| < |Un(s) Ty = DH| + [[Un(s) = U () Ha
< (T~ DHal + sup [(Un(s) ~ U(s) Ha]

Since T,y — y for all y € H (by Lemma D.3.4), and the second term on the right tends to
zero as n — oo (by Lemma (D.3.5)), this shows that

Ult)x —x = —i/o U(s)Hxds.

Consequently,
¢
U0 ~ 2~ (<it)Hal| < [ (U) - DHalds.
0

Since U(s)Hx — Hz as s — 0, this proves that the point z is in D', and H'z = Hz. To
summarize, we have shown that D C D', and H = H' on D. So it only remains to show
that D' C D. To show this, take any y € D'. By Theorem D.2.3, I 4+ iH is an invertible
map. In particular, there exists z € D such that (I +iH')y = (I +iH )z, which can be

rewritten as
= I+iH)" "I +iH )y =Ti(I +iH')y. (D.3.22)
Now, since T is bounded, we have

t _
ﬂH@—ﬂQmony>
tl0 —it
T —T;
= lim —1U(t)y 1y.
tl0 —it

But by Lemma D.3.3, T} commutes with each U, (¢). Since T} is continuous, this shows

that T3 commutes with U(t). Consequently, the above expression shows that

Ty —T
T iy = tim LT =Ty,
tl0 —it
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In particular, Tyy € D' and T1H'y = H'T1y. But we also know that T; maps into D (by
Lemma D.3.3), and we have proved that H = H' on D. Thus, T1 H'y = HTyy. Using this
in equation (D.3.22), we get that

x= (I +iH)Tyy.

But Ty = (I +iH)~!. Thus, x = y. This shows that y € D, and completes the proof. [

The next lemma shows that U(t) preserves inner products.
Lemma D.3.8. For cach t, the operator U(t) preserves inner products, and hence,
U)u)=1.

Proof. 1t is easy to check that the properties of (U(¢))¢>0 established so far are sufficient to
prove, using the same argument as the one used to prove equation (D.3.1), that equation
(D.3.1) holds (provided that we interpret the derivative at 0 to be the right derivative).
The only ingredient we do not have is that U(¢) is unitary, but we know from Lemma D.3.6
that ||U(¢)|| <1 for each ¢, and this suffices for the proof. Using equation (D.3.1), we get
that for any x,y € H,

00U = (GU@nU0) + (Ve G0

= (—iHU(t)z,U(t)y) + (U(t)z, —iHU (t)y)
—(HU(t)z,U(t)y) + (U (t)z, HU(t)y).

Since H is a self-adjoint operator and U(t)z, U(t)y € D, the last expression is zero. Since
U(0) = I, this shows that

(U)z, Ut)y) = (U0)x, U(0)y) = (z,y).

Thus, U(t) preserves inner products. This can be alternately written as

(,U@) U(t)y) = (z,y)
for all «,y. From this, we conclude that U(t)*U(t) = I. O

So, we have established all required properties except that U(t)U(¢t)* = I (which would
complete the proof that U(¢) is unitary), and that U(t) is yet undefined for ¢ < 0. Towards
achieving both of these goals, we define (U(—t))¢>0 using —H exactly in the same way that
we defined (U(t))>0 using H. It is then easy to see that the family of bounded operators
(U(t))ter is strongly continuous, satisfies U(0) = I and U(t)*U(t) = I for each ¢, and the
limit Uity -«

i T
exists if and only if x € D, and in that case, the limit is equal to Hx. Now, we need to
verify that U(s +t) = U(s)U(t) for all s,t € R. We already know this when s and ¢ have
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the same sign. For proving that this holds for all s,t, a moment’s thought shows that it
suffices to prove that U(t) is invertible and U(—t) = U(¢)~!. To prove this, take any ¢ > 0,
and consider the sequences {U,(¢)}n>1 and {U,(—t)}n>1 approximating U(t) and U(—t).
Recall that for ¢ > 0,

Up(£t) = e i (nt)*(1 iki,nilH)fk. (D.3.23)
k=0 ’

Since H is self-adjoint, it is easy to see that the domain of the adjoint of I —in™'H is equal

to D, and on this domain, we have
(I —in *H)* =T +in 'H.
This implies that for any z,y € H,

(I +in *H) Yo, y) = (I +in 'H)a, (I —in "H)(I —in " H) ™)
= (I +in *H)(I +in"H) o, (I —in " H)y)
= (z,(I —in 'H) ).

Thus, the adjoint of (I +in~'H)™is (I —in~'H)~!, with domain H. By equation (D.3.23),
this shows that for any = € H,

Un(t)*l‘ =™ f: (nt)k((] + inle)fk)*

! .

k=0

i ()T —in T H) R
k=0

Taking n — oo on both sides proves that U(t)*z = U(—t)x. Thus, U(t)* = U(—t) for any
t > 0. By a similar argument, U(—t)* = U(t) for all ¢ > 0. Thus, by Lemma D.3.8 applied
to U(—t), we get

U)U@)* =U(-t)*U(-t) =1.

This shows that U(t) is invertible and U(¢)~! = U(t)* = U(—t).

This completes the construction of a strongly continuous one parameter group of unitary
operators that has H as its infinitesimal generator. The only thing remaining to prove
is that this group is unique. To show this, suppose that (V(t)):er is another such group.
Take any x € H. Let w(t) := U(t)x — V(t)z. Then by equation (D.3.1),

dw

— = —iH .
o iHw(t)

453



APPENDIX D. FUNCTIONAL ANALYSIS

Thus, we get

Gl = (G0 + (w0, %)

(—iHuw(t), w(t)) + (w(t), —iHw(t))
= —i(Hw(t), w(t)) + i{w(t), Hw(t)).

Since H is self-adjoint, the last expression is zero. But w(0) = 0, since U(0) = V(0) =
I. Thus, w(t) = 0 for each t. This completes the proof of the converse direction of
Theorem D.3.1.

D.4 Semigroups of symmetric operators

D.4.1 The Hille-Yosida theorem

Let H be a Hilbert space and (P(t)):>0 be a family of linear maps from #H into H. The
family is called a semigroup if P(0) = I and P(s +t) = P(s)P(t) for all s,t > 0. The
semigroup is called strongly continuous if for each « € #H, the map ¢ — P(t)x is continuous.

Our goal in this section is to prove the following theorem.

Theorem D.4.1 (One direction of the Hille-Yosida theorem). Let (P(t))i>0 be a strongly
continuous semigroup of symmetric operators defined everywhere on a Hilbert space H.
Then the set
D= {x eH: limM exists}
tl0 —t
is a dense subspace of H. Moreover, if we denote the above limit by Hx for x € D, then H

18 a self-adjoint linear operator with domain D.

The operator H defined in the theorem is called the infinitesimal generator of the
semigroup. Notice that the main difference with unitary groups of operators is that we
keep —t instead of —it in the denominator when taking the limit. Accordingly, we write
P(t) = et instead of e *H.

The first step in the proof of Theorem D.4.1 is to establish the following bound on the

growth rate of ||P(¢)|| using the uniform boundedness principle.

Lemma D.4.2. Let (P(t))i>0 be as in Theorem D.4.1. Then there are finite positive
constants Cy and Cy such that ||P(t)| < C1e“? for all t.

Proof. By the Hellinger-Toeplitz theorem, each P(t) is a bounded operator. First, we
claim that there is some to > 0 such that supg<,«;, [[P(t)|]| < co. Suppose that this is
not true. Then we can find a sequence ¢, — 0 such that ||P(¢,)| — oco. But for any
x € H, strong continuity and the fact that P(0) = I imply that P(¢,)x — z. In particular,
sup,,>1 || P(ty)z|| < co. But then, by the uniform boundedness principle, sup,,~; || P(t,)]|

must be finite, giving us a contradiction. This proves the claim.
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Let to be as above. Take any t > 0. Then t = nty + s, where n := [t/to] and
s:=t—ntg € [0,ty). Thus, by the semigroup property,

IP@)I < [[P(to)" P(s)]| < | Po)II"|P(s)]| < K",

where K := supg<<y, [|P(s)||. Note that K > 1, since P(0) = I. Since n < t/tg, this
proves the lemma. L]
Lemma D.4.2 allows us to prove the following analogue of Lemma D.3.2.

Lemma D.4.3. The domain D defined in Theorem D.4.1 is dense in H.

Proof. The bound given by Lemma D.4.2, together with the strong continuity of the
semigroup, show that for any « € #H, the map ¢ — P(t)x is uniformly continuous on any
bounded time interval. The proof is exactly the same as the proof of the analogous claim

in the proof of Lemma D.3.2. The rest of the proof also goes through as before. ]

Clearly, H is a linear operator on the domain D. Moreover, for any z,y € D, the fact

that P(t) is symmetric for all ¢ implies that

() = (i PO ) — i L (P00) - (o)

t—0 — t—0 —1
= lim %((x,P(t)y) —(z,y))
_ <w7%£% P(t)yt_y> = (z, Hy).

Thus, H is a symmetric operator on the domain D.
Now, let C1 and C5 be as in Lemma D.4.2. Let o := Cy + 1. By Riemann sum

approximation as in the proof of Lemma D.3.2, we can define the operator

t
/ e P(s)ds

0

for any given ¢ > 0. Since
le*=*P(s)|| = e **||P(s)]| < Cre™*,
we can now take ¢ — oo and show that the operator
0 .
R:= / e P(s)ds
0

is well-defined bounded linear operator on H.

Lemma D.4.4. For any © € H, we have Rx € D and HRx = (i — a)Rz + x.
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Proof. Let B :=1— «. Then note that for any x € H and s > 0,

(P(s)

Il Il
- \\\

o0
ﬁtP xdt—/ PPt xdt
0
'BtP (s + t)xdt — / PP (t)xdt
0

oo
xdt—/ PP (t)adt
0

)(Rx— /0 ’ eﬁfP(t)xdt> - /0 ) PP (t)adt.

Dividing both sides by —s, taking s | 0, and using the strong continuity of the semigroup
and the bound given by Lemma D.4.2, we get the desired result. O

We are now ready to complete the proof of Theorem D.4.1.

Proof of Theorem D.4.1. Take any z € H. Then by Lemma D.4.4,
x=(H+al —il)Rx.

Thus, range(H 4+ oI —il) = H. By a similar argument, range(H + ol +il) = H. But
H + al is a symmetric linear map defined on the domain D, which is dense by Lemma
D.4.3. By Theorem D.2.3, this shows that H + a[ is self-adjoint. From this, it is easy to
deduce that H is self-adjoint. O

We end this section with the following lemma, which is often useful for proving strong

continuity of operator semigroups.

Lemma D.4.5. Let (P(t))>0 be any collection of linear operators from a Hilbert space
H into itself. Let S be a subset of H whose span is dense in H. Suppose that (a) for any
T >0, supg<i<r [|P(t)]| < 00, and (b) for any x € S, the map t — P(t)x is continuous.
Then t — P(t)x is continuous for any x € H.

Proof. Take any x € H, t > 0, and a sequence of nonnegative real numbers {t,}n>1
converging to t. Let T be so large that ¢, € [0,77] for all n, and let C' := supg<s<7 || P(5)]|.
Take any € > 0, and any y in the span of S such that || — y|| < e. Then for any n,

[P(tn)z — P)z|| < [|P(tn)z — P(tn)yll + [ P(tn)y — POyl + [ P(t)y — P(t)x|]
< Cllz =yl + 1P(En)y — P@yll + Clly — |
< 2Ce+||P(tn)y — P(t)yll.

Since y is a finite linear combination of the elements of S, it follows from the hypothesis
that P(t,)y — P(t)y as n — oo. Thus

limsup ||P(t,)x — P(t)z|| < 2Ce.

n—oo

Since € is arbitrary, this completes the proof. ]
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D.4.2 Analytic continuation of semigroups

Let (P(t))e>0 be a strongly continuous semigroup of symmetric operators on a Hilbert space
‘H. By Theorem D.4.1, we know that the semigroup has a generator H, which is a densely
defined self-adjoint operator on . By Stone’s theorem, this implies that one can construct
a strongly continuous one-parameter group of unitary operators (U(t))ier on H which also
has H as its generator. Is there a simple way to calculate the action of U(t) on a vector z if
we know how to calculate the action of P(t) on z? The formal representations P(t) = e~ *#
and U(t) = e *H suggest that one should somehow try to ‘analytically continue’ P(t)x, as
a function of ¢, to the imaginary axis to obtain U(t)x. The following theorem makes this

precise.

Theorem D.4.6. Let (P(t)):>0 be a strongly continuous semigroup of symmetric operators
on a Hilbert space H. Let H be its generator, and let U(t) := e s obtained from Stone’s
theorem. Then for any x,y € H, the map t — (P(t)x,y) has an analytic continuation
to the open right half-plane Q := {z € C : Re(z) > 0}. This analytic continuation
extends continuously to the boundary of 0 — that is, the imaginary axis — as the map
it = (U(t)x,y). For any given t € R and © € H, the values of (U(t)x,y) obtained by
this procedure, taken over all y € H, jointly determine U(t)x by the Riesz representation

theorem for Hilbert spaces.
We need several lemmas. Throughout, D will denote the domain of H.

Lemma D.4.7. For any t > 0, the operator P(t) maps D into D. Similarly, for any t € R,
U(t) maps D into D.

Proof. Take any x € D and t > 0. Let y := P(¢t)x. Then for any s > 0,

P(s)y —vy _ P(s)P(t)x — P(t)x  P(t)(P(s)x — :17)

—S —S —S

By the Hellinger—Toeplitz theorem, P(t) is a continuous map. Thus, the above identity
implies that

. P(s)y— . Ps)r—=x
15%1 # = P(t) (hfg 5) = P(t)Hx.

Thus, y € D. A similar argument shows that U(t)z € D. O
The above lemma implies that the following statement makes sense.

Lemma D.4.8. For any s > 0 and t € R, the operators P(s), U(t) and H commute with

each other on D.

Proof. From the proof of Lemma D.4.7, we already have that H commutes with P(s)
and U(t) on D. Next, recall the operators T,, and U, (t) defined in the proof of Stone’s
theorem (for ¢ > 0), in equations (D.3.9) and (D.3.11), respectively. We first claim that
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P(s) commutes with T}, on D. To see this, take any = € D. Let y := T,z = ([ +in 'H) x,
so that y € D and z = (I +in 1 H)y. Since P(s) commutes with H on D, we have

P(s)z = P(s)(I+in '*H)y= (I +in *H)P(s)y = (I +in ' H)P(s)Tp.

Applying T, on both sides, we get T,, P(s)z = P(s)T,x. Thus, P(s) commutes with T,,.
Since Uy(t) is the limit of linear combinations of powers of T}, this shows that P(s) commutes
with Uy, (t). But by Lemma D.3.5, Uy (t)z — U(t)z as n — oo, for any x € H. Therefore,
Un(t)P(s)x — U(t)P(s)x, and by the continuity of P(s), P(s)U,(t)x — P(s)U(t)x. This
proves that P(s) commutes with U(t) on D for ¢ > 0. A similar argument works for
t<O0. O

We are now ready to prove Theorem D.4.6.

Proof of Theorem D.4.6. Fix some z,y € H. For any point u = s + it € €, define the

operator

Let f(u) := (P(u)z,y). We claim that f is analytic on Q. To prove this, take any
u = s+ it € Q. First, let us prove the claim under the assumption that = € D. For € > 0,
define

R(e) ;= ||P(e)x —x + eHzl||, S(e):=|U(e)xr —x+ieHzx|,
A(e) := |P(e)Hx — Hz||, B(e):=||U(e)Hx — Hx|.

By Lemma D.4.2, there is a finite constant C such that ||P(s')|| < C for all s’ € [0, s + 1].
Thus, for any 0 < a <b<s+1,

|IP(b)x — P(a)x + (b—a)HP(a)x| = ||P(a)(P(b—a)x —x+ (b— a)Hz)]|
< CR(b—a).

On the other hand, if 0 < b < a < s+ 1, then by the above inequality, we get

|1P(b)x — P(a)xr + (b —a)HP(a)z||

< [P(a)z — P(b)x + (a — b)HP(b)z| + |a — b]||(P(a) — P(b)) Hz||
< CR(a—b)+ |a—b||P(b)(P(a —b) — I)Hz||

< CR(a—b)+ Cla —blA(Ja — b]).

Combining the above inequalities, we see that for any a,b € [0, s + 1],

|P(b)z — P(a)x + (b— a)HP(a)z|| < CR(|la — b]) + Cla — blA(Ja —b]).  (D.4.1)
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Next, since U(a) is a unitary operator for each a, we have that for all —co < a < b < oo,
UB)z —U(a)r +i(b—a)HU(a)z| = [|[U(a)(Ub - a)x —x+i(b—a)Hz)| < S(b — a).
On the other hand, if —co < b < a < oo, then the above inequality gives

lUb)x — U(a)r +i(b — a)HU (a)z||

< U(a)z = U(b)x +i(a = b)HU D)z + [a — bl[|(U(a) — U(b)) Hz|

< S(a =) +la—bl[UG)(Ula—b) — I Hal

< S(a—>b)+|a—=0b|||(U(a—0b) —I)Hz| < S(a—>b) + |a —b|B(a —b).

Combining, we get that for any a,b € R,
lUb)x —U(a)r +i(b — a)HU (a)z| < S(la —b]) + |a — b|B(Ja — b]). (D.4.2)
Then for any v’ = ' +it’ € Q, where s’ € (0, s + 1], we have by Lemma D.4.8 that

P )z — P(u)x = P(s" YUtz — P(s)U(t)x
=P Utz —U(t)z) + U(t)(P(s)x — P(s)x).

By Lemma D.4.8) and the inequalities (D.4.1) and (D.4.2), this implies that

[1P(u)z = P(u)z + (v — u) HP(u)z||

= [|[P(s) (U )z = U(t)z) + Ut)(P(s")z — P(s)x)
+ (s —s)HU(t)P(s)x +i(t' —t)HP(s)U(t)z||
<[P Uz = Uz +it = )HU (t)z)|| + i’ = )U(t)(P(s") — P(s))Hz||
+U@)(P(s")x — P(s)z + (s — s)HP(s))]|
<CS(|t —t))+Clt' —t|B(|t' —t]) + |t —t|A(]s' — s|) + CR(|s" — s|) + C|s' — s|A(|s" — s|).

Since R(¢) and S(e) are o(e) as € | 0, and A(¢) and B(e) are o(1) as ¢ — 0, the above
bound is o(|u’ — u|) as ' — u. This shows that f is differentiable at v when z € D, with

f'(u) = =(HP(u)z,y).

Next, take any « € H. Since D is dense in H, we can find a sequence {z;, },>1 converging
to x. Let f,(u) := (P(u)xn,y), so that each f, is analytic on Q. But for any compact set
K CQ,

sup | fn(u) — f(u)] < [|P(u)(@n — 2)[[ly]l < Cllzn —z|[lyll,
ueK

where C' := sup,cg ||P(uw)||. Since C is finite, this shows that f, — f uniformly on K.
Since this is true for any compact set K C €, we conclude that f is analytic on Q.

Lastly, let us show that f is continuous at the boundary of 2. Take any ¢t € R and
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v = s" +it' € Q such that s’ < 1. Then

[£(it) = fFW)] < U@z = UE)P (s )z|l[ly]
< U®z = UE)zllllyl + 1UE)(P(s)z = 2) ]|yl
= U@z - UE)zllyll + 1P(s)z — =] [lyll

By the strong continuity of U, U(t')x — U(t)z as ¢ — t, and by the strong continuity of
P, P(s)x — x as s — 0. Thus, f(u') — f(it) as v’ — it.

Lastly, to apply the Riesz representation theorem, simply recall that for any given
x, the map y — (U(t)x,y) is linear and continuous. The above procedure produces this

continuous linear map, which determines the value of U(t)z. O

D.4.3 Contracting semigroups

Let H be a Hilbert space and let (P(t)):>0 be a strongly continuous semigroup of symmetric
operators on H. By Theorem D.4.1, such a semigroup has a self-adjoint generator H.
The semigroup is called contracting if ||P(t)|| < 1 for each ¢t > 0. Contracting semigroups
arise from Markov processes (as shown by Theorem B.5.5) and are important in rigorous
constructions of quantum field theories. The following result shows that generators of

contracting semigroups are positive operators.

Theorem D.4.9. Let (P(t))i>0 be a strongly continuous semigroup of symmetric, contract-
ing operators on H, and let H be its generator. Then (Hx,x) > 0 for all x in the domain

of H, and the spectrum of H is contained in [0, 00).

Proof. Let D denote the domain of H. Take any a < 0. We have to show that H — ol :
D — H is an invertible map with a bounded inverse. Since ||P(t)|| < 1 for each ¢ > 0, it is

easy to show that the following operator is well-defined:

R:/‘&@wﬁ
0

Then, as in the proof of Lemma D.4.4, we have that for any x € H,

(P@)—J}Rx::@as_l)(Rx—-/mewf«oxm>-—/wemf«wxdt

0 0

Dividing both sides by —s, taking s | 0, and using the strong continuity of the semigroup
and the contraction property of the semigroup, we get that Rx € D and H Rz = aRz + x.
Thus,

(H —al)Rz =z, (D.4.3)

which shows that H — o[ is a surjective map from D onto H. Next, let us show that H — ol
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is injective. Note that for any ¢ > 0 and any = € H,
2
(P(t), z) < [[P()x|llz] < =]

Thus, we have

> 0.

<P(t)x:c’x> _ (PM)z,x) — [l

—t

Taking ¢t — 0 and applying the continuity of the inner product in the first argument, we
get that (Hx,x) > 0 for any @ € D. In particular, if 2 € ker(H — o), then this shows that

allz||? = (Hz,z) > 0.

But a < 0. Thus, x must be zero. This shows that H — a[ is injective. Finally, note that
by equation (D.4.3), R : H — D is the inverse of H — o, and by the contracting property
of P(t),
o0
IR < / €tdt < oo,
0

This completes the proof. ]
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